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Abstract: Let a, b and n be positive integers and S = {xy, ..., x,} be a set of n distinct positive integers.
The set S is called a divisor chain if there is a permutation o of {1, ..., n} such that x,()|...|xs,). We say
that the set S consists of two coprime divisor chains if we can partition S as § = §; U S,, where S
and S, are divisor chains and each element of S is coprime to each element of S ,. For any arithmetic
function f, we define the function f“ for any positive integer x by f“(x) := (f(x))*. The matrix (f“(S))
is the n X n matrix having f“ evaluated at the the greatest common divisor of x; and x; as its (i, j)-entry
and the matrix (f“[S]) is the n X n matrix having f evaluated at the least common multiple of x; and x;
as its (7, j)-entry. In this paper, when f is an integer-valued arithmetic function and S consists of two
coprime divisor chains with 1 ¢ S, we establish the divisibility theorems between the determinants of
the power matrices (f%(S)) and (f%(S)), between the determinants of the power matrices (f*[S]) and
(f?[S1) and between the determinants of the power matrices (f*(S)) and (f?[S]). Our results extend
Hong’s theorem obtained in 2003 and the theorem of Tan, Lin and Liu gotten in 2011.
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1. Introduction

We denote by (x,y) (resp. [x,y]) the greatest common divisor (resp. least common multiple) of any
given integers x and y. Let a,b and n be positive integers and § = {xi, ..., x,} be a set of n distinct
positive integers. Let f be an arithmetic function and we denote by (f(S)) (resp. (f[S])) the n X n
matrix having f evaluated at (x;, x;) (resp. [x;, x;]) as its (i, j)-entry. Particularly, the n X n matrix
(S = ((x;, x;)*), having the ath power (x;, x;)* as its (i, j) -entry, is called the ath power GCD matrix
on S. The n X n matrix [S“] = ([x;, x;]*), having the ath power [x;, x;]* as its (i, j)-entry, is called the
ath power LCM matrix on S. These are simply called the GCD matrix and LCM matrix respectively if
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a = 1. The set § is said to be factor closed (FC) if it contains every divisor of x for any x € §. The set
S is said to be ged closed (resp. lem closed) if for all i and j, (x;, x;) (resp. [x;, x;]) is in S. Evidently,
an FC set is gcd closed but not conversely. In 1875, Smith [33] published his famous theorem stating
that the determinant of the GCD matrix ($) defined on the set S = {1, ...,n} is the product [];_, ¢(k),
where ¢ is Euler’s totient function. Since then many interesting generalizations of Smith’s determinant
and related results have been published (see, for example, [1,3-32] and [34-42]).

Divisibility is an important topic in the field of power GCD matrices and power LCM matrices.
Bourque and Ligh [5] showed that if S is an FC set, then the GCD matrix (§) divides the LCM matrix
[S] in the ring M,,(Z) of n X n matrices over the set Z of integers. That is, there exists an A € M,(Z)
such that [S] = (S)A or [S] = A(S). Hong [19] showed that such factorization is no longer true in
general if S is gcd closed. Bourque and Ligh [8] extended their own result showing that if S is factor
closed, then the power GCD matrix (S ¢) divides the power LCM matrix [S “] in the ring M,,(Z). The set
S is called a divisor chain if there exists a permutation o on {1, ..., n} such that x,|...|X,(,. Obviously
a divisor chain is gcd closed but the converse is not true. For x,y € S, and x < y, if x|y and the
conditions x|d|y and d € S imply that d € {x, y}, then we say that x is a greatest-type divisor of y in §.
For x € §, we denote by Gy (x) the set of all greatest-type divisors of x in §. By [19], we know that
there is gcd-closed set S with max{IGS (X)|} = 2 such that ()" [S] ¢ M, (Z). In [26], Hong, Zhao

and Yin showed that if S is gcd closed and max {IGs (x)|} = 1, then the GCD matrix ($) divides the

LCM matrix [S] in M,(Z). In [20], Hong showed that (f(S)I(f[S]) holds in the ring M,,(Z) when S
is a divisor chain and f is an integer-valued multiplicative function satisfying that f(min(S))|f(x) for
any x € §.

Hong [22] initiated the investigation of divisibility among power GCD matrices and among power
LCM matrices. In fact, Hong [22] proved that the power GCD matrix (S¢) divides the power GCD
matrix (S?) if alb and S is a divisor chain. Hong also showed that the power LCM matrix [S¢] divides
the power LCM matrix [S”] if a|b and S is a divisor chain. But such factorizations are not true if a /b
and gcd(S) = 1 as well |S| > 2, where by |S| and gcd(S) we denote the cardinality of the set S and
the greatest common divisor of all the elements in S, respectively. We say that the set S consists of
two coprime divisor chains if we can partition S as § = §; U §,, where S, and S, are divisor chains
and each element of S is coprime to each element of S,. Later on, Hong’s results were extended by
Tan et al. These results confirm partially Conjectures 4.2-4.4 of [22]. It was proved in [36] that if a|b,
then (S9)|(S?), [S]I[S?] and (S9)|[S”] hold in the ring M, (Z) if and only if both xaya T and ﬁ’a‘: are
integers, where S = S| U S, with §; and S, being divisor chains and x = min(S;) and y = mm(S 2).
From this one can read that even though a|b and S consists of two coprime divisor chains, butif 1 ¢ S,
then the divisibility theorems among power GCD matrices and among power LCM matrices need not
always hold. Meanwhile, Tan, Lin and Liu found surprisingly that the divisibility theorems among
determinants of power GCD matrices and among determinants of power LCM matrices should always
hold. That is, they showed that if a|b and S consists of two coprime divisor chains as well 1 ¢ §, then
det(S )| det(S?), det[S ]| det[S”] and det(S )| det[S?].

The main aim of this paper is to generalize this interesting result to the matrices of the forms
det(f*(S)) and det(f“[S]), where the arithmetic function f“ is defined for any positive integer x by
f4(x) = (f(x))*. We will study the divisibility among det(£*(S)) and det(f*(S)) and among det(f*[S])
and det(f?[S]) when alb. We also investigate the divisibility among det(f(S¢)) and det(f(S”)) and
among det(f[S¢]) and det(f[S”]) when alb, where S¢ := {x%x € S} is the ath power set of S. In

AIMS Mathematics Volume 5, Issue 3, 1946-1959.



1948

particular, we show that if S consists of two coprime divisor chains with 1 ¢ S and f is an
integer-valued multiplicative function (see, for instance, [2]), then for any positive integer a, we have
det(f(S*))|det(f[S“]). But it is unclear whether or not the n X n matrix (f[S“]) is divisible by the
n X n matrix (f(S¢)) in the ring M,(Z) when S consists of two coprime divisor chains with 1 ¢ S and
f is integer-valued and multiplicative. This problem remains open. We guess that the answer to this
question is affirmative.

This paper is organized as follows. First of all, we recall in Section 2 Hong’s formulas for det(f(S))
and det(f[S]) when S is gcd closed, and then use them to give formulae for the determinants of matrices
associated with arithmetic functions on divisor chains. Consequently, in Section 3, we use these results
to derive the formulae for the determinants of matrices associated with arithmetic functions on two
coprime divisor chains. The final section is to present the main results and their proofs. Our results
extend Hong’s results [20,22] and the Tan-Lin-Liu results [36].

In the close future, we will explore the divisibility among the power matrices associated with
integer-valued arithmetic functions.

2. Determinants of matrices associated with arithmetic functions on divisor chains

In the present section, we provide formulas for the determinants of matrices associated with
arithmetic functions on divisor chains. For this purpose, we need the concept of greatest-type divisor
introduced by Hong in 1996 (see, for example, [16] and [17]). Notice that the concept of greatest-type
divisor played central roles in Hong’s solution [16, 17] to the Bourque-Ligh conjecture [5], in Cao’s
partial answer [9] to Hong’s conjecture [18] as well as in Li’s partial answer [28] to Hong’s
conjecture [21]. We begin with the following formulas due to Hong.

Lemma 2.1. ( [2]]) Let f be an arithmetic function and S be a gcd-closed set. Then

det(F$N =] | > =DM f(geds U (xh)

xeS JcGg(x)

and if f is multiplicative, then

(DY
det(f[S]) = i '
et(fIS]) Qf (x) chZS(x) f(ged(J U {x}))

We can now use Hong’s formulae to deduce the formulae for det(S “) and det[S “] when S is a divisor
chain.

Theorem 2.2. Let f be an arithmetic function and S = {xy, ..., x,} be a divisor chain such that x|...|x,
andn > 2. Then

det(f($)) = flxn) | | (G = fxi)
i=2

and if f is multiplicative, then
det(fIST) = (=1 fGx) | | (£ 0o = Fxion)),
i=2
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Proof. Since x;|x;|...|x,, we have Gg(x;) = ¢ and Gg(x;) = {x;_1} for 2 < i < n. Then Theorem 2.2
follows immediately from Lemma 2.1.
This completes the proof of Theorem 2.2. O

3. Determinants of matrices associated with arithmetic functions on two coprime divisor chains
In this section, we give the formulae calculating the determinants of matrices associated with

arithmetic functions on two coprime divisor chains.

Theorem 3.1. Let f be an arithmetic function and S = {X1, ..., Xps V15 o-es Y}, Where xi|...|xn, Vil...[ym
and gcd(x,,y,) = 1. Then

n—1 m—1
det(£($)) = (F)fon) = FON( | [Fan) = )| [F@ia = FO))
i=1 j=1
and if f is multiplicative, then
n—1 m—1
det(F1ST) =(=D"" o) Fom(Fenfon) = D( | [Fen = ren)(| [Fom - Fom).
i=1

J=1

Proof. Write §; := {xi,...,x;} and T := {yy, ..., y;} for all integers i and jwith1 <i<mand1 < j<m.
Then S =S5,UT,,.
Firstlet n = 1. Then

det(f(S)) = det(f (S U Ty))
S Ay M - f(1)
fay foo foo o fOD
=det| f(1) fO fO2) - fO2)
fy fon fOo2) - fOmw)

Let f(y;) = 0. If m = 1, then it is clear that
det(f($)) = fOx1)f(y) = f(1)?
as expected. If m > 2, then we can calculate that
det(f(S)) = —f(1)* det(f(T,n1)),

where T,,_1 := T, \ {y1}. If m = 2, then det(£(S)) = —f(1)>f(y,) since det(£(T))) = f(32). If m > 3,
then it follows from Theorem 2.2 that

m—1

det(f($)) = —f(1)’f(3) l—[(f(ym) - fOo)
=2

as desired.
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Now let f(y;) # 0. Then replacing the first row by the sum of itself and —% multiple of the second
row and using Theorem 2.2, one arrives at

2
fln) =555 0 0 - 0

J() fo foy - fO)
det(f(S5)) = det S fo fO2) - fO2)

J() fo fO2) - fOm)

£(1)?
d T,
f(yl)) et(f(T,))

1 2 m—1
Lo [ereon - s

j=

= (f(xl) -

(f(xl) -

m—1
= (Fefo) = FOD | [0 = £
j=1

as required. Thus the first formula of Theorem 3.1 is true whenn = 1.
Consequently, let n > 1. Then we deduce that

det(£(S)) =det(f(S, U T,))

S fx) oo f) fG fA) A - (D)
S f) - f) f)  fA)  fA) - f(D)

F) ) o ) fGan) fO) A e ()
det| fx) o) - fGu)  fGa) fAY A e f(D)

Q) ) D) o0 fo0 - fO)
O FQ) - Q) ) o0 fom) - o)
O FD) e D D) o) SO e fOm)

Replacing nth row by the sum of itself and (—1) multiple of (n — 1)th row gives us that

det(f(S))

Jx) fGx) - fln) f(x1) S fay - f(1)
fGx) fO) - f(x) f(x2) fay fay - f(

fGa) fl) - ) J(Xn-1) fay - f

=det 0 0 0 f(x,) — f(xu-1) 0 0 0
) Q) - fQ) ) fon foD - fon)
) Q) e FQ) ) fon fom) - fom)
) ) e fQ) A Fo) fO) - fOm)
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:(f(xn) - f(-xn—l)) det(f(Sn—l U Tm))
=(f(xn) = f-))(f (Xn-1) = f(X0-2)) - - . (f (x2) = f(x1)) det(f(S1 U T))

n—1 m—1

= f o) = FOD([ | (G0 = FG))([ | (FGs0) = £O1))

i=1 j=1

as desired. This concludes the proof of the first part of Theorem 3.1.
We are now in the position to show the second part of Theorem 3.1. Since f is multiplicative, one
has f(1) = 1 and

Sged(x;, x)) flem(x;, x;)) = f(x) f(x;).
It then follows that
1
(fI1SD = A-(5(5)) - A,

f
where
A = diag(f(xn), oo, f(X0), fF1)s o0 f )
is the (n + m) X (n + m) diagonal matrix with f(x), ..., f(x,), fO'1), ..., f(yn) as its diagonal elements.
Therefore

(15D = ([ Te)([ ] £00) der(565)).
i=1 j=1

By the first part of Theorem 3.1, one derives that
-1

1 1 1 7, 1 1 1 1
det(?(s)) :(f(xl)f(yl) _fz(l))'l;l(f(xm) ‘m)' AV _f<yj))

J

3

1l
—_

T (f) = FOe) T (700 - f0i0)

_1=Ffon i=1 . i
JOfOD)  fROL00) - 2D fGa)  fODS202) - P Om-)fOm)

So we obtain that

det(f18D) =([ [ ~e)([ [ F200)
i=1 J=1

n—1 m-1

% 1= f(x)fOn) ,1;11 (f(xi) - f(x,-+1)) FHI (f()’j) - f()’j+1))

FONfOD  fODLx) - PR f &) OO0 L Omet)f Om)

m—1

n—1
== 1" o) FomFGnfon = D( [ |G = fen)([ [Fos0 = £0:0)
i=1 j=1

as desired.
This ends the proof of Theorem 3.1. O
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4. Divisibility among determinants of power matrices associated with integer-valued arithmetic
functions

In this last section, we first study the divisibility among determinants of power matrices associated
with integer-valued arithmetic functions. We begin with the following result that is the first main result
of this section.

Theorem 4.1. Let f be an integer-valued arithmetic function and let a and b be positive integers
such that alb. Let S consist of two coprime divisor chains with 1 ¢ S. Then det(f*(S))| det(f*(S)).
Furthermore, if f is multiplicative, then det(f*[S ])| det(f*[S 1) and det(f(S))| det(f*[S]).

Proof. Since S consists of two coprime divisor chains and 1 ¢ §, without loss of any generality, we
may let S = {xy, ..., X4, V1, ..., Y}, Where xq]...|x,, y1|...[v» and ged(x,,, y,,) = 1. Then with f replaced by
f%and f*, Theorem 3.1 tells us that

det(£(S)) = (f*Cen)f*On) = F™)( ﬂ(f (xie1) = f*(x) ]_[(f“(y,+1) Fo),

j=1

det(£(S)) = (f*(xn)f" () = F™)( ]—[(f (xie1) = 1) ﬂ(f 0je1) = L°G)),

j=1

det(f“[ST) =(—1)’"+"_1f” C)f Om)f ) f ) = 1)

m—1

]_[(f (xie1) = f*(x) ]—[(f MESED))

and

m—1

n—1
det(F7[S 1) =(=1)""~" 0o P (e o0 = D( [ [ @) = PGn)( [P0 = £260)-
i=1 j=1

Now let det(f%(S)) = 0. Then f*(x;)f*(y;) — f(1)** = 0, or f%(x;s1) — f%(x;) = 0 for some integer i
with I <i<n-1,0r f“(y;+1) — f4y,)) = 0 for some integer j with 1 < j < m — 1. Since alb, one then
deduces that fb(xl)fb(yl) - f(D)?* =0, or fP(xi+1) — f2(x;) = 0 for some integer i with 1 <i <n—1,
or f(yj+1) = f2(y;)) = 0 for some integer j with 1 < j < m — 1. Thus det(f*(S)) = det(f’[S]) = 0
which infers that det(f(S))|det(f2(S)), det(f*[S 1) det(f°[S]) and det(f*(S))|det(f*[S]) as desired.
Likewise, if det(f*[S]) = 0, then we can deduce that det(f*[S]) = 0. Hence det(f“[S])| det(f*[S]) as
expected. So Theorem 4.1 holds in this case.

In what follows, we let det(f“(S)) # 0 and det(f“[S]) # 0. Since alb, we may let b = ka for some
integer k. Therefore

det(f°(S))
det(f*(5))
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n—1 m—1
(PP o0 = FAP TG Cin) = £ ED)( TS 0s00) = £10,)
p— = j:

- n—1 m—1
(FeCenfetn = FArPD( T i) = foean)( (0 £o))

n—1 _
(FCnfom = AP T - )T n (A i) = £407)))
= ]:

oo = £ T = ) T - 140,)

n—1

k
Z(f(xof(y e D) ] D™ ()

=1 i=1 t=1

k
DG yp) e 2

j=1 t=1

m—1

This implies that det(£¢(S))| det(f>(S)).
Similarly, if f is multiplicative and integer-valued, then one deduces that f(1) =1,

det(f’[S 1)
det(f“[S 1)

n—1 m—1
PO om0 G0 = DT @i = PED)TTS 050 = £76)
i= J=

= n—1 m—1
O fom o = DT @i = @) T 050 = f20)
i= J=

k n-1 k
= FOm (D Fanfon ) ([ ] Do ()
t=1

i=1 t=1
m—1 k
DG ) e Z
j=1 t=1
and

det(f’[S1)
det(f*(S))

n—1 m—1
P om0 60 = DTG = D) 050 = 170)
:(_1)m+n—1 % = /=

n—1 m—1
(FOnfeon = DTG = D) T 050 = 40)
= J=

k
=D 0o o) D Faenfonnt)
t=1

n-1 k m—

k
(f (i) f (H)“(x) Z( FO )0 pe-Day, ))
T

i=1 t= j=1 =1
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as one requires. Thus Theorem 4.1 is true if det(f*(S)) # 0 and det(f“[S]) # 0.
This finishes the proof of Theorem 4.1. O

We point out that the condition alb in Theorem 4.1 is not necessary as the following example
shows.

Example 4.1. (i). Let f(x) =x+1,a=2,b=5and S ={2,4,3}. Then a [b. Clearly, one has

9 9 4 243 243 32 ]

(fz(S)):[9 25 4 ]and(fS(S)):[243 3125 32
4 4 16 32 32 1024

So we can compute and get that
det(f2(S)) = 2048 and det(f°(S)) = 714182656.

Hence
det(f°(S))

det(f2(S))
That is, one has det( 2(S))| det(£3(S)).
(i1). Let f(x) = ¢(x),a=2,b =3 and S ={2,4,7}. Then a [b and

11 1 1 4 36
(902(5))—[1 4 1 },(soz[S])—[ 4 4 144]
11

36 36 144 36

= 348722 € Z.

and
1 8 216 ]

(¢3[S]):[ 8 8 1728
216 1728 216

One can easily calculate and obtain that

det(¢*(S)) = 105, det(¢?*[S]) = 15120 and det(¢’[S]) = 2600640.

fhus det(’[ST]) det(’[ST)
et(y _ et(y _
—det(goz(S ) = 24768 € Z and —det(goz[S]) =172 € Z.
In other words, we have det(¢?[S )| det(¢*[S ]) and det(¢*(S))| det(¢*[S]). o

It 1s also remarked that the condition that f is multiplicative in Theorem 4.1 is necessary as the
following example shows.

Example 4.2. Letting f(x) :=x+ 1,a:=1,b:=3and S :={2,4, 3} gives us that
33 2 3 5 7
fSH=13 5 2 [,(fISHh=5 5 13
2 2 4 7 13 4
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and
27 27 8 27 125 343
(f3(S)): 27 125 8 ,(f3[S]): 125 125 2197 |.
8 8 64 343 2197 64

So we obtain that det(£(S)) = 16,det(f[S]) = 118, det(f3(S)) = 163072 and det(f[S]) = 42578782.
Thus

det(f3(S)) B det(f3[S]) B 21289391 det(f3[S]) B 21289391
sy e Gey T 8 M ey © 0 e tL
So det(£(S )| det(£($)), det(f($)) Jdet(£[$]) and det(F[ST) fdet(fIS]. g

Subsequently, we explore the divisibility of determinants of the matrices associated to the integer-
valued multiplicative function on the power set S“. We present the second main result of this section
as follows.

Theorem 4.2. Let f be an integer-valued arithmetic function and let a and b be positive integers such
that alb. Let S consist of two coprime divisor chains with 1 € S. Then each of the following is true:

(). If f is multiplicative, then det(f(S¢))|det(f[S“]).

@(i). If f is completely multiplicative, then we have det(f(S%))|det(£(S?)), det(f[S])|det(f[S°])
and det(£(S))| det(f[S°]).

Moreover, there exist multiplicative functions f, positive integers a and b with alb and b > a,
and a set S consisting of two coprime divisor chains with 1 ¢ S, such that det(f(S)) 1 det(f(S?)),
det(f[S“]) 1 det(f[S"]) and det(f(S)) 1 det(f[S"]).

Proof. We begin with the proof of the first part of Theorem 4.2.

(i). Since S consists of two coprime divisor chains with 1 ¢ §, the power set S consists of two
coprime divisor chains with gcd(S¢) = 1 ¢ S“. Furthermore, since f is multiplicative, one has either
f()=0or f(1) = 1. If f(1) = 0, then f is the zero function and so one has det(f(S %)) = det(f[S“]) =
0. Thus det(f(S“))| det(f[S“]) as desired. Now let f(1) = 1. Then by Lemma 3.1, we have

(=)™ F) f () det(F(S9))

m—1

n—1
=D P O o0 = D([ [rei) = rem)([ [¢os - 709)
i=1

j=1

=det(f[S“D

However, since f is integer valued, one has f(x{)f(y:) € Z. Therefore the desired result
det(f(S))|det(f[S“]) follows. Part (i) is proved.

(i1). If f is complete multiplicative, then it is clear that f(x*) = f“(x) for any positive integers a and
x. So one has

(F(SD) = (f9SN, (FS") = (F/ SN, (FISD = (fIS]) and (FIS°]) = (f’[S].

Since alb and S consists of two coprime divisor chains with 1 ¢ §, it then follows from Theorem 4.1
that det( £4(S))| det(£(S)), det(f*[S )| det(f*[S]) and det(f*(S))|det(f*[S]). Thus the desired results
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det(£(S %) det(£(S?)), det(f[S“])| det(f[S*]) and det(f(S“))| det(f[S’]) follow immediately. Part (ii)
is proved.

Finally, we turn our attention to the proof of the second part of Theorem 4.2. Letting S := {2,4, 3}
and a := 2,b := 4 gives us that

2 21 4 4 1 16 16 1
S)=|2 4 1[,8>H=]4 16 1 [,(sH=]|16 256 1
113 1 1 9 1 1 81

and
2 4 6 4 16 36 16 256 1296
[S1=| 4 4 12 |,[S*]1=| 16 16 144 |,[S*]1=| 256 256 20736 |.
6 12 3 36 144 9 1296 20736 81
Therefore picking f = ¢ to be the Euler’s totient function tells us that

2 21 8 8 1
(f(SZ))=(so(S2))={2 8 1],(f(S4))=(90(S4))=[8 128 1 ]
1 1 6 1 1 54

and
2 8 12 8 128 432]

(f[SZ])=(90[SQ])={ 8§ 8 48],(f[54])=(90[54])=[128 128 6912
12 48 6 432 6912 54

So one deduces that
det(f(Sb)) B det(go(S“)) B 51720 B 8620

det(f(S%))  det(p(S2) 66 11
det(f[S?]) _ det(p[S*]) 357488640 1241280

¢Z,

det(f[S4])  det(¢[S2]) 3168 11
d
" det(f[S®]) _ det(p[S*]) 357488640 59581440 ‘7
det(f(S9))  det(p(S2)) 66 T
So det(£(S9) 1 det(£(S?)), det(f[S“]) 1 det(f[S*]) and det(£(S%)) 1 det(f[S”]) as desired.
This concludes the proof of Theorem 4.2. O

Remark 4.3. (i). If S consists of at least three coprime divisor chains, then the divisibility result in
Theorem 4.2 (i) may be false. For instance, letting S = {2,4,3,5} and a := 2 gives us that

221 1 2 8 12 40
28 1 1 8 8 48 160

2Ny 27y —
@EN=1 1 1 ¢ 1 |MESD=] 5 48 6 120
111 20 40 160 120 20

Hence
det(go[S2]) _ 148320

det(p(S2)) 107 L.
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That is, det(p(S?)) [det(¢[S?]).
On the other hand, the condition that f is multiplicative in Theorem 4.2 (i) is necessary. For
example, let f(x) ;== x+ 1 and S :={2,4,3},a := 1. Then f is not multiplicative and

det(fIS]) _ 59
defS)y ~ 8 £4

Hence det(f(S)) fdet(f[S]).
(i1). We remark that the condition a|b is not necessary for the divisibility result in Theorem 4.2 (ii).
For example, letting f(x) := x,S :={2,6,5},a :=2 and b := 5 gives us that

4 4 1 32 32 1
(52):[4 36 1 ],(55):[32 7776 1 ]
1 1 25 1 1 3125
4 36 100 32 7776 100000
[52]:{ 36 36 900],[55]:[ 7776 7776 24300000].

100 900 25 100000 24300000 3125

and

Then we compute and get that

5 5 5
det((S™)) = 244442 € Z, det(IS°D = 659993400 € Z and det((S 1)

det((S2)) det([S2]) (5D = 5939940600000 € Z.

It follows immediately that det((S?))| det((S>)), det([S])| det([S>]) and det((S?))| det([S 3]).
Acknowledgements

The authors would like to thank the anonymous referees for careful readings of the manuscript and
helpful comments. S.F. Hong was supported partially by National Science Foundation of China Grant
# 11771304.

Contflict of interest

We declare that we have no conflict of interest.

References

1. T. M. Apostol, Arithmetical properties of generalized Ramanujan Sums, Pacific J. Math., 41
(1972), 281-293.

2. T. M. Apostol, Introduction to analytic number theory, Springer-Verlag, New York, 1976.

3. S. Beslin and S. Ligh, Another generalisation of Smith’s determinant, Bull. Austral. Math. Soc.,
40 (1989), 413-415.

4. R. Bhatia, J. A. Dias da Silva, Infinite divisibility of GCD matrices, Amer. Math. Monthly, 115
(2008), 551-553.

AIMS Mathematics Volume 5, Issue 3, 1946-1959.



1958

10.

1.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

K. Bourque and S. Ligh, On GCD and LCM matrices, Linear Algebra Appl., 174 (1992), 65-74.

K. Bourque and S. Ligh, Matrices associated with arithmetical functions, Linear Multilinear
Algebra, 34 (1993), 261-267.

K. Bourque and S. Ligh, Matrices associated with classes of arithmetical functions, J. Number
Theory, 45 (1993), 367-376.

K. Bourque and S. Ligh, Matrices associated with classes of multiplicative functions, Linear
Algebra Appl., 216 (1995), 267-275.

W. Cao, On Hong’s conjecture for power LCM matrices, Czechoslovak Math. J., 57 (2007),
253-268.

P. Codeca and M. Nair, Calculating a determinant associated with multilplicative functions, Boll.
Unione Mat. Ital. Sez. B Artic. Ric. Mat., 8 (2002), 545-555.

W. D. Feng, S. F. Hong and J. R. Zhao, Divisibility properties of power LCM matrices by power
GCD matrices on gcd-closed sets, Discrete Math., 309 (2009), 2627-2639.

P. Haukkanen and 1. Korkee, Notes on the divisibility of GCD and LCM matrices, Int. J. Math.
Math. Sci., (2005), 925-935.

T. Hilberdink, Determinants of multiplicative Toeplitz matrices, Acta Arith., 125 (2006), 265-284.

S. A. Hong, S. N. Hu and Z. B. Lin, On a certain arithmetical determinant, Acta Math. Hungar.,
150 (2016), 372-382.

S. A. Hong and Z. B. Lin, New results on the value of a certain arithmetical determinant,
Publicationes Mathematicae Debrecen, 93 (2018), 171-187.

S. F. Hong, On Bourque-Ligh conjecture of LCM matrices, Adv. Math. (China), 25 (1996), 566—
568.

S. F. Hong, On the Bourque-Ligh conjecture of least common multiple matrices, J. Algebra, 218
(1999), 216-228.

S. F. Hong, Gced-closed sets and determinants of matrices associated with arithmetical functions,
Acta Arith., 101 (2002), 321-332.

S. F. Hong, On the factorization of LCM matrices on gcd-closed sets, Linear Algebra Appl., 345
(2002), 225-233.

S. F. Hong, Factorization of matrices associated with classes of arithmetical functions, Colloq.
Math., 98 (2003), 113-123.

S. F. Hong, Nonsingularity of matrices associated with classes of arithmetical functions, J. Algebra,

281 (2004), 1-14.

S. F. Hong, Divisibility properties of power GCD matrices and power LCM matrices, Linear
Algebra Appl., 428 (2008), 1001-1008.

S. F. Hong and K. S. Enoch Lee, Asymptotic behavior of eigenvalues of reciprocal power LCM
matrices, Glasgow Math. J., 50 (2008), 163-174.

S. F. Hong and R. Loewy, Asymptotic behavior of eigenvalues of greatest common divisor matrices,
Glasgow Math. J., 46 (2004), 551-569.

AIMS Mathematics Volume 5, Issue 3, 1946-1959.



1959

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.
40.

41.

42.

é% AIMS Press

S. F. Hong and R. Loewy, Asymptotic behavior of the smallest eigenvalue of matrices associated
with completely even functions (mod r), Int. J. Number Theory, 7 (2011), 1681-1704.

S. FE. Hong, J. R. Zhao and Y. Z. Yin, Divisibility properties of Smith matrices, Acta Arith., 132
(2008), 161-175.

I. Korkee and P. Haukkanen, On the divisibility of meet and join matrices, Linear Algebra Appl.,
429 (2008), 1929-1943.

M. Li, Notes on Hong’s conjectures of real number power LCM matrices, J. Algebra, 315 (2007),
654-664.

M. Li and Q. R. Tan, Divisibility of matrices associated with multiplicative functions, Discrete
Math., 311 (2011), 2276-2282.

Z.B. Lin and S. A. Hong, More on a certain arithmetical determinant, Bull. Aust. Math. Soc., 97
(2018), 15-25.

M. Mattila, On the eigenvalues of combined meet and join matrices, Linear Algebra Appl., 466
(2015), 1-20.

P. J. McCarthy, A generalization of Smith’s determinant, Can. Math. Bull., 29 (1986), 109-113.

H. J. S. Smith, On the value of a certain arithmetical determinant, Proc. London Math. Soc., 7
(1875), 208-213.

Q. R. Tan, Divisibility among power GCD matrices and among power LCM matrices on two
coprime divisor chains, Linear Multilinear Algebra, 58 (2010), 659-671.

Q. R. Tan and M. Li, Divisibility among power GCD matrices and among power LCM matrices on
finitely many coprime divisor chains, Linear Algebra Appl., 438 (2013), 1454—1466.

Q. R. Tan, Z. B. Lin and L. Liu, Divisibility among power GCD matrices and among power LCM
matrices on two coprime divisor chains II, Linear Multilinear Algebra, 59 (2011), 969-983.

Q. R. Tan, M. Luo and Z. B. Lin, Determinants and divisibility of power GCD and power LCM
matrices on finitely many coprime divisor chains, Appl. Math. Comput., 219 (2013), 8112-8120.

J. X. Wan, S. N. Hu and Q. R. Tan, New results on nonsingular power LCM matrices, Electron. J.
Linear Al., 27 (2014), 258.

A. Wintner, Diophantine approximations and Hilbert’s space, Am. J. Math., 66 (1944), 564.

J. Xu and M. Li, Divisibility among power GCD matrices and among power LCM matrices on
three coprime divisor chains, Linear Multilinear Algebra, 59 (2011), 773-788.

Y. Yamasaki, Arithmetical properties of multiple Ramanujan sums, Ramanujan J., 21 (2010),
241-261.

J. R. Zhao, Divisibility of power LCM matrices by power GCD matrices on gcd-closed sets, Linear
Multilinear Algebra, 62 (2014), 735-748.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

@ terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 3, 1946-1959.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Determinants of matrices associated with arithmetic functions on divisor chains
	Determinants of matrices associated with arithmetic functions on two coprime divisor chains
	Divisibility among determinants of power matrices associated with integer-valued arithmetic functions

