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1. Introduction

The problem of oscillation of solution by imposing proper impulse controls, arises in a wide
variety of real world phenomena observed in Sciences and Engineering. Indeed, impulsive differential
equations arise in circuit theory, bifurcation analysis, population dynamics, loss less transmission in
computer network, biotechnology, mathematical economic, chemical technology, mechanical system
with impact, merging of solution, noncontinuity of solution, etc. [4, 10].

With the development of computer techniques, it is essential to formulate discrete dynamical
systems while implementing the continuous dynamical systems for computer simulation, for
experimental or computational purpose. These discrete time systems, which are described by the
difference equations, inherit the similar dynamical characteristics. Because of that, many researchers
pay their attentions to dynamical behaviours of difference equations with impulse.

In [9], M. Peng has investigated the oscillation criteria for second order impulsive delay difference
equations of the form:

(E′)

∆(an−1|∆x(n − 1)|α−1∆x(n − 1)) + f (n, x(n), x(n − τ)) = 0, n , nk,

ank |∆x(nk)|α−1∆x(nk) = Nk(ank−1|∆x(nk − 1)|α−1∆x(nk − 1)), k ∈ N.

In another work [8], Peng has extended the work of [9] to the second order impulsive neutral delay
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difference equations of the form:

(E′′)


∆(rn−1|∆(xn−1 + pn−1xn−τ−1)|α−1∆(xn−1 + pn−1xn−τ−1) + f (n, xn, xn−σ) = 0, n , nk,

rnk |∆(xnk + pnk xnk−τ)|
α−1∆(xnk + pnk xnk−τ)

= Mk(rnk−1|∆(xnk−1 + pnk−1xnk−τ−1)|α−1∆(xnk−1 + pnk−1xnk−τ−1)), k ∈ N

and obtained the sufficient conditions for oscillation of the system (E′′) when p(n) = −1.
From the above works [8] and [9], we have a common question:

(Q) Can we find some oscillation criteria for (E′) and (E′′) when the neutral coefficient p(n) ∈ R viz.
−∞ < p(n) < −1, −1 < p(n) ≤ 0 and 0 ≤ p(n) < ∞?

The aim of this paper is to give a positive answar to this question by using the techniques developed
in [16], to obtain some oscillation and nonoscillation criteria for a class of second order nonlinear
neutral impulsive difference systems of the form:

(E)


∆[a(n)∆(x(n) + p(n)x(n − τ))] + q(n)G(x(n − σ)) = 0, n , m j (1.1)
∆[a(m j − 1)∆(x(m j − 1) + p(m j − 1)x(m j − τ − 1))]

+r(m j − 1)G(x(m j − σ − 1)) = 0, j ∈ N, (1.2)

where τ, σ > 0 are integers, p, q, r, a are real valued functions with discrete arguments such that
q(n) > 0, r(n) > 0, a(n) > 0, |p(n)| < ∞ for n ∈ N(n0) = {n0, n0 + 1, · · · }, G ∈ C(R,R) with the property
xG(x) > 0 for x , 0, and ∆ is the forward difference operator defined by ∆u(n) = u(n + 1) − u(n). Let
m1,m2,m3, · · · be the moments of impulsive effect with the properties 0 < m1 < m2 < · · · , lim j→∞m j =

+∞. And ∆ is the difference operator defined by ∆u(m j − 1) = u(m j) − u(m j − 1).
We refer the reader to some of the related works [2,3,5–7,11–13,15,17,20] and the references cited

there in.

Definition 1.1. By a solution of (E) we mean a real valued function x(n) defined on N(n0 − ρ) which
satisfy (E) for n ≥ n0 with the initial conditions x(i) = φ(i), i = n0 − ρ, · · · , n0, where φ(i), i =

n0 − ρ, · · · , n0 are given and ρ = max{τ, σ}.

Definition 1.2. A nontrivial solution x(n) of (E) is said to be nonoscillatory, if it is either eventually
positive or eventually negative. Otherwise, the solution is said to be oscillatory. The system (E) is said
to be oscillatory, if all its solutions are oscillatory.

Theorem 1.3. [1](Krasnoselskii’s Fixed Point Theorem)
Let X be a Banach space and S be a bounded closed subset of X. Consider two maps T1 and T2 of
S into X such that T1x + T2y ∈ S for every pair x, y ∈ S . If T1 is a contraction and T2 is completely
continuous, then the equation T1x + T2x = x has a solution in S .

2. Oscillation properties

In this section, we discuss the oscillation criteria for neutral impulsive difference equations (E). We
assume that a(n) satisfies
(A0) A(n) =

∑n
s=n0

1
a(s) and limn→∞ A(n) = ∞.
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Theorem 2.1. Let −1 ≤ p(n) ≤ 0 and τ < σ. In addition to (A0), assume that
(A1) G(−u) = −G(u), u ∈ R,
(A2) G satisfies

∫ ±α
0

du
G(u) < ∞, α > 0,

(A3)
∑∞

n=1 q(n) +
∑∞

j=1 r(m j − 1) = ∞

and
(A4)

∑∞
n=1 q′(n) +

∑∞
j=1 r′(m j − 1) = ∞

hold, where q′(n) = min
{

q(n)
a(n) ,

q(n)
a(n+1)

}
and r′(n) = min

{ r(m j−1)
a(m j−1) ,

r(m j−1)
a(m j)

}
. Then every solution of (E)

oscillates.

Proof. Suppose on the contrary that x(n) is a nonoscillatory solution of (E) for n ≥ n0. Without loss of
generality and due to (A1), we may assume that x(n) > 0, x(n− τ) > 0 and x(n−σ) > 0 for n ≥ n0 > ρ.
Setting {

y(n) = x(n) + p(n)x(n − τ),
y(m j − 1) = x(m j − 1) + p(m j − 1)x(m j − τ − 1)

(2.1)

in (E), we have

∆[a(n)∆y(n)] = −q(n)G(x(n − σ)) < 0, n , m j, j ∈ N,

∆[a(m j − 1)∆y(m j − 1)] = −r(m j − 1)G(x(m j − σ − 1)) < 0

for n ≥ n1 > n0 + σ. Therefore, a(n)∆y(n) and y(n) are monotonic for n ≥ n1. Here, we arise four
possible cases, viz.,

1. a(n)∆y(n) > 0, y(n) > 0; 2. a(n)∆y(n) > 0, y(n) < 0;
3. a(n)∆y(n) < 0, y(n) > 0; 4. a(n)∆y(n) < 0, y(n) < 0.

Case 1. We can choose n2 > n1 + 1 and a constant β > 0 such that y(n) ≥ β for n ≥ n2. Indeed, y(n) > 0
and −1 ≤ p(n) ≤ 0 implies that y(n) ≤ x(n) and hence y(m j − 1) ≤ x(m j − 1). Now, the impulsive
system (E) reduces to

(E1)

∆[a(n)∆y(n)] + G(β)q(n) ≤ 0, n , m j

∆[a(m j − 1)∆y(m j − 1)] + G(β)r(m j − 1) ≤ 0, j ∈ N.

Summing (E1) from n2 to n − 1, we get

a(n + 1)∆y(n + 1) − a(n)∆y(n) −
∑

n2≤m j−1≤n−1

∆[a(m j − 1)∆y(m j − 1)] ≤ −G(β)
n−1∑
s=n2

q(s),

that is,

G(β)

 n−1∑
s=n2

q(s) +
∑

n2≤m j−1≤n−1

r(m j − 1)

 ≤ a(n)∆y(n) − a(n + 1)∆y(n + 1)

< a(n)∆y(n) < ∞ as n→ ∞,
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a contradiction to (A3) due to limn→∞ a(n)y(n) < ∞.
Case 2. Since y(n) < 0 for n ≥ n2, then we can find n3 > n2 such that

y(n) > p(n)x(n − τ) ≥ −x(n − τ),
y(m j − 1) > p(m j − 1)x(m j − τ − 1) ≥ −x(m j − τ − 1).

Therefore, from (E1) we get∆[a(n)∆y(n)] − q(n)G(y(n + τ − σ)) ≤ 0, n , m j

∆[a(m j − 1)∆y(m j − 1)] − r(m j − 1)G(y(m j + τ − σ − 1)) ≤ 0, j ∈ N,

that is, −a(n)∆y(n) − q(n)G(y(n + τ − σ)) ≤ 0, n , m j

−a(m j − 1)∆y(m j − 1) − r(m j − 1)G(y(m j + τ − σ − 1)) ≤ 0, j ∈ N

implies that −a(n)∆y(n) − q(n)G(y(n)) ≤ 0, n , m j

−a(m j − 1)∆y(m j − 1) − r(m j − 1)G(y(m j − 1)) ≤ 0, j ∈ N

due to the nondecreasing nature of y and τ < σ. Clearly,

∆y(n)
G(y(n))

+
q(n)
a(n)

≤ 0, n , m j,

∆y(m j − 1)
G(y(m j − 1))

+
r(m j − 1)
a(m j − 1)

≤ 0, j ∈ N,

that is,

q′(n) ≤ −
∆y(n)

G(y(n))
, n , m j,

r′(m j − 1) ≤ −
∆y(m j − 1)

G(y(m j − 1))
, j ∈ N.

If y(n) ≤ u ≤ y(n+1) and y(m j−1) ≤ v ≤ y(m j+1−1), then 1
G(y(n)) ≥

1
G(u) and 1

G(y(m j−1)) ≥
1

G(v) . Therefore,
the preceding inequalities reduce to

q′(n) ≤ −
∫ y(n+1)

y(n)

du
G(u)

, n , m j,

r′(m j − 1) ≤ −
∫ y(m j+1−1)

y(m j−1)

dv
G(v)

, j ∈ N.

As a result,

n∑
s=n3

q′(s) ≤ −
n∑

s=n3

∫ y(s+1)

y(s)

du
G(u)

= −

∫ y(n+1)

y(n3)

du
G(u)

,
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∞∑
j=1

r′(m j − 1) ≤ − lim
s→∞

s∑
j=1

∫ y(m j+1−1)

y(m j−1)

dv
G(v)

= − lim
s→∞

∫ y(ms+1−1)

y(m1−1)

dv
G(v)

.

Since for nonimpulsive points m j − 1 and n we have limn→∞ y(n) < ∞ and lim j→∞ y(m j − 1) < ∞, then

∞∑
s=n3

q′(s) +

∞∑
j=1

r′(m j − 1) < ∞,

a contradiction to (A4) due to (A2).
Case 3. As a(n)∆y(n) is nonincreasing for n ≥ n1, we can find a constant γ > 0 and n2 > n1 + 1 such
that a(n)∆y(n) < −γ for n ≥ n2 and hence a(m j−1)∆y(m j−1) < −γ for n ≥ n2. Summing ∆y(n) < − γ

a(n)
from n2 to n − 1, we get

y(n) − y(n2) −
∑

n2≤m j−1≤n−1

∆y(m j − 1) ≤ −
n−1∑
s=n2

γ

a(n)
,

that is,

y(n) ≤ y(n2) − γ
[ n−1∑

s=n2

1
a(n)

+
∑

n2≤m j−1≤n−1

1
a(m j − 1)

]
,

a contradiction to the fact that y(n) > 0 for n ≥ n2.
Case 4. Here, limn→∞ y(n) = −∞ and so also lim j→∞ y(m j−1) = −∞. By Sandwich theorem, it follows
that lim j→∞ y(m j) = −∞. Clearly, y(n) < 0 for n ≥ n1 implies that

x(n) ≤ x(n − τ) ≤ x(n − 2τ) ≤ x(n − 3τ) · · · ≤ x(n1).

Analogously,

x(m j − 1) ≤ x(m j − τ − 1) ≤ x(m j − 2τ − 1) ≤ x(m j − 3τ − 1) · · · ≤ x(n1)

due to the nonimpulsive points m j − 1,m j − τ − 1,m j − 2τ − 1, · · · . Therefore, x(n) is bounded for all
nonimpulsive points. We assert that x(m j) is bounded. If not, let it be lim j→∞ x(m j) = +∞. Ultimately,

y(m j) = x(m j) + p(m j)x(m j − τ)
≥ x(m j) − x(m j − τ) ≥ x(m j) − B1

implies that y(m j) > 0 as j→ ∞, a contradiction, where x(m j − τ) ≤ B1. So, our assertation holds and
y(n) is bounded for every n. Again this leads to a contradiction to the fact that y(n) is unbounded. This
complete the proof of the theorem. �

Theorem 2.2. Let −∞ < b ≤ p(n) ≤ c < −1 and τ − σ ≥ 1. If (A0), (A1), (A3), (A4) and
(A5) G satis f ies

∫ ±∞
±α

dv
G(v) < ∞, α > 0

hold, then every solution of (E) either oscillates or satisfies limn→∞ x(n) = 0.
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Proof. Suppose on the contrary that x(n) is a nonoscillatory solution of (E) for n ≥ n0 > ρ. Proceeding
as in the proof of Theorem 2.1, we have that a(n)∆y(n) and y(n) are of one sign for n ≥ n1 > n0. So,
we have following four cases:

1. a(n)∆y(n) > 0, y(n) > 0; 2. a(n)∆y(n) > 0, y(n) < 0;
3. a(n)∆y(n) < 0, y(n) > 0; 4. a(n)∆y(n) < 0, y(n) < 0.

The proofs for Case 1 and Case 3 are similar to that of Theorem 2.1.
Case 2. Let limn→∞ y(n) = l, −∞ < l ≤ 0. We claim that l = 0. Otherwise, there exists n2 > n1 + 1
such that y(n + τ − σ) ≤ l and so also, y(m j + τ − σ − 1) ≤ l. Indeed, y(n) < 0 implies that y(n) >
p(n)x(n − τ) ≥ bx(n − τ) and analogously, y(m j − 1) ≥ bx(m j − τ − 1) due to nonimpulsive points
m j − 1,m j − τ − 1, · · · . Hence, there exists n3 > n2 such that (E) takes the form∆[a(n)∆y(n)] + G( l

b )q(n) ≤ 0, n , m j

∆[a(m j − 1)∆y(m j − 1)] + G( l
b )r(m j − 1) ≤ 0, j ∈ N

for n ≥ n3. Summing the above impulsive system from n3 to n − 1, it follows that

a(n)∆y(n) − a(n3)∆y(n3) −
∑

n3≤m j−1≤n−1

∆[a(m j − 1)∆y(m j − 1)] + G
(

l
b

) n−1∑
s=n3

q(s) = 0,

that is,

G
(

l
b

)  n−1∑
s=n3

q(s) +
∑

n3≤m j−1≤n−1

r(m j − 1)

 = a(n3)∆y(n3) − a(n)∆y(n)

≤ a(n3)∆y(n3)
< ∞ as n→ ∞,

a contradiction to (A3). So, our claim holds and thus limn→∞ y(n) = 0, lim j→∞ y(m j − 1) = 0. Now,

0 = lim
n→∞

y(n) = lim inf
n→∞

(x(n) + p(n)x(n − τ))

≤ lim inf
n→∞

(x(n) + cx(n − τ))

≤ lim sup
n→∞

x(n) + lim inf
n→∞

(cx(n − τ))

= (1 + c) lim sup
n→∞

x(n)

implies that lim supn→∞ x(n) = 0 due to (1 + c) < 0 and hence limn→∞ x(n) = 0. We encounter that
lim j→∞ x(m j − 1) = 0 because of nonimpulsive points m j − 1, j ∈ N. Since m j − 1 < m j < n, then an
application of the Sandwich theorem implies that lim j→∞ x(m j) = 0. Therefore, limn→∞ x(n) = 0 for all
n and m j, j ∈ N.
Case 4. For y(n) < 0,

y(n) > p(n)x(n − τ) ≥ bx(n − τ).
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Analogously,
y(m j − 1) > p(m j − 1)x(m j − τ − 1) ≥ bx(m j − τ − 1)

due to the nonimpulsive point m j − 1,m j − τ − 1, · · · and so on. Therefore,

y(n + τ − σ) ≥ bx(n − σ),
y(m j + τ − σ − 1) ≥ bx(m j − σ − 1)

for n ≥ n2 > n1 + 1. Ultimately, (E) becomes

∆[a(n)∆y(n)] + q(n)G(b−1y(n + τ − σ)) ≤ 0, n , m j,

∆[a(m j − 1)∆y(m j − 1)] + r(m j − 1)G(b−1y(m j + τ − σ − 1)) ≤ 0, j ∈ N,

that is,

a(n + 1)∆y(n + 1) + q(n)G(b−1y(n + τ − σ)) ≤ ∆y(n) < 0,
a(m j)∆y(m j) + r(m j − 1)G(b−1y(m j + τ − σ − 1)) ≤ ∆y(m j − 1) < 0.

Using the fact that y is nonincreasing for n ≥ n2 and τ − σ ≥ 1, we get

a(n + 1)∆y(n + 1) + q(n)G(b−1y(n + 1)) ≤ 0, n , m j,

a(m j)∆y(m j) + r(m j − 1)G(b−1y(m j)) ≤ 0, j ∈ N.

Consequently,

∆y(n + 1)
G(b−1y(n + 1))

+
q(n)

a(n + 1)
≤ 0, n , m j,

∆y(m j)
G(b−1y(m j))

+
r(m j − 1)

a(m j)
≤ 0, j ∈ N.

If b−1y(n + 1) ≤ u ≤ b−1y(n + 2) and b−1y(m j) ≤ v ≤ b−1y(m j+1), then the last two inequalities can be
written as

q′(n) ≤ −
∫ b−1y(n+2)

b−1y(n+1)

bdu
G(b−1y(n + 1))

≤ −

∫ b−1y(n+2)

b−1y(n+1)

bdu
G(u)

,

r′(m j − 1) ≤ −
∫ b−1y(m j+1)

b−1y(m j)

bdv
G(b−1y(m j))

≤ −

∫ b−1y(m j+1)

b−1y(m j)

bdv
G(v)

,

that is,

n−1∑
s=n2

q′(s) ≤ −b
n−1∑
s=n2

∫ b−1y(s+2)

b−1y(s+1)

du
G(u)

= −b
∫ b−1y(n+2)

b−1y(n2+1)

du
G(u)

,

∞∑
j=1

r′(m j − 1) ≤ −b lim
s→∞

s∑
j=1

∫ b−1y(m j+1)

b−1y(m j)

dv
G(v)

= −b lim
s→∞

∫ b−1y(ms+1)

b−1y(m1)

dv
G(v)

.
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Since for nonimpulsive points m j − 1 and n we have limn→∞ y(n) = ∞ and lim j→∞ y(m j − 1) = ∞, then
an application of Sandwich theorem shows that lim j→∞ y(m j) = ∞. Therefore,

∞∑
n=n4

q′(s) +

∞∑
j=1

r′(m j − 1) < ∞,

a contradiction to (A4) due to (A5). This completes the proof of the theorem. �

Theorem 2.3. Let 0 ≤ p(n) ≤ d < ∞ and τ ≤ σ. In addition to (A0) and (A1), assume that
(A6) G(u)G(v) ≥ G(uv) for u, v ∈ R+,

(A7) there exists λ > 0 such that G(u) + G(v) ≥ λG(u + v) f or u, v ∈ R+,

(A8)
∑∞

n=τ Q(n) +
∑∞

j=1 R(m j − 1) = ∞

and
(A9)

∑∞
n=τ Q′(n) +

∑∞
j=1 R′(m j − 1) = ∞

hold, where Q(n) = min{q(n), q(n − τ)}, R(m j − 1) = min{r(m j − 1), r(m j − τ − 1)},
Q′(n) = min

{
q(n)

a(n+1) ,
q(n−τ)

a(n+1−τ)

}
for n ≥ τ and R′(m j − 1) = min

{ r(m j−1)
a(m j)

,
r(m j−τ−1)

a(m j−τ)

}
for m j ≥ τ + 1. Then

every solution of (E) oscillates.

Proof. Proceeding as in the proof of Theorem 2.1, we have following two possible cases:

1. a(n)∆y(n) > 0, y(n) > 0; 2. a(n)∆y(n) < 0, y(n) > 0.

Case 1. In this case, y(n) is nondecreasing for n ≥ n1. So, there exist n2 > n1 + 1 and a constant β > 0
such that y(n) ≥ β for n ≥ n2. From (1.1), we have

∆[a(n)∆y(n)] + q(n)G(x(n − σ)) = 0 (2.2)

and
G(d)[∆(a(n − τ)∆y(n − τ)) + q(n − τ)G(x(n − τ − σ))] = 0. (2.3)

Combining (2.2) and (2.3), we have

∆[a(n)∆y(n)] + G(d)∆[a(n − τ)∆y(n − τ)] + q(n)G(x(n − σ))
+ G(d)q(n − τ)G(x(n − τ − σ)) = 0

which on applying (A6), we obtain

∆[a(n)∆y(n) + G(d)∆[a(n)∆y(n − τ)] + Q(n)G(x(n − σ)) + G(dx(n − τ − σ)) ≤ 0,

that is,

∆[a(n)∆y(n)] + G(d)∆[a(n − τ)∆y(n − τ)] + λQ(n)G(x(n − σ) + dx(n − τ − σ)) ≤ 0

due to (A7). Since y(n −σ) ≤ x(n −σ) + ax(n − τ −σ), then the preceding inequality can be written as

∆[a(n)∆y(n)] + G(d)∆[a(n − τ)∆y(n − τ)] + λQ(n)G(y(n − σ)) ≤ 0. (2.4)
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By using a similar argument in (1.2), we get

∆[a(m j − 1)∆y(m j − 1)] + G(d)∆[a(m j − τ − 1)∆y(m j − τ − 1)]
+ λR(m j − 1)G(y(m j − σ − 1)) ≤ 0. (2.5)

Summing (2.4) from n2 to n − 1 and then using (2.5), we get

a(n)∆y(n) − a(n2)∆y(n2) + G(d)a(n − τ)∆y(n − τ) −G(d)a(n2 − τ)∆y(n2 − τ)

−
∑

n2≤m j−1≤n−1

[
∆[a(m j − 1)∆y(m j − 1)] + G(d)∆[a(m j − τ − 1)∆y(m j − τ − 1)]

]
+ λ

n−1∑
s=n2

Q(n)G(y(n − σ)) ≤ 0,

that is,

λ

n−1∑
s=n2

Q(n)G(y(n − σ)) + λ
∑

n2≤m j−1≤n−1

R(m j − 1)G(y(m j − σ − 1))

≤ ∆a(n2)y(n2) + G(d)a(n2 − τ)∆y(n2 − τ).

Therefore,

λG(β)

 n−1∑
s=n2

Q(n) +
∑

n2≤m j−1≤n−1

R(m j − 1)

 < ∞ as n→ ∞,

a contradiction to (A8).
Case 2. From (2.2) and (2.3), we have

a(n + 1)∆y(n + 1) + q(n)G(x(n − σ)) = a(n)∆y(n) < 0,
G(d)∆y(n + 1 − τ) + G(d)q(n − τ)G(x(n − τ − σ)) = G(d)a(n − τ)∆y(n − τ) < 0.

Consequently, (2.4) reduces to

∆y(n + 1) + G(d)∆y(n + 1 − τ) + λQ′(n)G(y(n − σ)) < 0.

By a similar argument to (2.5), we get

∆y(m j) + G(d)∆y(m j − τ) + λR′(m j − 1)G(y(m j − σ − 1)) < 0.

Hence, the impulsive system (E) reduces to∆y(n + 1) + G(d)∆y(n + 1 − τ) + λQ′(n)G(y(n − σ)) < 0, n , m j

∆y(m j) + G(d)∆y(m j − τ) + λR′(m j − 1)G(y(m j − σ − 1)) < 0, j ∈ N.

Using the fact that y is nonincreasing and τ ≤ σ, we can find n3 > n2 + 1 such that the above inequality
can be written as

(E2)

∆y(n+1)
G(y(n)) + G(a)∆y(n+1−τ)

G(y(n−τ)) + λQ′(n) < 0, n , m j
∆y(m j)

G(y(m j−1)) + G(a) ∆y(m j−τ)
G(y(m j−τ−1)) + λR′(m j − 1) < 0, j ∈ N
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for n ≥ n3. If

y(n + 2) ≤ t ≤ y(n + 1), y(n + 2 − τ) ≤ z ≤ y(n + 1 − τ),
y(m j+1) ≤ u ≤ y(m j), y(m j+1 − τ) ≤ v ≤ y(m j − τ),

then form (E2) it is easy to verify that∫ y(n+2)

y(n+1)

dt
G(t)

+ G(a)
∫ y(n+2−τ)

y(n+1−τ)

dz
G(z)

+ λQ′(n) ≤ 0, n , m j,∫ y(m j+1)

y(m j)

du
G(u)

+ G(a)
∫ y(m j+1−τ)

y(m j−τ)

dv
G(v)

+ λR′(m j − 1) ≤ 0, j ∈ N,

that is,

n∑
s=n3

[∫ y(s+2)

y(s+1)

dt
G(t)

+ G(a)
∫ y(s+2−τ)

y(s+1−τ)

dz
G(z)

]
+ λ

n∑
s=n3

Q′(s) ≤ 0, n , m j,

∞∑
j=1

[∫ y(m j+1)

y(m j)

du
G(u)

+ G(a)
∫ y(m j+1−τ)

y(m j−τ)

dv
G(v)

]
+ λ

∞∑
j=1

R′(m j − 1) ≤ 0, j ∈ N.

As a result,

λ

∞∑
s=n3

Q′(s) ≤ − lim
n→∞

[∫ y(n+2)

y(n3+1)

dt
G(t)

+ G(a)
∫ y(n+2−τ)

y(n3+1−τ)

dz
G(z)

]
,

λ

∞∑
j=1

R′(m j − 1) ≤ − lim
s→∞

[∫ y(ms)

y(m1)

du
G(u)

+ G(a)
∫ y(ms−τ)

y(m1−τ)

dv
G(v)

]
implies that

∞∑
s=n3

Q′(s) +

∞∑
j=1

R′(m j − 1) < ∞,

a contradiction to (A9) due to (A2). This completes the proof of the theorem. �

Next, we establish the criteria for existence of positive solution of the impulsive system (E) .

Theorem 2.4. Let −1 < p1 ≤ p(n) ≤ p2 ≤ 0. Assume that
(A10)

∑∞
s=n

1
a(s)

[∑s−1
t=n∗ q(s) +

∑
n∗≤m j−1≤s−1 r(m j − 1)

]
< ∞

holds. Then (E) has a bounded non-oscillatory solution.

Proof. Let X = ln1
∞ be the Banach space of all real valued bounded sequence x(n) for n ≥ n1 with the

norm defined by
‖x‖ = sup{|x(n)| : n ≥ n1}.

Consider a closed subset S of X, where

S = {x ∈ X : β1 ≤ x(n) ≤ β2, n ≥ n1},
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where β1 > 0 and β2 > 0 are so chosen that β1 − p1β2 < β2. Due to (A10), we can find n2 > n1 and
β1 < γ < (1 + p1)β2 such that

∞∑
s=n

1
a(s)

 s−1∑
t=n2

q(t) +
∑

n2≤m j−1<s−1

r(m j − 1)

 < (1 + p1)β2 − γ

M
, (2.6)

where M = max{G(x) : β1 ≤ x ≤ β2}. For x ∈ S and n ≥ n2, define two maps

(T1x)(n) =

{
T1x(n2), n2 − ρ ≤ n ≤ n2,

γ − p(n)x(n − τ), n > n2

and

(T2x)(n) =

 T2x(n2), n2 − ρ ≤ n ≤ n2,∑∞
s=n

1
a(s)

[∑s−1
t=n2

q(t)G(x(t − σ)) +
∑

n2≤m j−1≤s−1 r(m j − 1)G(x(m j − σ − 1))
]
, n > n2.

Indeed, for x1, x2 ∈ S and using (2.6) for n ≥ n2, we have

T1x1(n) + T2x2(n) = γ − p(n)x1(n − τ) +

∞∑
s=n

1
a(s)

[ s−1∑
t=n2

q(t)G(x2(t − σ))

+
∑

n2≤m j−1<s−1

r(m j − 1)G(x2(m j − σ − 1))
]

≤ γ − p1β2 +

∞∑
s=n

1
a(s)

[ s−1∑
t=n2

q(t)G(x2(t − σ))

+
∑

n2≤m j−1<s−1

r(m j − 1)G(x2(m j − σ − 1))
]

≤ γ − p1β2 + M
∞∑

s=n

1
a(s)

 s−1∑
t=n2

q(t) +
∑

n2≤m j−1<s−1

r(m j − 1)


≤ β2

and

T1x1(n) + T2x2(n) ≥ γ − p(n)x1(n − τ)
≥ γ ≥ β1.

Therefore, β1 ≤ T1x1 + T2x2 ≤ β2 for n ≥ n2. Also, for x1, x2 ∈ S and n ≥ n2, we have

|T1x1(n) − T1x2(n)| ≤ |p(n)||x1(n − τ) − x2(n − τ)| ≤ −p1|x1(n − τ) − x2(n − τ)|,

that is,
‖T1x1 − T1x2‖ ≤ −p1‖x1 − x2‖

and hence T1 is a contraction mapping with the contraction constant −p1 < 1.
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Next, we show that T2 is completely continuous. For this, we need to show that T2x is continuous
and relatively compact. Let xk ∈ S be such that xk(n) → x(n) as k → ∞. Since S is closed, then
x = x(n) ∈ S . Now, for n ≥ n2

|(T2xk)(n) − (T2x)(n)| ≤
∞∑

s=n

1
a(s)

[ s−1∑
t=n2

q(t)|G(xk(t − σ)) −G(x(t − σ))|

+
∑

n2≤m j−1≤s−1

r(m j − 1)|G(xk(m j − σ − 1) −G(x(m j − σ − 1))|
]
.

Since |G(xk(n−σ))−G(x(n−σ))| → 0 as k → ∞, by applying the Lebesgue’s dominated convergence
theorem [1], we have that limk→∞ |(T2xk)(n) − (T2x)(n)| → 0. Therefore, T2x is continuous. To show
that T2x is relatively compact, we show that the family of functions {T2x : x ∈ S } is uniformly bounded
and equicontinuous on [n2,∞). It is easy to see that T2x is uniformly bounded.

Next, we show that T2x is equicontinuous. For n4 > n3 ≥ n2 and x ∈ S such that

|T2x(n4) − T2x(n3)| = |
∞∑

s=n4

1
a(s)

 s−1∑
t=n2

q(t)G(x(t − σ)) +
∑

n2≤m j−1≤s−1

r(m j − 1)G(x(m j − σ − 1))


−

∞∑
s=n3

1
a(s)

 s−1∑
t=n2

q(t)G(x(t − σ)) +
∑

n2≤m j−1≤s−1

r(m j − 1)G(x(m j − σ − 1))

 |
≤ M

n4∑
s=n3

1
a(s)

 s−1∑
t=n2

q(t) +
∑

n2≤m j−1≤s−1

r(m j − 1)

 .
Therefore, there exists ε > 0 and δ > 0 such that for ε < (1+p1)β2−γ

M

|T2x(n4) − T2x(n3)| < ε when ever 0 < n4 − n3 < δ,

and this relation continue to hold for every n3, n4 ∈ [n2,∞). Therefore, {T2x : x ∈ S } is uniformly
bounded and equicontinuous on [n2,∞) and hence T2x is relatively compact. By Theorem 1.3, T1 + T2

has a unique fixed point x ∈ S such that T1x + T2x = x for which

x(n) =


x(n), n2 − ρ ≤ n ≤ n2,

γ − p(n)x(n − τ)
+

∑∞
s=n

1
a(s)

[∑s−1
t=n2

q(t)G(x(t − σ)) +
∑

n2≤m j−1<s−1 r(m j − 1)G(x(m j − σ − 1))
]
, n > n2.

Indeed, x(n) is a positive solution of the impulsive system (E) . This completes the proof of the
theorem. �

3. Conclusion and example

We present some examples to illustrate our main results.

Example 3.1. Consider the impulsive difference equation

(E3)

∆[n∆(x(n) − 2x(n − 1))] + q(n)x1/3(n − 3) = 0, n , m j, n ≥ 4
∆[(m j − 1)∆(x(m j − 1) − 2x(m j − 2))] + r(m j − 1)x1/3(m j − 4) = 0, j ∈ N,
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where τ = 1, σ = 3, a(n) = n, p(n) = −1/2, q(n) = 6n + 3, r(m j − 1) = 6m j − 3, G(u) = u1/3, m j = 3 j
for j ∈ N. Clearly,

∞∑
n=4

q(n) =

∞∑
n=4

6n + 3 ≥
∞∑

n=4

6n = 6
∞∑

n=4

n = ∞

and
∞∑

n=4

q′(n) =

∞∑
n=4

6n + 3
n
≥

∞∑
n=4

6n
n

=

∞∑
n=4

6 = ∞.

Therefore, (A2) − (A4) hold. It is easy to see that all conditions of Theorem 2.1 are satisfied. Hence,
(E3) is oscillatory. In particular, x(n) = (−1)n is an oscillatory solution of the first equation of (E3) and
(−1)m j is an oscillatory solution of the second equation of (E3).

Example 3.2. Consider the impulsive difference equation

(E4)

∆2(x(n) − 2x(n − 3)) + q(n)x3(n − 1) = 0, n , m j, n ≥ 4
∆[∆(x(m j − 1) − 2x(m j − 4))] + r(m j − 1)x3(m j − 2) = 0, j ∈ N,

where τ = 3, σ = 1, a(n) = 1, p(n) = −2, q(n) = (n− 1)3
(

1
n+2 + 2

n+1 + 1
n + 2

n−3 + 4
n−2 + 2

n−1

)
, r(m j − 1) =

(m j − 2)3
(

1
m j+5 + 1

m j+4 + 2
m j+2 + 2

m j+1 + 1
m j

+ 2
m j−1 + 2

m j−3 + 2
m j−4

)
, m j = 5 j for j ∈ N and G(u) = u3.

Clearly,

∞∑
n=4

q(n) = ∞ =

∞∑
n=4

q′(n).

Therefore, (A3) and (A4) hold. It is easy to see that all conditions of Theorem 2.2 are satisfied. In
particular, x(n) =

(−1)n+1

n is a solution of the first equation of (E4) and (−1)m j

m j−1 is a solution of the second
equation of (E4).

Remark 3.3. In Theorem 2.4, we have obtained the necessary condition for the existence of bounded
positive solution of the impulsive system (E) by using the Krasnoselskii’s fixed point theorem in the
range −1 < p(n) ≤ 0. It would be interesting to prove the results in the other ranges of p(n) by means
of Krasnoselskii’s fixed point theorem.

Remark 3.4. We may note that, Theorem 2.2 guarantees that every solution of (E) either oscillates or
converges to zero. Unfortunately, we can not establish sufficient condition that ensure that all solutions
of (E) are just oscillatory.

Remark 3.5. Based on Remark 3.4, we can raise following problems for future research:
(1) Is it possible to establish sufficient condition that ensure that all solutions of (E) are oscillatory
when −∞ < p(n) ≤ −1?
(2) Is it possible to suggest a different method to study (E) and find some sufficient conditions which
ensure that all solutions of (E) are oscillatory when |p(n)| < ∞?
(3) Is it possible to find the necessary and sufficient conditions which ensure that all solutions of (E)
are oscillatory?

AIMS Mathematics Volume 5, Issue 3, 2433–2447.



2446

Acknowledgments

The author thanks the anonymous editor and two referees for their careful reading of the manuscript
and insightful comments, which help to improve the quality of the paper. This work is supported by
Rajiv Gandhi National fellowship(UGC), New Delhi, India, through the Letter No. F1-17.1/2017-
18/RGNF-2017-18-SC-ORI-35849, dated: july 11th, 2017.

Conflict of interest

The author declares no conflict of interest.

References

1. R. P. Agarwal, M. Bohner, S. R. Grace, et al. Discrete Oscillation Theory, Hindawi Publishing
Corporation, New York, 2005.

2. M. Bohner, T. Li, Oscillation of second order p-Laplace dynamic equations with a nonpositive
neutral coefficient, Appl. Math. Lett., 37 (2014), 72–76.

3. Y. Huang, J. Wang, T. Li, Oscillation of second order difference equations, J. Nonlinear Sci. Appl.,
10 (2017), 1238–1243.

4. V. Lakshmikantham, D. D. Bainov, P. S. Simieonov, Oscillation Theory of Impulsive Differential
Equations, World Scientific, Singapore, 1989.

5. Q. L. Li, Z. G. Zhang, F. Gou, et al. Oscillation criteria for third-order difference equations with
impulses, J. Comput. Appl. Math., 225 (2009), 80–86.

6. T. Li, S. H. Saker, A note on oscillation criteria for second-order neutral dynamic equations on
isolated time scales, Commun. Nonlinear Sci. Numer. Simul., 19 (2014), 4185–4188.

7. W. Lu, W. G. Ge, Z. H. Zhao, Oscillatory criteria for third-order nonlinear difference equations
with impulses, J. Comput. Appl. Math., 234 (2010), 3366–3372.

8. M. Peng, Oscllation theorems for second order nolnlinear neutral dealy difference equations with
impulses, Comput. Math. Appl., 44 (2002), 741–749.

9. M. Peng, Oscillation criteria for second-order impulsive delay difference equations, Appl. Math.
Comput., 146 (2003), 227–235.

10. I. Stamova, G. Stamov, Applied Impulsive Mathematical Models, MS Books in Mathematics,
Springer, Switzerland, 2016.

11. Y. Tian, Y. Cai, T. Li, Existence of nonoscillatory solutions to second-order nonlinear neutral
difference equations, J. Nonlinear Sci. Appl., 8 (2015), 884–892.

12. A. K. Tripathy, On the oscillation of second order nonlinear neutral delay difference equations,
Electron J. Qual. Theory Differ. Equ., 11 (2008), 1–12.

13. A. K. Tripathy, S. Panigrahi, On the oscillatory behaviour of a class of nonlinear delay difference
equations of second order, Indian J. Pure Appl. Math., 42 (2011), 27–40.

AIMS Mathematics Volume 5, Issue 3, 2433–2447.



2447

14. A. K. Tripathy, Oscillation criteria for a class of first order neutral impulsive differential-difference
equations, J. Appl. Anal. Comput., 4 (2014), 89–101.

15. A. K. Tripathy, G. N. Chhatria, Oscillation criteria for forced first order nonlinear neutral
impulsive difference system, Tatra Mt. Math. Publ., 71 (2018), 175–193.

16. A. K. Tripathy, G. N. Chhatria, On oscillatory first order neutral impulsive difference equations,
Math. Bohem., 2019, 1–15.

17. A. K. Tripathy, G. N. Chhatria, Oscillation criteria for first order neutral impulsive difference
equations with constant coefficients, Differ. Equ. Dyn. Syst., 2019, 1–14.

18. G. P. Wei, The persistance of nonoscillatory solutions of difference equation under impulsive
perturbations, Comput. Math. Appl., 50 (2005), 1579–1586.

19. H. Zhang, L. Chen, Oscillations criteria for a class of second-order impulsive delay difference
equations, Adv. Complex Syst., 9 (2006), 69–76.

20. C. Zhang, R. P. Agarwal, M. Bohner, et al. New oscillation results for second-order neutral delay
dynamic equations, Adv. Difference Equ., 2012 (2012), 1–14.

c© 2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 3, 2433–2447.

http://creativecommons.org/licenses/by/4.0

	Introduction
	Oscillation properties
	Conclusion and example

