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1. Introduction

The integer sequence (u,),>o 1s said to be a Lucas sequence of first kind if there exist non zero
integers A and B such that u,,, = Au,,; + Bu,, n > 0 with initials uy = 0 and #; = 1. Since the last
few decades, researchers keep a constant interest in this sequence and have been placed their results
to many modern sciences. Lucas sequence of the first kind comprises many sequences, like Fibonacci
numbers, Pell numbers, balancing numbers, Jacobsthal numbers etc. that always make a constant
attraction to the recent researchers. In one of the communicated papers of the authors, the Lucas first
kind p-numbers L, () is defined by the recurrence relation

Ly(p)=aLly,(j=D+DL,(j-p-1, j=z(p+1 (1.1)

with initials L,(j) = a/~!, for j = 1,2,...,p and L,(0) = 0, where p is taken as non-negative integer
and the coefficients a and b are non zero integers. For p = 1, (1.1) reduces to the recurrence relation of
the Lucas first kind numbers.

A new generalization of the Fibonacci sequence based on its generating function is the convolved
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Fibonacci numbers F 5.') that have been studied in several manner (for e.g. [3, 5, 7]) and are defined by
(Il—t="= Y F0d, rez’,
=0

Nowadays it is the most challenging task for the authors to investigate several properties of number and
polynomial sequences in a matrix way. Determinantal and permanental representations of numbers,
polynomials and functions play a crucial role in many areas of mathematics. Sahin and Ramirez [6]
introduced the convolved generalized Lucas polynomials F' ;rzl /(%) and are defined by

g0 = (1= px) = q) " = Y FU (), rezt,
j=0

where p(x) and g(x) are polynomials coefficient. They derived several identities using the matrix
representations of F ;r,;j(x) with real and imaginary entries.

In this article, we generalize Sahin and Ramirez paper by introducing convolved (u, v)-Lucas first
kind p-polynomials. Based on determinantal and permanental representations, some similar type
identities of [6] are studied for these polynomials using different proof methods.

2. Convolved (u, v)-Lucas first kind p-polynomials

In this section the (u,v)-Lucas first kind p-polynomials and convolved (u, v)-Lucas first kind p-
polynomials are defined. Using some results of convolved (u, v)-Lucas first kind p-polynomials the
recurrence relation of these polynomials is also established.

Definition 2.1. Let p be any non negative integer and u(x) and v(x) are polynomials with real
coefficients. The (u,v)-Lucas first kind p-polynomials {L! ’w.(x)} jen are defined by the recurrence
relation

L, (x)= u(x)L? (0 + v(x)L! 1 (0 (2.1)
with initials LZV’O(x) =0 and Liv,j(x) =uw ' x)forj=1,...,p.

It is noticed that, when we consider u(x) = ax and v(x) = b, equation (2.1) reduced to Lucas first
kind p-polynomials {L, ;(x)} with initial values L, (x) = 0 and L, ;(x) = (ax)’~! for j = 1,2,..., p.
If g (¢) is the generating function of LZ vt (x), then it can be easily seen that

1
1 — u(x)t — v(x)er*!”

g = ) L0, (0 =
j=0

By virtue of the gnerating function g, ,(7), the convolved (u, v)-Lucas first kind p-polynomials can be
defined as follows.

Definition 2.2. The convolved (u,v)-Lucas first kind p-polynomials {Lif v’fj).(x)} jen for p > 1 are defined
by

gri0 =" L (o = (1 - u(x)t — vy, re Z* 2.2)
=0
where u(x) and v(x) are polynomials with real coefficients.
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From equation (2.2), we have

(o)

(p.r) j
Z Lul,)vi/'+1 (X)l’j

=0

Il

Me 1D 1M
‘A
A

(_.r )(—t)j (u(x) + v(0)t"y

~

5 . j ] .
r,|J t (ch)u/ k()P
k=0
(r) j—pk

w/ = PEORGOWR o).
. (J—(p+ Di)'k!
=0 k=0

Here we conclude that

L357)

Jr (r) j—pk i—(p+
L= 2 G om0, 23

Using (2.3), we yield convolved (u, v)-Lucas first kind p-polynomials L ’r).(x) for j=0,1,2,3,4,5,

u\v,j

and 6 with different (p, r) values, which are listed in both Table 1 and Table 2.

Table 1. Convolved (u, v)-Lucas first kind p-polynomials.

Jj (p,r)=(1,3) (p.r)=(2,3) (p,r)=(@3,3) (p,r)=(4,3)
01 1 1 1
1 3u(x) 3u(x) 3u(x) 3u(x)
2 6u*(x) + 3v(x) 6u*(x) 61 (x) 612 (x)
3 10 (x) + R2u(x)v(x) 101’ (x) + 3v(x) 103 (x) 1013 (x)
4 15u*(x) +  15u*(%) + 12u(x)v(x) 15u*(x) + 3v(x) 15u*(x)
3002 (x)v(x) + 6V (x)
5 21w’ (x) + 21 (%) + 30u2(0)v(x)  21w(x) + 12u(x)v(x) 21w’ (x) + 3v(x)
601> (x)v(x) +
30u(x)v?(x)
6 28ub(x) +  28ul(x) + 28u®(x) + 30u2(x)v(x)  28ub(x) + 12u(x)v(x)
105u*(x)v(x) + 601’ (x)v(x) + 6V3(x)
90u? (x)v*(x) + 10v3(x)
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Table 2. Convolved (u, v)-Lucas first kind p-polynomials.

Jj (p,r)=(1,4) (p.r) =(2,4) (p.r)=@3,4) (p,r) =“4)
01 1 1 1
1 4u(x) 4u(x) 4u(x) du(x)
2 10u2(x) + 4v(x) 10u?(x) 10u?(x) 10u?(x)
3 20w (x) + 20u(x)v(x) 201’ (x) + 4v(x) 20u3 (x) 2013 (x)
4 35u*(x) + 35u*(x) + 20u(x)v(x)  35u(x) + 4v(x) 35u*(x)
6012 (x)v(x) + 10v*(x)
5 56u°(x) +  561°(x) + 60u2(x)v(x) 5611 (x) + 20u(x)v(x)  56u(x) + 4v(x)
14013 (x)v(x) +
60u(x)v?(x)
6 84us(x) +  84ul(x) + 84ub(x) + 6012 (x)v(x)  84ub(x) + 20u(x)v(x)
280u* (x)v(x) + 14013 (x)v(x)+ 10v*(x)
210u*(x)v*(x) +
2013 (x)

Using the definition of convolved (u, v)-Lucas first kind p-polynomials the following results can be
easily verified.

Lemma 2.3. The following relations holds for convolved (u, v)-Lucas first kind p-polynomials
(i) L)) = ru(x);
(ii) L, (0) = uC)LP" (o) + v LD () + L), j = 2;

u,v,j u,v,j—p u,v,j+1
(iii) JLL), () = rlu)LE V() + (p+ DL D ()], j = 1.

Now we are in a position to find the recurrence relation of the convolved (u, v)-Lucas first kind
p-polynomials.

Theorem 2.4. The recurrence relation of the convolved (u,v)-Lucas first kind p-polynomials

{Lg’ ;’r;(x)}jeN obey the second order recurrence relation

prDrtj=p= L o0 (o, 2.4)

u,v,j—p

+j7-1
L) (0 = L w0 L") +
J

u,v, j+ u,v,j
with initials L(uf’v’ff(x) =1and L;{’v’,r,zﬂ(x) = ]—[lj‘-=1 (%u(x))for k=1,2,...,p—1.
Proof. From relation (iii) of Lemma 2.3, we have

JLPD () = (ru(ot + (p + Drv) LD ().

u,v, j+ v, j+1
Multiplying (1 — u(x)t — v(x)t”*!) on both the sides yields
JLED ) = u(x)(i = DL = v —p— DL (%)
= ru(x)L""(x) + (p + Drv() L (x).

Further simplification gives
L) = (4 j= DuLL ) + (p + Dr + j = p = L)) (0,

uv,j u,v,j u,v,j—p

and the result follows. m|
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3. Determinantal representations of convolved (u, v)-Lucas first kind p-polynomials

In this section we consider various Hessenberg matrices with some adjustable real or imaginary
entries. Based upon these matrices we establish some results involving determinantal representations
of convolved (u, v)-Lucas first kind p-polynomials.

The following result is useful while proving the subsequent theorems.

Lemma 3.1. [1] Let A; = (a;) ixj with 1 < i,/ < j be the lower Hessenberg matrix for all j > 1 and
define det(A() = 1. Then, det(A,) = a;; and for j > 2

j-1 j-1
det(A)) = ajidet(Aj-1) + ) [(=1)"ay( [ | ais)der(Ar)].
=1 i=l

Theorem 3.2. Let F"") = (f,,) be j X j Hessenberg matrix defined as

u,v,j

==tu(), ift=s;
P CEL ()@, if s 1= p;
S ift—s=1;
0, otherwise,
that is, Fff’vrj) =
[ ru(x) i 0 0 0
0 %u(x) 0 0 0
0 0 g i 0,
rv(x)(1)? 0 0 %u(x) 0
0 0 . ERERE(x)) . 0 0 ... Zu)
wherei = V—1. Then
det(F"") = L (x). (3.1)

Proof. Using induction on j, the result is clearly holds for j = 1 by (2.4). Assume that the result is true
for all positive integers less than or equal to j — 1, i.e. det(F ip vrj)) = LE{” ‘rj) ,,(x). By virtue of Lemma 3.1
and the relation (2.4), we have

j j
det(Fl(fv”r;H) = fj+1’j+1det(F,(fv’3) + Z [(D frna n fs,s+1)d€t(FL(,{7v’;)_1 |
t=1 s=t
r+j Jj—=p ' J
- = lu(x)dez(Fffv{}) Y | | frser)ded(FED D]
t=1 s=t
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J
D frnjpna( [ | Frse)ded B
s=j-p+1
J ‘ j
+ D AEYT | ] fse)ded )]
t=j-p+2 s=t
r+j

, . ;
(p.r) o+ Dr—p+j ' ' -
I 1M(X)det(Fu,v,j) + (=17 i v(x)(l)p( l_[ l)det(Fu,v,j—p)

s=j-p+1

r+juuyme@”)+(—nP

(p+Dr-p+j
j+1 wn '

+1

r+j , (p+Dr—-p+j
2 yL?) (o + LT P
J+1 J

u,v,j

V(X)) @) det(FP_ )

U, j=p

v L (x)

+1 u,v,j—p+1

(p.r)
Lu,v,j+2(x)'

This completes the proof. O

Theorem 3.3. Let D" = (d,;) be j X j Hessenberg matrix defined as

u,v,j

that is,

Then

D(PJ) —_—

u,v,j

[ru(x)

rv(x)

Fe=tu(x), ift=s;
g @), i s == p;
-, ift—s=1;
0, otherwise,
-1 0 0 0
%u(x) 0 0 0
0 a1 0
0 0 %u(x) 0
0 .. R 0 0 ... Zu)
det(DY) = L (x). (3.2)

Proof. The proof is analogous to the proof of Theorem 3.2.

To better understand the above theorems, let us consider the following examples.

Example 3.4. We calculate the polynomial Lr" () with (p,r) = (2,4) and j = 6 by using
Theorem 3.2.

AIMS Mathematics
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[ 4u(x) i 0 0 0 0
0 %u(x) I 0 0 0
—4v(x) 0 2u(x) i 0 0
@.4)
Lago=det) "o by 00 i i 0
0 0 _va(x) 0 %u(x) i
0 0 0 %Sv(x) 0 %u(x) Jexs

= 84u8(x) + 140u> (xX)v(x) + 10v*(x).

Example 3.5. We calculate the polynomial Lff vrj)+1(x) with (p,r) = (3,4) and j = 5 by using
Theorem 3.3.
4u(x) -1 0 0
0 %u(x) -1 0
L>%(x) = det| 0 0  2u(x) -1
4v(x) 0 0 %u(x) -1
0 15—7v(x) 0 0 %u(x) s

S O O

= 561°(x) + 20u(x)v(x).
4. Permanental representations of convolved (i, v)-Lucas first kind p-polynomials

In this section we consider various Hessenberg matrices and upon these matrices we establish
some results involving permanental representations of convolved (u,v)-Lucas first kind
p-polynomials. Moreover, we consider some non-singular matrices and establish the first column of
inverse of these matrices is written in convolved (u, v)-Lucas first kind p-polynomials.

The following result is useful while proving the subsequent theorems.

Lemma 4.1. [4] Let A; = (au);,; with 1 < i,] < j be the lower Hessenberg matrix for all j > 1, and
define per(Ay) = 1. Then per(A;) = a1, and for j > 2,

— ] 1

Pe’”(AJ) = aj]per(Aj 1)+ Z (a]l a;ir1per(Air)).
=1 i=l

Theorem 4.2. Let G = (g,,) be j X j Hessenberg matrix, given by

u,v,j

r+s—1 . — e
Ly (), ift=s
B (06, if s~ 1= p:
8st = . .
* —i, ift—s=1;
0, otherwise,

AIMS Mathematics Volume 5, Issue 3, 1843—-1855.
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that is, GP" =

u,v,j

[ ru(x)

0

0
PRy

where i = V—1. Then

... 0 0 ... 0
2 u(x) e 0 0 e 0
rﬂ; L u(x) —i 0 ,
0 ;:’17 u(x) 0
Ry St (6910 LR U 0 = u())

per(G(p r)) L(P ")+1(x).

u,v,j u,v,j

4.1)

Proof. By the induction on j the result is true for j = 1. Let us consider the result is true for all positive

integers less than or equal to j — 1, i.e. per(G

per(G(p )

u,v,j

(p, r)) — 1P

u,v,j u,v,j

J Jj
gj+1,j+1l9€”(G(upvr])) + Z (@js1s l—[ assi1per(Giy))

r+j ,
—lu(x)per(GI) + Z (@jer n ag1per(Gp1))
j

+ajjopn ]—[ (=i)per(Gj) + Z (@1, | [ @ssriper@,)

s=j—p+1 t=j-p+2 s=t
+ 7 ; (p+Dr—p+j . .
—uper(GL) + T E w0 (i) per(G )
r+ (p,r) (p + l)r P + .] (p.r)
u( )Luv1+l( ) i+ 1 ( )Luvj p+1('x)’

which is true by (2.4). This hence the proof.

Theorem 4.3. Let H(p ) = = (hy) be j X j Hessenberg matrix, given by

AIMS Mathematics

r+s—1 . — e
= u(x), ift=s;
L), i s == p;
t = .
Y, ift—s=1;
0, otherwise,

-.1(x). Then by using Lemma 4.1, we have
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that is,
[ ru(x) 1 . 0 0 . 0
0 Zu(x) . 0 0o ... 0
H" =| 0 0 P u(x) o0
rv(x) 0 . 0 ﬁu(x) . 0
6 0 (p+Dr—p+j-1 . i r+j—].
| cen fV(X) e 0 0 cee TM(X)_
Then
per(H") = LI (x). (4.2)

Proof. The proof is analogous to the proof of Theorem 4.2.

To better understand the above theorems, let us consider the following examples.

Example 4.4. We calculate the polynomial Lftp " (%) for(p,r) = (4,3)and j = 5 by using Theorem 4.2.

V. j+l

Bu(x) —i 0 0 0
0  2ulx) —i 0 0
L)(x) = per| 0 0 3u(x) -i 0

0 0 0 %u(x) —1
3v(x) 0 0 0 %u(x) s

5
= Z l—[ Qi o) = A11022033044055 + A1202303404505]
oess i=1

216’ (x) + 3v(x).

Example 4.5. We calculate the polynomial L;{’v’,r; () with (p,r) = (3,3) and j = 4 by using
Theorem 4.3.

[3u(x) 1 0 0
0  2u(x) 1 0

Gy —

Lust=rerl g0 suw 1

| 3v(x) 0 0 %u(x) i

4

§ 1_ Qi) = 11022033044 + 41202303404
oesy i=1

15u*(x) + 3v(x).

At the end of this section, we present two important results concerning convolved (u, v)-Lucas first
kind p-polynomials. We omit the proofs of these results because they are similar to the methods which
are adopted in Theorem 9 of [6].

AIMS Mathematics Volume 5, Issue 3, 1843—1855.
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Theorem 4.6. Let F7"  be the (j + 1) — by — (j + 1) non singular matrix given by

u,v,j+1

1 0 0 ... 0 O

F(p,r). = F(PJ) ol,

uv, j+1 uv,j

where F,(f’vrj) is the Hessenberg matrix of order j defined in Theorem 3.2. Then the first column of
(1’3‘(1”r)+1)_1 is

u,v,j
L(PJ) (X)

u,v,1

iL(P,r) (X)

u,v,2

-i—1 7 (p.r)
i’ Lu’v’ j(x)

i1 7 (p.r)
,lj Lu,v,j+1 (X)_

where i = V-1 and L(u’f V’fj).(x) is the convolved (u,v)-Lucas first kind p-polynomials.

Theorem 4.7. Let D" be the (j + 1) — by — (j + 1) non singular matrix given by

u,v,j+1

1 0 0 ... 0 O]

AP , )

Du,v,j+1 - fovfj) 0],
0
1]

where fo vrj) is the Hessenberg matrix of order j defined in Theorem 3.3. Then the first column of
D(PJ) -1
( L) s

u,v,j
[ L(PJ)(X) )

u,v,1

L(PJ) (X)

u,v,2

Ly ()
»_L(PJ‘{ ()C)_

u,v,j+1

where Lﬁf v’f;(x) is the convolved (u,v)-Lucas first kind p-polynomials.

In order to verify these theorems, we need the following results of [2]. The first result is
Fa+ fej =0, 4.3)
which is obtained from F - F~! = I;,, and the second result is
det(F) = (1) f - det(F), (4.4)
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where
[ f fiz 0
f21 f22 f23
F=| @ i
Jo-m So-e S-s
/R - i
1 0 0 0
Jfu Ji2 0 0
£o f%l f.zz f%3 0
Jo-vr Ji-n2 Sg-ns Ji-nj
L o T I Jii

0
0
f(/ Dj
fii
o
0
0 el 0
_ 1
= [F ej]and
1)

Fl = [; ,BLT] with @, L, f and 87 are of order j X j, jX j, 1 x 1 and 1 X j respectively.

Example 4.8. We verify the Theorem 4.6 by taking (p,r) = (2,3)and j =5

1 0 0 0 0 O]
3u(x) i 0 0 0 O
F(z 3) _ 0 2I/£(X) l 0 0 0
w6 T =3p(x) 0 Zu(x) i 0 o
0 Zvx 0  Zux i 0
0 0 v 0  Zux L
Let us consider
~ L]
723 [[01 xi [Lljx; ] .
( ‘”6) [flixi (B ix
Using (4.4), we have
dei(F,3) = (<1f - det(F,50),
and further applying (3.1), we get
f ==L,
Using (4.3), we get
0 0 1
0 0 3u(x)
a=FENLEYN[0| =adjFE)|0] = P6u?(x)
0 0 P[10u3(x) + 3v(x)]
1 1 *[15u*(x) + 12u(x)v(x)]

AIMS Mathematics
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Hence by Table 1, it is verified that the first column of (F @ 3))

[ L% (x) ]

u,v,1

iL®)(x)

uv2
23)
[a] ng |
ALy
4Lu v, S(X)

6 @)
L Luv6(x)

Example 4.9. We verify the Theorem 4.7 by taking (p,r) = (4,3) and j =5

1 0 0 0 0 O]
Bu(x) -1 0 0 0 O
B _ 0 2ux) -1 0 0 O
wrb Q) 0 3ux -1 0 Of
0 0 0 2ux) -1 0
| 3v(x) 0 0 0 %u(x) 1]
Let us consider
_ L]x;
D(4 Jx1 [ JXj .
( ) [[d]lxl [IBT]lxj
Using (4.4), we have
det(DEY)) = (=1)°d - det(D'"Y),
and further applying (3.2), we get
~L ().
u,v,6
Using (4.3), we get
0 0 1
0 0 3u(x)
= (D) L |0f = adj(Di) |0 =] 6w ()
0 0 10u3(x)
1 1 15u*(x)

Hence by Table 1, it is verified that the first column of (Dgfg)_l is

L4900 ]

uvl

L(4 )( )

uv2
m_ %ﬁ)
Wm

LE)(x)

~L )

u,v,6

AIMS Mathematics Volume 5, Issue 3, 1843—-1855.



1855

Contflict of interest

The authors declare there are no conflicts of interest in this paper.

References

1. N.D. Cahill, J. R. D’Errico, D. A. Narayan, Fibonacci determinants, College Math. J., 33 (2002),
221-225.

2. Y. H. Chen, C. Y. Yu, A new algorithm for computing the inverse and the determinant of a
Hessenberg matrix, Appl. Math. Comput., 218 (2011), 4433—-4436.

3. P. Moree, Convoluted convolved Fibonacci numbers, J. Integer Seq., 7 (2004), 1-14.

4. A. A. Ocal, N. Tuglu, E. Altinisik, On the representation of k-generalized Fibonacci and Lucas
numbers, Appl. Math. Comput., 170 (2005), 584-596.

5. J. L. Ramirez, Some properties of convolved k-Fibonacci numbers, ISRN Combinatorics., 2013
(2013), 1-6.

6. A. Sahin, J. L. Ramirez, Determinantal and permanental representations of convolved Lucas
polynomials, Appl. Math. Comput., 281 (2016), 314-322.

7. X. Ye, Z. Zhang, A common generalization of convolved generalized Fibonacci and Lucas

@ AIMS Press

polynomials and its applications, Appl. Math. Comput., 306 (2017), 31-37.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 3, 1843—-1855.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Convolved (u, v)-Lucas first kind p-polynomials
	Determinantal representations of convolved (u,v)-Lucas first kind p-polynomials
	Permanental representations of convolved (u,v)-Lucas first kind p-polynomials

