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1. Introduction

The classical beta function

B(61,6,) = ft51‘1(1 —0%7dt, (R(51) > 0, R(52) > 0) (1.1)
0
and its relation with well known gamma function is given by
I'(6DI(62)
L(6) +67)
The Gauss hypergeometric, confluent hypergeometric and Appell’s functions which are respectively
defined by(see [27])

B(61,02) = R(61) > 0,R(8,) > 0.

= (él)n(52)n Zn
F1(61,0,;03;2) = _— 1), 1.2
2F1(81,02;65;2) Z; G (<D (1.2)
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(61,62,65 € Cand 63 # 0,-1,-2,-3,--+),
and
> (62), 2"

2. (63)nﬂ’(|z| <D, (1.3)

191(02;0352) =

(52,53 eCando; #0,-1,-2,-3,--- )
The Appell’s series or bivariate hypergeometric series is defined by

O (0)men(02)(83),x™y"
Fi61, 62638550 = Y O (+5()2) T (14)
4)m+nttt-rt.

m,n=0

for all 61,0,,03,04 € C,04 #0,-1,-2,-3,---, |x[,pl <1< 1.
The integral representation of hypergeometric, confluent hypergeometric and Appell’s functions are
respectively defined by

CSe ) — ['(53) : =171 _ \&3=62=-1/1 _ =61
2F1(81,62363:2) = Fsme—g- fo 22711 = (1 - 2, (1.5)
(R(33) > R(82) > 0, |arg(l - 2)| < 7),
and
LS. _ r(53) : 62—171 _ p\03—62—1 zt
1162632 = [sE _52)f0 2711 = e, (1.6)

(%(53) > R(5,) > 0).

F1(51,52,53;54;X,y)
1
['(64) f s1-1 64—61—1 =5 -5
(1 =)7L = xt) %% (1 — yr)dht. (L.7)
GO Y

The k-gamma function, k-beta function and the k-Pochhammer symbol introduced and studied by Diaz
and Pariguan [5]. The integral representation of k-gamma function and k-beta function respectively
given by

T(2) = kﬁ‘lf(ﬁ) _ fﬁ‘le-fdz, R(z)> 0,k >0 (1.8)
0
1
Bi(x,y) = iftﬁ“(l — k', R(x) > 0, R(y) > 0. (1.9)
0
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Here, we recall the following relations (see [5]).

[ ()T k(y)

By(x,y) = Te+y) (1.10)
I'v(z + nk)
(@Dnx = o (1.11)
where (2),x = @)z +k)(z+2K) - - (z+ (- Dk); (2)ox=1andk >0
and
Z(a)n,kz—n, =(1-k)¥. (1.12)
=0 n.

These studies were followed by Mansour [16], Kokologiannaki [13], Krasniqi [14] and Merovci [17].
In 2012, Mubeen and Habibullah [18] defined the k-hypergeometric function as

(61)11 k(52)n k2"
2F (61,6363 2) Z o (1.13)
where 01, 0,,03 € Cand 03 # 0,—1,-2,--- and its integral representation is given by
SRR Ny —
kBy(62, 63 — 62)
! - s
xf 2711 - "1 — k) ¥, (1.14)
0
The k-Riemann-Liouville (R-L) fractional integral using k-gamma function introduced in [19]:
1 * (43
L fH)(x) = —f ((x — ¥ 'dt,k, @ € R*. (1.15)
( </ ) kI['v(@) Jo /

Later on Mubeen and Igbal [11] established the improved version of Gruss type inequalities by
utilizing k-fractional integrals. In [1], Agarwal et al. presented certain Hermite-Hadamard type
inequalities for generalized k-fractional integrals. Set et al. [29] presented an integral identity and
generalized Hermite—-Hadamard type inequalities for Riemann-Liouville fractional integral. Mubeen
et al. [24] established integral inequalities of Ostrowski type for k-fractional Riemann—Liouville
integrals. Recently, many researchers have introduced generalized version of k-fractional integrals
and investigated a large bulk of various inequalities via the said fractional integrals. The interesting
readers are referred to see the work of [9, 10, 26, 30]. Farid et al. [7] introduced Hadamard k-fractional
integrals. In [8] introduced Hadamard-type inequalities for k-fractional Riemann-Liouville integrals.
n [12, 31], the authors established certain inequalities by utilizing Hadamard-type inequalities for
k-fractional Riemann-Liouville integrals. In [25], Nisar et al. established certain Gronwall type
inequalities associated with Riemann-Liouville k- and Hadamard k-fractional derivatives and their
applications. In [25], they presented dependence solutions of certain k-fractional differential
equations of arbitrary real order with initial conditions. Recently, Samraiz et al. [28] defined an
extension of Hadamard k-fractional derivative and proved its various properties.
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The solution of some integral equations involving confluent k-hypergeometric functions and k-
analogue of Kummer’s first formula are given in [22,23]. While the k-hypergeometric and confluent
k-hypergeometric differential equations are introduced in [20]. In 2015, Mubeen et al. [21] introduced
k-Appell hypergeometric function as

- (61 )m+n,k(62)m,k(63)m,k Zrlnzg

F1x(61,02,03;04,21,22) = (1.16)
man=0 (54)m+n,k m '}’l '
for all 6y, 8,,05,04 € C,64 # 0,—1,-2,-3,---, max{|zy], |za]} < ﬁ and k > 0. Also, Mubeen et al.
defined its integral representation as
Fl,k(61’62,53;64;21,22)
1
1 a_y 401, _5 _%
= tx (1-p"x 1 —kz1t) % (1 —kzt) *dt, 1.17
KBL(6,.0, _61)0f (1-1 ( 211) "% ( 2af) (1.17)

(R(64) > R(61) > 0).
2. Extension of fractional derivative operator
In this section, we recall the following definition of fractional derivatives from and give a new

extension called Riemann-Liouville k-fractional derivative.

Definition 2.1. The well-known R-L fractional derivative of order u is defined by

1 X
U = s fo SO = 07 de, R < 0. @.1)

For the case m — 1 < R(u) < m where m = 1,2, - -, it follows

dm
Vi) = o )
= d” 1 ' _ p\—utm—1
= dxm{F(—u+m) fo FOx = mtdr). (2.2)

For further study and applications, we refer the readers to the work of [2—4,15,32]. In the following,
we define Riemann-Liouville k-fractional derivative of order u as

Definition 2.2.
1 * U
DU = (s f FO(x — 5 Ldr, R(u) < 0,k € R*. (2.3)
- 0
For the case m — 1 < R(u) < m wherem = 1,2, -- -, it follows
dm
DU =~ D)
dm 1 x u
T dxm {ka(—ll + mk) ﬁ JOx - l)_wm_ldt}. (24
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Note that for k = 1, definition 2.2 reduces to the classical R-L fractional derivative operator given
in definition 2.1.

Now, we are ready to prove some theorems by using the new definition 2.2.
Theorem 1. The following formula holds true,

K
k

17 <
kDi{zx} = Bix(n +k, —p), R(p) < 0. (2.5)
D (=)
Proof. From (2.3), we have
1 1 ¢ U “
Dz} = f te(z— 1) & dt. (2.6)
S k[k(—=1) Jo
Substituting ¢ = uz in (2.6), we get
(et : f%f( Y1 2
Zkp = uz)*(z — uz zdu
s KI'k(—=1) Jo
U] 1
Tk n _H_q
= ux(1 —u) ¥ du.
kI'k(—=1) Jo
Applying definition (1.9) to the above equation, we get the desired result. O

Theorem 2. Let R (u) > 0 and suppose that the function f(z) is analytic at the origin with its Maclaurin
expansion given by f(2) = Y.~ a,Z" where |z| < p for some p € R*. Then

DAY = D an ). 2.7)

n=0

Proof. Using the series expansion of the function f(z) in (2.3) gives

[0e]

1 : .
D@ = R fo D ant" =07 dr.
n=0

As the series is uniformly convergent on any closed disk centered at the origin with its radius smaller
then p, therefore the series so does on the line segment from 0 to a fixed z for |z| < p. Thus it guarantee
terms by terms integration as follows

= 1 ¢ /1
DS} = an f M(z—10) " dt
e ;{meo
= ) an®),
n=0
which is the required proof. O

Theorem 3. The following result holds true:

_ rk(n)Z’ﬁ—l
[ (u)

DTz (1 - kz)"F} o F 1,k(ﬂ, ;1 z), (2.8)
where R(u) > R(n) > 0and |z| < 1.
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Proof. By direct calculation, we have
B
D -k E) = f — kb -0
* krk(u n)
- 2 [ —wta - e
k[w(ue — 1) b4

Substituting ¢ = zu in the above equation, we get

£k 1

D1 k)R = | Wb = kug) R (- 0T 2du

k(e — 1)
Applying (1.14) and after simplification we get the required proof.

Theorem 4. The following result holds true:

Fk(ﬂ) “_
rk(/l)

where R(u) > R(n) > 0, R(a) > 0, R(B) > 0, max{|azl, |bz|} < ﬁ

kDZ"‘{zk '(1 = kaz) k(1 — kb )"}

Proof. To prove (2.9), we use the power series expansion

m b n
(1 - kaay H(1 -2 E = Y Z<a>mk</3)nk(“Z) Ll

m=0 n=0

Now, applying Theorem 1, we obtain

DT HZEL(1 = kaz) E(1 — kbz) ¥
(a)'" (b)"

k@f] y{ "+m+n l}

(@ mxBnx—

NgE
e 1 3

3
Il
<

(a)m (b)n ,Bk(U + mk + nk, M= n) “+m+n 1
( )m k(ﬁ)nk I l—-k(lJ 77)

(@) (b)Y Tu(y + mk +nk) w, . |
(@ mkBhni= =0 To(u + mk + k) '

P1e 1DV

i
[
3
Il
(=]

In view of (1.16), we get

k(77) C.

DI H2E (1~ kag) E(1 - kbo) k) = 'F1i(n, . B s az, bz).

Iﬂk(ﬂ)

Theorem S. The following Mellin transform formula holds true:

I'(s) e
e )Bk(n+k —)z

M{e ™\ DH(z¥); 5 =

where R(n) > —1, R(u) < 0, R(s) > 0.

'F i, . Bs s az. bz),

(2.9)

(2.10)
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Proof. Applying the Mellin transform on definition (2.3), we have

M{e” @*‘(z’%) }: f e DA s}
krk(—u) f ACRUAR L

Tk n t H
= xs_le_"ftk(l——)_k_ldtdx
ka(—u)fo { 0 Z }

00

Lo 1
K s=1 —x f 1 —E-1
= xe uk(l —u) " dupdx
kl'w(—1) Jo { 0 }

Interchanging the order of integrations in above equation, we get

M{ D“(zk) } ka(— )f uk(l—u) (jomxs_le_)‘dx)du.

r k(1 - -1

T (S)f (L
I'(s)

= B K,
(D) k(1 +k, —p)z

which completes the proof. O

-k
k

Theorem 6. The following Mellin transform formula holds true:
ZKI(s)
Le(=)
where R(a) >0, R(u) <0, R(s) >0, and |z] < 1.

M{e™  DH(1 - ke) 6); s} = Bu(k, ~1) o F1 (@, k; =1 + K3 2), (2.11)

Proof. Using the power series for (1 — kz)~¥ and applying Theorem 5 with i = nk, we can write

Mo (1t is) = 7 D prfemr oo
n=0

_ T @
= T Z Bk + k, ~0)2

B I(s)7 % (a )nkz
e ZBk( e

[

et 3 D@
(=4 +k+nk) n!

n=0

_ F(S) % Z (k)nk (a’)n,kzn
(

Ti(—p + k) k) U+ k) n!
[(s)z &
= Too Bl 2P iaan k= + ki),
which is the required proof. O
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Theorem 7. The following result holds true:

K1 o ) Zn
U Pe o -~ Wk g 0y K, 1 — 1), 2.12
DI EL ()] krkw—m;rk(ym 57 B+ k=) (2.12)

where y,6,u € C, R(p) > 0, R(g) > 0, R(u) > R(n) > 0 and E’li%é(z) is k-Mittag-Leffler function
(see [6]) defined as:

- (/'[)nk Zn
E! = _— 2.13
ko2 ”Z:; [(yn + 6) n! (13)
Proof. Using (2.13), the left-hand side of (2.12) can be written as
n-u| L1 g _ aiuf -1 O (W z
el [zk Ek’y’é(z)] = D] [Zk {; Tlyn + o) n! }]

By Theorem 2, we have

[

(W) x {kD’Z‘[ZgJ'"_]“-

onH| i1 gt —
ke [Z k’%‘s(Z)] = I'e(yn +90)

In view of Theorem 1, we get the required proof. O

Theorem 8. The following result holds true:

{ , (@is A 1ms Zxﬁ_l
kbg_’u ZE_I m¥n |z ==~
kI (u —
(ﬂj, Bj)l,n; K =m)
o [12, T(e; + An) 7"
X 0 By(n + nk,u —n)—, (2.14)

where R(p) > 0, R(g) > 0, R(u) > R(1) > 0 and ,,¥,(2) is the Fox-Wright function defined by
(see [15], pages 56-58)

(ai’ Ai)l ms o0 m
| — T + A; n
n¥a(0) = it AE r(a Bn) =. (2.15)
(ﬁj, Bj)l,n; n=0 J=1 (ﬂj +bnn
Proof. Applying Theorem 1 and followed the same procedure used in Theorem 7, we get the desired
result. °

3. Concluding remarks

Recently, many researchers have introduced various generalizations of fractional integrals and
derivatives. In this line, we have established a k-fractional derivative and its various properties. If we
letting k — 1 then all the results established in this paper will reduce to the results related to the
classical Reimann-Liouville fractional derivative operator.
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