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1. Introduction

Let G be a graph with vertex set V(G) and edge set E(G). The number of neighbours of a vertex
w in G is called the degree of w, denoted by dG(w). If vertices w and z are connected by an edge, we
denote it by wz. The order n(G) of a graph G is given by n(G) = |V(G)|. The size e(G) of a graph G
is defined by e(G) = |E(G)|. For any w ∈ V(G), NG(w) is the set of all vertices adjacent to w in graph
G. The graph G − {w} is a graph formed from G by removing the vertex w of G and all edges incident
with w. The largest (smallest) degree of G is the largest (smallest) vertex degree in G, represented as
∆G (δG). A graph of order n(G), size e(z), maximum degree ∆G and minimum degree δG is denoted by
G(n(G), e(G),∆G, δG) and a graph of order n and size m is denoted by Gm

n . Throughout this paper, we
consider simple and connected graphs.

A star graph S n on n vertices is a tree consisting of a central vertex adjacent to n − 1 pendant
vertices. An n-vertex cycle Cn (n ≥ 3) is a graph with V(Cn) = {v1, . . . , vn} and E(Cn) = {v jv j+1 | j =

1, 2, . . . , n − 1} ∪ {vnv1}. A simple graph of order n in which every vertex is joined by an edge to other
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n − 1 vertices is said to be a complete graph represented by Kn. If we can split V(G) of G into two
disjoint sets X1 and X2 with the property that no two vertices of the same set are adjacent is called a
bipartite graph. A complete bipartite graph Km,n is a bipartite graph with |X1| = m, |X2| = n and each
vertex in X1 is adjacent to eaxh vertex in X2.

A topological index TI(G) of a graph G is a molecular descriptor which is a conversion of a
molecular structure into some real number. In theoretical chemistry, many of the molecular
descriptors are considered and have found applications, see [1–18].

A degree based topological index of a graph G can be represented as

TI(G) =
∑

wz∈E(G)

F (dG(w), dG(z)),

where F is a function with the property F (x, y) = F (y, x).
The inverse sum indeg (henceforth, ISI) index of a graph G was introduced by Vukic̆ević and

Gašperov [19] and defined as

ISI(G) =
∑

wz∈E(G)

dG(w) dG(z)
dG(w) + dG(z)

.

In this paper, we introduce generalized inverse sum indeg (henceforth, ISI) index and generalized
ISI energy of graphs. Our strong motivation to define generalized ISI index and energy is that a lot of
the degree based topological indices and energies are derived from it by giving the specific values to
the parameters α, β. We now define generalized inverse sum indeg index as

Sα, β(G) =
∑

wz∈E(G)

(dG(w) dG(z))α

(dG(w) + dG(z))β
, (1.1)

where α and β are real numbers.
The adjacency matrix A(G) = [ai j]n×n of an n-vertex graph G is defined as

ai j =

{
1 if viv j ∈ E(G),
0 otherwise.

The A-characteristic polynomial of G is the polynomial of the form:

Φ(G, λ) = det(A(G) − λIn)

= λn +

n∑
i=1

ai λ
n−i,

where In is the identity matrix of order n. The A-eigenvalues of G are the A-eigenvalues of A(G).
Let λ1, . . . , λn be the A-eigenvalues of a graph G. Gutman [20] defined the energy of G as

E(G) =

n∑
i=1

|λi|.

Zangi et al. [21] defined the ISI matrix S (G) = [si j]n×n of an n-vertex graph G as:

si j =

 dG(vi) dG(v j)
dG(vi)+dG(v j)

if viv j ∈ E(G),
0 otherwise.
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The S -characteristic polynomial of G is given by:

ΦS (G, ρ) = det(S (G) − ρIn)

= ρn +

n∑
i=1

bi ρ
n−i.

The S -eigenvalues of G are the S -eigenvalues of S (G).
Let ρ1, . . . , ρn be the S -eigenvalues of G. Zangi et al. [21] defined the ISI energy of G as

EISI(G) =

n∑
i=1

|ρi|.

We can now define a generalized ISI matrix Aα, β(G) = [bi j]n×n of an n-vertex graph G as

bi j =


(dG(vi) dG(v j))α

(dG(vi)+dG(v j))β
if viv j ∈ E(G),

0 otherwise.

The Aα, β -characteristic polynomial of G is given by:

ψ(G, σ) = det(Aα,β(G) − σIn)

= σn +

n∑
i=1

ci σ
n−i.

The Aα, β -eigenvalues of G are the Aα, β -eigenvalues of Aα, β(G).
Let σ1, . . . , σn be the Aα, β -eigenvalues of G. Then we define the generalized ISI energy of graph G

as

Eα, β(G) =

n∑
i=1

|σi|. (1.2)

We list here some of the degree based indices and energies of a graph G that can be obtained from
the generalized ISI index and energy by only giving specific values to the parameters α, β.

1. If α = 0 and β = −1, then Sα, β(G) = M1(G) is the first Zagreb index [3] and matrix A0,−1(G) is the
first Zagreb matrix [12]. The energy corresponding to A0,−1(G) is the first Zagreb energy ZE1(G)
also introduced in [12]. Note that ZE1(G) = E0,−1(G).

2. If α = 0 and β = 1/2, then Sα, β(G) = SCI(G) is the sum-connectivity index [22] and matrix
A0,1/2(G) is the sum-connectivity matrix [23]. The energy corresponding to A0,1/2(G) is the sum-
connectivity energy S E(G), introduced in [23]. It is easy to see that S E(G) = E0, 1/2(G).

3. If α = 0 and β = −α then Sα, β(G) = χα(G) is the general sum connectivity index [11] and matrix
A0,−α(G) is the general sum-connectivity matrix [24]. The energy corresponding to A0,−α(G) is the
general sum-connectivity energy GS E(G), defined in [24]. See that GS E(G) = E0,−α(G).

4. If α = 1 and β = 0 then Sα, β(G) = M2(G) is the second Zagreb index [11] and matrix A1,0(G) is
the second Zagreb matrix [12]. The energy corresponding to A1,0(G) is the second Zagreb energy
ZE2(G), introduced in [12]. Note ZE2(G) = E1,0(G).
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5. If α = −1/2 and β = 0 then Sα, β(G) = R(G) is the Randić index [13] and matrix A−1/2,0(G) is the
Randić matrix. The energy corresponding to A−1/2,0(G) is the Randić energy RE(G), defined in
[25, 26]. See that RE(G) = E−1/2,0(G).

6. If β = 0 then Sα, β(G) = Rα(G) is the generalized form of Randić index (also known as general
product-connectivity index) [27] and matrix Aα,0(G) is the general Randić matrix. The energy
corresponding to Aα,0(G) is the general Randić energy RαE(G), introduced in [28]. It is easy to
see that RαE(G) = Eα,0(G).

7. If α = 1/2 and β = 1 then 2 Sα, β(G) = GA(G) is the geometric-arithmetic index [14] and
matrix A1/2,1(G) is the geometric-arithmetic matrix. The energy corresponding to A1/2, 1(G) is
the geometric-arithmetic energy GAE(G), defined in [15]. Note that GAE(G) = 2E1/2, 1(G).

8. If α = 1 and β = 1 then Sα, β(G) = ISI(G) is the inverse sum indeg index [19] and matrix A1,1(G)
is the inverse sum indeg matrix. The energy corresponding to A1,1(G) is the inverse sum indeg
energy IS IE(G) introduced in [21]. See that IS IE(G) = E1,1(G).

For study of more degree-based topological indices, see [29] and references therein.
In this paper, we study the generalized inverse sum indeg index and energy from an algebraic point

of view. Extremal values of this index for some graph classes are determined. Some spectral properties
of generalized inverse sum indeg matrix are studied. We also find Nordhaus-Gaddum-type results for
generalized inverse sum indeg index spectral radius and energy.

2. Basic results

Under certain conditions, we now determine the monotonicity of the generalized ISI index of a
graph G when new edges are added in the graph.

Lemma 2.1. Let w and z be two non-adjacent vertices of a graph G. Also let G+wz is the graph formed
from G by joining w and z by an edge wz. If α, β ∈ R with α ≥ 0 and α ≥ β, then Sα, β(G+wz) > Sα, β(G).

Proof. If α, β ∈ R with α ≥ 0 and α ≥ β, then for any real numbers x, y ≥ 1, we have
(
1 + 1

x

)α
≥(

1 + 1
x+y

)β
. This implies (x+1)α

(x+y+1)β ≥
xα

(x+y)β . Hence ((x+1)y)α

(x+y+1)β ≥
(xy)α

(x+y)β .

Let NG(w) = {w1, . . . ,wr} and NG(z) = {z1, . . . , zt}. Then

Sα, β(G + wz) − Sα, β(G) =

[
((dG(w) + 1) (dG(z) + 1))α

(dG(w) + dG(z) + 2)β

]
+

r∑
i=1

[
((dG(w) + 1) d(G(wi)))α

(dG(w) + dG(wi) + 1)β
−

(dG(w) dG(wi))α

(dG(w) + (dG(wi))β

]

+

t∑
j=1

[
((dG(z) + 1) dG(z j))α

(dG(z) + dG(z j) + 1)β
−

(dG(z) dG(z j))α

(dG(z) + (dG(z j))β

]
> 0,

where
[

((dG(w)+1) (dG(z)+1))α

(dG(w)+dG(z)+2)β

]
> 0. Therefore Sα, β(G + wz) > Sα, β(G). �

Two simple graphs G1 and G2 are said to be isomorphic if there exists a bijection φ : V(G1)→ V(G2)
such that uv ∈ E(G1) if and only if φ(u)φ(v) ∈ E(G2). We write G1 � G2 if G1 and G2 are isomorphic.
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Next corollary is obtained from Lemma 2.1.

Corollary 2.2. Let α, β ∈ R with α ≥ 0 and α ≥ β. Suppose T is a spanning tree of graph G with
n(G) = n and G � T. Then Sα, β(G) > Sα, β(T ).

Next theorem relates Sα, β(G) with χβ(G).

Theorem 2.3. Suppose G = G(n,m,∆G, δG) is a graph.

(1). If α ≥ 0, then Sα, β(G) ≥
m2δ2α

G

χβ(G) .

(2). If α ≤ 0, then Sα, β(G) ≥
m2∆2α

G

χβ(G) .

In both cases, the inequality becomes equality if G is a regular graph.

Proof. (1). By Arithmetic mean-Harmonic mean inequality, we have

m
Sα, β(G)

=
m∑

wz∈E(G)

(dG(w) dG(z))α

(dG(w)+dG(z))β

≤
1
m

∑
wz∈E(G)

(dG(w) + dG(z))β

(dG(w) dG(z))α
.

Now if α ≥ 0, then (dG(w) dG(z))α ≥ δ2α
G

. Therefore

1
m

∑
wz∈E(G)

(dG(w) + dG(z))β

(dG(w) dG(z))α
≤

1
m

∑
wz∈E(G)

(dG(w) + dG(z))β

δ2α
G

=
χβ(G)
mδ2α
G

.

Hence Sα, β(G) ≥
m2δ2α

G

χβ(G) . Now the above inequality becomes equality if and only if for every wz ∈ E(G),
(dG(w) dG(z))α

(dG(w)+dG(z))β = b2α−β

2β , where b is some positive constant. This is possible if and only if G is a b-regular
graph.

Similarly one can prove (2). �

Now we give relationship between Sα, β(G) and Rα(G).

Theorem 2.4. Suppose G = G(n,m,∆G, δG) is a graph.

(1). If β ≥ 0, then Rα(G)
2β∆β

G

≤ Sα, β(G) ≤ Rα(G)
2βδβ
G

.

(2). If β ≤ 0, then Rα(G)
2βδβ
G

≤ Sα, β(G) ≤ Rα(G)
2β∆β

G

.

In both cases, the inequality becomes equality if G is a regular graph.

Proof. (1). If β ≥ 0, then (dG(w) + dG(z))β ≤ (2∆G)β and (dG(w) + dG(z))β ≥ (2δG)β. Hence

Sα, β(G) =
∑

wz∈E(G)

(dG(w) dG(z))α

(dG(w) + dG(z))β
≥

∑
wz∈E(G)

(dG(w) dG(z))α

2β∆β

G

=
Rα(G)

2β∆β

G

.

Sα, β(G) =
∑

wz∈E(G)

(dG(w) dG(z))α

(dG(w) + dG(z))β
≤

∑
wz∈E(G)

(dG(w) dG(z))α

2βδβ
G

=
Rα(G)

2βδβ
G

.

Clearly the equality holds if and only if G is a regular graph.
Part (2) can be proved analogously. �
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By direct computation, we obtain the following results.

Theorem 2.5. Suppose G1,G2, . . . ,Gr are components of a graph G. Then Eα, β(G) =
r∑

j=1
Eα, β(G j).

Theorem 2.6. Suppose G is an n-vertex and k-regular graph. Then Eα, β(G) = k2α

2β kβ E(G).

Theorem 2.7. Eα, β(Km,n) =
2(mn)

1
2 +α

(m+n)β .

Proof. Since Aα, β(Km,n) =
(mn)α

(m+n)β A(Km,n), we have Eα, β(Km,n) =
(mn)α

(m+n)β E(Km,n) =
2(mn)

1
2 +α

(m+n)β . �

Using Theorem 2.6, we get the following two results.

Theorem 2.8. Eα, β(Cn) = 4α−βE(Cn).

Theorem 2.9. Eα, β(Kn) = 21−β (n − 1)2α−β+1.

3. Extremal values of generalized ISI index

In this section, we find extremal values of graphs and bounds with respect to generalized ISI index
in some graph classes.

Theorem 3.1. Suppose T is a tree with n(T ) = n. If α = β and 0 ≤ α ≤ 1, then

Sα, β(T ) ≥
(n − 1)(n − 1)α

nα
,

where the inequality becomes equality if T � S n.

Proof. We prove the result by induction on n.
For n = 1, 2, 3, the only tree is the star graph S n. So the statement follows trivially for n ≤ 3. Now

assume that the statement holds true for n ≥ 4.
Suppose T is a tree with n(T ) = n. Let vw be a pendent edge of T with dT (w) = 1 and dT (v) = t. As

n ≥ 4, we have 2 ≤ t ≤ n. Further, since T is not isomorphic to a star, we have that there exists at least
one neighbor u of v in T with dT (u) ≥ 2. Let NT (v)\{w, u} = {v1, . . . , vt−2}.

Let T̃ = T − w. Then n(T̃ ) = n − 1. Now

Sα, β(T ) − Sα, β(T̃ ) =

( t
t + 1

)α
+

[( dT (u) t
dT (u) + t

)α
−

( dT (u)(t − 1)
dT (u) + t − 1

)α]
+

t−2∑
i=1

[( dT (vi) t
dT (vi) + t

)α
−

( dT (vi)(t − 1)
dT (vi) + t − 1

)α]
.

Let y > 0 and define

g(y) =

( yt
y + t

)α
−

( y(t − 1)
y + t − 1

)α
.

Then

g′(y) = αyα−1
[( t

y + t

)α+1

−

( t − 1
y + t − 1

)α+1]
= αyα−1

[
(yt + t2 − t)α+1 − (yt + t2 − t − y)α+1

(y + t)α+1(y + t − 1)α+1

]
.
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As t ≥ 2, 0 ≤ α ≤ 1 and y > 0, we have (y + t)α+1 > 0 and (y + t − 1)α+1 > 0. Also (yt + t2 − t) >
(yt + t2 − t − y). Therefore (yt + t2 − t)α+1 > (yt + t2 − t − y)α+1. Hence g′(y) > 0 and thus g(y) is strictly
increasing for y > 0. Also 2α > 1 for 0 ≤ α ≤ 1, dT (vi) ≥ 1 and dT (u) ≥ 2, we have

Sα, β(T ) − Sα, β(T̃ ) ≥
( t
t + 1

)α
+

[( 2 t
2 + t

)α
−

(2(t − 1)
t + 1

)α]
+

t−1∑
i=1

[( t
t + 1

)α
−

( t − 1
t

)α]
≥

( t
t + 1

)α
+

[( 2 t
2 + t

)α
−

(2(t − 1)
t + 1

)α]
>

( t
t + 1

)α
+ 2α

( t
2 + t

)α
>

( t
t + 2

)α
+ 2α

( t
t + 2

)α
=

( t
t + 2

)α
(1 + 2α) > 2

( t
t + 2

)α
.

Since t ≥ 2, we have

Sα, β(T ) − Sα, β(T̃ ) > 2
( t
t + 2

)α
> 1

≥
(n − 1)(n − 1)α

nα
−

(n − 2)(n − 2)α

(n − 1)α
= Sα, β(S n) − Sα, β(S n−1)

Therefore by induction hypothesis Sα, β(T ) − Sα, β(S n) > Sα, β(T̃ ) − Sα, β(S n−1) ≥ 0. This concludes
the proof by induction and clearly equality holds if T � S n. �

Next theorem gives the minimal graph with respect to generalized ISI index in class of all connected
graphs with smallest degree 2.

Theorem 3.2. Among all connected graphs Gm
n with smallest degree 2, we have

(1). If α ≥ 0 and β ≤ 0, then Sα, β(Gm
n ) ≥ m 4α−β.

(2). If α = β ≥ 0, then Sα, β(Gm
n ) ≥ m.

In both cases, the inequality becomes equality for Gm
n � Cn.

Proof. (1). If α ≥ 0 and β ≤ 0, then for any w, z ∈ V(Gm
n ), we have (dGm

n (w) dGm
n (z))α ≥ 4α and

(dGm
n (w) + dGm

n (z))β ≤ 4β. Therefore

Sα, β(Gm
n ) =

∑
wz∈E(Gm

n )

(dGm
n (w) dGm

n (z))α

(dGm
n (w) + dGm

n (z))β
≥ m 4α−β.

Now Sα, β(Gm
n ) = m 4α−β if and only if dGm

n (w) = dGm
n (v) = 2 for every edge wz ∈ E(Gm

n ). Therefore
the inequality becomes equality for Gm

n � Cn.
(2). Since δGm

n = 2, therefore (dGm
n (w) dGm

n (z)) ≥ (dGm
n (w) + dGm

n (z)). Hence

Sα, β(Gm
n ) =

∑
wz∈E(Gm

n )

(dGm
n (w) dGm

n (z))α

(dGm
n (w) + dGm

n (z))β
≥ m.

Similar to the proof of Part (1), the inequality becomes equality for Gm
n � Cn. �

AIMS Mathematics Volume 5, Issue 3, 2388–2411.



2395

Any subset of pairwise non-adjacent vertices of a graph G is called an independent set of a graph G.
The maximum size of an independent set of a graph G is called the independence number of G. The
join G ∨ H of two graphs G and H is formed by making every vertex of G adjacent to every vertex of
H.

The proof of next theorem is similar to the proof of Theorem 3.2 [30] and thus omitted.

Theorem 3.3. Let α ≥ 0 is a real number and α ≥ β when β ∈ R. Also let n ≥ 4 and G be a connected
graph with n(G) = n ≥ 4 and independence number ξ. Then

Sα, β(G) ≤
(n − ξ)(n − ξ − 1)(n − 1)2α−β

2β+1 + ξ(n − ξ)
((n − ξ)(n − 1))α

(2n − ξ − 1)β
,

where the inequality becomes equality when G � Kξ ∨ Kn−ξ.

4. Spectral radius and spread of the generalized ISI matrix

In this section, we give lower and upper bounds on spectral radius and spread of graphs with respect
to generalized ISI matrix. For any complex n × n matrix M with eigenvalues µ1, . . . , µn, the spread
s(M) of M is introduced in [10] and is defined as s(M) = max

i, j
|µi − µ j|.

Let σ1 ≥ · · · ≥ σn be the Aα, β -eigenvalues of a simple graph G. Then spread Aα,β(G) is defined as
s(Aα, β(G)) = σ1 − σn, since the eigenvalues σ1, . . . , σn are all real.

For convenience, we define some notations. We denote determinant of Aα,β(G) by det(Aα, β(G)). Let

Q =
∑

1≤i< j≤n

(dG(vi) dG(v j))2α

(dG(vi) + dG(v j))2β , Ω = det(Aα, β(G)).

We first give some lemmas that are used to prove our main results. The proof is straight forward.

Lemma 4.1. Let G be an n-vertex graph and σ1, . . . , σn be its Aα,β -eigenvalues. Then

(1).
n∑

i=1
σi = 0,

(2).
n∑

i=1
σ2

i = 2Q.

Lemma 4.2 (Horn and Johnson [5]). Let A1 = [ai j]n×n and A2 = [bi j]n×n be n × n symmetric and non-
negative matrices. If A1 ≥ A2, that is, ai j ≥ bi j for all i, j = 1, . . . , n, then η1(A1) ≥ η1(A2), where
η1(Ak), k = 1, 2 is the largest eigenvalue of the respective matrix.

Theorem 4.3 (Hong [6]). Let Gm
n be a connected graph with A-eigenvalues λ1 ≥ · · · ≥ λn. Then

λ1 ≤
√

2m − n + 1,

where the equality holds if and only if Gm
n � S n or Gm

n � Kn.

Theorem 4.4 (Cao [31]). Let G = G(n,m,∆G, δG) be a graph with A-eigenvalues λ1 ≥ · · · ≥ λn and
δG ≥ 1. Then

λ1 ≤
√

2m − δG(n − 1) + (δG − 1)∆G.
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Lemma 4.5 (Zhang [32]). If C is a symmetric matrix of order n with eigenvalues η1 ≥ · · · ≥ ηn, then
for any y ∈ Rn with y , 0,

yTCy ≤ η1yT y,

where yT is the transpose of y. Equality holds if and only if y is an eigenvector of C corresponding to
the eigenvalue η1.

Now we give bounds on largest Aα, β-eigenvalue of a graph.

Theorem 4.6. Let n ≥ 2. Also let G = G(n,m,∆G, δG) be a connected graph with Aα, β-eigenvalues
σ1 ≥ · · · ≥ σn and α, β ∈ R.

(1). If α, β ≥ 0 then
Rα(G)

n 2β ∆
β

G

≤ σ1 ≤
(n − 1)2α

√
2m − n + 1

2β
.

(2). If α, β ≤ 0 then
Rα(G)

n 2β δβ
G

≤ σ1 ≤

√
2m − n + 1

2β (n − 1)β
.

(3). If α ≥ 0 and β ≤ 0 then

Rα(G)

n 2β δβ
G

≤ σ1 ≤
(n − 1)2α−β

√
2m − n + 1

2β
.

(4). If α ≤ 0 and β ≥ 0 then
Rα(G)

n 2β ∆
β

G

≤ σ1 ≤

√
2m − n + 1

2β
.

Proof. (1). Let y ∈ Rn such that y = (y1, y2, . . . , yn)T . Then

yTAα, β(G) y =
∑

viv j ∈ E(G)

(
dG(vi) dG(v j)

)α
(
dG(vi) + dG(v j)

)β yiy j ≥
∑

viv j ∈ E(G)

(
dG(vi) dG(v j)

)α
2β ∆

β

G

yiy j.

Taking y = ( 1
√

n ,
1
√

n , . . . ,
1
√

n )T , we get 1
2β∆β

G

∑
viv j ∈ E(G)

(
dG(vi) dG(v j)

)α
yiy j =

Rα(G)
n 2β ∆

β
G

. Therefore by

Lemma 4.5, σ1 ≥
Rα(G)

n 2β ∆
β
G

.

Now for any vertex vi ∈ V(G), i = 1, . . . , n, we have 1 ≤ δG ≤ dG(vi) ≤ ∆G ≤ (n − 1). Therefore(
dG(vi) dG(vi)

)α
(
dG(v j) + dG(v j)

)β ≤ ∆2α
G

2β δβ
G

≤
(n − 1)2α

2β
.

If η1 is the spectral radius of a matrix (n−1)2α

2β A(G), then by Lemma 4.2 and Theorem 4.3, we obtain

σ1 ≤ η1 =
(n − 1)2αλ1

2β
≤

(n − 1)2α
√

2m − n + 1
2β

,
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where λ1 is the spectral radius ofA(H).
(2). Let y ∈ Rn such that y = (y1, y2, . . . , yn)T . Then

yTAα, β(G) y =
∑

viv j ∈ E(G)

(
dG(vi) dG(v j)

)α
(
dG(vi) + dG(v j)

)β yiy j ≥
∑

viv j ∈ E(G)

(
dG(vi) dG(v j)

)α
2β δβ

G

yiy j.

Taking y = ( 1
√

n ,
1
√

n , . . . ,
1
√

n )T , we get 1
2βδβ
G

∑
viv j ∈ E(G)

(
dG(vi)dG(v j)

)α
yiy j =

Rα(G)
n 2β δβ

G

. Therefore by Lemma

4.5, σ1 ≥
Rα(G)
n 2β δβ

G

.

Now for any vertex vi ∈ V(G), i = 1, . . . , n, we have 1 ≤ δG ≤ dG(vi) ≤ ∆G ≤ (n−1). Since α, β ≤ 0,
therefore δ2α

G
≤ 1 and ∆

β

G
≥ (n − 1)β. Now(

dG(vi) dG(v j)
)α

(
dG(vi) + dG(v j)

)β ≤ δ2α
G

2β ∆
β

G

≤
1

2β (n − 1)β
.

If η1 is the spectral radius of a matrix 1
2β (n−1)β A(G), then by Lemma 4.2 and Theorem 4.3, we obtain

σ1 ≤ η1 =
λ1

2β (n − 1)β
≤

√
2m − n + 1

2β (n − 1)β
,

where λ1 is the spectral radius ofA(G).
Parts (3) and (4) can be proved analogously. �

Next theorem gives bounds on the smallest Aα, β-eigenvalue of a graph.

Theorem 4.7. Let G = G(n,m,∆G, δG) be a graph with Aα, β -eigenvalues σ1 ≥ · · · ≥ σn. Then

√
2Q + (n − 1) (n − 2) Ω2/n−1

2
≤ σn ≤

√
2(n − 1)Q

n
,

where α, β ∈ R.

Proof. By Part (1) of Lemma 4.1, we get

σ2
n =

(
−

n−1∑
i=1

σi

)2

=

n−1∑
i=1

σ2
i + 2

∑
1≤i< j≤n−1

σiσ j.

Since arithmetic mean is always greater than geometric mean, therefore

2
(n − 1)(n − 2)

∑
1≤i< j≤n−1

σiσ j ≥ (σn−2
1 σn−2

2 . . . σn−2
n )2/(n−1)(n−2) =

(
det(Aα, β(G))

)2/n−1

= Ω2/n−1.

Hence σ2
n ≥ (2Q − σ2

n) + (n − 1)(n − 2) Ω2/n−1 and σn ≥

√
2Q+(n−1) (n−2) Ω2/n−1

2 .
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Again using Part (1) of Lemma 4.1 and Cauchy-Schwartz inequality, we have

σ2
n ≤ (n − 1)

n−1∑
i=1

σ2
i = (n − 1) (2Q − σ2

n).

Hence σn ≤

√
2(n−1)Q

n . �

In the following theorem, we give bounds on spread of the generalized ISI matrix of a graph.

Theorem 4.8. Let G = G(n,m,∆G, δG) be a connected graph with Aα,β -eigenvalues σ1 ≥ · · · ≥ σn.
Then

(1). If α, β ≥ 0 then

s(Aα, β(G)) ≥
Rα(G)

n 2β ∆
β

G

−
(n − 1)2α

2β

√
2m (n − 1)

n
,

s(Aα, β(G)) ≤
(n − 1)2α

√
2m − n + 1

2β
−

√
2m + 22β (n − 1)2β+1 (n − 2) Ω2/n−1

2
1
2 +β (n − 1)β

.

(2). If α, β ≤ 0 then

s(Aα, β(G)) ≥
Rα(G)

n 2β δβ
G

−
1

2β (n − 1)β

√
2m (n − 1)

n
,

s(Aα, β(G) ≤

√
2m − n + 1

2β (n − 1)β
−

√
2m (n − 1)4α + 22β (n − 1) (n − 2) Ω2/n−1

2
1
2 +β

.

(3). If α ≥ 0 and β ≤ 0 then

s(Aα, β(G)) ≥
Rα(G)

n 2β δβ
G

−
(n − 1)2α−β

2β

√
2m (n − 1)

n
,

s(Aα, β(G)) ≤
(n − 1)2α−β

√
2m − n + 1

2β
−

√
2m + 22β (n − 1) (n − 2) Ω2/n−1

2
1
2 +β

.

(4). If α ≤ 0 and β ≥ 0 then

s(Aα, β(G)) ≥
Rα(G)

n 2β ∆
β

G

−
1
2β

√
2m (n − 1)

n
,

s(Aα, β(G)) ≤

√
2m − n + 1

2β
−

√
2m (n − 1)4α + 22β (n − 1)1+2β (n − 2) Ω2/n−1

2
1
2 +β(n − 1)β

.

Proof. (1). We have 1 ≤ δG ≤ dG(vi) ≤ ∆G ≤ (n − 1) for any vertex vi ∈ V(G), i = 1, . . . , n. Therefore

2 Q = 2
∑

1≤i< j≤n

(
dG(vi) dG(v j)

)2α

(
dG(vi) + dG(v j)

)2β ≥ 2
∑

1≤i< j≤n

δ4α
G

22β ∆
2β
G

≥
m 21−2β

(n − 1)2β . (4.1)
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Also

2 Q = 2
∑

1≤i< j≤n

(
dG(vi) dG(v j)

)2α

(
dG(vi) + dG(v j)

)2β ≤ 2
∑

1≤i< j≤n

∆4α
G

22β δ
2β
G

≤ m 21−2β (n − 1)4α. (4.2)

Hence using Theorem 4.6, Theorem 4.7 and Equations (4.1) and (4.2), we get

s(Aα, β(G)) = σ1 − σn

≤
(n − 1)2α

√
2m − n + 1

2β
−

√
2 Q + (n − 1) (n − 2) Ω2/n−1

2

≤
(n − 1)2α

√
2m − n + 1

2β
−

1
√

2

√
2m

(2(n − 1))2β + (n − 1) (n − 2) Ω2/n−1

=
(n − 1)2α

√
2m − n + 1

2β
−

√
2m + 22β (n − 1)2β+1 (n − 2) Ω2/n−1

2
1
2 +β (n − 1)β

.

Also

s(Aα, β(G)) = σ1 − σn ≥
Rα(G)

n 2β ∆
β

G

−

√
2 (n − 1)Q

n
≥

Rα(G)

n 2β ∆
β

G

−
(n − 1)2α

2β

√
2m (n − 1)

n
.

(2). We have 1 ≤ δG ≤ dG(vi) ≤ ∆G ≤ (n − 1) for any vertex vi ∈ V(G), i = 1, . . . , n. Since α, β ≤ 0,
therefore ∆α

G
≥ (n − 1)α and δβ

G
≤ 1. Now

2 Q = 2
∑

1≤i< j≤n

(
dG(vi) dG(v j)

)2α

(
dG(vi) + dG(v j)

)2β ≥ 2
∑

1≤i< j≤n

∆4α
G

22β δ
2β
G

≥ m 21−2β (n − 1)4α. (4.3)

Also

2 Q = 2
∑

1≤i< j≤n

(
dG(vi) dG(v j)

)2α

(
dG(vi) + dG(v j)

)2β ≤ 2
∑

1≤i< j≤n

δ4α
G

22β ∆
2β
G

=
m 21−2β

(n − 1)2β . (4.4)

Hence using Theorem 4.6, Theorem 4.7 and Equations (4.3) and (4.4), we get

s(Aα, β(G)) = σ1 − σn

≤

√
2m − n + 1

2β (n − 1)β
−

√
2 Q + (n − 1) (n − 2) Ω2/n−1

2

≤

√
2m − n + 1

2β (n − 1)β
−

1
√

2

√
2m (n − 1)4α

22β + (n − 1) (n − 2) Ω2/n−1

=

√
2m − n + 1

2β (n − 1)β
−

√
2m (n − 1)4α + 22β (n − 1) (n − 2) Ω2/n−1

2
1
2 +β

.
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Also

s(Aα, β(G)) = σ1 − σn ≥
Rα(G)

n 2β δβ
G

−

√
2 (n − 1)Q

n
≥

Rα(G)

n 2β δβ
G

−
1

2β (n − 1)β

√
2m (n − 1)

n
.

Similarly, one can prove Parts (3) and (4). The proof is complete. �

5. Bounds on generalized ISI energy

In this section, we give some bounds for the generalized ISI energy of graphs. We would like to
mention that the idea of proof of next theorem is taken from the proof of Theorem 13 [8].

Theorem 5.1. Let G = G(n,m,∆G, δG) be a connected graph having Aα, β-eigenvalues σ1 ≥ · · · ≥ σn

and α, β ∈ R.

(1). If α, β ≥ 0 then
21−β Rα(G)
n (n − 1)β

≤ Eα, β(G) ≤
(n − 1)2α

2β
√

2nm.

(2). If α, β ≤ 0 then
21−β Rα(G)

n
≤ Eα, β(G) ≤

1
2β (n − 1)β

√
2nm.

(3). If α ≥ 0 and β ≤ 0 then

21−β Rα(G)
n

≤ Eα, β(G) ≤
(n − 1)2α−β

2β
√

2nm.

(4). If α ≤ 0 and β ≥ 0 then
21−β Rα(G)
n (n − 1)β

≤ Eα, β(G) ≤
1
2β
√

2nm.

Proof. (1).With no loss of generality, suppose thatσ1, . . . , σt are positive andσt+1, . . . , σn are negative.
Using Theorem 4.6, we get

Eα, β(G) =

n∑
i=1

|σi| = 2
t∑

i=1

σi ≥ 2 σ1 ≥
2 Rα(G)

n 2β ∆
β

G

≥
21−β Rα(G)
n (n − 1)β

.

Now applying Cauchy-Schwartz inequality, Part (2) of Lemma 4.1 and Equation (4.2), we have

Eα, β(G) =

n∑
i=1

|σi| ≤

√√
n

n∑
i=1

σ2
i =

√
2n Q ≤

√
2nm (n − 1)4α

22β =
(n − 1)2α

2β
√

2nm.

(2). With no loss of generality, suppose that σ1, . . . , σt are positive and σt+1, . . . , σn are negative. Since
α, β ≤ 0 therefore δβ

G
≤ 1. Now using Theorem 4.6 (2), we get

Eα, β(G) =

n∑
i=1

|σi| = 2
t∑

i=1

σi ≥ 2 σ1 ≥
2 Rα(G)

n 2β δβ
G

≥
21−β Rα(G)

n
.
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Now applying Cauchy-Schwartz inequality, Part (2) of Lemma 4.1 and Equation (4.4), we have

Eα, β(G) =

n∑
i=1

|σi| ≤

√√
n

n∑
i=1

σ2
i =

√
2n Q ≤

√
2nm

(n − 1)2β 22β =
1

2β (n − 1)β
√

2nm.

One can prove Parts (3) and (4) in a similar manner. The result is proved. �

Theorem 5.2. Let G = G(n,m,∆G, δG) be a connected graph with Aα,β-eigenvalues σ1 ≥ · · · ≥ σn.
Then

(1). If α, β ≥ 0 then

21−β√m
(n − 1)β

≤ Eα, β(G) ≤
(n − 1)2α

2β

√2m − n + 1 +

√
2m (n − 1) −

Rα
2(G) (n − 1)1−2β−4α

n2

 .
(2). If α, β ≤ 0 then

21−β (n − 1)2α√m ≤ Eα, β(G) ≤
1

2β (n − 1)β

√2m − n + 1 +

√√
2m (n − 1) −

Rα
2(G) (n − 1)1+2β

n2 δ
2β
G

 .
(3). If α ≥ 0 and β ≤ 0 then

21−β√m ≤ Eα, β(G) ≤
(n − 1)2α−β

2β

√2m − n + 1 +

√√
2m (n − 1) −

Rα
2(G) (n − 1)1+2β−4α

n2 δ
2β
G

 .
(4). If α ≤ 0 and β ≥ 0 then

21−β (n − 1)2α−β√m ≤ Eα, β(G) ≤
1
2β

√2m − n + 1 +

√√
2m (n − 1) −

Rα
2(G) (n − 1)

n2 ∆
2β
G

 .
Proof. (1). By Part (1) of Lemma 4.1, we have

n∑
i=1
σ2

i = −2
∑

1≤i< j≤n
σi σ j. Using Part (2) of Lemma 4.1,

we obtain

(Eα, β(G))2 =

( n∑
i=1

|σi|

)2

=

n∑
i=1

σ2
i + 2

∑
1≤i< j≤n

|σi σ j| ≥ 2 Q + 2 |
∑

1≤i< j≤n

σi σ j| = 4 Q.

Now

4 Q = 4
∑

1≤i< j≤n

(
dG(vi) dG(v j)

)2α

(
dG(vi) + dG(v j)

)2β ≥
∑

1≤i< j≤n

4δ4α
G

22β ∆
2β
G

≥
m 22−2β

(n − 1)2β .

Hence Eα, β(G) ≥ 21−β √m
(n−1)β .
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To prove inequality on the right side, we apply Cauchy-Schwartz inequality to obtain (
n∑

i=2
|σi|)2 ≤

(n − 1)
n∑

i=2
σ2

i . Therefore using Part (2) of Lemma 4.1, (Eα, β(G) − σ1)2 ≤ (n − 1) (2Q − σ2
1). Hence by

Theorem 4.6 (1), we get

Eα, β(G) ≤ σ1 +

√
(n − 1) (2Q − σ2

1)

≤
(n − 1)2α

√
2m − n + 1

2β
+

√
(n − 1)

[
m 21−2β (n − 1)4α −

Rα
2(G)

n2 22β (n − 1)2β

]

=
(n − 1)2α

2β

√2m − n + 1 +

√
2m (n − 1) −

Rα
2(G)(n − 1)1−2β−4α

n2

 .
(2). Using Eq (4.3), we get

4Q = 2(2Q) ≥ 22−2β m (n − 1)4α.

Hence Eα, β(G) ≥ 21−β (n − 1)2α√m.
Now using Theorem 4.6 (2) and Eq (4.4), we get

Eα, β(G) ≤ σ1 +

√
(n − 1) (2Q − σ2

1)

≤

√
2m − n + 1

2β (n − 1)β
+

√√√
(n − 1)

 m 21−2β

(n − 1)2β −
Rα

2(G)

n2 22β δ
2β
G


=

1
2β (n − 1)β

√2m − n + 1 +

√√
2m (n − 1) −

Rα
2(G)(n − 1)1+2β

n2 δ
2β
G

 .
This gives the required result.
Analogously, one can prove Parts (3) and (4). �

6. Nordhaus-Gaddum-type results for generalized ISI spectral radius and energy

The compliment of a simple graph G is a graph represented by G with the property that V(G) =

V(G) and wz ∈ E(G) if and only if wz < E(G). Therefore n(G) = n(G), e(G) =
n2(G)−n(G)

2 − e(G),
∆G = n(G) − 1 − δG and δG = n(G) − 1 − ∆G. The Aα,β-eigenvalues of G are σi, i = 1, 2, . . . , n. A
maximal connected subgraph of G is called a connected component of G.

We first present bounds on σ1 + σ1.

Theorem 6.1. Let G = G(n,m,∆G, δG) be a connected graph and α, β ∈ R.

(1). If β ≥ 0 then

σ1 + σ1 ≥
1

n 2β

 Rα(G)
(n − 1)β

+
Rα(G)

(n − 1 − δG)β

 .
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(2). If β ≤ 0 then

σ1 + σ1 ≥
1

n 2β

Rα(G)

δ
β

G

+
Rα(G)

(n − 1 − ∇G)β

 .
Proof. (1). Let y ∈ Rn such that y = (y1, y2, . . . , yn)T . Then

yT
[
Aα,β(G) + Aα,β(G)

]
y =

∑
viv j∈E(G)

(dG(vi) dG(v j))α

(dG(vi) + dG(v j))β
yiy j +

∑
viv j∈E(G)

(d
G

(vi) d
G

(v j))α

(d
G

(vi) + d
G

(v j))β
yiy j

≥
∑

viv j∈E(G)

(dG(vi) dG(v j))α

2β∆β

G

yiy j +
∑

viv j∈E(G)

(d
G

(vi) d
G

(v j))α

2β∆β

G

yiy j.

Since ∆
G

= n− 1− δG and ∆G ≤ n− 1 therefore taking y = ( 1
√

n ,
1
√

n , . . . ,
1
√

n )T and using Lemma 4.5,
we obtain

σ1 + σ1 ≥
1

n2β

 Rα(G)
(n − 1)β

+
Rα(G)

(n − 1 − δG)β

 .
Part (2) can be proved similarly. �

Theorem 6.2. Let G = G(n,m, δG,∆G) be a connected graph and G1 is a connected component of G
with σ1 = σ1(G1).

(1). Let α, β ≥ 0 .

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

σ1 + σ1 ≤
1
2β

[
(n − 1)2α

√
2m − n + 1 + (n(G1) − 1)2α

√
2e(G1) − n(G1) + 1

]
,

(b). If ∆G ≤ n − 2 and ∆
G
≤ n − 2, then

σ1 + σ1 ≤
(n − 2)2α

2β

[√
2m − n + 1 +

√
(n2 − 2n − 2m + 1) + δG(2 + ∆G − n)

]
.

(2) Let α, β ≤ 0.

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

σ1 + σ1 ≤
1
2β

 √2m − n + 1
(n − 1)β

+

√
2e(G1) − n(G1) + 1

(n(G1) − 1)β

 ,
(b). If ∆G ≤ n − 2 and ∆

G
≤ n − 2, then

σ1 + σ1 ≤
1

2β (n − 2)β

[√
2m − n + 1 +

√
(n2 − 2n − 2m + 1) + δG(2 + ∆G − n)

]
.

(3). Let α ≥ 0 and β ≤ 0 .

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

σ1 + σ1 ≤
1
2β

[
(n − 1)2α−β

√
2m − n + 1 + (n(G1) − 1)2α−β

√
2e(G1) − n(G1) + 1

]
,
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(b). If ∆G ≤ n − 2 and ∆
G
≤ n − 2, then

σ1 + σ1 ≤
(n − 2)2α−β

2β

[√
2m − n + 1 +

√
(n2 − 2n − 2m + 1) + δG(2 + ∆G − n)

]
.

(4) Let α ≤ 0 and β ≥ 0.

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

σ1 + σ1 ≤
1
2β

[√
2m − n + 1 +

√
2e(G1) − n(G1) + 1

]
,

(b). If ∆G ≤ n − 2 and ∆
G
≤ n − 2, then

σ1 + σ1 ≤
1
2β

[√
2m − n + 1 +

√
(n2 − 2n − 2m + 1) + δG(2 + ∆G − n)

]
.

Proof. (1).
(a). Assume that ∆G = n − 1. From Theorem 4.6, we have

σ1 ≤
(n − 1)2α

√
2m − n + 1

2β
. (6.1)

Let G1,G2, . . . ,Gs be connected components of G. With no loss of generality, assume that σ1(G1) ≥
σ1(G2) ≥ · · · ≥ σ1(Gs). Also note that σ1 = σ1(G1). Therefore using Theorem 4.6, we get

σ1 ≤
(n(G1) − 1)2α√2e(G1) − n(G1) + 1

2β
. (6.2)

The desired result is obtained by adding Equations (6.1) and (6.2).
(b). If ∆G ≤ n − 2 and ∆

G
≤ n − 2, then δ

G
≥ 1. From Theorem 4.6, we have

σ1 ≤
(n − 2)2α

√
2m − n + 1

2β
. (6.3)

Now using Inequalities δ
G

= n − 1 − ∆G and ∆
G
≤ n − 2, Theorem 4.4 and proof of Theorem 4.6,

we obtain

σ1 ≤
(n − 2)2α

√
2
(

n
2

)
− 2m − δ

G
(n − 1) + (δ

G
− 1)∆

G

2βδβ
G

=
(n − 2)2α

2βδβ
G

√
(n2 − 2n − 2m + 1) + δG(2 + ∆G − n)

≤
(n − 2)2α

2β

√
(n2 − 2n − 2m + 1) + δG(2 + ∆G − n).

(6.4)

By adding Eqs (6.3) and (6.4), we get the result.
Now similarly using Theorem 4.4 and Theorem 4.6, one can prove Parts (2) ∼ (4). �
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We now give bounds on Eα, β(G(n,m,∆G, δG)) + Eα, β(G(n,m,∆G, δG)).

Theorem 6.3. Let G = G(n,m,∆, δ) be a connected graph and G1 is a connected component of G with
σ1 = σ1(G1).

(1). Let α, β ≥ 0.

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

Eα, β(G) + Eα, β(G) ≤
(n − 1)2α

2β
U +

1
2β

[
(n(G1) − 1)2α

√
2e(G1) − n(G1) + 1 + W1

]
,

(b). If ∆G ≤ n − 2 and ∆
G
≤ n − 2, then

Eα, β(G) + Eα, β(G) ≤
(n − 2)2α

2β
U′ +

(n − 1 − δG)2α
√

n2 − n − 2m
2β (n − 1 − ∆G)β

W2.

(2). Let α, β ≤ 0.

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

Eα, β(G)+Eα, β(G) ≤
1

2β (n − 1)β
U1+

1
2β

 √2e(G1) − n(G1) + 1
(n(G1) − 1)β

+
W3

√
n2 − n − 2m

(n − 1 − δG)β (n − 1 − ∆G)β

 ,
(b). If ∆G ≤ n − 2 and ∆

G
≤ n − 2, then

Eα, β(G) + Eα, β(G) ≤
1

2β (n − 2)β
U′1 +

(n − 1 − ∆G)2α
√

n2 − n − 2m
2β (n − 1 − δG)β

W4.

(3). Let α ≥ 0 and β ≤ 0.

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

Eα, β(G) + Eα, β(G) ≤
(n − 1)2α−β

2β
U2 +

1
2β

√
2e(G1) − n(G1) + 1(n(G1) − 1)2α−β

+W5

√
n2 − n − 2m

2β
,

(b). If ∆G ≤ n − 2 and ∆
G
≤ n − 2, then

Eα, β(G) + Eα, β(G) ≤
(n − 2)2α−β

2β
U′2 +

(n − 1 − δG)2α−β
√

n2 − n − 2m
2β

W6.

(4). Let α ≤ 0 and β ≥ 0.

(a). If ∆G = n − 1 or ∆
G

= n − 1, then

Eα, β(G) + Eα, β(G) ≤
1
2β

U3 +
1
2β

[ √
2e(G1) − n(G1) + 1 + W7

√
n2 − n − 2m

]
,
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(b). If ∆G ≤ n − 2 and ∆
G
≤ n − 2, then

Eα, β(G) + Eα, β(G) ≤
1
2β

U3 +
(n − 1 − ∆G)2α−β

√
n2 − n − 2m

2β
W8,

where

U =
√

2m − n + 1 +

√
2m (n − 1) −

Rα
2 (G) (n − 1)1−4α−2β

n2 ,

U′ =
√

2m − n + 1 +

√
2m (n − 1) −

Rα
2 (G) (n − 1)

n2 (n − 2)4α+2β ,

U1 =
√

2m − n + 1 +

√√
2m (n − 1) −

Rα
2 (G) (n − 1)1+2β

n2 δ
2β
G

,

U′1 =
√

2m − n + 1 +

√√
2m (n − 1) −

Rα
2 (G) (n − 1) (n − 2)2β

n2 δ
2β
G

,

U2 =
√

2m − n + 1 +

√√
2m (n − 1) −

Rα
2 (G) (n − 1)1−4α+2β

n2 δ
2β
G

,

U′2 =
√

2m − n + 1 +

√√
2m (n − 1) −

Rα
2 (G) (n − 1)

n2 (n − 2)4α−2β δ
2β
G

,

U3 =
√

2m − n + 1 +

√√
2m (n − 1) −

Rα
2 (G) (n − 1)

n2 ∆
2β
G

,

W1 =

√
(n − 1)

[
(n − 1 − δG)4α (n2 − n − 2m)

(n − 1 − ∆G)2β −
(n − 1 − ∆G)4α (n2 − n − 2m)2

4n2 (n − 1 − δG)2β

]
,

W2 =

√
1 +

1 − n + δG (2 + ∆G − n)
n2 − n − 2m

+

√
(n − 1) −

(n − 1) (n − 1 − ∆G)4α+2β (n2 − n − 2m)
4n2 (n − 1 − δG)2β+4α ,

W3 =

√
(n − 1)

[
(n − 1 − ∆G)4α+2β −

(n − 1 − δG)4α+2β (n2 − n − 2m)
4n2

]
,

W4 =

√
1 +

1 − n + δG (2 + ∆G − n)
n2 − n − 2m

+

√
(n − 1) −

(n − 1) (n − 1 − δG)4α+2β (n2 − n − 2m)
4n2 (n − 1 − ∆G)2β+4α ,

W5 =

√
(n − 1)

[
(n − 1 − δG)4α−2β −

(n − 1 − ∆G)4α−2β (n2 − n − 2m)
4n2

]
,

W6 =

√
1 +

1 − n + δG (2 + ∆G − n)
n2 − n − 2m

+

√
(n − 1) −

(n − 1) (n − 1 − ∆G)4α−2β (n2 − n − 2m)
4n2 (n − 1 − δG)4α−2β ,

W7 =

√
(n − 1)

[
(n − 1 − ∆G)4α−2β −

(n − 1 − δG)4α−2β (n2 − n − 2m)
4n2

]
,
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W8 =

√
1 +

1 − n + δG (2 + ∆G − n)
n2 − n − 2m

+

√
(n − 1) −

(n − 1) (n − 1 − δG)4α−2β (n2 − n − 2m)
4n2 (n − 1 − ∆G)4α−2β .

Proof. (1). Note that ∆
G

= n−1−δG and δ
G

= n−1−∆G. Using Part (2) of Lemma 4.1 on compliment
of a graph G, we see that

2 Q = 2
∑

1≤i< j≤n

(d
G

(vi) d
G

(v j))2α

(d
G

(vi) + d
G

(v j))2β ≤ 2
∑

wz∈E(G)

(∆
G

)4α

22β(δ
G

)2β

= 2
[((

n
2

)
− m

)
(n − 1 − δG)4α

22β(n − 1 − ∆G)2β

]
=

(n − 1 − δG)4α (n2 − n − 2m)
22β(n − 1 − ∆G)2β .

Similar to the proof of Theorem 4.6, we get

σ1 ≥
(δ
G

)2α(n2 − n − 2m)

n2β+1(∆
G

)β
=

(n − 1 − ∆G)2α (n2 − n − 2m)
n 2β+1 (n − 1 − δG)β

. (6.5)

Applying Cauchy-Schwartz inequality to obtain (
n∑

i=2
|σi|)2 ≤ (n − 1)

n∑
i=2
σ2

i . Therefore using Part (2)

of Lemma 4.1, (Eα, β(G) − σ1)2 ≤ (n − 1) (2Q − σ2
1).

(a). From Theorem 5.2, we see that

Eα, β(G) ≤
(n − 1)2α

2β

√2m − n + 1 +

√
2m(n − 1) −

R2
α(G)(n − 1)1−2β−4α

n2

 . (6.6)

If ∆G = n − 1 or ∆
G

= n − 1, then by using Inequality (6.2), we obtain

Eα, β(G) ≤ σ1 +

√
(n − 1) (2Q − σ2

1)

≤
(n(G1) − 1)2α√2e(G1) − n(G1) + 1

2β

+

√
(n − 1)

[
(n − 1 − δG)4α (n2 − n − 2m)

22β(n − 1 − ∆G)2β −
(n − 1 − ∆G)4α (n2 − n − 2m)2

n2 22β+2 (n − 1 − δG)2β

]
=

1
2β

[
(n(G1) − 1)2α

√
2e(G1) − n(G1) + 1 + W1

]
.

(6.7)

By adding Eqs. (6.6) and (6.7), we get the desired result.

(b). From proof of Theorem 5.2 (1), we see that

Eα, β(G) ≤
(n − 2)2α

2β

√2m − n + 1 +

√
2m (n − 1) −

Rα
2(G) (n − 1)

n2 (n − 2)2β+4α

 . (6.8)
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2408

If ∆G ≤ n − 2 and ∆
G
≤ n − 2, then using Lemma 4.4 and proof of Theorem 4.6, we get

Eα, β(G) ≤ σ1 +

√
(n − 1) (2Q − σ2

1)

≤
(n − 1 − δG)2α

2β(n − 1 − ∆G)β

√
(n2 − 2n − 2m + 1) + δG(2 + ∆G − n)

+

√
(n − 1)

[
(n − 1 − δG)4α (n2 − n − 2m)

22β(n − 1 − ∆G)2β −
(n − 1 − ∆G)4α (n2 − n − 2m)2

n2 22β+2 (n − 1 − δG)2β

]
=

(n − 1 − δG)2α
√

n2 − n − 2m
2β(n − 1 − ∆G)β

W2

(6.9)

The desired result is obtained by adding Eqs (6.8) and (6.9).
One can prove Parts (2) ∼ (4) similarly. �

Theorem 6.4. Let G = G(n,m,∆G, δG) be a connected graph and α, β are real numbers.

(1). If α, β ≥ 0 then

Eα, β(G) + Eα, β(G) ≥
21−β √m
(n − 1)β

+

√
2 (n2 − n − 2m) (n − 1 − ∆G)2α

2β (n − 1 − δG)β
.

(2). If α, β ≤ 0 then

Eα, β(G) + Eα, β(G) ≥ 21−β (n − 1)2α √m +

√
2 (n2 − n − 2m) (n − 1 − δG)2α

2β (n − 1 − ∆G)β
.

(3). If α ≥ 0 and β ≤ 0 then

Eα, β(G) + Eα, β(G) ≥ 21−β √m +

√
2 (n2 − n − 2m) (n − 1 − ∇G)2α−β

2β
.

(4). If α ≤ 0 and β ≥ 0 then

Eα, β(G) + Eα, β(G) ≥ 21−β (n − 1)2α−β √m +

√
2 (n2 − n − 2m) (n − 1 − δG)2α−β

2β
.

Proof. (1). From Theorem 5.2, we see that

Eα,β(G) ≥
21−β √m
(n − 1)β

. (6.10)

By Part (1) of Lemma 4.1, we have
n∑

i=1
σ2

i = −2
∑

1≤i< j≤n
σiσ j. Using Part (2) of Lemma 4.1, we obtain

(Eα,β(G))2 =

( n∑
i=1

|σi|

)2

=

n∑
i=1

σ2
i + 2

∑
1≤i< j≤n

|σi σ j| ≥ 2 Q + 2 |
∑

1≤i< j≤n

σi σ j| = 4 Q.
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We know that ∆
G

= n − 1 − δG and δ
G

= n − 1 − ∆G. Now

4 Q = 4
∑

1≤i< j≤n

(d
G

(vi) d
G

(v j))2α

(d
G

(vi) + d
G

(v j))2β ≥
∑

1≤i< j≤n

4(δ
G

)4α

22β(∆
G

)2β =
21−2β (n2 − n − 2m) (n − 1 − ∆G)4α

(n − 1 − δG)2β .

Hence

Eα,β(G) ≥
(n − 1 − ∆G)2α

√
2 (n2 − n − 2m)

2β (n − 1 − δG)β
. (6.11)

The result is obtained by adding Eqs (6.10) and (6.11).
Now using Theorem 5.2, one can prove Parts (2) ∼ (4) in a similar manner. �

7. Conclusions

We introduce generalized inverse sum indeg index and energy of graphs. Under certain conditions,
we discuss the monotonicity of generalized ISI index by adding edges to a graph. We find extremal
graphs with respect to generalized ISI index in class of trees, a class of connected graphs with smallest
degree 2 and a class of graphs with given independence number. Bounds on spectral radius and spread
of generalized ISI matrix are determined. We also find bounds on generalized ISI energy and Nordhaus-
Gaddum-type results for generalized inverse sum indeg index spectral radius and energy. In future, one
can find the extremal graphs with respect to generalized ISI index in class of trees, chemical trees,
unicyclic graphs, bicyclic graphs for general values of parameters α and β. One can also study the
spectral properties of graph operations with respect to generalized ISI matrix. Extremal graphs with
respect to generalized ISI energy in class of trees, chemical trees, unicyclic graphs and bicyclic graphs
can also be determined.
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