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1. Introduction

Let A denote the class of functions of the form:
f@=2+) ad, (1.1)
n=2

which are analytic in the open unit disk U = {z : |z] < 1}. Also let S denote the subclass of A consisting
of univalent functions in U. It is well-known that for f € S, |a3 — a§| < 1. A classical theorem of
Fekete-Szego [8] states that for f € S given by (1.1)

3 — 4, if 15<0,
|as — na3| < 1+Zexp(%';), if 0<np<l,

4n-3, if p>1
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The latter inequality is sharp in the sense that for each n there exists a function in § such that the
equality holds. Later, Pfluger [24] has considered the complex values of i and provided the inequality

|a3—na§|sl+2

-2
CXP(TZ)‘ .

Indeed, many authors have considered the Fekete-Szego problem for various subclasses of (A, the upper

bound for |a3 — na§| is investigated by various authors [1,5,6,13, 16, 17], see also recent investigations
on this subject by [7,11,21-23].
A function f € A is said to be in the class S* of starlike functions in U, if

R z2f'(2)
( f(@)

On the other hand, a function f € A is said to be in the class of convex functions in U, denoted by C,
if

)>0 (zeU).

‘R(l + Z]]::;S)) >0 (zeU.

A function f € A is said to be in the class of starlike functions of complex order b(b € C—{0}), denoted

by §*(b), provided that
1 (zf'(2)
‘R{l +E( o - 1)} >0 (zeU.

Furthermore, a function f € C(b) is convex functions of complex order b(b € C — {0}) if it satisfies the

inequality
1 Zf”(Z)
9"»{1 + E( e )} >0(zeU).

Note that S*(1) = S* and C(1) = C.

The class S*(b) of starlike functions of complex order b(b € C — {0}) was introduced by Nasr and
Aouf [19] while the class C(b) of convex functions of complex order b(b € C — {0}) was presented
earlier by Wiatrowski [28].

Salagean [26] introduced the following differential operator for f(z) € A which is called the
Salagean differential operator:

Dfz) = f@
D'f2) = DfR) =2z
Df(z) = DO 'f(z) (keN=1,2,3,.).
We note that,
Df(z) =z + Z nka,?" (ke Ny =NU{0}). (1.2)
n=2

Recently, Komatu [14] introduced a certain integral operator £2 defined by
a’ : 1\
Lif(z) = 5 ft“‘z (log ;) fizhdt (@>0,6>0, fRIEA, zeU). (1.3)
0
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Thus, if f(z) € Ais of the form (1.1), it is easily seen from (1.3) that [14]

a+n-1

Lgf(z):z+i(L)6anz" (a>0,6>0). (1.4)
n=2

We note that:

o L2f(2) = f(2);

e L1f(2) = A[f](z) known as Alexander operator [2];

e L)f(z) = L[f](z) known as Libera operator [15];

o L! f(2) = L [f](2) called generalized Libera operator or Bernardi operator [3];

e Fora = 1 and 6 = k (k is any integer), the multiplier transformation L’]‘ f(2) = T*f(z) was studied
by Flett [9] and Salagean [26];

e Fora =1and § = —k (k € Ny = N U {0}), the differential operator L]" f(2) = D*f(2) was studied
by Salagean [26];

e Fora = 2 and ¢ = k (k is any integer), the operator L’; f(z) = L*f(z) was studied by Uralegaddi
and Somanatha [27];

e For a = 2, the multiplier transformation £ f(z) = 7° f(z) was studied by Jung et al. [10].

For D f(z) given by (1.2) and L2 f(z) is given by (1.4), we define the differential operator Z)kLZ f(@)
as follows:

a+n-—1

DLf@) =2+ i nt (L)é a,7". (1.5)
n=2

Note that, by taking 6 = 0 and k = 0 in (1.5), the differential operator D* £ f(z) reduces to Saldgean
differential operator and Komatu integral operator, respectively.
Using the operator D L2 f, we now introduce a new subclass of analytic functions as follows:

Definition 1. A function f € A is said to be in the class N¥°(A, b) if satisfies the inequality

1( AD L) + 2D LR 1)) 0
b\(1 = VDL f(2) + DL f(2))

(a>0,beC-{0},6>0,0<A<1,keN=1,2,3,...,zeU).

Note that, N;°(0,b) = S*(b) and N (1, b) = C(b).

By giving specific values to the parameters and a, b, k, 6 and A, we obtain the following important
subclasses studied by various authors in earlier works, for instance; N22(0, ) and N>(1,b) (Bulut
[4]), No*(A, 1) (Mohapatra and Panigrahi [18]), No°(0, b) = S*(b) (Nars and Aouf [19]), No°(1,b) =
C(b) (Wiatrowski [28], Nars and Aouf [20]).

In this paper, we find an upper bound for the functional |a3 - na§| for the functions f belongs to the

class Nj"s(/l, b).

‘R(l+

2. Main results

We denote by P a class of analytic function in U with p(0) = 1 and R p(z) > 0. In order to derive
our main results, we have to recall here the following lemma [25].
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Lemma 1. Let p € P with p(z) = 1 + ¢12+ ¢22° + ..., then
lc,| <2 forn > 1.

Iflcil = 2 then p(2) = p1(z) = (1 + y12)/(1 — y12) with y, = ¢1/2. Conversely, if p(z) = p1(z) for some
ly1l = 1, then ¢y = 2y, and |ci| = 2. Furthermore, we have

c%<2
Cr 7= 2

Y22+Y]
1+y1722

c? ci?
Ifleil < 2and |es = 3| < 2= 58 then p(2) = pa(2), where pa(2) = 522, and y1 = ¢1/2, 7> =

+y 1722

262—0%
5.
4=lcil

202—0% C%
— 1l <
FROE and Cy )

Conversely, if p(z) = p»(z) for some |y,| < 1 and |y,| = 1 then y, = ¢1/2, y» =

el
2l

Now, consider the functional |a3 — na§| forbe C—-{0}and n € C.

Theorem 1. Letb e C—{0}and 0 <A< 1,ne€C,a>0,6>0. If f of the form (1.1) is in Né"‘s(/l,b),

then 21
laa| < a7 A 2.1)
b1
las| < mmax{l,ll +2b]) (2.2)
and
) 1b] (21 + DAJ3
|as - na3| < mmax{l, 1+2b—4nbm} (2.3)

where A = (ﬁ) and A, = (i) . Consider the functions

a+

Z(Tf f(z))f

——=1+b -1 24
ﬂif(z) +b[pi(2) | (2.4)

2(F@)

— = =1+b -1 2.5
Fra @) *olpo 1] (22)

where py, p, are given in Lemma 1. Equality in (2.1) holds if (2.4); in (2.2) if (2.4) and (2.5); for each
nin(2.3) if (2.4) and (2.5).

Proof. Denote F;2(2) = (1 = VDFLf(2) + 22D L3f(2)) = 2+ az? + f32° + ..., then
By = A+ DA%, B3 =21+ A3 as. (2.6)

(Fre@)
@)

By the definition of the class fo"s(/l, b), there exists p € P such that =1+ b(p(z) — 1), so that

=1-b+b(l+ci1z+ 7" +..),

(z(l + 2Bz + 3ﬁ3z2 +...)
2+ B2+ B + ...
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which implies the equality
242827 + 3B + ... = 2+ (bey + B2)Z% + (bey + Bobey + B3 + ...
Equating the coefficients of both sides of the latter, we have

b*c?  be
ﬂz—bcl,,33—— 22,

so that, on account of (2.6) and (2.7)

bCl b

T = (P o).
A+ DAk’ “ 2(2/l+1)Ag3k( i+ )

a) =

Taking into account (2.8) and Lemma 1, we obtain

21b]
las| = ‘ il =
(+ DA | 7 (1 + 1Ak
and
- b z_c_%+1+2bc2
’ 2021 + 1)A23k 22 O
o[,k 2| + 2 ] 2|
2021+ 1)A33k
- S L 1+ ey + %
(21 + 1)A33k : 2
||

—  max({L[1+]1+2b-1]}.
(21 + 1)A33k

Thus, we have
|b|
24+ 1)A‘§3k
Then, with the aid of Lemma 1, we obtain
b b>c?
- b 2 + — —]
201+ 1)Ag3k( i) =ne 124222

las| < max {1, |1 + 2b|}.

2
Jas = na|

1b] | 2| _ 4nb(2+ DAJ3
221+ DA || > (1 + 1)24292%

1b] |c]| Jetl %| _ 4b(24 + DAJ3
2024 + 1)Ag3k 2 (A + 1)2A2002%

2 Anb(2A + 1)AS3F
- Ll+u(l+2b— A+ DAY
(21 + 1)A33k 4 (A + 1)2A2002%
Anb(2A + 1)A%3

M {14 op - 2PCAE DA
(21 + 1)A33k (1 + 1)2A2002%

2.7)

(2.8)

(2.9)

(2.10)

AIMS Mathematics Volume 5, Issue 3, 1745-1756.



1750

We now obtain sharpness of the estimates in (2.1), (2.2) and (2.3).
Firstly, in (2.1) the equality holds if ¢; = 2. Equivalently, we have p(z) = pi1(z) = (1 + 2)/(1 — 2).
Therefore, the extremal functions in N¥°(4, b) is given by

(7)) 1+@b-1) @.11)
i@ -z |

Next, in (2.2), for first case, the equality holds if ¢; = ¢, = 2. Therefore, the extremal functions in
Nf"s(/l, b) is given by (2.11) and for the second case, the equality holds if ¢; = 0, ¢, = 2. Equivalently,
we have p(z) = pa(z) = (1 + 22)/(1 — 22). Therefore, the extremal functions in N*°(4, b) is given by

(F@)  1+@-12 01
Fio -2 '

Finally, in (2.3), the equality holds. Obtained extremal functions for (2.2) is also valid for (2.3).
Thus, the proof of Theorem 1 is completed. O

Taking k = 0 and A = 0 in Theorem 1, we have
Corollary 1. [4]Letbe C—-{0},neC,a>0and 6 = 0. If f of the form (1.1), is in N0, b), then

||

jas| < — max {1, |1 + 2]}
A2

and
s

1+2b 4bA2
+2b —4nb—
A%

}

o 10l {
az —nay| < — maxq 1,
| 3 2| Aczi

where A = (ﬁ) and A, :( 4 )

a+2

If we choose k = 0 and A = 1 in Theorem 1, we get
Corollary 2. [4]Letbe C—-{0},neC,a>0and 6 > 0. If f of the form (1.1), is in Ng"s(l,b), then

ad < 2
Al
n
las| £ — max {1, |1 + 2b|}
343

and
5

1+2b 3bA2
+2b - 3nb—
A%

|

b
|a3 — na§| < ;—I;;max{l,
where A} = (a“j) and A, = ( 4 )

a+2

Fork=0,6=0,4=0and b = 1in (2.3), we obtain
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Corollary 3. [12] Letn € C.If f of the form (1.1), is in S*(1), then
|as — na3| < max {1, 47 - 3|}
Taking k=0, =0,4=1and b = 1 in (2.3), we have
Corollary 4. [12] Letn € C. If f of the form (1.1), is in C(1), then

|a2 77‘12| < maX{;,ln— l|}

We next consider the case, when 1 and b are real. In this case, the following theorem holds.

Theorem 2. Let b > 0 and let N§’§(/l, b). Then for n € R, we have

224+ 1DAS3*
(2/l+1)A‘53’< {1 +2b [1 - W n< M,
2 b
jas = naj| < A+ DAT3F M, << M,
b dppa+DAJZE
QA+1)AJ3F [ (A+1)2A%22% 2b - 11, nz M,
_(_a (A+1)2A2022 _ (142b)(1+1)2A20% .
where A| = (a?) Ay = (a+2) M, = 0L DATF nd M, = BT For each n, the equality holds

for the functions given in equations (2.4) and (2.5).

A+1)2A202% 1+2b)(A+1)?A292% . .
4 2D 42 n this case it follows from (2.8) and Lemma 1 that

Proof. First, letn <

2QA+DAS3 = 4b(2A+DAS3K
b c 2 4Anb(2A + 1)AJ3F
|Cl3—770§| A1 L 1Ak |1| |1| 1+2b- il 2) 2
2024 + 1)Ag3k (A + 1)2A%22%

2024 + A3
Luzb(l— ul 4 )
(21 + 1)A33k (1 + 1)2A2002%

A+1)2A202%k 1+2b)(A+1)2A202% . . . . .
Let, now (2(;11—1)}‘5% <n< %. Then, using the estimations obtained above we arrived
2
as —nay| £ ——m—.
jas = nar| < 5 1)AJ3*
. . (1+2b)(A+1)?A22%
Finally, if n > —HeEDAT then
2 52k
s - nad] < b |c1| |c1| b+ DAY
7 204+ 1)Ag3k 2 (A + 1)2A2002%

b
2(24 + 1)A33k
b
(21 + 1)A33F

ci| (4nb(24 + 1)AJ3F

| 1|( b4+ 1) _2_%)
(A + 1)2A202%

4nb(22 + 1)A%3k

(A + 1)2A%2%

-2b - 1] .
Thus, the proof of Theorem 2 is completed. O
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Taking k = 0 and A = 0 in Theorem 2, we have
Corollary 5. [4] Let b > 0 and let N>°(0, b). Then for n € R, we have

277A A¥
2{1+2b( 1 )}’ rlsZ‘;g’
26 26
b A (1+2b)A
|a3 B na2| = AL’ 2;‘; SRS 4bAT -
p | 4nbAS (1+2b)A%
=z - >
AS [ A% —2b 1] = 4bAS

where A1 = ( )andAz = (a+2)
Finally, considering the case of b € C — {0} and 7 € R, we obtain

Theorem 3. Let b € C — {0} and let f € Nf"s(/l, b). For n € R, we have
2 . .
% [R(k) —n] + (2%811;?% . if msT,
bl .

AP blsingl
(/1+1)2A%622k [77 s)'%(kl)] + (2/1+1)Ag3k’ lf‘ n > T29

— _a_ _ i0 _ (/l+1)2A%‘522k (A+1)2A%‘522ke"9 B (/l+1)2A%522k _
where A = (a+1) and A, = (a+2) bl = be”, k; = 20 DAF T b DA I = PRI T, =
R(ki) = 1;(1 = Isin 6]) and T, = R(k,) + (1 — [sin @) For each n there is a function in Ny°(1,b) such

that the equality holds.

Proof. From inequality (2.10), we may write

> 1b] 2 e Anb(2A + 1)A33*
|a3_77a2| = —————|lo—-=|+ = |1 -
2024 + 1)A33k 21" 2 (1+ 1)2A202%
g Ib] |01| &l %I 4nb(24 + DAY
T 201+ 1)Agsk » A+ 1PAD2
b et Anb(20 + 1)A3¢
_ 1) ul+2b_n( s AT
222+ DAS3K| 2 (1 + 1)2A202%
b b Anb(2A + 1)A%3F
- m__, Ll 2)2 —2b—1]-1||¢}
QA+ DAL 421+ DA || (4 + 1)2A22%
|b] |bl*

+
QA+ DA3F (1 + 124202
(A+ 1PAP2% (1 + 1)2A%2%
1T 22T DA T ab2a+ DA

(A 1A @
416] (24 + 1)AJ3¢

(A+1)2A2022 (1+1)2A202% 10
2(2A+1)AS3k 4]bl(2+1)A5 3¢

(A+1)2A202%
4[bl(2+1)A5 3¢

If we write |b| = be® (or b = |ble "), ki =
inequality, we get

dl, = in the last

I s
QA+ DAZE T (1 + 1)2A202%

|a3 —770§| [I7 = kil —11]|C%|
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bl |b* .
s Ay e 1 R+ hbind =[]
b bl
- . * 4 [|’7 — R(ky)| = (1 — Isin 9|)] i, @13)

22+ DAJ3E (A + 1)2A302%

We consider the following cases for (2.13). Suppose n < R(k;). Then

2 bl b . )
B + R(ky) = 1;(1 —|sin6]) —
|a3 r]a2| (2/1 + I)A(253k (/1 + 1)2A%622k [ ( 1) 1( | 1 |) 77] |CI|
_ || |b|* )
= o T e Do alal (2.14)
Letn < T = R(ky) — [;(1 — |sin§]). On using Lemma 1 and /; = —4(“1“%52:2 in inequality (2.14), we
b2+ 1)AT3
get
. b 4|bf? " |
- + R(ky) —1) — ———=—(1 —[sinf
|a3 7]612| A+ 1)Ag3k (A + 1)2A%622k ( (k1) 77) 21+ 1)Ag3k( | )
41bl° Ib| |sin 6]
—— (Rk) - )+ —m//————.
(/1_,_1)214%5221(( (k1) —n) @A+ DA

If we take Ty = R(k;) — [;(1 — |sin6]) < n < R(ky), then (2.14) gives

jax = na| < (2/l+1)A53k

Let 5 > R(k;). It then follows, from (2.13), that

) |b| b . 5
- + —Rky) +1;(1 - 0
s =l < G DAz * (e A (17 R0+ = ki) i
|b| b
— n ~-T] |01| (2.15)

24+ l)A(ZSS" A+ 1)2A%‘522’<
Let n < T, = R(ky) + [;(1 — |sind]). On using (2.15) we obtain

jas = a3 < (2/1+1)A53"

2 A2692k
Letn > T, = R(k;) + [;(1 — |sin8]). Employing Lemma 1 together with [; = % in equality

(2.15), we obtain
b 4 b b

_ < + —— (1 —1sin@
s =nas] < o DAz * s param T R~ G e sin D
4 b (- Rik)) + |b| |sin O]
(1 + 1)2A222% T A+ DABE
Therefore, the proof is completed. O
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Corollary 6. If we take a = 1 in Theorems 1-3, we have the following results, respectively:
1. Letbe C—{0}and f € Nf"s(/l, b). Then, for n € C, we have

T A+ 12k
las| < Lmax{l |1 + 2b|}
7T 24+ 1)3k0 ’
e " @1+ 1) 3
A+ k=6
|ag 77(12| < Wmax{l, 1+ 2b—47]b(/l 1)2( ) }

Equality holds for the cases a = 1 of (2.4) and (2.5) in Theorem 1.
2. Letb>0and f € Nf"s(/l, b).Then, for n € R, we have

T 2b[1 o GO I | I AR 0

(A+1)2
2 .
|Cl3 - 77a2| < (2/1+1)3k bk’ l‘f Yl < n < YZ»
b Anb(2A+1) 3 \k=6 .
(QA+1)3k-0 [ (A+1)2 (Z) —-2b - 1] , lf nz Y,

2 2
where Y| = ;é;?l)(g)k and Y, = (]Ilf(bz)ﬁﬁ;) € ). For each n, the equality holds for the cases a = 1 of

(2.4) and (2.5).
3. Letbe C—-{0}and f € Nf"s(/l, b). Then, forn € R, we have

|b|2'_‘_ [%(kl) _ T]] 4 |b||sin9|_ lf n < Tla

(A+1)248=0-1 QA+1)3F3°

b :
|aa - 77a2| < R if Ti<n<T,,

b|? bl|sin 6] .
(Mll)z% [7 - Rk)] + (zl/llJlrs]l;A' 5 if n=Ts,

where bl = be, ky = 1504 = (97 G I = (97 s, Ty = Rk - h(1 - [sin6) and

220+ 1) 2D’ mwiea+n’
T, = R(ky) + [;(1 — |sin 8]). For each n there is a function in Ny k.6 (4, b) such that the equality holds.
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