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the exp(—€Q(n))-expansion method (EEM), the improved exp(—£2(n7))-expansion method (IEEM), the
generalized (G’/G)-expansion method (GGM), and the exp-function method (EFM) to get the new
exact solutions. This model of the equation is analyzed using the aforementioned schemes. The
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1. Introduction

Traveling wave and soliton solutions are one of the most interesting and fascinating areas of research
in different fields of engineering and physical sciences. These models are basic ingredients of sciences
in which play important roles in numerous areas such as biology, physics, chemistry, fluid mechanics
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and many engineering and science applications among others [1-5]. Furthermore, the approaches
to solving these types of equations alongside nonlinear PDEs ranging from analytical to numerical
methods are very important in many engineering and sciences applications. Some of these methods
include finding the exact solutions by using the special techniques in which can be manifested to
new works with vigorous references. Consequently, it is imperative to address the dynamics of these
soliton pulses from a mathematical aspect. This will lead to a deeper understanding of the engineering
perspective of these solutions [6—13].

In this paper, we will study the different kinds of traveling wave solutions in mathematical model in
DNA dynamics from a purely mathematical viewpoint. Therefore, the importance of this paper will be
to extract the exact traveling wave solution for the nonlinear model. This model is described for first by
Peyrard-Bishop, that takes into consideration the inclusion of nonlinear interaction between adjacent
displacements along with the Hydrogen bonds [14]. There are several integration tools available to
solve the model. Many such nonlinear equations as DNA dynamics have been examined with regards
to soliton theory, where complete integrability was emphasized by various analytical techniques.

For investigating the appearance of solitonic structures of the oscillator-chain of Peyrard-Bishop
model has been analyzed by [14, 15]. The balance between weak nonlinearity and dispersion in DNA
dynamic model with linear dispersion and nonlinear dispersion arise in works of Dusuel et al. [16]
and Alvarez et al. [17]. Treatment of mathematical and physical modeling of equations of DNA
dynamics show that those can be reduced to a significant nonlinear formations. The nonlinearity of
the DNA dynamic model arises in localized waves in which have a few considerable features, as
example in transporting energy without dissipation. A few methods in which physical properties of
DNA dynamics have been investigated by the numerous authors [18-23]. There are techniques
usually used in biological systems such as the discrete derivative operator (DDO) technique applying
to long-range interactions systems [24, 25], the semi-discrete approximation [26-28], the solitary
perturbation technique [29, 30], the modified extended tanh function method [31-33].

Author of [34] made use of the Hirota bilinear method of the bidirectional Sawada-Kotera equation
to obtain new lump-type solutions and interaction phenomenon. In [35], author found the lump
soliton and novel solitary wave solutions for the (3+1)-dimensional extended Jimbo-Miwa equations.
Manafian and co-author found the interaction phenomenon to the (2+1)-dimensional Breaking Soliton
equation [36]. Moreover, Ilhan et al. determined lump wave solutions and the interactions between
lump solutions for a variable-coefficient Kadomtsev-Petviashvili equation [37]. Authors of [38]
obtained the stationary solutions of various nonlinear Schrdodinger equations.  Younas and
co-authors [38] studied the nonlinear chirp solitons for the model of Schroodinger-Hirota equation
with concluding the bright, dark and singular solitons. Ali and co-workers [39] utilized the extended
trial equation method and retrieved Jacobi elliptic, periodic, bright and singular solitons for paraxial
nonlinear Schroodinger equation. In [40], the first and second-order rogue wave solutions were
gained for the coupled Schrodinger equations. Arif et al. investigated the solitons and lump wave
solutions to the graphene thermophoretic motion system [41]. Structures of this paper as follows, the
nonlinear DNA dynamics model has been summarized in section 2. In sections 3—7, an overview of
the integration schemes are given along with the analysis of the model including the improved
tan(¢/2)-expansion method, exp(—£2(n7))-expansion method, improved exp(—£€2(1n7))-expansion method,
generalized (G’/G)-expansion method, and exp-function method, respectively. The next section gives
the discussions about the model. In the last section, the conclusions have been given.
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2. Peyrard-Bishop DNA dynamic model equation

It is popular that DNA molecule is a double helix. This means that it consists of two complementary
polymeric chains twisted around each other [42]. The B-form DNA in theWatsonCrick model is a
double helix, which contains of two strands. The masses of nucleotides do not vary too much which
means that one can assume a homogeneous crystal structure. The strands are coupled to each other
through the hydrogen bonds, so that these bonds are weak while the harmonic longitudinal are strong
the PB model neglects all the displacements beside the transversal [43]. The Hamiltonian model of
Peyrard and Bishop [43], and the equations found in the literature, is modeled by the Morse potential
as )

VirCty = v,) = D [ — 1], (2.1)

in which u, and v, are the displacements of the nucleotides. Also, the Hamiltonian for the DNA chain
was described by Zdravkovi¢ [43]. Moreover, the improved version of the PB model, introduced by
Dauxois [44]. The Hamiltonian for describing the strand aperture the hydrogen bonds can be stated
as [45]

1 k k —V2au 2
H(u) = %qﬁ + EIAZM,, + ZZA“un + (e = 1)L Ay = et — U, 2.2)

in which k; and k, denote the strength for the linear and nonlinear couplings respectively and ¢, = mui,
is the momentum for the displacement u,,. Searching Starting with the hamiltonian (2.2) the equation
of motion in the continuum limit can be stated by the following form

Pu ()l

— - (11 +3h

3 ) —2V2aD e (e ™ - 1), (2.3)

with [; = %dz, L="%g" D= S a= V2a and being d the inter-site nucleotide distance in the DNA
ladder ( [46—48]). In this paper, consider the Peyrard-Bishop DNA dynamic model equation as follows
ty — (11 + 31012t = 20Qe™ (™™ = 1) = 0, (2.4)
where [, , @ and Q = D are constants. By make the following transformations
ulx,t) =u), &E=x-pt, (2.5)

then the Eq. (2.4), can be reduced to the ordinary differential equation as

Bru’ = (I + 3L ) u” - 20Qe™" (™ = 1) = 0. (2.6)
By multiplying the Eq. (2.6) by «’ and integrating once with respect to &, we get
21 3
%(u'f -~ le(u’)4 + Qe (™™ -2)+R =0. 2.7)
By starting hypothesis is taken to be
V(&) = e™©, (2.8)
By appending (2.8) into Eq. (2.7), the nonlinear equation is achieved as follows
21 3
B =) 2y s f -2+ RV =0, (2.9)
207 4o
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3. Description of the ITEM

In this section, the improved tan(¢/2)-expansion method [8, 9] has been summarized to obtain the
solutions of nonlinear partial differential equations (NPDEs). Hence, consider the NPDEs in the
following way:

N(”? ux’ uta uxxa Uy, ) = O’ (31)
where N is a polynomial of u and its partial derivatives in which the relationship of higher order
derivatives and nonlinear terms. To find the traveling wave solutions, we outline the following sequence

of steps towards the extended tanh method:
Step 1. Firstly, by using traveling wave transformation

é: =X _ﬁt’ (32)

where £ is non-zero arbitrary constant, permits to reduce Eq. (6.1) to an ODE of u = u(¢) in the
following form

Qu, ', —Bu’ ,u’,Bu”,..) = 0. (3.3)

Step 2. Assuming that the solution of Eq. (6.1) can be expressed by the following ansatz:
u@) = S(@) = Y Altan(g/2)]", (3.4)
k=0

where Ay (0 < k < m) are the parameters to be determined and A,, # 0 and ¢ = ¢(&) satisfies in the
ordinary differential equation as follows:

¢'(&) = asin(¢(£)) + bcos(¢(§)) + c. (3.5)
The particular solutions of Eq. (3.5) will be read as:
Family 1: When A = & + b - ¢ < 0 and b — ¢ # 0, then
(&) = 2tan™! [ﬁ - g tan (V%g)] )
Family 22 When A = 4> + b> - ¢* > 0 and b — ¢ # 0, then

(&) =2tan™" [ ;£ + X2 tanh (LZ)].

For see the rest seventeen families refer to Ref. [8,9]. Also, E =¢+GC,p, AL Btk = 1,2,...,m),a,b
and c are constants to be determined later.

Step 3. To determine the positive integer m, we usually balance linear terms of the highest order in
the resulting equation with the highest order nonlinear terms appearing in equation (3.3).

Step 4. We collect all the terms with the same order of tan(¢/2)*, (k = 0,1,2,...) together. Equate
each coefficient of the polynomials to zero, yields the set of algebraic equations for
Ao, Ak = 1,2, ...,m),a, b and c with the aid of the Maple.

Step 5. Solving the algebraic equations in Step 4, then substituting Ay, Ay, ..., By, a, b, ¢ in (3.4).
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3.1. Application of the ITEM for Eq. (2.4)

Consider the homogeneous balance principle between the highest order derivatives (v')* and
nonlinear terms 1%, and get

Agmaa tan™(¢/2) = (V) =1° = Ag, tan®"(¢/2) = dm + 4 = 6m = m = 2.

Therefore, the equation (3.4) takes the form

2
V€)= ) Artan*(g/2). (3.6)
k=0

Substitute equation (3.6) and its derivatives into equation (2.9). Algebraic equations set can be obtained
after equating the coefficients of tan”(¢/2) for p = 0, 1, ..., 12, and setting equal to zero. After solving
the nonlinear algebraic equations, the following values of a, b, ¢, 8, Ay, A1, A, can be obtained:

Set I.

4 2 2 2
= VI08Q A e @4y (B2 - 21) = 3L (b - c)
= \2L+23QL-3RbL, a=——, b= . c=c, A=
B \/ 1 2 2, d 34,1 3L, c=c¢ T
(3.7
2Q0a*A% +3L(b - ¢)? Zi(b-c)
Ay =— , Aj=——, Ay =A,,
’ 2Qa*A, ' Qe T
= = \/3A212 (a,2ﬁ2A2 - 2&2A211 -3 bzAzlz +3 CZAzlz -3 bzlz +6bcl, -3 Czlz).
By utilizing of Family 1, the trigonometric function solution becomes
1 2Q0a*A)” +3L(b - E|bb-c) V-A V-A-
(ot = — |22 AT 360 Eb-oT) a tan Z (3.8)
@ 2Qa*A; 2QatA? |b—-¢c b-c 2
2
a V-A V-A- -
+A, b_c—b_ctan( > f):i , §:x—\/211+2 3Q1L, —3RLt+C.
. 4\/1089/422123@_‘ 2
The existence of the solution for the constraint condition is as AZ(ﬂS 1;2’1) < 312& ] .
By utilizing of Family 2, the hyperbolic function solution becomes
1 2Q0a*A2 +3L(b-c¢)* E(b-c) V-A V-A—
w0 = —~In|-22CAT 3G Ebmo ) a4 tan g (3.9)
@ 2Q a*A, 2Qa*A% |b—¢c b-c 2

A T, . E=x- 2L +2\30L - 3RL1+C

()

Ax(B*-211)
3l

30
a

The existence of the solution for the constraint condition is as

2
V1082452130 ]
VRl .
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4. The exp(—€Q(n))-expansion method

This section elucidates a systematic explanation of the exp(—€2(#))-expansion method to obtain the
solutions of nonlinear partial differential equations (NPDEs). Hence, take the NPDE:s in the following
way:

N(l/l, Uy, Uy Uxx, Uyty ) = O’ (41)

where N is a polynomial of u and its partial derivatives in which the relationship of higher order
derivatives and nonlinear terms. To find the traveling wave solutions, we outline the following sequence
of steps towards the extended tanh method:

Step 1. Firstly, by utilizing the traveling wave transformation

& =x—p, 4.2)

where £ is non-zero arbitrary constant, permits to reduce equation (4.1) to an ODE of u = u(¢) in the
following form

Qu, i, —Bu’,u” ", ...) = 0, 4.3)

Step 2. Assuming that the solution of equation (4.1) can be expressed by the following ansatz:
U@ = ) AF@, (4.4)
=0

where F(7) = exp(-®(£)) and A;(0 < j < m), are the parameters to be determined A,, # 0, and,
@ = ®(¢) satisfying the ODE given below
O =uF &)+ F&) + A (4.5)

The particular solutions of equation (4.5) will be read as:

Solution-1: When u * 0 and 2> - 4u > 0, therefore we attain
®(n) =In (—@ tanh( @(f + E)) - ﬁ)
Solution-2: When pu # 0 and 2> - 4u < 0, therefore we attain
O(n) = ln(@ tan(@(é + E)) — ﬁ)

Solution-3: When ¢ = 0, A # 0, and A% — 4u > 0, therefore we attain ®(7) = —In (*)

exp(A(E+E))-1
Solution-4: When 1 # 0, A # 0, and 2> — 4u = 0, therefore we attain (1) = In (—2/;(2‘5(2554)
Solution-5: When u = 0, 2 = 0, and 4> — 4u = 0, therefore we attain ®(n7) = In (¢ + E), where
A;(0 < j<m), E,Aand u are also the constants to be explored later.
Step 3. To determine the positive integer m, we usually balance the linear terms of the highest order
in the resulting equation with the highest order nonlinear terms appearing in equation (4.3).
Step 4. We collect all the terms with the same order of F (.f)k, (k =0,1,2,...) together. Equate each
coefficient of the polynomials of F(£)f to zero, yields the set of algebraic equations for
Ao, Ak = 1,2,...,m), A and u with the aid of the Maple.
Step 5. Solving the algebraic equations in Step 4, then substituting Ay, Ay, ..., Ay, A, in (4.4).
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4.1. Application of the EEM for Eq. (2.4)

Consider the homogeneous balance principle between the highest order derivatives (v')* and
nonlinear terms 1°, we obtain 4m + 4 = 6m, then m = 2. The exact solution can be expressed in the
following form

2
vE) = L AF ), (4.6)
k=0

Substitute equation (4.6) and its derivatives into equation (2.9). The algebraic equations set can be
obtained after equating the coefficients of F(¢) for p = 0,1,...,20, and setting equal to zero. After
solving the nonlinear algebraic equations, the following values of 4, u, 8, A, A1, A, can be obtained:
Set 1.

T = -125Q°a’de’ 5,5 (/12 —4 ,u) ~250 Q'Ra*de’E,E,53-1250 Q°Ra’ e’ 2322 +5000 Q°’d (45Q — 4 R) ;-
4.7)
60’1} LE3-9 L,?E5E3 (A2 — 4 41)+5000 Q°a[|E}-3 Qo LEH(50 Q Ra’eZrZ3+2 ard (2025 Q% + 65QR + R?) E3+

5QeE,5;(225Q%a e + 5QRae +2025Q%d + 115QRd + Rd) (4> - 4 1)),
%, = 25000 Q°Ra’dE} + 1250 Q’Ra’’E5E] + 15 Qe deE12555 (42 — 4 1)
—18,°E} (225 Q74 + 5QRA® + 11250 Q% + 670 Q Ry + 6 R )+25 Q20 eE; (5 Q'de’E] (42 — 4 1) + 6 LRE3)
75Q%’hE, (Q 5T} (17 — 4 1) — 4 RAZ, + 250 Q*a*E, (30QLE] (12 + 8 1) + Rde*E,55),

\/(2500 QA= - 3LEDY,
(2500 Q3¢ 5! — 3 L=

2

2, =45Q+R, E, =2025Q%+115QR+R*, Z; = 1575Q*+105QR+R?*, B =

p V3Qh V12031, 4 oy 21d 2d
= . e = e a—— = —, = —.
Q Q 7 622Qd(2500afEl —3 L=l T a2 T @2
By utilizing of Family 1, the hyperbolic function solution becomes
21d( N =4  — 4u )
u(x, 1) = ——In|Ag + — (— tanh(—(n + E)] - —) (4.8)
a a 2u 2 2u
-2
2d A2 -4 \VAZ -4 A
+— |- 'utanh 'u(n+E) - — , n=x-pt
a? 2u 2 2u

The existence of the solution for the constraint condition is as /5( \/a4(Q202g2 — 12RL,) — ea’Q) > 0.
By utilizing of Family 2, the trigonometric function solution becomes

-1
| 20d (-1 +4 X +4 b
uz(x, t) = _E In AO + P [ 2,1 H tan (Tﬂ(n + E)) - Z] (49)

a? 2u 2

— — -2
+%[ _/12+4'utan( _/12+4ﬂ(n+E))—%] ], n=x-pt.
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The existence of the solution for the constraint condition is as /5( \/a4(Q2a262 — 12RL) — ea’Q) < 0.
By utilizing of Family 3, the hyperbolic function solution becomes

1 21d 2 2d P! 2
”3(x’t):_51n{A°+ 2 (exp(/l(n+E))—1) ?(exp(ﬁ(mE))—l)l’ n=x-pr 410

The existence of the solution for the constraint condition is as ( \/a“(onﬂez — 12Rh) — ea’Q) > 0,
and

\/312 (—ea’@ + 121 + Q0% — 12Ra'l;)

—ed®Q + +Ja* (Q2a?e? — 12 Rl,)
3l ’ '

A
30

X -4y =
5. The improved exp(—€2(n))-expansion method

In this section the improved exp(—€2(1))-expansion method is utilized to obtain the solutions of
nonlinear partial differential equations (NPDEs). Hence, consider the NPDE:s in the following way:

N(“a ux’ utauxx’ uth"') = O’ (51)

where N is a polynomial of u and its partial derivatives in which the relationship of higher order
derivatives and nonlinear terms. To find the traveling wave solutions, we outline the following sequence
of steps towards the extended tanh method:

Step 1. Firstly, by using the traveling wave transformation

&= x-pt, (5.2)

where S is non-zero arbitrary constant, permits to reduce equation (4.1) to an ODE of u = u(¢) in the
following form

Qu,u',—Bu’, u”,fu”,...) = 0, (5.3)
Step 2. Assuming that the solution of equation (5.1) can be expressed by the following ansatz:
U© = ) AFE)+ ) BiFI©), (5.4)
j=0 j=1

where F(n7) = exp(—®(§)) and A;(0 < j < m),B;(1 < j < m), are the parameters to be determined
A, # 0, and, ® = O(¢) satisfying the ODE given below

O =uF ' (&) + F&) + A (5.5)

The particular solutions of equation (5.5) will be read like before section.

Step 3. To determine the positive integer m, we usually balance the linear terms of the highest order in
the resulting equation with the highest order nonlinear terms appearing in equation (4.3).

Step 4. We collect all the terms with the same order of F (.f)k, (k =0,1,2,...) together. Equate each
coefficient of the polynomials of F(£)* to zero, yields the set of algebraic equations for Ag, A, Bi(k =
1,2,...,m), A and u with the aid of the Maple.

Step S. Solving the algebraic equations in Step 4, then substituting Ay, Ay, By, ..., Ay, By, A, in (5.4).
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5.1. Application of the IEEM for Eq. (2.4)

The exact solution will be the same as the previous section as

2 2
e = ) AF )+ D BF (), (5.6)
k=0 k=1

Substitute equation (5.6) and its derivatives into equation (2.9). The algebraic equations set can be
obtained after equating the coefficients of F(¢) for p = 0,1, ...,20, and setting equal to zero. After
solving the nonlinear algebraic equations, the following values of A, u,f, Ao, Ay, B1,A,, B, can be
obtained:

Set L

%) = 5000Q°a°E} (45 Q°d - 4QRd + 45Q1, + RI;) - 1250 Q°Ra’e’535; — 250 Q*Ra’*de’ S, 5,5,
(5.7)
—25 Q%% (5Q'de’E} (17 - 4 ) + 6RLES) - 30°hE, (25 Q B35} (1 - 4p) +

253 (2025 Q% + 65 Q’Rd + QR*d + 2025 Q*1; + 115QRIy + R )) - 15 QP del,E, 5,53 (12 - 4 1)

=4 =4
\ /3Ql 4/12931 (2500 QSCLAE -3 lz.: )21
2, e = —27 B = J
Q (2500 Qe =4 — 3 1,=3
>, 20d 2d Y,
=44 = 0, B
602Qd(2500 Q3ar = —3L,E8) T a2 T P 2

X B = PYVrUTEE
2 360dL,%;
%, = 25000 Q°Ra®dE}+1250 Q°Ra’’E3E+15 Qo dely 1 B33 (1¥ - 4 ) +25 Q20 eB5 (5 QP de’E] (A% — 4 ) + ¢

~9L’EE3 (12 - 4p), d=

b

A():

—18 1,723 (225 Q%4> + 5QRA* + 11250 Q% + 670 Q Ry + 6R2,u)+75 Q’’1,E, (Q B3] (A2 - 4 p1) - 4 RdZ3)
+250 Q*a*E, (30 QLE} (27 + 8 ) + Rde’EyE;)
T3 = 6250000 Q" E] - 31, (23) (5000 Q°e*E} - 31,E3).
2, =45Q+R, Z,=2025Q%+ 115QR+R2, 23 = 1575Q%* + 105QR + R%.

By utilizing of Family 1, the hyperbolic function solution becomes

-1

1 24d A2 —4u A% —4u A

u(x,t) = ——1In|Ag + - tanh nl-—

1(x, 1) > 0+ —3 o 77 %

(5.8)
-2 2

24 ( B -4u C—4u ) 2 s, 2 — 4y P —4u) A
+— | -————tanh| ——7| - —| + - tanh nl-—
a? 2u 2 2u 360d1,X5 2u 2 2u

The existence of the solution for the constraint condition is as L,( ya*(Q2a2e? — 12R1,) — ea’Q) > 0.
By utilizing of Family 2, the trigonometric function solution becomes

=
1 20d (P4 (N ) A
uy(x,t) = InjAy + tan n
a a? 2u 2 2u

(5.9)
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Zd(\/—/12+4/.tt [\/—42+4,1_] A]_2+ %, (\/—/12+4,ut (\/—12+4,1_] 1}2
—|——tan|————n|- 5= an nf—-—11-

a 24 2 24 360d1,2;3 24 2 24

The existence of the solution for the constraint condition is as 1,( y/a*(Q2a2e? — 12R1,) — ea’Q) < 0.
By utilizing of Family 3, the kink-soliton solution becomes

1
usz(x,t) = —aln

4, 2Ad 2 L2 2 g > P! 2
7 a2 \exp(i) - 1) a2 \exp(i) — 1) 360dL3; \exp(Am) — 1) |
(5.10)
The existence of the solution for the constraint condition is as I( \/a“(Qzaze2 — 12RL) — ea®Q) > 0
and

\/312 (—6(139 +12ul, + \/Qzaff’e2 - 12Ra/412) —ead0 + \/a‘* (Q2a%e? — 12RD)
n=x-Pt+E, A= 3 , =4y = 3 )
2 2

Set II1.

%) = 5000 Q°a’E] (45Q°d - 4QRd +45Q1, + Rl;) - 1250 Q°Ra’* 532} - 2504” Q* R de’ 5, 5,2y
(5.11)
~25 Q0 epEs (S Q% e’} (X - 4p) + 6 Ry ’E}) - 30’ 1y’E, (25 QB2 (12 — 4 ) +

2% 23 (2025 Q% + 65 Q*Rd + QR*d + 2025 Q1 + 115 QR + R*1,))-154° QP dely=, 5,53 (12 - 4 1)

—Ou* L’E5E3 (A2 - 4p), d =

e 07 \/(2500 Q3a*E4 — 3t LEYS,
_—, 6= —, ﬁ = ?
Q Q (2500 Q3a*E} - 3pt LEY)

% = 1250uQ’Ra’ @ E3E1+151° QP ade, 212553 (4 — 4u)+250Q° e *E, (30QLE] (1 + 8u) + Rde 175, E5)
—18* 1?53 (225 Q247 + 5QRA* + 11250 Q% + 670 Q Ry + 6 R )+25u Q20 eEs (S Q'de’E] (42 — 4 p1) + 67 1]
750° Q’ LBy (Qe? (1575 Q% + 105 QR + R*) B (42 — 4 1) — 4% RAE,) + 25000Q°Ra’d =S,

) 2dA 2du?
Ao = 2~4 _4,141:0, Ay =0, Blz—ﬂ, Bzz—'u,
6a2Qd(2500 B3 E} — 3t LE] a? a?

E,=45Q+R, Z,=2025Q0°+115QR+R*>, =;=1575Q%+105QR + R

By utilizing of Family 1, the hyperbolic function solution becomes

| 241 4 T —4 1
Ao + “(— . 'utanh[T'uﬁ]——)+ (5.12)

ui(x,t) = - In

a? u 2u

2
2u’d A2 —4u A2—4u_) A _

- tanh -—11, =x—-pBt+E.
a? ( 2u an 2 2u n=x-p
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The existence of the solution for the constraint condition is as lu( \/a“(onﬂez — 12u2R1)—ea’Q) > 0.
By utilizing of Family 2, the trigonometric function solution becomes

2dﬂu(\/mtan(‘/mﬁ) 1 ]+ (5.13)

a? 2u 2 - Z

1
uy(x,t) = _E In [AQ +

, n=x-pBt+E.

2ld ( V=P + 41 tan( T+ 4u_) 1 ]2

a? 2u 2 g _Z

The existence of the solution for the constraint condition is as lu( \/cy“(Qzaze2 — 12u2R1,)—ea’Q) < 0.
By utilizing of Family 3, the exponential function solution becomes

2udd [exp(An) 2du (exp(An)
+ +
a? A a? A

2
us(x, 1) = —é In [Ao ) l 7=x-pt+E. (5.14)

B \/312 (—ea/3Q + 12ul, + \/Q2oz6e2 - 12Ra4lz) —eddQ + \/a,4 (Q2a2eZ — 12 Rly)
B 31, 3, '

The existence of the solution for the constraint condition is as Lu( y/a*(Q2a2e? — 12uRl,) — ea’Q) > 0.

A , AP =4y =

6. Description of the GGM

As the fourth method, the generalized (G’/G)-expansion method has been summarized to obtain
the solutions of NPDEs. Hence, consider the NPDEs of in the following way:

N(”» Uy, Uy Uxx, Upgs ) = 09 (6 1)

where N is a polynomial of u# and its partial derivatives in which the relationship of higher order
derivatives and nonlinear terms. To find the traveling wave solutions, we outline the following sequence
of steps towards the GGM:

Step 1. Firstly, by using traveling wave transformation

£=x-pt, (6.2)

where f is non-zero arbitrary constant, permits to reduce equation (6.1) to an ODE of u = u(¢) in the
following form

Qu,u',—pu’ ,u’,fu”,...) =0, (6.3)
Step 2. Assuming that the solution of equation (6.1) can be expressed by the following ansatz:

ué&) = S(PE)) = ZAkq)(f)k, (6.4)
k=0

where, A;(0 < k < m) are constants to be determined, such that A,, # 0, and ®(¢) = G'(£)/G(€)
satisfies the following ODE:

k\GG” — kyGG' — k3(G")? — kyG* = 0. (6.5)
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The particular solutions of equation (6.5) will be read as:

Family 1: When kK, # 0, f/ = k — ks and s = k3 + 4dks(ky — k3) > 0, then

(I)(é‘:) \f Cq th( f§)+C2 coqh(%ﬁf)

2f C cosh(zif)JrCz %mh( \ff)

Famlly 2: When kK, # 0, f
—C| sin §)+C2 cos( o7 §)

) 2+ ¥ 1

& = 2f ¢ Cog( 5 §)+C2 ﬂln( o f)
Family 3: When k, # 0, f = k; — ks and s = k3 + 4ky(k; — k3) = 0, then D(&) = 22 + 2.
O smh(;lf +Cs cosh( ng)

kl - k3 and s = k% + 4k4(k1 - kg) < 0, then

~
II

Family 4: When k, =0, f = k; —k; and g = fky4 > 0, then ©(¢) =

Family 5: When k, =0, f = k; —k; and g = fk4 < 0, then ®(¢) = =

ik exp(%g)
fla+Cikikz exp 72¢)
Family 7: When k, # 0 and f = k; — k3 = 0, then ®(¢) = - + Cy exp (2¢),
Family 8: When k; = k3, k = 0 and f = k; — k3 = 0, then &(&) = C + ¢,

Family 9: When k3 = 2k, kb, = 0 and k4, = 0, then ®¢) = —m, where
1+ g~ LE

Family 6: When &k, = 0 and f = k; — k3, then ©(¢) =

do,dj,ei(j=1,...,m), ki, ky, k3 and k4 are constants to be determined later.

Step 3. To determine the positive integer m, we usually balance linear terms of the highest order in
the resulting equation with the highest order nonlinear terms appearing in equation (3.3).

Step 4. We collect all the terms with the same order of ®(£)¥, (k = 0, 1,2, ...) together. Equate each
coefficient of the polynomials of i to zero, yields the set of algebraic equations for
Ao, Ak = 1,2, ...,m), ky, ko, k3, and k4 with the aid of the Maple.

Step 5. Solving the algebraic equations in Step 4, then substituting Ay, Ay, ..., By, k1, ka, k3, ky in (6.4).

6.1. Application of GGM

By processing the generalized G’/G-expansion method and considering the homogeneous balance
principle, we get the exact solution in the following form

u(E) = Ag + A1) + A, 0é)”. (6.6)

Solving the nonlinear algebraic equations, we have the following sets of coefficients for the solutions
of (6.6) as given below:
Subset 1.

\/Az(z 2Ask 2l — 12k 2he (€, —2) (Ag — 1) = 3 1 (4Aok12 — Ares? — 4k12))

IB - kla’Az ’ (67)

4
123/4 4/QA22123Q ~ \/g\/lzkl ( VQA22123123/4G’ + 1212)

&= 120, &2 7 6l .
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£ = J6A:1((A0 — 1) (6 exls (€ — 2 k1) + 6k %) + VE.

3A212
g4 = 36602 (6, —2k) (e22 2 ek +2 klz) (Ao — 123 a* A2k, L, (Q A2 —2QA, + R)+36 k*L2 (A — 12,

128312(81 - 1)3 Qa4A0A2k1
A= =228 ) A=Ay, k=i, k=3, ks =&, ks = :
! I QatA, 2= A M EAL R m e B e M @ —36a2+36 - 1)
Qa*AAsrk,?
5= 1+ dky(ky — ks) = & - 02
3(e—D"h

Based on the Family 1, the exact soliton solution can be written as

Ap +

ui(x,t) = —a In

g Bl

12&30,(g; — 1)? \/_ C; sinh (z‘kff) +C, cosh(
ki QatA, f 2f C, COSh( \fé:) +C, smh(

g -

A y/5s Cisinh (;—Ef) + C, cosh (z—ff) ’
+
2f f 2/ €y cosh (5£¢) + Cy sinh (3¢€)

VA22 @2 Arki 211 =12 ki 2 her (€1 -2)(Ao—1)-3 1 (4 Aok1 > ~Ares?~4 k1 2))
kiaAy
Al [AArQ
|g TR VAT
Based on the Family 2, the exact periodic solution can be written as

t. The existence of the solution for

in which € = x —

the constraint condition is as |&3| >

Ay +

1
u(x,1) = - In

eher -1 [l | V= Cisin(ape) v Ceos(apd)| o
ki QatA, f 2f ¢, cos (‘zif) +C, s1n( T8 f) '

A \/_ —C, sm( g,:g) + C, cos( 2k_ls‘f) ’
f 2f ¢ cos( §)+Czsln( k_l“f)

Ar(2 @2 Ak 211 —12 ki 2hei (61-2)(Ag—1)=3 b (4 Agk1 2 —Are32—4 ki ) . .
v ( ) t. The existence of the solution for

in which & = x —

kiaAy
ApArQ
the constraint condition is as |&3| < L(Z llkllll %

Based on the Family 3, the exact singular solution can be written as

1 (2 Qz 4A04k1 +3 QAOZIZ -6 QA()ZZ + 3Rlz)83(81 — 1) C2
uz(x, 1) = ——1In[Ag + —_
a 202 A02k1a4 (62 - kl) (A() - 1) 2f Cl + C2§
(6.10)
24Q A%l (6, — k1 )* (Ag — 1) {kz ,_ G }zl
A2 AC K +3Q AL —6QAL +3RL \2f  Ci+Caé

VA22 a2 Acki 2l =12k 2 her(61-2)(Ao—1)-3 1o (4 Aok ~Aze3?— 4k12))

Trad, and

in which & = X
A = 24Q Ao (ki )*(Ag—1)
27 102 A K 3 QAL -6Q AL +3RE
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Based on the Family 6, the exact kink solution can be written as

—K2 K2 2
e L2k -0t | CRew(5) | [ Clewn(3)
Ug( X, 1) = —— 2 s
@ kiQatAy | g + Cikiky exp (722€) ki + Cikky exp (72¢)
(6.11)
2 2 —o_ “Aye—ak,2
in which & = x - VA2 a2 Aski 21 +12k II:e./(:l 2)-3hL(-Ares?—4k ))t.
1@A2
7. Basic idea of the Exp—function method
We first consider the nonlinear equation of form
N(ua Uy, Uy, Uxx, U, Ugxs ) = 03 (71)

and introduce a transformation as
u(x,t) =u(n), E=x-p0t (7.2)
where £ is constant to be determined later. Therefore the Eq. (7.1) is reduced to an ODE as follows
M(u,-Bu’,u’,u”,...) =0. (7.3)
The EFM is based on the assumption that the travelling wave solutions can be expressed in the form

S a,exp(né)
Ym=_p bm exp(mé)’

where ¢, d, p and q are positive integers which could be freely chosen, a,’s and b,,’s are unknown
constants to be determined.

) = (7.4)

7.1. Application of EFM for Eq. (2.4)

We apply the Exp-function method to Eq. (2.9). In order to determine values of ¢ and p, we balance
the terms (v')* and v° in Eq. (2.9) along with Eq. (7.4), then we get

crexp(d(c + p)é) + ... 6= cz exp((6c + 2p)é) + ...

(V’)4 = ’ -
¢, exp(8pé) + ... cyexp(8pé) + ...

(7.5)
respectively. Balancing highest order of the Exp—function in (7.5) and get 4c + 4p = 6¢ + 2p, which
leads to the result ¢ = p. Similarly, to find values of d and g, for the terms (v')* and v¢ in Eq. (2.9) by
simple calculation, we attain

dyexp(=4(d + q)¢é) + ... 6 dyexp(—(6d +2q)é) + ...

V) = ) v’ = (7.6)
d, exp(—=8¢¢) + ... dyexp(—8¢é) + ...
respectively. Balancing lowest order of the Exp—function in (7.6), we achieve d = q.
Casel:p=c=1landg=d=1.
For simplicity, we seta_; = 0,b; =1, p=c =1and d = g = 1. Then Eq. (7.4) reduces to
+
V(E) = a; exp(€) + ao a7

 exp(é) + by + by exp(=§)’
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Substituting (7.7) into Eq. (2.9), we get an equation in the following form

4
-1
(1-1 exp(=&) + b +exp@)1') ~ ) Caexp(né) =0, (78)
n=—4
where C,(—4 < n < 4) are polynomial expressions in terms of ay, ap,a-;, by, b_; and B. Thus, solving
the resulting system C,, = 0(—4 < n < 4) simultaneously, we acquire the following set as
(I) The first set is:

bo(4a’R + B* -1 1 3l + 2%, - B? 1
ar=0, ap= RETRIB ) = iy = 222N EED) L ka2 £ 24360), (7.9)
220 4 4ot a
2bo(da?R+B2 1) |
— a’Q - xF — 2
O = G £=5F g 3 + 2l £ 2350, (7.10)

then the solution equation (2.4) will be as

| 2bo(4a2R+B2—1,)
uy(x, 1) = - In a0 (7.11)

At
(265[)@3 Vab+a2(h£2 V350 v h [t Vabra2iz2 \/3129)zj)

_1
oe *

If we choose by = 2 and by = —2, then the solution equation (7.11), respectively, give:

1 bo(4a’R + B* -1 X 1
u(x,1) = - In o 8a2£§ l)sech2 (E ¥ % \/312 + a2l 2 \ISIZQ)I)} R (7.12)
1 bo(4a*R+ B> - 1) x 1
usz(x, 1) = - ln[ 0 8(1/25 Y esch? 3 F %0 \/312 + a?(ly £2+/3L,Q)t]|, (7.13)
(IT) The second set is:
Q+ VQ2 - QR b R-2Q)+R
aj _ R VTR ap = olad ) ), bo=by, b1=0, R=R, p=5 (7.14)
Q R - (119
ap+ aéf
= , =x-pBt, 7.15
WO =T, E=x (7.15)

then the solution equation (2.4) will be as

bo(@ (R-2Q)+R) | 0+ VOP-OR ,x—pt
e
R—a]Q Q

by + e* Pt

uq(x,t) = S In (7.16)

Casell:p=c=2andq=d=2.
Since the values of ¢ and d can be freely chosen, we set p=c =2 and d = q = 2 and then the trial
function (7.4) becomes
ue) = & exp(28) + a; exp(é) + ap + a-, exp(=£) + a5 exp(=2¢)
b exp(2€) + by exp(é) + b + b_y exp(—¢) + by exp(—-2¢)

There are some free parameters in (7.17), we set b, = l and a; = a1 = a, = by = b_; = 0 for
simplicity, the trial function, (7.17) is simplified as follows

(7.17)

ap + a exp(2€)

u§) = exp(2€) + by + b_, exp(=2&)

(7.18)

AIMS Mathematics Volume 5, Issue 3, 2461-2483.



2476

Substituting (7.18) into Eq. (2.9), we get an equation in the following form
8
g\
(Ib_2 exp(=28) + by + exp(2£)]°) Z C, exp(né) = 0, (7.19)
=4

where C,(—8 < n < 16) are polynomial expressions in terms of a, ag, a_1, by, b_, and B. Thus, solving
the resulting system C, = 0(-8 < n < 16) simultaneously, we obtain the following set of algebraic

equations
(I) The first set is:
2bo(a’R + 57 - 1 1 6! 21, -2 1
4 =0, ay = 0@ a;gﬁ Y by = bo, bt = b R= % p=t—s \/9(36@ + a*Q(a?l; - 61)),
(7.20)
8b()(021§+ﬁ2—11) 1
— a’Q T 2 4 27 —
WO = G £7 Y g VG368 + a*Qa?; 6, (7.21)
then the solution equation (2.4) will be as
l Sb()((lzR+ﬁ2—ll)
us(x,f) = —— In aQ S| (7.22)
@ (26[)@”;9 VOG6Era Qe —6L)| . boe—lx:ﬁ \/9(36l§+a4§2(azl|—612))11)
If we choose by = 2 and by = —2, then the solution equation (7.22), respectively, give:
1. [bo@®R+pB*-1) ,( 1 >
us(x,1) = - In [W sech” |x F e \/9(3612 + a*Q(a?l — 6l)t]], (7.23)
1 bo(@®*R+ B2 - 1) of 1 ”
ur(x, 1) = - In [Tcsch XF 5 \/9(3612 + a*Q(a?l — 6l)t]], (7.24)
(IT) The second set is:
Q+ VQ2 - QR R-2Q
a = —+ s ap = boar( )+ R), by = by, b, =0, R =R, B =8 (7.25)
Q R - alﬂ
_ag+ape* B
v(§) = m, &=x-pr, (7.26)
then the solution equation (2.4) will be as
bo(@(R-2Q)+R) | Qz VO2-QR o228
R—azQ Q
us(x.1) = ——In T (7.27)

8. Discussion and remark

This paper finds many novel hyperbolic, trigonometric, kink, and kink-singular soliton solutions to
governing model. With the help of some calculations, surfaces of results reported have been observed
in Figures 1-5. These figures are depended on the family conditions which are of important
physically. It has been investigated that all figures plotted have symbolized the nonlinear DNA
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(a)

(b)

- 0
| -

(d)
1.6

-10 i3 5 10
t

Figure 1. Plot of DNA dynamics (5.8) by taking /; = 1,l, = -1, =3,Q=1,R=—1,u = 1.5 and (a) 3D
plot, (b) density plot, (c) contour plot and (d) 2D plot with at space (a) red x = —1, blue x = 0, and green

x=1.

e
1
il
Al

-4
-5
-6

Figure 2. Plot of DNA dynamics (5.9) by taking I, = 1,l, =2, =3,Q = 10,R = 5, = 1.5 and (a) 3D
plot, (b) density plot, (c) contour plot and (d) 2D plot with at space (a) red x = —1, blue x = 0, and green
x=1.
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(a)

(c)
Il 5 T i ——
e AT Wl

E— |

(d

Figure 3. Plot of DNA dynamics (6.9) by taking Ag = 1,4, = 2,k; = 2,1, =3, =2, =2,Q=5,C| =
2,Cy = 3,R = 5 and (a) 3D plot, (b) density plot, (c) contour plot and (d) 2D plot with at space (a) red
x = —1, blue x = 0, and green x = 1.

@

(d)

Figure 4. Plot of DNA dynamics (6.10) by taking Ag = 1,A> = 1,k; =2,1, =3,L =2, =2,Q=5,C, =
2,C, = 3,R = 5, and (a) 3D plot, (b) density plot, (c) contour plot and (d) 2D plot with at space (a) red
x = —1, blue x = 0, and green x = 1.
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(a)

i 2 3

Figure 5. Plot of DNA dynamics (6.11) by taking Ag = 0,A> = 1,k; =2,y =3, =2, =2,Q=5,R =5,
and (a) 3D plot, (b) density plot, (c¢) contour plot and (d) 2D plot with at space (a) red x = —1, blue x = 0,

and green x = 1.

dynamics. These mathematical properties come from trigonometric and hyperbolic function
properties. In this sense, from the mathematical and physical points of views, these results take play
an important role in explaining waves propagation in nonlinear dispersion. Hence, we consider
surfaces plotted in this paper have proved such physical meaning of the solutions. In Figure 1 and
Figure 2, we have depicted the 3D, 2D, contour, and density schematic representation of the analytical
and numerical solutions at few space positions for three different waves at x = —1, x = 0, and x = 1
by taking , = 1,Lb, = -l,a = 3,Q = 1,R = -1l,u = 15 for (5.8) and
L=1,L=2,a=3,Q=10,R =5,u = 1.5 for (5.9). We observe that the breathe soliton wave move
in direction (x, #) and increases with move of negative (x, t) to positive (x, 7). Also, the periodic wave
solution for (6.9) by taking Ag = 1,4, =2,ky =2, =3,L =2, =2,Q=5,C; =2,C, =3,R=51s
presented in Figure 3. Moreover, the rational kink wave solution for the DNA dynamics (6.10) by
taking Ag = 1,Ay = 1,k; =2, =3,L, =2, =2,Q=5,C, =2,C, = 3,R =5, is offered in Figure 4.
Likewise, the DNA dynamics for (6.11) by taking
Ay =0,A =1,k =211 =3, =2, =2,Q =5,R =5, along with 3D plot, density plot, contour
plot, and 2D plot with at spaces at x = —1, x = 0, and x = 1 are plotted in Figure 5.
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9. Conclusion

The article obtains, the traveling wave solutions of different kinds, which are solitary, topological,
singular, periodic and rational solutions to the model for DNA dynamics. The integration mechanisms
that are adopted, are improved tan(¢/2)-expansion scheme, exp(—€2(n))-expansion scheme, improved
exp(—€(n))-expansion scheme, generalized (G’/G)-expansion scheme, and exp-function scheme. It
is quite visible that these integration schemes has its limitations. Thus, this paper are provides a lot
of encouragement for future research in DNA dynamics. Afterwards extra solution methods will be
applied to obtain lump and singular soliton solutions to the nonlinear model. In addition to, this model
will be considered with other forms of nonlinear media. The constructed results may be helpful in
explaining the physical meaning of the studied models and other related nonlinear phenomena models.
Results are beneficial to the study of the nonlinear DNA dynamics. All calculations in this paper have
been made quickly with the aid of the Maple.
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