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Abstract: Let Q be a bounded domain in R” with C!! boundary. We consider problems of the form
—Au = yusop(au™ —g(,u))in Q, u = 0 on 0Q, u > 0 in Q, where Q is a bounded domain in R",
0#£ael”Q),ac01),and g : Q x[0,00) > R is a nonnegative Carathéodory function.
We prove, under suitable assumptions on a and g, the existence of nontrivial and nonnegative weak
solutions u € H} (Q) N L™ (Q) of the stated problem. Under additional assumptions, the positivity, a.e.
in Q, of the found solution u, is also proved.
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1. Introduction and statement of the main results

Let Q2 be a bounded and regular enough domain in R”, let @ > 0, and let @ : Q — R be a nonnegative
and nonidentically zero function. Singular elliptic problems like to

—Au=au%1in Q,
u =0 on 0Q, (1.1)
u>0in Q,

arise in many applications to physical phenomena, for instance, in chemical catalysts process, non-
Newtonian fluids, and in models for the temperature of electrical conductors (see e.g., [3,5,13,16] and
the references therein). Starting with the pioneering works [6, 13, 16, 26], and [11], the existence of
positive solutions of singular elliptic problems has been intensively studied in the literature.
Bifurcation problems whose model is —Au = au™ + f (., Au) in Q, u = 0 on 0Q, u > 0 in Q, were
studied by Coclite and Palmieri [4], under the assumptions a € C! (ﬁ) ,a>0inQ, fecC! (ﬁ X [0, oo))
and 4 > 0. Problems of the form —Au = Ku™@ + As” in Q, u = 0 on 90Q, u > 0 in Q, were studied
by Shi and Yao [35], when p € (0,1), K is a regular enough function that may change sign, and
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A € R. Ghergu and Radulescu [19] addressed multi-parameter singular bifurcation problems of the
form —Au = g(u) + A|\Vul’ + uf (.,u) in Q, u = 0 on IQ, u > 0 in Q, where g is Holder continuous,
nonincreasingt and positive on (0, c0), and singular at the origin; f : Q x [0, 0) — [0, c0) is Holder
continuous, positive on Q x (0, 00), and such that f (x, s) is nondecreasing with respect to s, 0 <
p < 2, and 1 > 0. Dupaigne, Ghergu and Réddulescu [14] studied Lane-Emden—Fowler equations
with convection and singular potential; and Radulescu [32] addressed the existence, nonexistence, and
uniqueness of blow-up boundary solutions of logistic equations and of singular Lane-Emden-Fowler
equations with convection term. Cirstea, Ghergu and Radulescu [7] considered the problem of the
existence of classical positive solutions for problems of the form —Au = a(x)h (u) + Af (u) in Q, u =0
on 0Q2, u > 0 in Q, in the case when Q is a regular enough domain, f and h are positive Holder
continuous functions on [0, o) and (0, o) respectively satisfying some monotonicity assumptions, /
singular at the origin, and 4 (s5) < cs™“ for some positive constant ¢ and some « € (0, 1).

Multiplicity results for positive solutions of singular elliptic problems were obtained by Gasinski
and Papageorgiou [17] and by Papageorgiou and G. Smyrlis [30]; in both articles the singular term of
the considered nonlinearity has the form a (x) s™, with 0 < a € L* (Q), a # 0 in Q, and « positive.

Recently, problem (1.1) has been addressed by Chu, Gao and Gao [8], under the assumption that
a = a(x) (i.e., with a singular nonlinearity with a variable exponent).

Concerning the existence of nonnegative solutions of singular elliptic problems, Davila and
Montenegro [9] studied the free boundary singular bifurcation problem

=Au = yps0p (—u* + Af (., u)) in Q,
u = 0 on 09,
u>0inQ, uz0in Q,

where 0 < @ < 1,4 > 0, and f : Q X [0,00) — [0, o0) is a Carathéodory function f such that, for
a.e. x € Q, f(x, s) is nondecreasing and concave in s, and satisfies lim,_,., f (x, 5) /s = 0 uniformly on
x € Q. and where, for 2 : Q X (0, 00) — R, y{s»021 (x, 5) stands for the function defined on Q X [0, c0)
by yis=01 (x, 8) := h(x,s)if s > 0, and y(~01/2 (x, 5) := 0 if s = 0. Let us mention also the work [10],
where a related singular parabolic problem was treated.

For a systematic study of singular problems and additional references, we refer the reader to [18,32],
see also [12].

Our aim in this work is to prove an existence result for nonnegative weak solutions of singular
elliptic problems of the form

—Au = yyso0 (au™ — g (., u)) in Q,
u = 0 on 0Q, (1.2)
u>0inQ, u#0inQ,

where Q is a bounded domain in R” with C!! boundary, @ € (0,1], a : Q@ — R, and
g : Qx[0,00) = R, with a and g satisfying the following conditions h1)-h4):

hl)0<aelL*(Q)anda # 0,

h2){x € Q:a(x) =0} =QyUN for some (possibly empty) open set 2y C Q and some measurable set
N c Q such that |[N| = 0,

h3) g is a nonnegative Carathéodory function on Q X [0,0), i.e., g(.,s) is measurable for any
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s € [0,00), and g (x,.) is continuous on [0, o) for a.e. x € Q,
hd4) supg.,<p & (., 8) € L¥ (Q) for any M > 0.

Here and below, yso (au™® —g(.,u)) stands for the function » : Q — R defined by
h(x) == ax)u®(x) — gx,u(x)) if u(x) # 0, and h(x) := O otherwise; u # 0 in Q means
{x € Q:u(x) #0}| > 0 and, by a weak solution of (1.2), we mean a solution in the sense of the
following:

Definition 1.1. Let 4 : Q — R be a measurable function such that hp € L' (Q) for all ¢ in H(l) @Qn
L™ (). We say that u : Q — R is a weak solution to the problem

u = 0on dQ (1.3)

{ ~Au=hinQ,
if ue Hy(Q), and [ (Vu, Vo) = [ he for all ¢ in Hj (Q) N L™ (Q).
We will say that, in weak sense,

—Au < hin Q (respectively — Au > hin Q),
u = 0 on 0Q

if u € Hy(Q), and fg (Vu,Vp) < fg he (respectively fg (Vu,Vp) > fQ he) for all nonnegative ¢ in
Hy (Q)NLY(Q).

QOur first result reads as follows:

Theorem 1.2. Let Q be a bounded domain in R" with C"' boundary. Let a € (0,1], let
a:Q — [0,00)and let g : QX (0,00) = R; and assume that a and g satisfy the conditions hl)-h4).
Then there exists a nonnegative weak solution u € Hé (Q) N L* (Q), in the sense of Definition 1.1, to
problem (1.2), and such that u > 0 a.e. in {a > 0}. In particular, xyo (au™ — g (,u)) # 0in Q and
X0y (au™ = g () ¢ € L' (Q) for any ¢ € Hj (Q) N L* (Q)).

Let us mention that in [21] it was proved the existence of weak solutions (in the sense of Definition
1.1) of problem (1.2), in the case when 0 < a € L (Q),a # 0,0 < @ < 1, and g(.,u) = —bu’,
n+2

with0 < p < =, and 0 < b € L" (Q) for suitable values of r. In addition, existence results for weak

solutions of problems of the form

—Au = yysopau™® — h(.,u) in Q,
u = 0ondQ, (1.4)
u>0inQ, and u £ 01in Q,

were obtained, in [22] (see Remark 2.1 below), and in ( [25], Theorem 1.2), for more general
nonlinearities 4 : Q X [0,00) — [0,00)(x,s), in the case when & is a Carathéodory function on
Q X [0, 00), which satisfies h(.,0) < 0 as well as some additional hypothesis. Then the result of
Theorem 1.2 is not covered by those in [22] and [25] because, under the assumptions of Theorem 1.2,
the condition g (.,0) < 0 is not required and y/{s-0,g (., §) 1s not, in general, a Carathéodory function on
Q X [0, o) (except when g (.,0) = 0in Q).

Our next result says that if the condition /#4) is replaced by the stronger condition
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h4’) a > 0a.e.in Q and sup,_,,, s~'g (., s) € L (Q) for any M > 0,

then the solution u, given by Theorem 1.2, is positive a.e. in Q and is a weak solution in the usual sense
of Hy (Q).

Theorem 1.3. Let Q, a, and a be as in Theorem 1.2, and let g : QX (0, 0) — R. Assume the conditions
hl)-h3) and h4’). Then the solution u of (1.2), given by Theorem 1.2, belongs to C (ﬁ) N leof (Q) for
any p € [1,00), there exist positive constants ¢, ¢’ and T such that cdg < u < c'dj, in Q, and u is a
weak solution, in the usual Hy (Q) sense, of the problem

—Au=au®—-g(.,u) inQ,
u=0o0n0oQ, (1.5)
u>0inQ

i.e., forany ¢ € Hy (Q), (au™ — g (.,u)) ¢ € L' (Q) and fQ (Vu, V) = fQ (au™ — g (.,u)) .

Finally, our last result says that, if in addition to 417)-h4), « is sufficiently small, the set where a > 0 is
nice enough and, for any s > 0, g(.,s) = 0 a.e. in the set where a > 0, then the solution obtained in

Theorem 1.2, is a weak solution in the usual sense of Hé (Q), and that it is positive on some subset of
Q:

Theorem 1.4. Let Q be a bounded domain in R" with C*' boundary. Assume the hypothesis hl)-
h4) of Theorem 1.2 and that 0 < a < % + % when n > 2, and a € (0,1] when n < 2. Let A* =
{x € Q:a(x) > 0} and assume, in addition, the following two conditions:

h5)g(.,s)=0a.e.in A" forany s > 0.
h6) A* = Q" UN™ for some open set Q" and a measurable set N* such that [N*| = 0, and with Q such

that Q* has a finite number of connected components {Q;—}1<1<N and each Qf is a C L domain.

Then the solution u of problem (1.2), given by Theorem 1.2, is a weak solution, in the usual Hé Q)
sense, to the same problem, and there exist positive constants c, ¢’ and T such that u > cdg-+ a.e. in Q°,
andu < c'dj, a.e. in Q.

The article is organized as follows: In Section 2 we study, for € € (0, 1], the existence of weak
solutions to the auxiliary problem

—Au=au® - g.(.,u) in Q,
u = 0 on 0Q, (1.6)
u>0in Q.

where Q is a bounded domain in R” with C"*! boundary, a € (0,1], a : Q — [0, o) is a nonnegative
function in L* (€2) such that |[{x € Q : a(x) > 0}| > 0, and {g,},. ; i a family of real valued functions
defined on Q X [0, o) satisfying the following conditions 47)-h9):

h7) g. is a nonnegative Carathéodory function on Q X [0, o) for any € € (0, 1].
h8) supy.,cpy 7' g6 (., 8) € L™ (Q) for any & € (0, 1] and M > 0.
h9) The map € — g, (x, s) is nonincreasing on (0, 1] for any (x, s) € Q X [0, o).
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Lemma 2.2 observes that, as a consequence of a result of [22], the problem

—Au = yysopau™® — g- (., u) in Q,
u = 0 on 09, (L.7)
u>0inQ, uz0in Q

has (at least) a weak solution u (in the sense of Definition 1.1) which satisfies u > 0 a.e. in {a > 0} ;
and this assertion is improved in Lemmas 2.6 and 2.7, which state that any weak solution u (in the
sense of Definition 1.1) of problem (1.7) is positive in Q, belongs to C (5) , and is also a weak solution
in the usual sense of H; (©). By using a sub-supersolution theorem of [28] as well as an adaptation
of arguments of [27], Lemma 2.15 shows that, for any & € (0, 1], problem (1.6) has a solution u, €
Hé (©2), which is a weak solution in the usual sense of Hé (), and is maximal in the sense that, if v is
a solution, in the sense of Definition 1.1, of problem (1.6) then v < u,. Lemma 2.16 states that € — u,
is nondecreasing, Lemma 2.17 says that {u,}.c ) is bounded in H(‘) (QQ), and Lemma 2.18 says that the
function u := lim,_,o+ u, belong to Hé (Q) N L (Q) and is positive in {a > 0} .

To prove Theorems 1.2-1.4 we consider, in Section 3, the family {g}.c ) defined by g. (., s) :=
s(s+ 8)_1 g (.,s) and we show that, in each case, the corresponding function u defined above is a
solution of problem (1.2) with the desired properties.

2. Preliminaries

We assume, from now on, that Q is a bounded domain in R” with C"! boundary, a € (0, 1] and
a : Q — [0, o) is a nonnegative function in L* () such that [{x € Q : a (x) > 0}| > 0, and additional
conditions will be explicitely impossed on a and @ when necessary, at some steps of the paper. Our
aim in this section is to study, for € € (0, 1], the existence of weak solutions to problem (1.6), in the
case when {g,}.c 1 18 a family of functions satisfying the conditions /7)-h9).

In order to present, in the next remark, a need result of [22], we need to recall the notion of principal
egenvalue with weight function: For b € L* (Q2) such that b # 0, we say that 4 € R is a principal
eigenvalue for —A on Q, with weight function b and homogeneous Dirichlet boundary condition, if the
problem —Au = Abu in Q, u = 0 on JQ has a solution u wich is positive in Q. If b € L* (QQ) and b* # 0,
it is well known that there exists a unique positive principal eigenvalue for the above problem, which
we wiill denote by A, (b). For a proof of this fact and for additional properties of principal eigenvalues
and their associated principal eigenfunctions see, for instance [15].

Remark 2.1. (See [22], Theorem 1.2, or, in a more general setting, [25], Theorem 1.2) Let 8 € (0, 3),
a:Q - Rand f:QXx[0,00) - R; and assume the following conditions H1)-H6):
HI)0<aeL”(Q),anda # 0,

H2) f is a Carathéodory function on Q X [0, o),

H3) supy,u If ()| € L' (Q) for any M > 0,

H4) One of the two following conditions holds:

H4’) sup,., @ < b for some b € L®(Q) such that b* # 0, and A, (b) > m for some integer m >
max {2, 1 + B},

H4”) f € L (Q % (0,0)) for all & > 0, and lim,,, 2 < 0 uniformly on €, i.e., for any & > 0 there
fG.s)

s

exists so > 0 such that SUPsy, <& ae.in Q,
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H5) f(.,0) > 0.

Then the problem
—Au = yyusoau + f(x,u) in Q,
u = 0on 0Q, 2.1)
u>0inQ, u £ 0in Q.

has a weak solution (in the sense of Definition 1.1) u € H(‘) (Q)N L= (Q) such that u > 0 a.e. in {a > 0} .

Lemma 2.2. Let a € L™ () be such that a > 0 in Q and a % 0, let a € (0, 1], and let {g,} 1, De a
Jamily of functions defined on Q X [0, co) satisfying the conditions h7)-h9) stated at the introduction.
Then, for any € € (0, 1], problem (1.7) has at least a weak solution u € H(I) () N L* (Q), in the sense
of Definition 1.1, such that u > 0 a.e. in {a > 0}.

Proof. Notice that, since 8e is a Carathéodory function, we have
g:(,0) = limy_o+ g, (., 8) = lim,_+ (ss‘lgg G, s)) = 0, the last inequality by 48). Thus g.(.,0) = O.
Taking into account this fact and h7)-h9), the lemma follows immediately from Remark 2.1. O

Let us recall, in the next remark, the uniform Hopf maximum principle:

Remark 2.3. i) (see [2], Lemma 3.2) Suppose that 0 < h € L*(Q); and let
V € Nigpeco (WZ*P @Qn Wé’p (Q)) be the strong solution of —Av = hin Q, v = 0 on 0Q. Then

v > cdg fg hdq a.e. in Q, where dg := dist (.,0Q), and c is a positive constant depending only on Q.
ii) (see e.g., [25], Remark 8) Let ¥ be a nonnegative function in L}OC (€2), and let v be a function in
H(l) () such that —Av > ¥ on Q in the sense of distributions. Then

v(x) > cdg f Ydq a.e.in £, (2.2)
Q

where c is a positive constant depending only on Q.

Remark 2.4. (See, e.g., [23], Lemmas 2.9, 2.10 and 2.12) Let a € L™ (€2) be such that a > 0 in Q and
a #0,and let let & € (0, 1] . Then the problem

—Az = az"%1in Q,
z=00n90Q, (2.3)
z>01n Q.

has a unique weak solution, in the sense of Definition 1.1, z € Hé Q) N L* (). Moreover:
zeC(Q).

ii) There exists positive constants ¢y, ¢; and 7 > 0 such that ¢;dg < z < ¢odf, in Q.

1ii) z is a solution of problem (2.3) in the usual weak sense, i.e., for any ¢ € Hé (Q),az% € L' (Q)
and fQ (Vz, Vo) = fQ az “e.

Lemma 2.5. Let a, «, and {gs}ge(o,l] be as in Lemma 2.2, let 7 be as given in Remark 2.4; and let
ee0,1].Ifu € H(l) (Q) N L= (Q) is a weak solution, in the sense of Definition 1.1, of problem (1.7),
thenu < za.e. in Q.
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Proof. By h5), g.(.,u) > 0 and so, from Lemma 2.2 and Remark 2.4, we have, in the sense of
Definition 1.1,

a

“Au-2)=au*-g,(Lu)—az *<aw -7 inQ,

Thus, taking (u — z)* as a test function, we get

f MO Z)+|2 < fa(u_” -7 wu-2"<0
Q Q

which implies u < z a.e. in Q. O

Lemma 2.6. Let a, a, and {g:} 1y be as in Lemma 2.2. If & € (0,1] and u € Hé QNL*(Q)isa
weak solution, in the sense of Definition 1.1, of problem (1.7), then:

i) There exists a positive constant c; (which may depend on & ) and constants ¢, and T such that
cida < u < cd, a.e. in Q) (and so, in particular, u > 0 in Q).

ii) For any ¢ € Hy (Q) we have (au™ — g, (.,u)) ¢ € L' (Q) and

f (Vu, Vo) = f (au™ — g. (L) ¢,
Q Q

i.e., uis a weak solution, in the usual sense of Hé (Q), to the problem —Au = au™* — g, (,u)inQ,u=0
on 0Q).

Proof. We have, in the weak sense of Definition 1.1, —-Au = yysqau™ — g (.,u) in Q, u = 0 on
0Q. Also, u > 0in Qand u # 0in Q. Let ay : Q — R be defined by ag (x) = u™! (x) g. (x, u (x)) if
u(x) # 0 and by a( (x) = 0 otherwise. Since u € L™ () and taking into account 47) and h8), we have
0 <ap € L* (Q), and from the definition of ay we have g, (., u) = apu a.e. in Q. Therefore u satisfies, in
the sense of Definition 1.1, —Au + apu = y=oau in Q, u = 0 on Q. Thus, since u is nonidentically
zero, it follows that y,-oau™ is nonidentically zero on Q. Then there exist > 0, and a measurable
set £ C Q, such that |[E| > 0 and yoau™ > nyg in Q. Let ¢ € ﬂlsq«x,Wz”q «@Qn Wé”q (Q) be the
solution of the problem —Ay + agyy = nye in Q, ¥ = 0 on Q. By the Hopf maximum principle (as
stated, e.g., in [34], Theorem 1.1) there exists a positive constant ¢; such that ¥ > c¢;dg in Q; and,
from (1.7) we have —Au + apu > nyg in D’ (2) . Then, by the weak maximum principle (as stated, e.g.,
in [20], Theorem 8.1), u > ¢ in Q. Hence u > c,dq in Q. Also, by Lemma 2.5, u < z a.e. in Q, and so
Remark 2.4 gives positive constants ¢, and 7 (both independent of £) such that u < c,d(, in Q. Thus i)
holds.

To see ii), consider an arbitrary function ¢ € H, (Q), and for k € N, let ¢} := max {k,¢"}. Thus ¢} €

HY (@) N L™ (), {of ]
we can assume also that {go,j}keN converges to ¢* a.e. in Q. Since u is a weak solution, in the sense of

Definition 1.1, of (1.7) and u > 0 a.e. in Q, we have, for all k € N, (au™ — g, (., u)) ¢; € L' (Q), and,
by h6), g (.,u) € L (). Thus g, (.,u) ¢} € L' (Q). Then au™¢} € L' (Q).

From (1.7),
f(Vu, Vi) + fgg (u) g, = fau_fﬂp,j. (2.4)
Q Q Q

Now, limy_ [, (Vu, Vgl ) = [ (Vu, V*) . Also, for any k,

,, converges to ¢* in H; (Q) and, after pass to some subsequence if necessary,

0<g(.wei< sup g(,9N¢" €L (Q),
s€[0,llulls |
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then, by the Lebesgue dominated convergence theorem, lim;_,q, fQ g (el = fQ g (L, u)p* < oo,

. Cod e . . . - . .
Hence, by (2.4), lim;_,. fgau ¢; exists and is finite. Since {au @ }keN is nondecreasing and
converges to au“p* ae. in Q, the monotone convergence theorem  gives

limy_,o fgau‘“gok fgau Yp* < o0, Thus

(au™ - g. (,u) ¢ e L' (Q)

f(Vu, V<,0+)+fg8 (u)p' = fau_“gf. (2.5)
Q Q Q

Similarly, we have that (au™® — g, (.,u)) ¢~ € L' (Q), and that (2.5) holds with ¢* replaced by ¢~ By
writing ¢ = ¢* — ¢~ the lemma follows. O

and

Lemma 2.7. Let a, a, and {g.},cy be as in Lemma 2.2. For any € € (0,1], ifu € Hé Q)N L)
is a weak solution, in the sense of Definition 1.1 (and so, by Lemma 2.6, also in the usual sense of

H; ((Q))), of problem (1.7), then u € C (5)

Proof. By Lemma 2.6 we have u > cdqg a.e. in €, with ¢ a positive constant and, by h6),
0<u'g.(,u)eL”(Q). Thus au™—g, (., u) € Ly (). Also, u € L (2) . Then, by the inner elliptic
estimates (as stated, e.g., in [20], Theorem 8.24), u € leo’f (Q) for any p € [1,00). Thus u € C(Q),
and, since0 <u<z,zeC (ﬁ) and z = 0 on 9Q, it follows that u is also continuous at 0. m]

Definition 2.8. Let Cy (Q) := {p € C°(Q): ¢ =00ndQ}. If u € L' (Q) and h € L' (Q), we will

say that u is a solution, in the sense of (Cg0 (Q))’ , of the problem —Au = hin Q, u = 0 on 09, if
—fQuAgo = th<pf0rany<p € Cg"(ﬁ).

We will say also that —Au > h in (Cg’ (ﬁ))l (respectively —Au < h in (Cg" (ﬁ)),) if - fQ ulhp > fQ hy
(resp. — fg ulAp < fg he) for any nonnegative ¢ € C; (5) .

Remark 2.9. The following statements hold:

i) (Maximum principle, [31], Proposition 5.1) If u € L' (), 0 < h € L' (Q), and —Au > h in the sense
of (C‘O"’ (Q)) ,thenu >0 a.e. in Q.

ii) (Kato’s inequality, [31], Proposition 5.7) If h € L' (), u € L' (Q) and if —Au < h in D’ (Q), then
“AW") < xusohin D' (Q).

iii) ( [31], Proposition 3.5) For ¢ > 0, let A, := {x € Q : dist (x,0Q) < &}.If h € L' (Q) and if u €
L' (Q) is a solution of —Au = h, in the sense of Definition 2.8, then there exists a constant ¢ such that,
for all £ > 0, f lu| < c&?||A||, . In particular, lim,_,q- —f |u| =

iv) ([31], Propos1t10n 52)Letue L' (Q)andhe L' (Q). If-Au<h (respectlvely —Au = h)in D' (Q)
and lim,_o+ 1 fA lu| = 0 then —Au < h (resp. —Au = h) in the sense of (C°° (Q)) .

v) ( [31], Proposition 5.9) Let fi, f» € L' (Q). If u;, u, € L' (Q) are such that Au; > f; and Au, > f>
in the sense of distributions in Q, then A max {u, U2} > X511 + Xwo>ul} 2 +X{u1=u2}% (fi + f>) in the
sense of distributions in Q.

If 2 : Q — R is a measurable function such that hg € L' (Q) for any ¢ € Cr(Q),wesaythatu: Q - R
is a subsolution (respectively a supersolution), in the sense of distributions, of the problem —Au = & in
Q,ifuel (Q)and- fQ ulAp < fQ he (resp. — fQ ulp > fQ he) for any nonnegative ¢ € C;° (Q2).
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Remark 2.10. ( [28], Theorem 2.4) Let f : QX (0, 0) — R be a Caratheodory function, and let w and
w be two functions, both in LS () N Wllo’c2 (Q), and such that f (., y) and f (.,w) belong to Llloc Q).
Suppose that w is a subsolution and w is a supersolution, both in the sense of distributions, of the
problem

- Aw = f(,w) inQ. (2.6)

Suppose in addition that 0 < w(x) < W(x) a.e. x € Q, and that there exists & € L7 (Q) such that
SUP e [0 90| If (x,8)| < h(x) a.e. x € Q. Then (2.6) has a solution w, in the sense of distributions,
which satisfies w < w < w a.e. in Q. Moreover, as obverved in [28], if in addition f (., w) € L (Q),

then, by a density argument, the equality fg (Vw, V) = fQ f (.,w) e holds also for any ¢ € Wllo’f (Q)
with compact support.

Remark 2.11. Let us recall the Hardy inequality (as stated, e.g., in [29], Theorem 1.10.15, see also [1],

p. 313): There exists a positive constant ¢ such that H% o < clIVellj2q) forall € Hé Q).

LX(
Remark 2.12. Let a and {g,},. 1y be as in Lemma 2.2 and assume that @ € (0, 1]. Let € € (0, 1]. If

u € L*(Q) and if, for some positive constant ¢, u > cdg a.e. in Q, then au™ — g. (., u) € (Hé (Q))

Indeed, for ¢ € H,(Q) we have lau™¢| < c*d;* ‘%’. Since d;* € L (Q) (because @ < 1), the
Hardy inequality gives a positive constant ¢’ independent of ¢ such that |[au™%¢l||, < ¢"||V¢l|, . Also,
since u € L™ (), from h6) and the Hardy inequality, ||g. (.,u) ¢ll, < ¢”|[V¢ll,, with ¢” a positive

constant independent of ¢.

Lemma 2.13. Let a and {g.}.¢1) be as in Lemma 2.2 and assume that @ € (0,1]. Let £ € (0,1].
Suppose that u € Wll.f (Q) N L* () is a solution, in the sense of distributions, of the problem

—Au=au —g.(,u) in Q, 2.7

and that there exist positive constants c, ¢’ and y such that c'dg < u < cd}y2 a.e.in Q. Then u €
Hé @©QnC (ﬁ) , and u is a weak solution, in the usual sense of Hé (Q), of problem (1.6).

(9]

Proof. Since u € L* (Q) and u > c’dg, we have au™ — g, (.,u) € L;; (€2) . Thus, from the inner elliptic
estimates in ( [20], Theorem 8.24), u € C (Q2) and, from the inequalities ¢'dg < u < cdg2 a.e.in Q, u is
also continuous on 9. Then u € C (ﬁ)

The proof of that u € H(l) () and that u is a weak solution, in the usual sense of H(l) (Q), of problem
(1.6), is a slight variation of the proof of ( [24], Lemma 2.4). For the convenience of the reader,
we give the details: For j € N, let #; : R — R be the function defined by £;(s) := 0 if s < %,

hj(s) := =3j*s> + 14js*> — 195 + % if% < s < % and h(s) = s for % < 5. Then h; € C'(R),
I, (s) = 0 for s < %, Wi(s) = 0 for% <s< % and ' (s) = 1 for% < 5. Moreover, for s € (%,%)
we have s7'h; (s) = =3j%s* + 14js — 19 + % < =3j25> + 14js — 11 < 5 (the last inequality because

—31> + 14t — 16 < 0 whenever ¢ ¢ [%,2]). Thus 0 < hj(s) < Ssforany j € Nand s > 0.
Let h;(u) = h; o u. Then, for all j, V(h;()) = I,(u) Vu. Since u € W2 (Q), we have h; (1) €
w2 (€2, and since &; (1) has compact support, Remark 2.10 gives, for all j € N, fQ <Vu, \Y (h j (u))> =

loc

o (@ = g (Lu) hj (), ie.,

f 1 (u) \Vul* = f (au™ — g (,u) h; (u). (2.8)
{u>0} Q
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Now, /;(u) [Vul® is a nonnegative function and lim; ., ; (u) [Vul* = [Vul* a.e. in Q, and so, by (2.8)
and the Fatou’s lemma,

f |Vu|2 < liLnj_)oo f (au—a — 8e (-’ Lt)) hj (Lt) .
Q Q

Also,
lim (au™ - g, (,w) h;(u) = au™ —ug, (., u) a.e.in Q.
J—)OO

Now, 0 < au™h;(u) < 5au'~". Since a and u belong to L* (Q) and @ < 1, we have au'™® € L' (Q).
Also,
0<g.( u)hj(u) <5Sug, (,u) <S|ull>, sup s'g.(,s) ae. inQ,

0<s<|lulleo

and, by h6), SUp_ i s'g. (., 5) € L (Q) . Then, by the Lebesgue dominated convergence theorem,
lim [ (au™ —g. (., u) h;(u) = f (au““ - ug, (., u)) < oo,
J=% Jo Q

Thus fQ |Vul> < co,and sou € H' (Q). Sinceu € C (5) and u = 0 on 0Q, we conclude thatu € H, (Q) .
Also, by Remark 2.12, au™ — g. (., u) € (H(l) (Q))’ . Then, by a density argument, the equality

f (Vu,Vy) = f (au™ —g.(,uw)e
o Q
which holds for ¢ € C° (Q), holds also for any ¢ € H; (Q). o

Lemma 2.14. Let a, o, and {8e}eco) e as in Lemma 2.2. Let € € (0, 1] and let f, : Q% [0,0) > R
be defined by f:(.,8) = X0 (S)as™ — g.(.,s). Let vi and v, be two nonnegative functions in
L (@) N Hé (Q) such that f,(.,v;) € L}OC Q) fori=1,2; and let v := max {v{, v,}. Then:

i) f:(.,v) € L}OC Q).

ii) If vi and v, are subsolutions, in the sense of distributions, to problem (1.7), then v is also a
subsolution, in the sense of distributions, to the problem

—Au = yusoau” " — g: (., u) in Q.

Proof. Since 0 < v € L™ (Q), from h7) and h8) it follows that g (.,v) € L' (Q). Similarly, g, (.,v;)
and g, (., v») belong to L! (Q) and so, since f,(.,v;) € L} (Q) fori = 1,2; we get that Xpi>opav;® and

loc
Xn>0av,” belong to Llloc (©) . Therefore, to prove i) it suffices to see that y{,~qav™" € L' (Q).Note that

loc
if x € Q and v (x) > 0 then either v; (x) > 0 or v (x) > 0. Now, xy,-av™® = av™® < avi” = x,>0av|*
in {v; > 0}, and similarly, x;,>0av™" < xp,>0av," in {v; > 0}. Also, yyseav™® = 01in {v = 0}. Then
Xs0laV™ " < Xpi»0/aV7" + Xins0iav,® in Q and so ypsqav® € L, (Q). Thus i) holds.

To see ii), suppose that —Av; < f.(.,v;) in D’ (Q) for i = 1,2; and let ¢ be a nonnegative function
in C*(Q). Let Q be a C"' subdomain of Q, such that supp (¢) ¢ Q and Q' c Q. Consider the
restrictions (still denoted by v; and v,) of v; and v, to Q'. For each i = 1,2, we have v; € L' (Q'),

£ (,v) € LY () and —Av; < £, (., v;) in D’ (') . Thus, from Remark 2.9 v),

1
=AYV < X5 fe (V1) + Xy fe (5 v2) +X{v1:v2}§ (fe Cv) + fe (L))
= f.(,v) in D' (Q)
and then — fQ VAp < fgfg (V). O
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Lemma 2.15. Let a, @, and (8.} be as in Lemma 2.2. Then for any & € (0, 1] there exists a weak
solution u,, in the sense of Definition 1.1, of problem (1.7), which is maximal in the following sense: If
v is a weak solution, in the sense of Definition 1.1, of problem (1.7), then v < u, a.e. in Q. Moreover,
u. is a solution, in the usual sense ofHé (Q), of problem (1.7).

Proof. Let z be as given in Remark 2.4, and let S be the set of the nonidentically zero weak solutions,
in the sense of Definition 1.1, of problem (1.7). By Lemma 2.2, § # @ and, for any u € S, by Lemma
2.5 we have u < zin Q and, by Lemma 2.6, there exists a positive constant ¢ such that u > cdq in Q.
Then 0 < fgus sz< oo forany u € S. Let 8 := sup{fgu : ueS}.ThusO < B < oo. Let {uhyey € S
be a sequence such that lim;_,. fQ u; = . For k € N, let w; := max {uj 1<j< k}. Thus {wy}ien 1S @
nondecreasing sequence in H(l) (Q)N L* (Q), and a repeated use of Lemma 2.14 gives that each wy is a
subsolution, in the sense of D’ (€2), of the problem

—Au=au”

“—g.(,u) in Q. 2.9)
Since wy € L* (Q) and wy, > u; > ¢idg a.e. in £, Remark 2.12 gives that aw,* — g, (., wy) € (Hé (Q))/ .
Then, by a density argument, the inequality

fg; (Vwy, Vo) < fQ (aw® — g= (., wp) @, (2.10)

which holds for ¢ € C° (€2), holds also for any ¢ € H(‘) (Q), i.e., wy 1s a subsolution, in the usual sense
of H} (Q), of problem (2.9)

Note that { f{a>0} aw}c‘“}keN is bounded. Indeed, since u; < z a.e. in Q for any k € N, we have w; < z
a.e. in Q for all k, and so f{a>0} aw, ™ < fQ az'™ < co. Moreover, {w};<y is bounded in Hj (). In fact,
taking wy as a test function in (2.10) we get, for any k € N,

f IVwil? + f g (L wo) wy < f aw,”™® (2.11)
Q Q {a>0}

Then, after pass to a subsequence if necessary, we can assume that there exists w € Hé (Q) such that
{Wilen converges in L2 (Q) and a.e. in Q to w; and {Vw; ),y converges weakly in L2 (Q, R") to Vw. Let
us show that w is a subsolution, in the sense of distributions of problem (2.9). Let ¢ be a nonnegative
function in C?” (Q2) and let k € N. Since wy is a subsolution, in the sense of distributions, of (2.9), we

have
f(Vwk,VSDHfgg(-,wk)soéfawia% (2.12)
Q Q Q

Since {Vwy iy converges weakly in L2 (Q, R") to Vw, we have

limf(Vwk,Vgp):f<Vw,Vgp>.
k—o00 Q Q

Also, since {g. (., wi) ¢}y converges to g. (., w) ¢ a.e. in Q, and

2w el < sup (s7'g. (L 9)wilpl € L' (Q),
se[0.lzlle ]
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the Lebesgue dominated convergence theorem gives
lim | g, (,w) o= f 8= (W) e.
k— o0 Q Q

On the other hand, {aw,:“ga}keN converges to aw “p a.e. in Q; and wy > u; > cdg a.e. in Q, and

SO |aw,:"g0| < cady® |d§‘2‘<p| a.e. in Q; and, since d;* € L (Q), the Hardy inequality gives that

ad]—(x
Q

fQ aw™ % < oo. Hence, from (2.12),

f (Vw, V) + fgg (Lw)p < faw_“go,
Q Q Q

and so w is a subsolution, in the sense of distributions to problem (2.9). Note that z is a supersolution,
in the sense of distributions, of problem (2.9) and that w < z a.e. in Q (because u; < z for all k € N).
Also, for some positive constant ¢ and for any k&, w > w; > u; > cdg a.e. in Q. Then there exists a
positive constant ¢’ such that

dg‘21<,0| € L' (Q). Then, by the Lebesgue dominated convergence theorem, limy_,q, Law;”gp =

sup  (yis0a (x) 57" — g (x,5)) < 'dy,” fora.e x € Q
s€[w(x),z(x)]

and so, by Remark 2.10, there exists a solution u, € Wllv’f, (), in the sense of distributions, of (2.9)
such that w < u, < z a.e. a.e. in Q. Therefore, by Remark 2.4, cdg < u, < ¢'dj, a.e. in Q, with ¢, ¢’ and

7 positive constants. Then, by Lemma 2.13, u, € Hé «@QnC (ﬁ) and u, is a weak solution, in the sense
of Definition 1.1, of problem (1.7). Also, u, > w > wy > u; a.e. in Q for any k € N, and so fg u, >

which, by the definition of 3, implies fQ u. =f

Let us show that u, is the maximal solution of problem (1.7), in the sense required by the lemma.
Suppose that w* is a nonidentically zero weak solution, in the sense of Definition 1.1, of (1.7). By
Lemmas 2.5, 2.7 and 2.6, w* < zin Q, w* € C (5) and w* > cdg a.e. in Q with ¢ a positive constant
c. Let w* := max {u,, w*}. Thus w** is a subsolution, in the sense of distributions, of problem (2.9),
Remark 2.10 applies to obtain a solution w, in the sense of distributions, of problem (1.7), such that
w™ < w < z, and Lemma 2.13 applies to obtain that w € Hé (Q) N L*(Q) and that w is a weak
solution, in the sense of Definition 1.1, to problem (1.7). Then fg w < B. Since u, < w*™ < w we get

= < ek < < — BES > %
< <B, >
B fgug fgw wi B, and so u, = w**. Thus u, > w"*. O

For € € (0, 1], let u, be the maximal weak solution to problem (1.7) given by Lemma 2.15.

Lemma 2.16. Let a, @, and {g.} < be as in Lemma 2.2. Then the map & — u, is nondecreasing on
0,1].

Proof. For 0 < € < n we have, in the sense of definition 1.1,
—Au, = au” — g, (., u.) <au,” — g, (., u;) in Q,
and so u, € Hé @QnNnC (ﬁ) is a subsolution, in the sense of distributions, to the problem

—Au=au " -g,(.,u) in Q. (2.13)

AIMS Mathematics Volume 5, Issue 3, 1779-1798.



1791

Let z be as in Remark 2.4. Thus z is a supersolution, in the sense of distributions, of problem (2.9),
and z < cd(, a.e. in Q, with ¢ and 7 positive constants c. Taking into account that, for some positive
constant ¢, u, > cdg a.e. in Q, Remark 2.10 applies, as before, to obtain a weak solution, in the

sense of distributions, u, € Wllo’c2 () of (2.13) such that u, < u, < z. Now, Lemma 2.13 gives that

u, € H& QQncC (ﬁ) and that u, is a weak solution, in the sense of Definition 1.1, of problem (2.13),
which implies u; < u,. Thus u, < u,. o

Lemma 2.17. Let a, @, and {8} 17 be as in Lemma 2.2. Then {u,} ¢ 1) is bounded in Hé Q).

Proof. Let z be as in Remark 2.4. by Lemma 2.5 u, < z in Q and so, since 0 < @ < 1, we have

f{a>0} aué_“ < fQ az'™® < co. By taking u, as a test function in (1.7) we get, for any & € (0, 1],

2 1—
fqugl +fuggs(-,ug)=f au; "
Q Q {a>0}

Then j;z \Vu,|> < fgazl‘“ < 00, |

Lemma 2.18. Let a, a, and {g.} .1y be as in Lemma 2.2. Let u := lim._,o+ u,. Then:

i)u eHé(Q)ﬂL""(Q).

ii)u>0a.e.in{a>0}.

iii) Xusoau™ ¢ € L' (Q) forany ¢ € Hé Q) NL*(Q).

iv) If {gj}jeN is a decreasing sequence in (0, 1] such that lim;_,,&; = 0 then lim;_,« f{a>0} au g =

f{a>0} au™¢ for any ¢ € Hy (Q) N L™ (Q).

Proof. To see i), consider a nonincreasing sequence {s j} C (0,1] such that lim;,&; = 0. By

JEN

Lemma 2.17, {ugj}_ is bounded in H(l) (Q) and so, after pass to a subsequence if necessary, {ug.}_

JjEN 7) jeN
converges, strongly in L? (Q), and a.e. in Q, to some u € H, (Q), and {Vugj}jeN converges weakly in
L? (Q,R") to Vu. Since ug; converges to u a.e. in Q) we have u = ua.e. inQ,andsou € Hé (). Also,
O0<u<u, € L) and thenu € Hé (&) N L (). Thus i) holds.

To see ii) and iii), consider an arbitrary nonnegative function ¢ € Hé Q) N L*(Q). From (1.7) we

have, for each j,
L<Vu8j,V<p>+ fgggj (.,uaj)cp = j;au;;’go. (2.14)

{Vug_j}jeN converges weakly in L2 (€, R") to Vu, and thus

lim <Vu8j,V(,o>: f (Vu, Vo).
Q Q

j—oo

By Lemma 2.16, {au;j"ga} is nondecreasing, then, by the monotone convergence theorem,

JjeN
LI -5 — 13 . -, — -
hm]_,oofgaugj<,0‘—hm]_)oo f{a>0} AU = Jipsgy TP . ‘
Let z be as in Lemma 2.5. Then U, < z in Q) and so, taking into account h4),

fQ 8e; (., ug_,.) @ < fQ SUP)< <yl & (5 8) ¢ < o0. Thus

[ o= [Laire=tim( [ (7,9 + [ (o)
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Smjﬁmf<Vugj,Vgo>+Enj_mfggj (.,ugj)(p
o 0

Sf(Vu,Vgo>+f sup g(.,8)p < oo.
Q Q 0<s<|llle

Therefore f{a>0} au™"p < co. Since this holds for any nonnegative ¢ € H; (Q) N L™ (), we conclude
that u > 0 a.e. in {a > 0} . Thus ii) holds. Now,

f/y{,po}au_“go = f Xusojau "¢ = f au "¢ < oo,
Q (a>0) {a>0}

and then iii) holds for any nonnegative ¢ € Hé (Q) N L* (Q). Hence, by writing ¢ = ¢ — ¢, iii)
holds also for any ¢ € H(l) (Q) N L (Q) . Finally, observe that, in the case when ¢ > 0, the monotone
convergence theorem gives iv). Then, by writing ¢ = ¢* — ¢, iv), holds also for an arbitrary ¢ €
Hé Q)NL>(Q). O

Remark 2.19. Assume that a satisfies the conditions /4/), h2) and also the condition 46) of Theorem
1.4; and let Q* be as in h6). Taking into account 46), Remark 2.4 (applied in each connected component
of QF) gives that the problem

—A¢ = al™" in QF,
{ =0o0noQ", (2.15)
{>0in Q7

has a unique weak solution, in the sense of Definition 1.1, { € Hé (Q) N L™ (), and that it satisfies:

i) eC(Q).

ii) There exists a positive constant ¢ such that { > cdg+ in QF.

iii) £ is also a solution of problem (2.15) in the usual sense of Hé Qh, ie., al™% € L' (Q) and

|, (VL. Vo) = [ al "¢ for any ¢ € H} (Q").

Lemma 2.20. Assume that a and g satisfy the conditions hl)-h4) and also the condition h6) of
Theorem 1.4. Let Q" and A* be as in the statement of Theorem 1.4 and assume, in addition, that
g(,s) = 0 ae. in A* for any s > 0. Let { be as in Remark 2.19, let ¢ € (0,1], and let
ue Hé (Q) N L* (Q) be a weak solution, in the sense of Definition 1.1, of problem (1.5). Then u > { in
QF.

Proof. By Remark 2.19i), € C (@) and, by Lemma 2.7, u € C (ﬁ) . Also, since g (., s) = 0 a.e.in Q*
fors >0,wehave —~A(u— ) =a(w* - >0in D’ (Q"). We claim that u > ¢ in Q. To prove this
fact we proceed by the way of contradiction: Let U := {x € Q" : u(x) < {(x)} and suppose that U # @.
Then U is an open subset of Q" and —~A(u—¢) =a(w™* - ¢"*) = 0in D’ (U). Notice that u — > 0 on
OU. In fact, if u (x) < ¢ (x) for some x € AU we would have, either x € Q* or x € 9Q*; if x € QF then,
since u and ¢ are continuous on QF, we would have u < { on some ball around x, contradicting the fact
that x € dU, and if x € 9Q*, then u(x) > 0 = {(x) contradicting our assumption that u (x) < {(x).
Then U = @ and so u > { in Q*; and then, by continuity, also u > { on 9Q*. Therefore, from the weak
maximum principle, u > £ in Q. O
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3. Proof of the main results

Observe that if g : Q X [0, 0) — R satisfies the conditions #3) and h4) stated at the introduction, and
if, for e € (0, 1], g, : Q X [0, ) — R is defined by

g:(,8):=s(s+ g)! g(.,9), (3.1

then, for any s > 0, g (., s) = lim, o+ g. (., 5) a.e. in Q; and the family {g,},. 1 satisfies the conditions
h7)-h9). Therefore all the results of the Section 2 hold for such a family {g.}.c; -

Lemma 3.1. Leta : Q — Rand g : Q X [0,00) — R satisfying the conditions hl)-h4) and, for
e € (0,1], let g, : Qx[0,00) — R be defined by (3.1), let u, be as given by Lemma 2.15, and let
u = limg o+ u,. Let {a j}jeN C (0, 1] be a nonincreasing sequence such that lim;_,., &; = 0 and, for

J € N, let ug, be as given by Lemma 2.15. Let 0; := u,, (ugj + 8]')_1. Then there exist a nonnegative
function 6* € L (Q) and a sequence {wy,} ey C L* (Q,R") X L* (Q) with the following properties:

i) for each m € N, wy, = Yicr Vi (Vig,, 018 (., us,)) , where each F,, is a finite subset of N satisfying
lim,,_,.o min 7, = 00; y;,, € [0, 1] for any m € N and | € F,,; and 3 jcr Vim = 1 for any m € N.

ii) Wi} et converges strongly in L? (Q,R") x L* (Q) to (Vu, 6%).

iii) 1imy, o0 ez, Vim0i8 (-, tts,) = 0" a.e. in Q.

v) 0" = xu-08 (,u) a.e. in {u > 0}.

Proof. By Lemma 2.17 {usj}jeN is bounded in H; (). Then, after pass to a subsequence if necessary,

we can assume that {usj}jeN converges to u in L? (Q) and that {Vugj}jeN converges weakly to Vu in
L? (Q,R") . Moreover, by Lemma 2.5, u; < zae. in Q for all j, and so u < z a.e. in Q. Since, for any
J;0<0; <1lae. inQ, and, by h3) and h4), 0 < g(.,ugj) < SUD [0, ] g(,s) € L (Q), we have
that {ng ( ugj)}jeN is bounded in L? (Q). Thus, after pass to a further subsequence, we can assume

that {ng (., ugj)}jeN is weakly convergent in L?(Q) to a function 6" € L?(Q), and that {Vugj}jeN is
weakly convergent in L? (Q,R") to Vu. Then {(Vue_/., 0ig (., us-/))}jeN is weakly convergent to (Vu, §*) in
L* (Q,RM)XL?* (Q) . Thus (see e.g., [33] Theorem 3.13) there exists a sequence {w,,},,;r of the form w,, =
e, Yim (Vig, 018 (., ug,)) , where each 7, is a finite subset of N such that lim,,_,., min F,, = o0, y,, €
[0, 1] for any m € N and / € F,,,, for each m, };c+ vi» = 1 and such that {w,,},,cy converges strongly in

L*(Q,R")x L? (Q) to (Vu, ). Then i) and ii) hold, and {Z e, Yim0ig (s ugl)} , converges in L?(Q)to

me
6*. Therefore, after pass to a further subsequence, we can assume that lim,,—,e Y jer, Vim0ig (., us,) = 6°

a.e. in Q and, since {Gj ( ugj)} . is bounded in L™ (), we have that 8 € L* (Q2). Thus iii) holds.

Also {Hj}jeN and {g (., ugj)}jeN converge, a.e. infu > 0}, to yu>0; and to g (., u) respectively, and then iv)
follows from iii). O

Proof of Theorem 1.2. Let {8 j}jeN C (0, 1) be a nonincreasing sequence such that lim;_,., &; = 0, let 6"

and {Wy}en C L? (Q,R") X L? (Q) be as given by Lemma 3.1, and let ¢ € H} (Q) N L™ (). Assume
temporarily that ¢ > 0 in Q. Then {Z ler, Yim0ig (. g) go} . and {Zleq:m Yim (Vg V(p)} , converge

me me.

AIMS Mathematics Volume 5, Issue 3, 1779-1798.



1794

in L' (Q) to 6*¢ and (Vu, Vo) respectively. Thus

lim f D Vinbhg (s1e) ¢ = f 0'p, (32)
m=ee Jo Q

€Fm

li w(Vitg, Vo) = | (Vu,V 3.3
mggng%,(M 7y fg<u90> 3.3)

1eFm

and both limits are finite. Since {ugj} . is nonincreasing we have, form e Nand / € 7,
J
au,' ¢ <a E Yimly @ < au,’. ¢, (3.4)
‘m
1eFm

where L, := max ¥, and L, := min ¥,,. Also, by the monotone convergence theorem,

lim | au."p = lim au,"p = f au g = f Xusojau o, (3.5)
! a0y (a>0) Q

j—oo Q Jj—oo

the last equality because, by Lemma 2.18, u > 0 a.e. in {a > 0} . Then, since lim,,_,., L;, = o0, (3.4)
and (3.5) give

lim a Z nmu;’“:p = f Xwso1au “¢. (3.6)
Q

m—00
{a>0} 1€F

(notice that, by Lemma 2.18, fQ Xusoau %p < o0). Since 0,g (., u,) = g (., us) we have, for any
m € N, and in the sense of definition 1.1,

-A (Zle?‘m yl,mue,)
= 4 S ier, Yimlts® = Sier, VimOig (o igy) in Q, (3.7)
Yier, Yimits, = 0 0n 0Q

and so

f D Vim (Vi V) (3.8)

Q 1eF

= f aanu;,“so— f an@g(.,ua)w.
Q Q

1€Fm 1€Fm

Taking the limit as m — oo in (3.8), and using (3.2), (3.3), (3.6) and recalling that, by Lemma 3.1 iv),
0" = x>08 (., u) a.e. in {u > 0}, we get that

f(Vu,V(p):f)({u>o}au_“go—f9*go (3.9
Q Q Q
:f)({u>0}all_“90—f)({u>0}g(.,U)go—f G .
Q Q {u=0}

for any nonnegative ¢ € Hy (Q) N L™ (Q), and by writing ¢ = ¢* — ¢~ it follows that (3.9) holds also
for any ¢ € H} (Q) N L™ (Q).
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Let Qg be as in h3). If Qy = @ then u > 0 a.e. in Q (because u > 0 a.e. in {a > 0}) and thus,
by (3.9), u is a solution, in the sense of Definition 1.1, of problem (1.2). Consider now the case
when Qo # @. We claim that, in this case, u € leof (€o) for any p € [I,00). Indeed, let € be a
an arbitrary C"! subdomain of €, such that 9_6 C Qp. We have yusoau™ = 0 on €y, and so, from
(3.9), —Au = —yu>08 (,w) — 6" in D’ (€p) . Also, the restrictions to £y of u and 6* belong to L™ (€2)
and so, from the inner elliptic estimates (as stated e.g., in [20], Theorem 8.24), u € W?? (QE,). Then
u e leof () for any p € [1,00). Thus, for any p € [1,o0), u is a strong solution in leof (Qo) of
—Au = X018 (.,ll) — 6" in Qo.

Taking into account (3.9), in order to complete the proof of the theorem it is enough to see that the set
E := {u =0} n{#" > 0} has zero measure. Suppose that |E| > 0. Since u > 0 a.e. in {a > 0}, from h5)
it follows that E C Q, U V, for some measurable V C Q such that |V| = 0. Since |E| > 0, there exists a
subdomain €', with Qc )y, and such that £’ := E N € has positive measure. Since u = 0 a.e. in £’
and u € W'? (Q’) we have Vu = 0 a.e. in E’ (see [20], Lemma 7.7). Thus g—; = 0 a.e. in E’ for each

i=1,2,...,n; and since % e whr (Qf)) the same argument gives that also the second order derivatives

8*u

S vanish a.e. in E’. Then Au = 0 a.e. in E’, which, taking into account that g (., u) is nonnegative
Ll ) . . 1
and 6" > 0 in E’, contradicts the fact that —Au = —y(u-0,8 (., u) — 6" a.e. in €. O

Proof of Theorem 1.3. Notice that the condition #4’) is stronger than 44) and so Theorem 1.2 gives a
weak solution u, in the sense of definition 1.1, of problem (1.2) which satisfies # > 0 a.e. in {a > 0},
and so, since a > 0 a.e. in Q, by Lemma 2.18, we have u > 0 a.e. in Q. Thus u is a weak solution, in
the sense of Definition 1.1, of the problem

—Au=au —-g(.,u) in Q,
u = 0 on 0Q.

Letay := u'g(,u).Since g > O andu € L™ (Q), h4’) gives 0 < ay € L™ (Q). Now, in the sense
of Definition 1.1, —Au + apu = au™ in Q, u = 0 on 9Q, and u > 0 a.e. in Q; Then, for some
n > 0 and some measurable set E C Q with |E| > 0, we have ys-oau™ > nyg a.e. in Q. Let
Y € Niggea WS (Q) N Wé”q (Q) be the solution of the problem —Ay + agyy = nyg in Q, ¥ = 0 on JQ.
By the Hopf maximum principle (as stated, e.g., in [34], Theorem 1.1) there exists a positive constant
c1 such that ¢ > c1dg in Q; and, from (1.7) we have —Au + apu > nyg in D’ (Q2) . Then, by the weak
maximum principle (as stated, e.g., in [20], Theorem 8.1), u > ¢ a.e. in Q. Therefore, u > c|dq a.e.
in Q. Thus, for some positive constant ¢’, au™ < ¢'dy" a.e. in Q . Also, g (.,u) € L™ (2) and so, for a
larger ¢’ if necessary, we have |au™ — g (., u)| < ¢'d;" a.e. in Q. Then, taking into account that @ < 1,
the Hardy inequality gives, for any ¢ € H; (Q),

fg |(au™ — g (L) ¢| < fg cdi ldg' o] < ¢ gl -

with ¢’ a positive constant independent of ¢. Thus au™"—g (.,u) € (Hé (Q))/ .Let zbe as in Lemma 2.5.
Since u < ug; <z, Lemma 2.5 gives that u < ¢’”d(, for some positive constants ¢’ and 7. Therefore,
by Lemma 2.13, u is a weak solution, in the usual sense of Hé (Q), of problem (1.2). Moreover, since

cdo <u <c”djae. inQ, (3.10)
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then au™ — g (,u) € LY (Q), also u € L (Q) and then, by the inner elliptic estimates, u € W.” (Q)

loc loc

for any p € [1, 00). Thus u € C (Q2) and from (3.10), u is also continuous at 9Q. Thus u € C (ﬁ) . O

Proof of Theorem 1.4. Suppose that 0 < a < % + % whenn > 2, thatand 0 < @ < 1 whenn < 2.
Assume also that g(.,s) = 0 on Q* and that hl)-h4) and h5) hold. Let z be as in Remark 2.4, let

{8 j}jeN C (0, 1) be a nonincreasing sequence such that lim;_,, £; = 0, and let {ugj}jeN be as in Theorem
1.2. Letu := lim;_,o ug;. By Lemma 2.5 we have, Ug, <z in Q forall j € N,and sou < z a.e. in
Q. Thus, by Remark 2.4, there exist positive constants ¢ and 7 such that u < cdj, a.e. in Q. Let Q" as
given by /6), and let { : Q — R be as given by Remark 2.19. Thus, by Remark 2.19 ii), there exists a
positive constant ¢’ such that { > ¢’dq+ in Q*, and by Remark 2.20, u,; > { in Q" for all j € N. Then
ug; > c'do+ in Q* for all j, and so u > cdo+ a.e. in Q.

Let ¢ € Hé (Q) and, for k € N, let ¢, : Q — R be defined by ¢, (x) = ¢ (x) if | (x)| < k, ¢ (x) = k
if o(x) > k and ¢, (x) = —k if ¢ (x) < —k. Thus ¢, € Hé (€2) N L™ () and {¢y},y converges to ¢ in
H(l) (Q). By Theorem 1.2, u is a weak solution, in the sense of definition 1.1, of problem (1.2). Then,
forall k € N,

L(Vu, Vo) = LMDO} (au™ — g (., u)) ¢ (3.11)
= L(au“’ ~ Xuw>0,8 (- 1)) ¢k
= L(X:aw}au_a ~ X018 (-, 1)) ¢r.
Note that ¥(ws0au ™ — X0 (1) € (H} () . Indeed, by hd), xus0g (.u) € L™ () ¢ (H} Q)

and, since u > cdg+ a.e. in Q* and a = 0 a.e. in Q \ Q*, we have yqau™ € L% (Q) C (Hé (Q))/

when n > 2 (because 0 < a < %+% if n > 2), and, in the case n < 2, y(sqau™" € Lo Q) c (Hé (Q)),
for i positive and small enough, (because 0 < @ < 1 if n < 2). Now, we take lim;_,, in (3.11), to
obtain

fg(Vu, Vo) = L(X{woﬂ"_a — X018 (1)) ¢
= fQX{u>0} (au™ - g(,w)e,
the last equality because u > 0 a.e. in {a > 0}. O
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