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Abstract: The fractal family {p (n, k), k € N}, describe a rule to calculate the number of partitions
obtained by decomposing n € N, into exactly k parts. In this paper, we will present a novel
method for proving that polynomials {p (n, k), k € N} have fractal form. For each class k, up to the
LCM(1,2,3,...,k), different polynomials of degree k — 1 are needed to form one quasi-polynomial
p (n, k). All the polynomials (needed for the same class k) have all coefficients of the higher degrees
ending with the [’5] degree in common. Moreover, we will prove that, for a fixed value of k, all the
first, second, etc. coefficients of the common part of the fractal family have a general form, showing
the vertical connection between the corresponding coefficients of all fractal family {p (n,k),k € N}.
Furthermore, for a fixed value of k, all the coefficients within the same polynomial have a unique
general form, showing the horizontal connection of the coefficients of the polynomial p (n, k). The
partition function is not real a polynomial, but it can be written as a fractal polynomial which can be
obtained from the general form of the partition class functions {p (n, k)}. In that case, the partition
function for each n uses a different polynomial. We show that all these polynomials can be combined
with one single in which each member can be a formula for calculating the total number of partitions
of all natural numbers.
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1. Introduction

In the theory of numbers, it would be useful to find a general form for the coefficients in the fractal
family {p (n, k), k € N} which defines the rule to calculate the number of partitions for n € N, in which
n can be decomposed on exactly & parts. Each k represents one class, from the total number of partitions
for n. In this case, we can state that p (n) = };_, p (n, k), where p (n) is the partition function. If all the
partition class functions p (n, k) have the same form, then the form of the partition function remains
the same form due to the superposition property applied to the sum of the partition class functions. In
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addition, it is known that p (n) = p (2n,n) [1], so as soon as the general form of p (n, k) is determined,
the form of p (n) is also solved, as done in Section 6.

There are many different partition number restrictions. Two of them are apparently similar but also
different. Using the notations as in [2], with p (n) denote a function that represents the number of all
partitions of the number n with at most k parts and with p (n, k) function that represents the number of
all partitions of the number #n into exactly k parts.

Significant contributions to the study of p, (n) were made by: Cayley [3], Sylvester [4], Glaisher [5]
and Gupta [6]. For historical notes, see Gupta [7]. Furthermore, the theory of g-partial fractions and
its formula was developed in Munagi [8]. All the aforementioned are characterized by the fact that
they primarily used Sylvester’s Theorem and investigated p; (n). None of the mentioned papers have
been noticed: 1. Fractal form of the partition function; 2. The common general form of all coefficients
within the same class functions p (n, k); 3. Recurrent relationship and the common general form of all
the first, second, ..., coefficients of all {p (n, k) , k € N}; 4. The ability to form a function that generates
partitions function, similar to the Gamma function for a factorial. All of these are the basic content of
this paper. In addition, the access to this issue through recurrent connections in this paper is unique.

p(n,1) p(n.2)

Figure 1. Graphs of quasi-polynomials.

Each polynomial written down by the value defined coefficients is not a fractal. However, it is
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possible to justify the use of the terms: fractal polynomial and fractal family. For the first analogy
we can use graphs. Based on result in [1] (part of Appendix C) we assign one graph to each quasi-
polynomials {p (n,k),k = 1,2,...,6}. Each polynomials member is one vertex of the graph. Let
us number the vertices of the graph in the way they form individual polynomials. The vertices that
belong to the same single polynomial are joined by the edges. All the mention results correspond to
the following graphs are in Figure 1.

Within each graph, each complete branch starting from vertex with index one represents one
polynomial. All together a quasi-polynomial. Each quasi-polynomial contains a specified number of
polynomials and is not fractal. However, the fractal structure of quasi-polynomial, when k unlimitedly
increase is quite obvious. The partition function for each n, unifies from each quasi-polynomial only
one polynomial, p (2n,n). The partition function does not have a finite form and is formed from the
apparent fractal. Therefore, the partition function is a fractal polynomial and partitions class functions
p (n, k) have a fractal form. In this case, each individual polynomial (which form partition function)
has discrete values and is a true polynomial (as in Appendix D). However, this needs to be understood
only in this context. If the search for the partition function is accessed in the manner described above,
the answer is given. The result obtained does not exclude that another approach leads to a different
conclusion. Here I refer to the result obtained in Section 6 given by the function first (n,i). Also in
Section 6, we give a fractal form of a partition function in one unique form where for each value of n,
a polynomial of a different degree and coefficients from general formulas are obtained. That is, a
unique formula defines infinitely many different polynomials that all together form one fractal
polynomial - partition function.

All of this can be more severe and argued in the manner proposed in [9]. Consider an infinite series
of graphs corresponding to the quasi-polynomials of each partition class {p (n, k), k € N}

1) The graphs in Figure 1 are self-similar.

i) Clearly, every part of each graph is contained in all the other parts.

iii) When k increase the length of the graphs and the number of its branches tend to infinity.

iv) Each next graph is obtained by a recursive procedure. Each subsequent graph is obtained from
the previous one, as will be shown in detail in Section 3. We will prove that all: first, second, ...
coeflicients are obtained by unique general formulas.

vi) The coefficients of the polynomials correspond to vertices in each graph: 1,2,3,... have a
unique recurrent formula which they can be obtained with. This was explained in detail in Section
4 and Section 5. In this case, the polynomials corresponding to the graph in Figure 1 are not real
polynomial because they contain factorials. (Thus polynomials: g; (n) = nl!nk and g, (n) = (n_ll)!n"‘1
are not of the same degree but are identical).

vii) The dimensions of each graph, starting from the second in Figure 1, is greater than 1 (has
different branches) but lesser than two (does not have a surface).

According to [9], these are quite sufficient reasons to call some object a fractal. The partition
function is an infinite part of the previous fractal, and therefore also a fractal.

There are several different approaches when attempting to determine the general form of p (n, k).
In [10], the form for k = 2, 3,4 is given, but from such an approach it is not possible to even observe the
form for k = 5. By a completely different approach, Ekhad [11] determined the shape up to k = 60, but
the general form is not determined. The third approach (similar to that in [12]) is presented in [1] and
the process of determining p (n, k) becomes quite difficult when increasing the class k. It is advisable
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to look for some other partition features that allow for determining the coefficients of p (n, k) needed
to calculate the values of an individual class. In this paper, we will develop the recurrent relations that
generalize the form of all coefficients with the highest degrees of all the fractal polynomials {p (n, k)}.
For some fixed k, common coeflicients of a fractal polynomial p (n, k) will be found using the theorem
of a horizontal total collecting from the left [1, 13]. Then, using the same theorem, we will show that
within a single fractal polynomial p (n, k), of some fixed class, there exists a general form for all of its
common coefficients.

The formula for varying coefficients of fractal polynomials {p (n, k)} will be found using the theorem
of vertical k-collecting [1] in the following manner: within class 2, every second value is found using
the same polynomial; within class 3, every sixth value is found using the same polynomial; within class
4, every twelfth value is found using same polynomial etc. [1]. Therefore, the values for the second
class are found using two polynomials, the third class using six, the fourth class using twelve and so
forth. In general, for the class kK we need at most LCM (1,2,3,...,k)-(the least common multiple)
different polynomials. Therefore, using the fact that p (n,k) is a fractal polynomial of the (k — 1)-
th degree [1], and knowing the necessary values of p (n,k) within the same class k (that we may
obtain using Theorem 1 [1]), we may set up the corresponding system of equations and determine the
unknown values for the rest of the variable and unknown coefficients.

Appendix A gives the general form of the first six coefficients of a fractal polynomials p(n, k).

Appendix B gives the final form of the first six polynomials Qy (n).

Appendix C gives the final form of the first ten fractal polynomials p(n, k).

Appendix D gives the special form of partition function for the first ten natural numbers using the
fractal family {p (n, k)}.

Appendix E gives the special form of partition function for the first twelve natural numbers using
the general form of the coeflicients a (n, k), from Appendix A.

2. A total horizontal collecting and p (n, k)

In [1] (Theorem 2 - a total horizontal collecting), it is shown that for the number of partition for the
class k, denoted with p (n, k), the following is valid:

pmn+kk)=pnk)+pmnk-1)+pmnk-2)+---+pnl). 2.1

In [1] it has been proven that the fractal polynomials {p(n, k), k € N} are of degree k — 1. Also, for
each class, there are at most LCM (1,2, 3,..., k) different polynomials which calculate all values of
the same class (creating a unique quasi-polynomial). Within each polynomial p (n, k) all highest level
coefficients ending with degree A4 = [%] have a common values (total k — A coeflicients), while the
remaining coefficients vary (the remaining A coefficients). (4 will retain the same meaning throughout
this paper.) As stated, the first variable coeflicient has up to two values. The second variable coefficient
has up to six values and so forth. A free member always has a variability up to LCM (1,2,3,...,k)
values [1](not necessarily different).

The expression (1) can be applied to determine the coefficients of the fractal polynomials
{p (n, k), k € N} which allow for an explicit calculation for the number of partitions of the class k.

For every n, k € N, we will look for the polynomial p (n, k) of the form:
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k=2 -2

+ ...
Ji€12,3,...,LCM (2,3,...,1)}, (2.2)

pn,k) = ak,]nk_] +agon -+ ak’k_ﬁn”‘ +b; nt bj,n

where ay 1, axo, ..., ar ) represent the coefficients of the common part which depends only on &, and
bj,bj, ... represent the coeflicients of the variable part of the polynomial p (n, k) which depends on k
and the remainder of the division of n with LCM (2, 3,..., j;) [1].

Let us now determine the general form of some p (n, k). For example: for k = 1, we have: p(n, 1) =
1, for each n € N. Hence, a;; = 1. For k = 2, we have p(n,2) in the form of the polynomial
a) n+bj, j1 €{1,2}, a1,b; € Q. According to (2.1) we can state:

pn+2,2)=pn,2)+pn1) or a ;(n+2)+bj =an+bj +1.

Comparing the degrees of the polynomials and equating the coefficients gives a; = % We can conclude
that:

1 .
pn,2) = §n+bjl,]1 e{1,2}. (2.3)
Variable coefficients {b;, b} cannot be determined by this procedure. Firstly, as stated earlier, for class

2 the following holds: p (2m — 1,2) = m—1, and p (2m,2) = m, for all m € N. Substituting the variable
n into the expression (3), first with a random odd number, and then with a random even number, we

obtain: b, = —% and b, = 0, that is, the polynomials of class 2 are given by:
(n.2) = in, n even,
PUSS 7 -1 nodd,

For k = 3, applying the same procedure with the assumption that the required polynomial is of the
form as n® + azpn + by, j € {1,2,...,6} by substituting in the relation (1) for k = 3, p(n+3,3) =
p@n,3)+ pn,2)+ p(n,1)we obtain

1
as (n+3)7 +asa(n+3)+bjys = (a3,1n2 + aszon + bj) + (En + bjl) + 1.

In the formula above, there are more coefficients of the required quadratic polynomial which are not
uniquely determined. The last relation leads to the value of the coefficient a; = % Coeflicients
{asa, by, ..., be} cannot be directly determined by this procedure. Similarly, for the third class it holds
that all the values can be divided into six groups, modulo six, such that each group can be calculated
using the same polynomial [1]. Therefore, all values, for example, p (6m, 3) ,m € N belong to the same
polynomial. Using two given values, we can find as,, for example, p (6,3) = %62 +a3,-6+bs=3
and p(12,3) = 1—12122 + a3, - 12 4+ bg = 12. When we subtract them, only the coefficient a3, remains
as unknown. So, we find a;, = 0. Each of the unknowns {b j} we find by using some known values:
p(6m,3),p(6m+1,3),...,p(6m+5,3). Finally, we obtain all six polynomials needed to calculate
the third class given by:

2

m3) = Y c10.-1,-4.3.-4,~1}. j=n mod 6
n, = - AW s Ly Ty, Iy T, T s JE=EN .
p 12" 12" J

For k = 10 see [17]. In the following section, we will focus on finding the general form of the common
coefficients a;; of the polynomials p (n, k).

Now, we will look for the general form of all the first k — A coefficients within the same fractal
polynomial p (n, k).

AIMS Mathematics Volume 5, Issue 3, 2539-2568.



2544

3. Coefficients a; 1, ax>, . . ., a1 of p (n, k) have a unique general form

Let us show that it is possible to find the general forms of the coefficients of p (n, k) for degree k,
k-1, ... A. The following can be proved.
Theorem 1. (A vertical connection of the coeflicients)
All first, second, third, ..., (k — A)th coefficients of the fractal family p (n, k), (2.2) have a unique
general form.

Proof. The proof will be carried out by method of mathematical induction on k - the degree of the
fractal family p (n, k).
Replacing the form of some p (n, k) given in (2.2), in formula (2.1), we have:

aa(m+ " raam+ )+ by =

p(n+k.k)

ak,lnk_l + ak,znk_z + -+ bjk + Clk_l’ll’lk_z + ak_l,zl’lk_3 +---+b +...

Jek=1)

p(n.k) p(n.k—1)

Unifying the coefficients with same degrees on each side respectively and equating them, in the last
equation, we obtain the following: (k — 1) degree coefficients on both sides cancel each other out; With
the (k — 2) degree, the coeflicient on the left is (k — 1)ka, 1, and on the right a;_; ;. Hence,

(k — l)k(lk,l = Ag-1,1» k> 1. (31)

With degree k — 3, the coeflicient on the left is (k;)kzak,l + (kIz)kak,z, and on the right a;_;, + ax-2.
Hence,

k-1 k-2
( 2 )kzak,l + ( 1 )kdk,z = dp-12 t k2,1, k > 3. (3.2)

To generalize, comparing coefficients with degree kK — m — 1, the recurrent equation takes form:

m —

k-1 k-2 k—
( )k’”ak,l + ( l)k’”_lak,z +---+ ( 1m)kak,m = Qp—n t Qg2 p—1 + -+ Qg1+ (33)
m

Now, we can find the general form of all the largest coeflicients of the family p (n, k). Solving the
recurrent relations (3.1) by k, it is easily found that

1 1 1 1

W G- D M T k- D) h-DG-2 T T k-1t
Hence, knowing that a;; = 1 we obtain the general form of the first coefficients of all
{p(n,k),1 <k <nj.
1
=—— k2>1 34
RN Y G4

The relation (3.4) represents the general formula for the coefficients of the highest degree of all
fractal polynomials p (n, k) defined in (2.2).

In the same manner, resolving the relation (3.2) by k, we can conclude that the second coeflicient
of the two adjacent fractal polynomials p (n, k) depends only on the first and the second corresponding
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coeflicient in the previous polynomial, relative to k (the second common coefficient first appears from
k = 3). Using (3.4), relation (3.2) can be written as follows:

1 1

R . S— K
2= =22 T 2k k- 3 G-

The coeflicient a;», can be calculated from the recurrent relation (3.5) by k. Introducing the
1

substitution a;, = mbk’z into (3.5) gives

k—2 k-3 k-2 2 3 k—2
bk’ZZbk_l’z-i-T:bk_2’2+T+T:.”:b372+§+§+.”+7.

The resulting expression allows the explicit calculation of the coeflicient g, in the general form. We

have already found that a;, = 0, because of the substitution, and b3, = 0. A simple transformation

leads to
by = k(k—-3)
k2 = R

Hence, 3
C4k-DI(Kk-2) k=23 3.6

Even though (3.6) can be simplified we will not do that because the coefficient a;, exists starting
from k = 3 and can be calculated using the given formula, which would be impossible after simplifying.

Each subsequent recurrence relation becomes more complex to calculate, since it depends on the
increasing number of coeflicients of the preceding polynomials. However, note that the general form
of each coeflicient g, ; can be obtained from (3.3).

Suppose we found the first m — 1 coefficients. Writing relation (3.3), on the left side only the last
coefficient is unknown. On the right side only the first coefficient is unknown, which is recurrently
related to the corresponding coefficient on the left side. The obtained recurrence relation can be solved
in the manner defined by a;,. (In Theorem 2, the procedure will be described in detail here, only the
possibility of obtaining a general form is sufficient.)

Therefore, all the first, second, ..., (k — A)-th coeflicients of all fractal polynomials p (n, k) have a
unique general form. O

ai2

4. General form of the coefficients of the fractal family p (n, k)

Using the proof of Theorem 1, it is possible to establish the hypothesis of the general form of
coeflicients a;; and prove it.
Theorem 2. The first k — A, coeflicients of p (n, k), (2.2) are given in the form

0y o
RCED T A

where Q»;_3 (k) is a polynomial of k with degree 2 — 3.

ak,j

Proof. The proof involves the method of transfinite induction on j, j € N.
-1

For j = 1, from (3.4), the first coefficient is: a; | = m, - (k) = +.
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For j = 2, from (3.6), we get: a;, = m, 0, (k) = 3k - 3.
The statement is true for j = 1,2. We will prove it to be true forall 1 < j <k — A.
Suppose that the statement is true for all j from 1 to i — 1,7 > 2. All the coefficients ay ;, j < i —1,
0j-5(k=2) 0j-5(k=2)
have an assumed form, for example a;_» ;_; = ((k—2)—12;!(ik—2—(j—1))! = (k_;;!;k_j_l)!.
Let us prove that the statement is true for j = i. We will start from formula (3.3) in a slightly

different form (i instead of m)

k—1\ . k—2\ . k—i+1 k—1i
. k’akl + 1. k’_lak2+~--+ L kzaki_l + lkak,-
i ’ i—1 ’ 2 ’ 1 ’

= Q-1 T Ag2-1 + 0 T Ap—jr12 T Qi1 -

This formula is used to calculate the coefficient a;; from the previous coefficients. We keep the last
member on the left side and first on the right, in the previous formula, in their places and move all the
others from the left to the right in the following way:

2

k—i+2 k—1\ .
+ (ak—3,i—2 - ( 3 )k3ak,i—2) +o (ak—i,l - ( i )klak,l) 4.1)

. k—i+1
k(k—1i)ag; = a1; + (Clk—2,i—1 - ( )kzak,i—l)

Each algebraic expression in brackets, in (4.1), contains all the coefficients a; j in which j < i—1 and
all of them have an assumed form (inductive hypothesis). Using this fact, we can write an expression
for everything in the brackets as a single fraction. Thus, we obtain the following

k—i+1), Qo5 (k—2) (k—i+1)(k—i) Kk QOys(k)
=it _( 2 )k it = =) k—i- 1! 2 k—Dlk—i+ D)
k=1 (k=2) Qyis(k—2) - 3% - Qnis (k)
- (k=D!k—i-1)! '

(4.2)

The degree of the polynomial in the numerator (4.2) is 2i — 3, since the degree of Q,;_5 (k) is 2i — 5.
Similarly, in each subsequent bracket, the degree of the polynomial is smaller by one.

k—i+2 e k=1 (k=2)(k=3) Osi_g(k—-3) - ék3 - Oni7 (k)
e T Ai2 = Gh-Dlk—i-1)! '

4.3)

The highest degree of the polynomial in the numerator in (4.3) is 2i — 4, etc. In the last bracket the
highest degree is i — 1 so we have

=1y, ko DE=2) ki 1) =
“""“_( )“"" k= DIk—i-1)

Each of the previous resulting fractions had the same expression in the denominator. Summing up
all the previous fractions and bearing in mind that the numerator is a polynomial of degree 2i — 3, we
can write down the following

Wai-s (k) > 2. (4.4)

k(k—1i)ag; = a1+ . , 12
(k=Dai = ari+ o ra - !
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Dividing equation (4.4) by k (k — i) gives

1 Wai—3 (k) .
=gt <i<k-A 45
k=D k=) ’ )

Ak

Introducing the substitution
1

ACED]
to (4.5) and simplifying, gives a simple recurrence equation by k

by, (4.6)

Agi

bii = bi_1; + Wai_3 (k). 4.7)

The resulting recurrence equation (4.7) can be solved by k and its solution is expressed by the
sums of degrees from 0 to 2i — 3 of all natural numbers from 1 to k. Written as Wy;_3 (k) by using its
coeflicients wy, wy, ..., Ws;_», We obtain the recursion solution (4.7) in the form

k k k
bk,i =W Z j2i_3 + wy Z j2i_4 + -+ Wi Z 1. (48)
j=1 Jj=1 =1

For the proof, it is sufficient to determine only the degree of the polynomial obtained in (4.8). For
this we need the following general known lemma and two of its consequences.
Lemma 1. Let S/ = 1/ + 2/ + - - - + n/ denote the sum of the j* degrees of all the natural numbers from
1 to n, where n € N. Then, the sums {S i}, 1 < j <m, m e N, satisfy the recurrence formula

(n+ 1™ - 1= (m; 1)S,T+(m; 1)Sn’”“ +-~~+(er 1)S,11+n.
m

Corollary 1. The sum S’ expanded with powers of n can be obtained from the last equation and can
be expressed as:

1 1 1 (m
R m+1+_m+_m—1+0_ m-2 _ = m=3
" T2 TR T T 12003)"
1 (m 1 (m
+0- 0" —| " 0" - — T+ 0
" 252(5)” " 60(7)” "

(This formula is known as Faulhaber’s formula and its general form is

+ ) R
m+1 2" T L =kt D)

n m+1 m |
Z km n + 1 m Bk m: nm—k+1
k=1

where By is the k-th Bernoulli number. In this paper, it is written in a way that is more appropriate to
the context used.)

Corollary 2. Each of the resulting sums {S {l} is divisible by both n and n + 1. The proof can be obtain
using mathematical induction.

According to Lemma 1, the sum next to each coefficients w;, j = 1,2,..., 2i — 2 is always a
polynomial of degree one higher than the degree of the numbers to be added. The highest degree is
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in the wy Y%, /% and its sum is a polynomial of degree 2i — 2. Also, it has already been found that
the resulting polynomial is always divisible by at least one k (Corollary 2). When we return to (4.6)
and make the shortening nominator and denominator with k we obtain that the general form of the
coefficients of the required polynomial is given by

_ Onis(k) L
ak,i—(k_l)!(k_i)!, <i<k-A

For i = 1, the value corresponds to the obtained result but the procedure is not shown in this
proof. O

5. Determining coefficients of the polynomial Q,; ; (k),i > 1

In order to determine the coefficient of the polynomial Qy; 3 (k),i > 1, we shall start from the first
k — A coefficients of some p (n, k) that can be written as

0- (k) 1 0,(k) 2 Ori--3 (k)
G—DiGc-D" Ta-nxc-2" T T a—npra"

where Q3 (k),1 < i < k — A, are polynomials of order 2i — 3, with rational coefficients, which has
been proven previously. Let g; 1, gi2, ... gizi—> be coeflicients of 0,;_3 (k) polynomials, respectively.

0ni3 (k) = qi k* 7 + CIi,ZkZi_4 + -+ gi2io- (5.1)

To determine unknown coeflicients, we will use a procedure similar to the proof of Theorem 2 with
some more detailing. Using this procedure, as in the proof of Theorem 2, we obtain (4.4). First, we
will calculate the coeflicients of the polynomial Wa;_3 (k) : Wai_3 (k) = wy - k¥ +wy - kK24 + -+ -+ wys.
The value of these coefficients can be exactly found using expressions: (4.2), (4.3), ... however, we
will find only the first few. While arranging expression (4.2) it should be taken into consideration that,
for example, Qy;_s (k — 2) represents:

Oris (k=2) = qia (k=2 + qiip (k=2 + ...

Multiplying and expanding the parenthesis in (4.2), (4.3), etc., developing the numerators by
degrees of k and integrating values with the same degree gives us the first few coeflicients:

1
wy = 5%‘—1,1,

as the coefficient with degree 2i — 3,

1 5
=(T-4)qi11 + 5912+ Zqi21,
wy = ( 1) qi-1,1 S 9i-12 + £ i

as the coeflicient with degree 2i — 4 and

1 5 23
w3 = (8i2 -32i+ 32) Gicin + O -4 giip + 5di-13 + (15-6i)gi21 + gdi-22 55 di31-
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as the coeflicient with degree 2i — 5.

323 484
Wy = (—Tl + 72l2 - Tl + 120) qi-11 t (812 —40i + 50) gi-12

1
+ (1= 4i) g3 + 5qia + (18i% = 99i + 137) gips + (18 = 6i) g2

5 ) 23 119
+ 8%—2,3 +(26 - 8i) gi-3.1 + ﬁ%‘—s,z + m%—m,
as coeflicient with degree 2i — 6.
The procedure is continued as in Theorem 2. We divide (4.4) with k(k —i), introduce the
substitution (4.5) and finally solve the recurrence equation (4.7) by k. The solution is given by (4.8).

Summing up (4.8) in terms of degrees with respect to powers of k (Corollary 1), for example

2i-3 Wi i Wig9i3 2i-3
E = K+ —k7 +
" / 2i -2 W

5 ]TkZi_4+0+"'

2i -4

2i-4 _ W2 93 W29, 4 2i-5
Wz;] _2i—3k + 2k + wy B KT +0+ ...
W i 2i-5 _ W3 2 +&k2i—5 +w 2i -5 K26 10+
L) T oy 2 2
,:

we obtain:

, _ W i w2 Wi\, 2i-3
Waia (B) = 775k +(2i—3+2)k

2i -3 : 2i—4 .
+( MRS W wl)kz"4+(ﬂ+&+ : wz)kz"5+...

2i—4 2 12 2i-5 2 12

It is still necessary to cancel one k in all members (with the common denominator) on the right side
in the previous formula, and equating the coefficients on the left and right with Q»; 3 (k) gives:

1 1

Gi1 = 57— " 591> G = I; (5.2)

5 1 3

1 . 1
9i2 = 53 ((7 —4i)gi1,1 + 7412 + 8‘]1‘—2,1) + 7411922 =~ (5.3)

1 . . . 1 . 5 23
q9i3 = = ((812 -32i+ 32) qi-11+O9 -4 gis12 + 5%—1,3 +(15 - 6i) gin; + 6%—2,2 + —Qi—3,1)

2i -4 24
1 1 5 2i—3 25
=\ (7 =4 qi- ~9i- —~qi- —4i-1.1, =—; (54
+ 2(( Dqi-11+ Sdi-12+ ¢4 2,1)+ a9 @33 = oo (5.4)
1 2i—4 1
qis = 2 5W4 + EWS + TWZ’ gsa = YV (5.5)
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We will calculate four coefficients due to the fact that the procedure for calculating even and odd
coeflicients differs. We’ll show that is more difficult to calculate the general form of even coeflicients.
Solving (5.2) as a recurrent equation by i, we obtain the coefficient of the highest degree of Qy;_3 (k).

1 1 1
i1 = ————=(i- == , — 1
q ! 2 (l - 1) 2q L1 41—1 (l _ 1)!q1,1 QI,I
Therefore, the general form of the first coefficient is:
1 o
il = 555 o 2L
qi. 22i-2 (l _ 1)y

Now, the rest of the recurrent relations can be additionally simplified. Hence, the expression (5.3)
becomes:

o 2i +5
hi2= 50— T 30i =341 (-2
Introducing the substitution: g;, = mri,z and considering:
. Qi-5" . i —4)!
2i—SM = (i =
@i=M = yn G- = 53y

the last expression, after multiplication with 2:-2 (2i — 3)!! can be rewritten and simplified in the form:

Vi =ri-12 —

2i+5(2i-4

3-4-1\i-2)
The last expression can be solved as a recurrent equation by i when converted into the sum below,

which is further divided into two more simple ones. Introducing m = j — 2 further simplifies the

expression.
i-2

N 2j+5(2j-4\ 1S m2m\ 3 1 [2m
2= ;3-41—1(]'—2)_ 6;:04"1(171) 4Z4m(m)‘

m=0

2m

m) = ( ), the last sums can be found using the formulae [14]:

= T —r+i—-2
S5

Knowing that 4%,,(

and
i-2 i-2 :
m ry m=1 |7~ 1 I +i-2
DD m(m)—rZ(—l) (m_l)—r( 4 )
m=0 m=0
Therefore, we find the sum (replacing r with —%) where the result is used starting from i = 2.
2 -3 =2 L i3
_1\" 2 — _1\yn 2| —
mZ:O( 1) m(m)—z( ; )and mzzo( 1) (m)_( s ) (5.6)
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If we keep the result already obtained, the general form of the second coefficient is:

-1 1(i=3\ 3(i-3
o= |1 u )
%2 21—2-(21'—3)!!(12( 3 )+4( ! ) ’

By introducing the Gamma function [15] the results could be expressed as follows:

S T e I (R W G
V) ()

% 3/l - 2) % Val (i —1)
Finally, we obtain the general form of the second coefficient:
2i+ 23 59
i2 = - - N . 12 L.
72 =79 2 (- )l

The coeflicient g, 3 1s determined from relation (5.4), which can be written as:

1 . 4% + 44i + 57
T4 T sp e oy

qi3

Similarly to the above analysis, by introducing the substitution

1

qi3 = 42— G- 2)!7’1',3,

the previous relation is reduced to a recurrent relation with the solution in the form of a sum to be

additionally determined. After simplification
3 N 4i* + 44i + 57
riz ="ri-13 216 .

The coeflicient g; 3 exists from i > 3. Therefore, the solution of this recurrence equation is expressed
by the sum

42+ 445457 (Q2i+21)(2i+19) (i - 2)
"i,3:Z - .

: 216 648
j=3

By returning substitution we obtain

_Qi+21)(Q2i +19)
T3 = 3 i3y

In order to see the difference in the procedure for determining even and odd coefficients, we have to
find the fourth coefficient. If a similar manner we start from (5.5) we obtain

3 1 40i* + 5408 + 11474 — 65583i + 75933 1
U4 = 5 2i—5) 114 5.35. 221 (2i - 5) (i - 3)! P BT Ty
The substitution for even coefficients is different (in regards to odd)
1
id = 3374 ey lid
B = 23 i —sn'
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Now we use that Qi - 51 (2~ 52— 6)!
1 — il 1 — 1 — !
2i— 5 = LT oy = 2 .

@i=M =G eun @ -9 23 (i = 3)!

By substitution, we obtain a recurrence equation:

ria ="ri-14 —

40i* + 540 + 11474i% — 65583i + 75933 (2i — 6
38880 - 4i-3 i-3)

whose solution is the sum:

L] 240j4+540j3+11474j2—65583j+75933 2j—6
“T38880 - 473 i3/

In addition to what has already been said in obtaining the coefficient g, should be applied in this case
as well. First, we introduce substitution m = j — 3, we obtain

Fig =

1 i 40m* + 1020m® + 18494m> + 22161m + 270 (2m
38880 £ 4 ’

and knowing that 4%,,(2”’:1) = (_m%) there is a need to finding the sums:

i-3 1 i-3 1 i-3 1
mzzo (=)™ m2( m2) Z (—1)" m3( m2) and Z (—1)" m4( mZ)

m=0

Formulas for sums are found inductively, starting from (5.6). We found that

> ()
i 2 er(-(7)
’ 0<m<i-3 m %

N qi=2
- 3 )
2

0<m<i-3
We determine the other three sums by using equals:
m>=m-1m+m,
m’ = (m—=2)(m—-1)m+3m*—2m,
m

Y=(m=-3)(m-2)(m-1)ym+6m’ — 11m* + 6m,
and the following transformation of the sum of binomial coeflicients
5 1 1
L= Y (-I)'m (mZ) = > D"m- 1)m(mZ) +1

0<m<i-3 0<m<i-3
3

1 -5 1 3 _3 3(i—2
= - E D" (m -1 2 L =—.-Z 2 [ =2 2\ o7
20<m<i—3( o )(m_1)+ : 2 20<m<i—3(m_2)+ : 4( % )+ :
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Similarly, we find the other sums.

15(i—3 15(i—-3\ 9(i—3\ 1(i—3
S R

105 (i — 2 105(i—2\ 45(i—32\ 21(i—2\ 1(i-2
I4:F( 92)+6I3—1112+611:¥( 92)"‘?( 2)"‘—( 2)"‘—( 32)-

[\SIRN]

2 7
2

By substituting in the last recurrence equation we found

1 (525 23219 327511 23221

a=— I I, +2700).
4T T3gggo\ 2 T T2 BT T Pt 0T 0)

By introducing the Gamma function using the formula [15]

F(n+ l) _ (2n - 1)!!\/%,
2 2"

each of the sums Iy, Ii,..., I, can be further simplified in the following way

etc.

Io=(i_%): L(i-2+3) _ 20i-5n
1 r(2)a-3m 2726@=3

Finely, we obtain

(2i = 5)!! (400i4 +72408i% — 514684:* + 1550322i — 1981926)
38880 -45- 22 (i — 3)! ’

Fig = —

and by replacement substitution we obtain the fourth coefficient

200/ + 362041 — 25734212 + 7751617 — 990963
i = 52372201 (i — 3) '

The above procedure defines the general algorithm to find all the coefficients of the polynomial
(i3 (k). Although recurrent equations become more complex, it is still possible to explicitly resolve
each of them. Similarly, as in the determination of the general form of odd coefficients a; ;, except for
recurrent equations, only the sums of the degree of natural numbers appear. But for even, except for a
different substitution, a much more complex sum is obtained. Thus, transcendence occurs only in
even members of the partition function. From the first few results it is possible to inductively
conclude the general form of all subsequent coefficients.

_ P (D)
i = (=D - ,
g = D
Where ¢ = LCM (¢l’ ¢2’ ¢3, ¢4)
¢, 1s common denominator in (4.2), (4.3), ... and is equal (k + 1)!. ¢, is common denominator in
(5.3),(5.4), ... and it inherits the highest value of the preceding coefficient. ¢3 is common denominator

in (5.3),(5.4), ... and represents the least common multiple (LCM) of the first X Bernoulli numbers.
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¢4 appears in even coeflicients and represents the least common multiple of " (%), F(%), ... equals
(2k — !, (y/m is cancelled).
ki =k+ [’%1] — 1 represents the number of members within the polynomial Qy;_; (i).
Py (i) 1s k degree polynomial.

Knowing that p (n) = p(2n,n), what remains is to further “repackaged” this by using the fractal
polynomial p (n, k), whereby k becomes n and the whole polynomial changes both its degree and the
coeflicients.

6. Fractal forms of the partition function p (n)

The general form of the coefficients of the fractal polynomial p (n, k) was found. For each natural
number 7, in order to to find the total number of partitions, only one polynomial from its fractal family
{p (n,k),k € N} will be used. From everything that has been said so far (in this paper) the fractal form
of the partition function p (n) can be obtained in at least three different forms.

6.1. The formation of fractal polynomials of the partition function p (n) as special cases of {p (n, k)}

For each n, from fractal polynomials {p (m,n)}, it is necessary to choose only one polynomial
belonging to the family which has the property p (2n,n). All chosen polynomials make a new fractal
family called the partition function p (n). Several of the first members are in Appendix D. In this
approach, the partition function is a real polynomial which has a fractal form. The fractal form of the
partition function is qualitatively different from the fractal form of the partition functions of the
classes. The fractal form of the partition functions of the classes represents a unique polynomial with
higher degrees and different parts with lower degrees. In this case, the partition function for each
value has a different polynomial.

To calculate the number of partitions of the number n, one polynomial of degree n — 1 is required.
All first, second, ... coefficients of all polynomials are determined by the unique formulas given in
Appendix A. This establishes the vertical connection of all the polynomials within all the fractal
families. This is especially important for the fractal family of the partition function. The fractal form
in this case would have a form:

1 n-3
— 2 n—1 2 n-2
P = T Y T T 2 Y
93 —58n%2+75n-2

T 288 (= )l (n=3)!

Qn)" 2+ b L

The last term is only for making the first half of the whole expression, the other half which contains
the alternating members b; is not specified (see Appendix E). To find the number of partitions of the
number 7, the first [g] required members is shown how to calculate. Other b;,i = 1,...,n — A can be
calculated as shown in section 1. In [17] this part for n = 10 was calculated.

It is important to note that despite the use of polynomials to calculate partition functions, the
coeflicients together with degrees do not behave asymptotically as expected. The main values are not
located at the highest degrees, but are moving towards the centre in relation to the ordered
polynomial. If we compare the two adjacent members starting with the highest degree, one can notice
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that:
a1 2n)" < a,, 2n)"? <a2n) T <L,

1 n-3 93 —58n% +75n-2
2 n—1 < 2 n—2 <
o RS Ay sy G O Ty e sy Y

The first pair satisfies the inequality for n > 4. The second pair satisfies the inequality for n > 7,
etc. Therefore, this approach is not suitable for asymptotic assessment. This is because the partition
function is not a real polynomial. The second problem is that the values of the members from the

beginning of this polynomial tends to zero, when n increases unlimitedly. In other words, because it is

Qn)"3 <. ..

SR

Pl ey sl
. n-3)2n)">
nsod(n—1D)1n=2)

In order to avoid this, certain repacking of the obtained polynomials is required. We want the values
of the members of the partition function decrease together with the degrees or at least the first members
do not tend to zero when n increase. This leads us to the next section.

6.2. Computation values of p (n) with a polynomial whose coefficients are a,;

Instead of the first approach, using the general form of the entire family p (n, k) (Appendix C)
it is possible to get p (n) in a formally different form. To that end it is necessary to additionally
“repackaged” the general form of the coefficients (Appendix A) of p(n, k). In this case, all k are
converted to n, and the general form is apparently changed. Using only the general forms of the
coefficients a,; given in Appendix A the values of the partition functions can be obtained as given in
Appendix E.

Notice the general form of the polynomial p (2n,n), 1 = [g] is given by the expression:

(-3

(n—-1D!n-2)!

1
n

m—D!n-1)

1.3 29 2 25 1
(—n - =nT+ =2n— —) 0 (n)
32 144 96 144 _ 2(n—-1)-3
(Zn)” 3+...+L

(n—1D!(n-3)! (n—1'A!

P (I’l) =p (21’1, l’l) = ‘ (2n)”_1 + (2n)n—2

Qn)' + b, Q)" + by, Q)+

Ji€{2,...,LCM (2,3,...,1)}, (6.1)

where b;,, b;,, ... represent the coeflicients of the variable part of the fractal polynomial p (2, n) which
depend on n and the remainder of the division of n by the LCM (2,3, ..., j;). We will only repack the
fixed part of (6.2). The last member in (6.1) is of the degree A, so we obtain

1 3
n—1 (Zn_ Z)
(n—l)!(n—l)!(2n) " (n—1D!(n-2)!

1
n

(zn)n—Z
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32 144 96" T T4 n3 Orn-1)-3 (n) 1
2 ooy 220203 560
D3y e Ty @ 62

It can be seen (6.1) that the partition function is not a real polynomial, because its coefficients also
depend on n. Such a polynomial has the characteristic that its greatest values do not have to be at the
highest degree. If we look carefully at the expression (6.1), we will see that the degrees the polynomials
in the numerators grow until the degrees of the main polynomial decrease. The highest degree is in the
numerator of the last fixed member. The last member in the polynomial (6.2) has degree 2 (n — 1) —
3+4=2n- [%] — 3. Hence, it is possible to “repack” the fractal polynomial (6.2) into a new, formally
different which will give completely new general form of the partition function.
Let us consider the series of real polynomials Q»;_3 (n):

0. 1(n), Qi(n), ...,053m), ..., Orp-p-3(n).

Members within each of these polynomials have a form

Gian™ 7+ qian® ™t + g™ + qian™ C + -+ ginia.
In section 5 we have already seen that polynomials Q,;_3 (n) have members that alternate and found
the general forms a few first coefficients ¢; ;. Each member in (6.2) with the degree n — j, j = 1,2,...

additionally divided into individual addends

2n)"! +( 2n)"? 3(2n)"? )
n!'(n-1)! dn-D!'n-2)! 4(n-D!'n-2)!
+( n - (2n)"? _ 2913 - 2n)" .\ 2512 (2n)"3 _ Qn)"3 )
Rmn-Dnm-3)" 144m-D'n-3) 96n-D'n-3) 144n-1!{Hn-73)!

Using already obtained forms ¢; ; the general form of all the first, second and third members in each
previous parentheses is:

23
2222 (G- D! (n— D! (n—1)!

first(n,i) = @nyi=1,...,n-2

_ (2i +23)n*~*
9.2%2(i -2 (n— D! (n—i)!

second (n, i) = Q)" i=2,3,...,n— A

, ) (2i +19) (2i +21) n*3 o
= - 2 " l, = ,4,..., - A.
third (n, 1) 81 271 —3)1 (n_ 1)!(n—i)!( n)"",i=3 n—A1

Before we proceed, we notice the following fact that is particularly significant. Each of the obtained
members: first(n,i), second (n,i),third (n,i), ... can be a formula for calculating the total number of
partitions of all natural numbers. The following table illustrates this in the example of the first member.
This is a fractal property that deserves further examination.
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Table 1. Fractal form of the first member.

n i first(n,i) p(n)

10 .3555012-n 41.9999999 42

20 .4287794 - n 626.999999 627

30 .4799203 -n 5603.99999 5604
40 .5160625-n 37337.99999 37338
50 .5431965 -n 204225.9999 204226
60 .5645369916 - n 966466.9999 966467

200 .6823173048310197 -n  3972999029387.99 3972999029388

Table 1 indicates the possibility of obtaining the exact values of the number of partitions, and not
the approximate ones. Thus, we obtain infinitely many different forms that are very similar (fractal)
that contain all the exact values of the total number of all partitions of natural numbers.

In order to obtain a unique polynomial with the “non tend to zero” values in the first members, we
will do the following. Let us unify all the first members first (n,i),i = 1,2,...,n — A into one single.
Let us repeat this process for all the others in the same way. Thus, we get a polynomial representing
the general fractal form of the partition function whose values in members from the beginning do not
tend to zero.

When we unify all the first (n, i), second (n, i) and third (n, i) members into a single sum we obtain

2n—jnn+j—3

pi(n) = ; 222 — D' (n— N (G- 1!

e ~ T N T VN e (n)f—l n—1
S (-DRPLPE - HIG-DE T (- DR & j-1
_2vipr? "il(n)m n—1
-2 8\ m )
(Generating function of the last sum is (x G (1 + )x_l.)
(2j + 23) 2" ipti=4 242 (2j +23)n/ 2 (n - 2)!
p2(n) = Z 5 2] = Z J3._6 ——
9-222(n-D!n—-NIG-2)! (- D(n—-2)&d9-2570(n- I(j-2)!
242 " n\"(n-2
. 2m + 27 (—) .
9 (-1 (n-2) mz=o (@m+2D)\3 ( m )
) (2 +19) (2 + 21) 2migriS 2Bt S5 (25 + 19) (2 + 21) i3 (n - 3))!
p3\n) = =

L8127 (- D= LG -3 (- Dln-3)1 &4 81- 25 (= )I(j- )]
2n=8yn=2 "L n\" (n-73
T8l (i1 (n=3)! mZ:O (2m+25)(2m+27)(§) ( m )
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Although the following forth coefficients have been calculated in this paper, it is clear that without
further writing how its form will look.
The general form of the partitions function is

p(m)=pr(m)+pr(m)+ps(m)+... (6.3)

The main disadvantage of this form is that there are large amplitudes of positive and negative values.(p;
is the sum of positive, and p, is the sum of negative members, etc.)
In order to alleviate this effect we can write another interesting fractal form of partition function. It
is enough to write only the form (6.2) by decreasing degrees. It has already been established that the
n

highest degree is in the last member and equal 2n — [5] — 3. Let the first A coefficients of the partition
function be given with:

pn) = rn? B3 214 2515 4 (6.4)

When the coeflicients g; 1, gi2, - .., qi2i-2,i € {1,2,..., 4} are found (section 5) then all the unknown
coefficients of the partition function are determined. When uniting values from several different
polynomial in the numerator (6.2) it should be taken into account that the degrees of two neighbours
members of (6.2) differ by two. According to the notations used in paperi =n—-A =n — [%] Thus,
we find

dn-a1 2
i L—— ] ;
T oo
qn-1,2 Pl
=" .72 ;
RPN
qn-13 2 dn-a-1,1 A+
=—7 2"+ . :
3 (n—DA! n=D!'A+ 1)
o Gn-a,4 g gn-1-12 el
(n—DA! n=-D!@A+ 1)
e = dn-15 42 + qn-1-13 A+ dn-1-2,1 H42,
> (n—=DlA! n-—D'A+1)! n—D'A+2)! ’
re = dn-26 42 qn-14 Ry qn-1-22 42,
(n-DlA! n-—D!'A+1)! n—D'AA+2)! ’
1 n—1 3 n-2 1 n-3

ry + ...

T aln—1)! 2 CA(n-1D)!'(n-2)! 2 144 (n - 1)! (n - 3)! 2

A set of coefficients with a unique general form is continued until the degree is [5] and thus is

obtained by repacking the remaining coefficients in (6.2). The variable part of p (n) is obtained from
the variable part of p (2n, n) to which the unused fixed-coeflicients are attached.
The coefficient with the highest degree n2-151-3 has already been defined in this study and equals

1
N sl () (n—[2]- 1))
The next three coefficient are also determined
2n - 2|4+ 23
9. 2282 (u— 1yt (n = [2] - 1)1 3]

rh =
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ie19) 1
=l 2T - o[- 2] 2)

) (2n—2[]+21)(2n— [
81 223[8]1 ¢ (n=1)!(n —[g

j=n-2fs).
200,* + 36204 2 — 257342% + 775161 j — 990963
5237225308 (n - 1)1 2]t (- 2] - 1)!
n-2[4]+23

TG - B

g = —

The general form of the partition function is

1 (n=1\ 28\ 2n=2]8]+ 231 1y 22 8\ 2]
P("):—nzm_l)z([n])(i) (‘) T T ol ([a])(z) (‘) e

2 2

From this form it can be seen that the number of partitions for even numbers is slightly faster increase
than the odd. And in this case (6.4) there are large amplitudes in the values of positive and negative
members. The disadvantage in (6.4) is that it is easier to notice the general fractal form of all members
in the previous form (6.3).

7. Conclusion

With finding the fractal form first(n,i) = % should be of great interest in further
research of partition function. From Table 1 it can be observed that there is a visible connection
between n and i and in the case of precise determination that connection it is possible to obtain an
extension of the partition function in the same way as the Gamma function from factorial. When
first(n,i) is converted to a single parameter function, the perfect asymptotic form of the partition
function will be obtained.

If a similar Table were made for functions: second (n, i), third (n,i), ... it would be noticed that as
their index increases, an increasing number of initial values of partition function cannot be obtained by
using them. Thus, second (n, i) gives all values except the first three, third (n, i) all except the first five
etc.
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Appendix A

The first six coefficients of the fractal polynomials {p(n, k)}

e The coeflicient with degree k — 1

:;’ kZ
k!'(k—1)!

(278
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The coefficient with degree k — 2

k-3
= ., k=3
2= k= DIk - 2)!
The coefficient with degree k — 3
Ok® — 58k* + 75k — 2
a3 = k > 5;

288 (k— 1) (k—3)!"°

The coefficient with degree k — 4

(k—1)(k-3) (3k3 — 192 + Zk)
, k>T;
1152 (k — 1! (k — 4)!

ag4 =

The coeflicient with degree k — 5

num = 675k” — 9900k% + 44950k° — 72312k*

num + 37795k — 7020k> + 100k — 48
aips = ’ k > 9;
’ 4147200 (k — 1)! (k — 5)!

The coefficient with degree k — 6

After shortening with (k — 1) (k - 3)

Appendix B

135k" — 2085k5 + 8305k> — 5087k* + 1568k — 52k* + 48k
16588800 (k —2) (k — 4)! (k — 6)!

are =

The coefficients of the first six polynomials Q,; ;(n)

AIMS Mathematics

1
i=1, 0. = Z

3

. 1
i=2, Ql(n)zé_ln_é_l

29 , 25 1

. 1 3
=3, 0= = T 56" T Tag

1 31 29 65 1
| = 4 = 5_ 4 3 2
=4 O =3am - s Y3 T T1s” 192"

1, 11 ., 899 . 3013 , 7559 .

Q00 = 122" " 2608" T 82044" T 172800" T 829440"
13 1 1
_ n° + n—
7680" " 21472" ~ 86400
i 35 341 7427
Qs (n) = ’ 8 7 6

122830" " 221184" T 331776" T 2764800
46831 . 1439 , 31 L, 29 1

" 16588800 1105920 ' 103630 _ 1382400 115200
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Appendix C
The first ten fractal polynomials p(n, k)

e The first class k = 1

e The second class k = 2

p(1.2) {g, n even,
n 1
37 2 n odd.
e The third class k = 3
)
p (n, 3)——+ w; €{0,-1,-4,3,-4,~1},j=n mod 6.

12 12

Values for w; are listed in order from j = 0 to j = 5, as is the case in all of the following examples.
e The fourth class k = 4

1 1
p(n,4) = —n’+—n*+

= 12
144" T8 j=n mod 12,

1

2L even
1 N ,
—Ln+ 2L

144, n odd,

€{0,5,-20,-27,32,-11,-36,5,16,-27,—4,—11}.
e The fifth class k = 5
I 1 1

_ 2
Pn3) = oo™ t 28" T agg” +{

51+ 5555, N even,

2880’

Wi
96n + 55500 N odd,

j = n mod 60,

w; are following numeric respectively:

0,9,104,-351,-576,905, -216, =351, =256, 9,360, -31, -576,9, 104,
225,-576,329,-216,-351,320,9, -216,-31, -576, 585, 104, -351, 576,
329,360, -351,-256,9, -216, 545,-576,9, 104, =351, 0, 329, =216, =351,
— 256,585, -216,-31,-576,9, 680, -351, =576, 329, -216, 225, =256, 9,
- 216, -31.

e The sixthclass k = 6

I 1 e 19 5 |+wei(n), neven,
P.0) = gea00™ " 340"+ 12960" { L fwe (), nodd,
where
@n +wj;, n=06m,
We,1 (n) = “im W = omEl, j=n mod 60,

7 _
—sghtw;, n= 6m + 2,

103

—Sotwj, n= 6m + 3,
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319 313 87 244 2801 89 30983 _ 188 _ 569
w; are given in the following table: 0, ¥ 518400’ 32400 6400° _ 2025° _ 20736° 400° 518400  2025°  6400°
127 45319 3 22153 2279 17 U817 57 10489 14 199 713 3847 1

1296 518400° 25 ~ 518400 32400 256’ 2025’ 518400° 400°  518400° 81’ 6400’ 32400’ 518400° 25°

_ 3545 1609 343 163 _ 49389 1 51719 ~ 107 ~_ 313 _ 1879 1505 4 _ 1417 _ 983 _ 169
20736, 324002 6400~ 2025° _ 5184007 167 518400 2025’ 64007 _ 32400’  20736° 25 518400 ~ 32400°  6400°
137712919 7310247 . 269 33 2009 24583 2 42880 T 143 599 82 28553 41 _ 1249
8%6’ 5184002 200° 318400° 20252 7256 324007 5184007 257~ 518400” " 12967 6400°  2025° " 518400” 400° 20736

T 20257 6400° 32400 518400 °
e The seventh class k = 7

1 1 1 7 —pn? 4 wy1(n), neven,
7) = 4 S+ g >y ~ 30
P = 368800" * Bea00" * eas0” * 12960" — 02 4w (1), nodd.

The linear members show greater variability with

36n+wJ, n==6d,
29 _
Tosest + Wis n=6d+1,

7 _
324n+wj, n=06d+?2,

wy(n) = j=n mod 420.
1152n+w]. n=6d+3,
234n+w], n==6d+4,
35 _
— Tt tw, n= 6d + 5,
o 127 76 321 334 1159 _1 73511 13 _ 183
The first hundred w; (420 numbers) are: 0, —5357%. 1575+ 355000 13175 T B064 770 250200° 1575 22400°
32655 11 69401 43 23 32 ' io847 > 18 255377 _ 3 340 830 1L
T367> TR068 1750 T8L4400° 050 TR96° Ser0 2016000 175 18144000 63 T 4750 " 3016000 " 155
127 1217 236 . 12847 409" 76 1079 T334 71 1 d41977 13 1217 33
TR, 63’ 24007 2025° 201600 —3 72576 T575° ~ 22400° 14175° T152° —7° 1814400° 1575° 224007 367
1139 182801 ~ 76 79 30 331 8 $7311 20 33 334 20911 1T 2400 771

8064’ 5’ 1814400 1575° 896> ~ 567° _201600° 175’ 259200’  63° 896’ 14175’ 201600’ 1752 _72576°. 9
183 233 247 1 _ 127 76 503 334 1159 1 255377 13 183 7 55 11
T 22400° ~ _14175° __201600° 72 72576° 1575° 3200 14175> _ 8064°  7° 1814400° 1575° _22400° 81° _3064° 175’
76 23 32 2279 18 23537 334 8311 2

69401 76 ~_ 23 32 2279 _ 18 To_2 _79 - 2 127 2 1217 233
1814400° 1575° 896> 567’ 28800 175 1814400  63° 896 14175° 201600” 25>  72576° 63 22400° 14175’
12847 ~1 2111 _76 1079 334 655 _ 1 141977 34 1217 32

T201600° ~ 7° 10368 1575°  22400° 14175° 8064 7’ 1814400° 225° 22400° 567° *°*
e The eighth class k = 8

1 7 1 6 83 5 7 .
P-8) = 03212800" " 2903040" * 9676800" T 82944”
+ Taoes" ~ g+ wea (n),  neven
96%;&00”3 - 1;3960” +wg1(n), nodd
~sot t Wi, n=12p+1,12p+3,12p+7,12p +9
_368218180n +wj, n=12p+2
Wy 1 (n) = 1222(1)11 +w;, n=12p,12p +4
—Ssoeoso”t t W, n=12p+5,12p+ 11
2Bt W, n=12p+6,12p+ 10
gl tws n=12p+8
The fis e ] = n mod 340 (40 mumbers) v 0, 8 iy S, oL
120661 _ 377 _ 330419 24694 3013 _ 2441 140101 _ 1217 _ _4400819 281" 3253 601 3099469

4064256° ~ 3136° 2073600 99225 50176° ~ 254016° 4064256° ~ 9800° ~ 101606400 ~ 5184° 50176 3969 101606400°
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3089 _ 319163 _ 577 _ 43 55841 11713981 4 _ 172715 _ 3401 _ 96851  _ 577 452437
784007 T 4064056 31752) 1024 © 63504007 101606400 49°  4064256°  2s4016°  1254400°  16200° 4064256
_ 121 _ 153275 10681 48701 17993 219 _ 4234931 428191 181 358 37717 289
31367~ 40642567 99225° 1254400° ~ 254016° 82944’ 392’ 101606400° 6350400° 50176° 3969°, 4064256 T 1600°
4379581 2015 1989 7625 2635331 74 8603 17335 2229 26977 9154381 _ 313
101606400° 317527501767 _ 254016 _ 101606400 1225 ~ 82944° 254016 501767  793800° 101606400° ~ 3136’
402107 7 50749 322591 223045 25 _ 255659 463641 4517682 369493 _ 185 9969731
4064256 81° 1254400 63504007 4064256  392° 4064256’ 76350400 25600’ 3969’ 4064256°  3136° _ 101606400°
33527 1083 473 388933 76  _1819981 1783  _ 843 1753 106019 1711 ~ _ 70331 667
793800° T 50176° © 3184° 4064256° 1225°_101606400° 254016 ~ 50176° ~ 31752°  2073600° 78400° _ 4064256° 3969°
ST4241 3419581 76117 12151 20051 14944 120661 377 _ 9899 34823 125501
50176’ "~ 6350400° 191606400 8’ 4064256 254016° 12544007 99225 4064256  3136° 82944’ 793800’ 1254400’
2441 140101 12529331 1841 73253 830

T 254016° 4064256° 49’ T 101606400° ~ 129600 50176° 31752° * *°
e The ninth class k =9

1 1 317 37
8 7 6 5
p(n,9) = n° + n' + n’ + n
’ 14631321600 135475200 1045094400 6451200
22661 4 - 17;é00n3 +wg, (n), neven
+——n"+ o1
225472
522547200 2764800” + Wo o (I’l) n odd
11579927 2 _
T1s6eos00t T Wl (n), n=6p+1,6p+5
153259 2 —
Wos = — ez twoa(n), n=6p+2,6p+4
, 1007903 2 _
Sizssiaoo”t tWwor(n), n=6p+3
14851 2 _
gsoaoe”t T wor(n), n=6p
6305 _
So9015s /! + Wo.l T W), n= 12p+1
15217 _
et t W, n= 12p+2
135 _
R tw, n= 12p+3
607 _
st tw, n= 12p+4
20641 _
20901888”+W1’ n=12p+5
oy = 5376n+w], n=12p+6
. 87253 _
so0issst T W, n=12p+7
635 _
ot tw, n= 12p+8
247 _
enfttwj, n=12p+9
14321 ‘ _
Dot t W, n= 12p + 10
102289 _
Soonisest T W), N = 12p+11
1 _
—TEhtw), n= 12p
. _ . 22355 307571 _ 51469 1258961
The first hundred w;, j = n mod 2520 (2520 numbers) are: 0, T1043936° 9144576° — 7225344° 14288400°
757021 781 1470637 97 4553891 459635 23130851 55 348800~ 233701 _ 16285
585252864° _ 112896° _ 11943936° 729’ 20070400° 9144576° 585252864° _ 7056° 585252864°  4665600° 147456’
1243 7735821283 2347 295376939 5335 7069”9901 25301389 T 334 48871139 120947
357210 58338647 12344° T4631321600° 571536 T 147456°  186624°  585252864° 11025’ 585252864° 0144576°
99867 391 629989 781 48173341 1837 400115 ~ 25301051 502957 1 _ 348899
802816° ~ 11664° _ 298598400 ° 112896’ T 5852528647 _ 35721 7225344° 228614400° 11943936 16° §85252864°
450589 2021819 1972 47765219 13 724141 438161 83483 261347 37335325
9144576° 180633600° _ 35721° 585252864°  2304° 11943936’ 14288400 802816° 0144576° 585252864 ° 441’
12502811 5149 95987 4i69 "~ 23130851 38819 36229405 97 2147 ~ 646259 566327339 233
298398400°  186624> 72253447 STIS36 585050864 313600°  585253864° T 7200 147436 O144576° 14631321600 7056°
TT11595037 D 263965 11 T 1021 T 47765219 3971 12292835 16999 9625019 9901 1249453
585252864> " 9144576° T6384° 182057 383252864° 112896 585252864 T 571536 180633600° _ 186624°  11943936°
37704983267 21499451 51469 15833 _ 502957 157 320482261 3295 166427 459635
49°  JBDSI6A>  186I4A00° T TS 5715360 TI943936) T 2304 T 14631321600 _ 35721° 802816° 9144576°
11186915 31 724141 ' 263965 503053 . 514 1480789939 2091 724141 823 95987
585250864° 3600 _ 11943936° _ 9144576°  7225344° _ 35721° 14631321600° 12544° ~ 11943936  11664° 7225344°
6347051 13447453 31 36927203 5149 42259 15833

228614400° ~ 585252864 ~ 441° 585252864° 186624 409600° 571536° ° **
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e The tenth class k = 10

1 1 47 7
p(n.10) = 1316818944000”9 " 8360755200”8 " 6270566400”7 " 29859840”6
L 40859 {%M — M3 4 wigs (n),  neven
11197440000 59%3%;00”4 - 14?3)}132341'200”3 +wio2(n), nodd
— s + wig (1), n=6p+1
—Bn? + wig (), n=6p+2
~ el Wil (”) n=06p+4
— St +wig (n), n=6p+5
_364238980”2 + w1 (m), n=06p
— 0 n+wy, n=60p+1,60p+13,60p +37,60p + 49
Fomamgl + Wi, 1 =60p +2,60p + 14,60p + 26,60p + 38
— ST n+wj,  n=60p+3,60p+27,60p +39,60p + 51
en +wy,  n=60p+4,60p +16,60p +28,60p + 52
~ e 0= 60p+S
—sn+wj,  n=60p+6,60p+18,60p +42,60p + 54
— Bl n+w;, n=60p+7,60p+19,60p +31,60p + 43
—%n +wj, n=060p+8,60p+32,60p+44,60p + 56
— 20067 0+ w;, n=60p+9,60p+21,60p+33,60p +57
7223288” +w;, n=60p+10
—S90B08Ly +w;, n=60p+ 11,60p +23,60p +47,60p + 59
| mpEsn 4wy, n=60p+12,60p +24,60p + 36,60p + 48
MO 0= 60p 15
— DBy 1y, n=60p+17,60p +29,60p + 41,60p + 53
siemt T W, n=60p+20
B2+ w;, n=60p+22,60p +34,60p +46,60p + 58
%n+wﬁ n==60p+25
3232156” +w;, n=060p+30
—%n +w;, n=060p+35
21471;4714” +w;, n=060p+40
el t W 1 =60p +45
gl + W) = 60p +50
séi‘éiiﬁZzn +wj, n=060p+55
1008” +w;, n=060p
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L . 67771020491 112093001
The first hundred w;, j = n mod 4240 (4240 numbers) are: 0, T3168189440000° 35719120000
2620941641 1051471 1294475515 1498451 2802280763 30064892 258048981 8713177
54190080000 3214890000° _ 21069103104° 105840000 268736560000 200930625 2007040000°  41150592°
554474300491 552779 793065538763 12319207 406439 17493844~ 7018318842613 293591
13163189440000° 13230000 13168189440000° __ 524880000° 86704128 ~ 200930625°  13168189440000° 3920000°
1233988035659 784753 45465113 480573001 80720141237 57017 _ 1165700869 702116407
13168189440000° 5143824° 1105920000° 25719120000°  13168189440000° _ 826875’ _ 21069103104° _ 25719120000°
7732330133 3852497 411640595659 20955 914830140491 20694083 2667138359 289718857 877675
2007040000 65610000° 13168189440000° 169344° 13168189440000° ~ 200930625 ° 54190080000’ 25719120000 429981696
35039 869713757387 914949449 322397513 33560 193052019509 16957 257841421237
290000° _ T3168189440000° 25719120000° 54190080000°  321489°  13168189440000°  2160000°  13163189440000°
285251471 3355 1474283593 1070882317387 ~ 28069 6525591109 3395801 991009463
3214890000° 3211264 _ 25719120000° _13168189440000°  826875° _ 268738560000° 41150592° __ 54190080000°
47105297 542711741237 139863 2530605179 180206 2351713591 233669449 435687875659 1675
3214890000 13168189440000’ T3920000° 21069103104 ~ 4100625 _ 54190080000 25719120000 13168189440000° 21168°
452838540491 743264999 T 1888933 5182006 101969669 5418451 356283917387 29817647
13168189440000° _ 25719120000° _ 40960000° _ 200930625 21069103104°  105840000° _ 13168189440000° T 3214890000
633037513 98473 420947139509 4153 457764418763 175961143 6343769 171319121 6941880763
54190080000° 839808 _ 13168189440000° 30625’ 13168189440000° 25719120000 86704128 3214890000° 268738560000’
4006957 278910524341 5140~ 237558869 2482893001 944467698763 2747 931455227
105841000 13168189440000° 321489 2007040000° 25719120000 _ 13168189440000°  270000°  21069103104°
799316407 1134126409 19744267 849315564341 569 23138822459 11104703 514941641
25719120000°  54190080000° 200930625  13168189440000° 6292°  268738560000°  3214890000° 54190080000
1242278857 393361531 46433 391242402613 30919399 136728981 839009

25719120000° 21069103104 ~ 826875°  13168189440000° ~ 524880000° ~ 2007040000 5143824° * °*

Appendix D
The formation of fractal polynomial of the partition function p (n) as special cases of {p (2n, n)}

When a fractal family {p (m,n)} is known, only one polynomial from that family counts p (n) and
that is p (2n,n). In Appendix C, the forms of all the families are determined by k = 10. Using these,
we can obtain the following results.

1) p(1), we calculate from p(n,1) = 1. So, p(1) = 1.

2) p(2), we calculate from the fractal family {p (n,2)}. The value for n = 4 is obtained from the
function p (n,2) = 5. Wefind p(2) = p(4,2) =2

3) p(3), we calculate from the fractal family {p (n,3)}. The value for n = 6 is obtained from the
function p (n,3) = 2. We find p (3) = p(6,3) = 3.

4) p(4), we calculate from the fractal family {p (n,4)}. The value for n = 8 is obtained from the
function p (n,4) = mn + —n + m
We find p(4) = p(8,4) =

5) p(5), we calculate from the fractal family {p (n,5)}. The value for n = 10 is obtained from the

function | . . | 360
’ 5 = 4 3 2 = A P
Pn3) = Soen™ * 588" * 288" ~ 22"t 2880
We find p(5) = p(10,5) =7

6) p(6), we calculate from the fractal family {p (n,6)}. The value for n = 12 is obtained from the
function

| R 1, 19 1 3
P .0 = gei50™ *38a0" T 12960" 180"t 25
We find p(6) = p(12,6) = 11.
7) p(7), we calculate from the fractal family {p (n,7)}. The value for n = 14 is obtained from the

function

) Lo, bos Uy 7 s L, T 43
n, = n n —n n — n — n .
P 3628800 86400 6480 12960 3600 324 = 225

We find p(7) = p(14,7) = 15.
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8) p(8), we calculate from the fractal family {p (n, 8)}. The value for n = 16 is obtained from the

function
1 1 83 7
8)=——n'+ S+ Sy 4
P(8) = S0 15800" T 2903040" T 9676800" T 82944
187 5 1 , 1 601

T 1200600" " 640" T 1680" * 3969

We find p (8) = p(16,8) = 22.
9) p(9), we calculate from the fractal family {p (n,9)}. The value for n = 18 is obtained from the
function

1 s, 1 i 3T 3T s
n n n n
14631321600 135475200 = 1045094400 = 6451200
2661 , 11, 14851 , 11 2347

T 522547200" T 172800" T 6350400  5376" T 12544

We find p (9) = p(18,9) = 30.
10) p (10), we calculate from the fractal family {p (n, 10)}. The value for n = 20 is obtained from the

p(®,9) =

function
1 47
’10 — 9 8 7
P 10) = 1372218924000 T 8360755200" T 6270566400
LT o, 408S9 o 1529 43471 . 10733 ,
n n n — n — n
20859840 | 11197440000 © 74649600 ~ 457228800 9797760

N 541 N 784753
244944 " 5143824°

We find p (10) = p (20, 10) = 42.

etc. See [16] for a different algebraic procedure.

Appendix E
Calculating the total number of partitions for several first n» € N from the known coefficients a; ;

To calculate the values of p (n) we use the formula p (n) = p (2n,n) and the record given with (2.2).
If we take instead of n, 2n and instead of k, n we get

pQn,n) = a,; 2n)"' +a,, 20" + -+ ay Q) + by, Q)T + by, Q)T+ -+ b,
jie{2,3,...,LCM(2,3,...,0)},

where a, 1, a2, ..., ay, .-, represent the coefficients of the common part which depends only on n. In

calculation, we use only the coeflicients of the common part (without the variable coefficients). The

first few coeflicients a, ; are determined by the general form in Appendix A. The number of coefficients
n

a,,; to be taken is determined by n — 4, 1 = [5]

1) Forn=1,1=0,p(1)=a;;-1=1.
2) Forn = 2,4 = 1, only one coefficient is needed p (2) = % -4 =2.
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3) For n = 3, A = 1, the first two coefficient are needed p(3) = % - 6°+0-6=3.
4) For n = 4, A = 2, the first two coeflicient are needed.
1 1
4y~ —8 + —82 ~ 4.88888(=5).
PO~ 128 ¥ 18 =5)

5) Forn =5, A = 2, the first three coefficient are needed.
1 1 1
~ ——10* + =—10° + —10> = 7.29166 (= 7)..
PO~ 525010 * 25510 53 =7

6) For n = 6, A = 3, the first three coefficient are needed.

1 1 19
~ 12° 12+ ——12° ~ 10.81333 (= 11).
PO~ e50'? * 3330 (=1D)

" 12960
7) Forn =7, A = 3, the first four coeflicient are needed.
1 1 1 7
7) v ————14° 14° + 14* + ——14° = 1571 (= 15

P 3628800 - 86400 6480 12960 ( )

8) For n = 8, A = 4, the first four coefficient are needed.
1 1 83 7
) ————— 16" + —————16°+ —————16° + ——— 16 ~ 21.62487 (= 22).
P@®) 203212800 - 2903040 - 9676800 82944 ( )

9) Forn =9, A = 4, the first five coefficient are needed.

1 1 317
- 188 187 18°
14631321600 - 135475200 - 1045094400

N 37 5, 22661
6451200 522547200
10) For n = 10, A = 5, the first five coeflicient are needed.
1 1 47
207 + 20% + 207
1316818944000 8360755200 6270566400
7 p 40859
+ 20 +
29859840 11197440000
11) Case n = 11, A = 5, the first six coeflicient are needed.

p9) =

18* ~ 30.97868 (= 30)

p(10) =

20° ~ 39.72486 (= 42)

1 241
11) ~ 2210 22° 228
PAD > 11850083840000>> T 658409472000 > T 1755758592000
1907 4387
5 20 226 3879 505« 60.50 (= 56)

21946982400~ T 11197440000~ © 19595520000

12) Case n = 12, A = 6, the first six coefficient are needed.

1 1 4049
12) ~ 2411 2 10+ 49
pi2) 19120211066880000 " 64377815040000 2085841207296000
103 . 18989 , 1189

24% ~ 67.6 (= 77)

T 7803371520007 3621252096000 9953280000
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