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1. Introduction

In this paper, we study the asymptotic behavior of solutions for the following non-autonomous
stochastic plate equation with multiplicative noise and nonlinear damping defined on the unbounded
domain Rn:

utt + ∆2u + h(ut) + λu + f (x, u) = g(x, t) + εu ◦
dw
dt

(1.1)

with the initial value conditions

u(x, τ) = u0(x), ut(x, τ) = u1(x), (1.2)

where x ∈ Rn, t > τ with τ ∈ R, λ > 0 and ε are constants, h(ut) is a nonlinear damping term, f
is a given interaction term, g is a given function satisfying g ∈ L2

loc(R,H
1(Rn)), and w is a two-sided

real-valued Wiener process on a probability space. The stochastic Eq. (1.1) is understood in the sense
of Stratonovich’s integration.

Plate equations like (1.1), especially when h(ut) = αut, have been investigated for many years due
to their importance in some physical areas such as vibration and elasticity theory of solid mechanics.
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The study of the long-time dynamics of plate equations has become an outstanding topic in the field of
the infinite dimensional dynamical system.

As we know, the attractor is regarded as a proper notation describing the long-time dynamics of
solutions, and many classical literatures and monographs have been appeared for both the deterministic
and stochastic dynamical systems over the last decades years, see [1, 5, 6, 8, 9, 12, 12–15,22, 26, 27, 40]
and references therein. However, in reality, a system is always affected by some random factors such
as external noise. In order to study the large-time behavior and characterization of solution for the
stochastic partial differential equations driven by noise, H. Crauel & Franco Flandoi [8, 9], Franco
Flandoi & B. Schmalfuss [12] and B. Schmalfuss [22] introduced the concept of pullback attractors,
and established some abstract results for existence of such attractors about compact dynamical system
[1, 9, 12, 15, 18]. Since these methods required the compactness of pullback absorbing set for systems,
it could not be used to deal with the stochastic PDEs on unbounded domains. P. W. Bates, H. Lisei
& K. Lu [4] presented the concept of asymptotic compactness for random dynamical systems, they
proved the existence of random attractors for reaction-diffusion equations on unbounded domain using
these abstract results in [3]. B. Wang in [27] further extended the concept of asymptotic compactness
to the case of partial differential equations with both the random and the time-dependent forcing terms;
moreover, he applied this criteria to the stochastic reaction-diffusion equation with additive noise on
Rn, and obtained existence of an unique pullback attractor. Most of works on stochastic PDEs, please
refer to [10, 25, 28–30, 32, 36] and references therein.

Just for problem (1.1)–(1.2) and the corresponding plate equations, in the deterministic case (i.e.,
ε = 0), existence of global attractors has been studied by several authors, see for instance [2, 15–
17, 34, 35, 38, 39, 41]. As far as the stochastic case driven by additive noise, when the deterministic
forcing term g is independent of time, that is, g(x, t) ≡ g(x), existence of random pullback attractor
on bounded domain was obtained in [20, 23, 24]. Recently, on the unbounded domain, the authors
investigated existence and upper semi-continuity of random attractors for stochastic plate equation
with rotational inertia and Kelvin-Voigt dissipative term as well as time dependent terms see [37] for
details. To the best of our knowledge, it is not considered by any predecessors for the stochastic plate
equation with multiplicative noise on unbounded domain. It is well known that multiplicative noise
makes the problem more complex and interesting even to the case of bounded domain. Based the
theory and applications of B. Wang in [27, 31, 33], we decide to study existence of pullback attractors
for problem (1.1)–(1.2).

Notice that (1.1) is a non-autonomous stochastic equation in the sense that the external term g is
time-dependent. In this case, like in [27], we need to introduce two parametric spaces to describe its
dynamics: one is responsible for the deterministic non-autonomous perturbations and the other for
the stochastic perturbations. In addition, since Sobolev embeddings are not compact on unbounded
domain, we can not get the desired asymptotic compactness directly from the regularity of solutions.
We here overcome this difficulty by using the uniform estimates on the tails of solutions outside a
bounded ball in Rn and the splitting technique [28], as well as the compactness methods introduced
in [19].

In comparison with the results recently published in [37], the novelty and the difficulties of this
work are as follows: (i) The nonlinear damping h(ut) in Eq. (1.1) and its treatment; (ii) Using a new
Ornstein-Uhlenbeck process which does not depends on the damping coefficients but depends on an
adjustable parameter δ, which is substantially different from [37].

AIMS Mathematics Volume 5, Issue 3, 2577–2607.



2579

The rest of this paper is organized as follows. In the next section, we recall some basic concepts
related to random attractor for general random dynamical systems. In section 3, we provide some basic
settings about Eq. (1.1) and show that it generates a continuous cocycle. Then we derive all necessary
uniform estimates of solutions in section 4, and prove the existence of random attractors in sections 5.
In section 6, we give conclusion as well as some comments on possible applications for these results.

Throughout the paper, we use || · || and (·, ·) to denote the norm and the inner product of L2(Rn),
respectively. The norms of Lp(Rn) and a Banach space X are generally written as || · ||p and || · ||X,
respectively. The letters c and ci (i = 1, 2, . . .) are generic positive constants which may change their
values from line to line or even in the same line and do not depend on ε.

2. Materials and method

2.1. Preliminaries

In this section, we recall some definitions and known results regarding pullback attractors of non-
autonomous random dynamical systems from [7, 27], which they are useful to our problem.

In the sequel, we use (Ω,F ,P) and (X, d) to denote a probability space and a complete separable
metric space, respectively. If A and B are two nonempty subsets of X, then we use d(A, B) to denote
their Hausdorff semi-distance.
Definition 2.1.1 Let θ : R × Ω → Ω be a (B(R) × F ,F )-measurable mapping. We say (Ω,F ,P, θ) is
a parametric dynamical system if θ(0, ·) is the identity on Ω, θ(s + t, ·) = θ(t, ·) ◦ θ(s, ·) for all t, s ∈ R,
and Pθ(t, ·) = P for all t ∈ R.
Definition 2.1.2 Let K : R × Ω → 2X be a set-valued mapping with closed nonempty images. We say
K is measurable with respect to F in Ω if the mapping ω ∈ Ω→ d(x,K(τ, ω)) is (F ,B(R))-measurable
for every fixed x ∈ X and τ ∈ R.
Definition 2.1.3 A mapping Φ : R+ × R × Ω × X → X is called a continuous cocycle on X over R and
(Ω,F ,P, {θt}t∈R) if for all τ ∈ R, ω ∈ Ω and t, s ∈ R+, the following conditions (1)–(4) are satisfied:

(1) Φ(·, τ, ·, ·) : R+ ×Ω × X → X is (B(R+) × F × B(X),B(X))-measurable;
(2) Φ(0, τ, ω, ·) is the identity on X;
(3) Φ(t + s, τ, ω, ·) = Φ(t, τ + s, θsω, ·) ◦ Φ(s, τ, ω, ·);
(4) Φ(t, τ, ω, ·) : X → X is continuous.
Hereafter, we assume Φ is a continuous cocycle on X over R and (Ω,F ,P, {θt}t∈R), and D is the

collection of some families of nonempty bounded subsets of X parameterized by τ ∈ R and ω ∈ Ω:

D = {D = {D(τ, ω) ⊆ X : D(τ, ω) , ∅, τ ∈ R, ω ∈ Ω}}.

Definition 2.1.4 Let B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} be a family of nonempty subsets of X. For every
τ ∈ R, ω ∈ Ω, let

Ω(B, τ, ω) =
⋂
r≥0

⋃
t≥r

Φ(t, τ − t, θ−tω, B(τ − t, θ−tω)).

Then the family {Ω(B, τ, ω) : τ ∈ R, ω ∈ Ω} is called the Ω-limit set of B and is denoted by Ω(B).
Definition 2.1.5 Let D be a collection of some families of nonempty subsets of X and K = {K(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D. Then K is called a D-pullback absorbing set for Φ if for all τ ∈ R and ω ∈ Ω and
for every B ∈ D, there exists T = T (B, τ, ω) > 0 such that

Φ(t, τ − t, θ−tω, B(τ − t, θ−tω)) ⊆ K(τ, ω) for all t ≥ T.
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If, in addition, K(τ, ω) is closed in X and is measurable in ω with respect to F , then K is called a closed
measurableD-pullback absorbing set for Φ.
Definition 2.1.6 Let D be a collection of some families of nonempty subsets of X. Then Φ is said to
beD-pullback asymptotically compact in X if for all τ ∈ R and ω ∈ Ω, the sequence

{Φ(tn, τ − tn, θ−tnω, xn)}∞n=1 has a convergent subsequence in X

whenever tn → ∞, and xn ∈ B(τ − tn, θ−tnω) with {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D.
Definition 2.1.7 Let D be a collection of some families of nonempty subsets of X andA = {A(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D. Then A is called a D-pullback attractor for Φ if the following conditions (1)–(3)
are fulfilled: for all t ∈ R+, τ ∈ R and ω ∈ Ω,

(1)A(τ, ω) is compact in X and is measurable in ω with respect to F .
(2)A is invariant, that is,

Φ(t, τ, ω,A(τ, ω)) = A(τ + t, θtω).

(3) For every B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,

lim
t→∞

d(Φ(t, τ − t, θ−tω, B(τ − t, θ−tω)),A(τ, ω)) = 0.

Proposition 2.1.8 Let D be an inclusion-closed collection of some families of nonempty subsets of X,
and Φ be a continuous cocycle on X over R and (Ω,F ,P, {θt}t∈R). If Φ is D-pullback asymptotically
compact in X and Φ has a closed measurable D-pullback absorbing set K in D, then Φ has a unique
D-pullback attractorA inD which is given by, for each τ ∈ R and ω ∈ Ω,

A(τ, ω) = Ω(K, τ, ω) =
⋃
D∈D

Ω(B, τ, ω)

2.2. Cocycles for stochastic plate equation

In this section, we outline some basic settings about (1.1)–(1.2) and show that it generates a
continuous cocycle in H2(Rn) × L2(Rn).

Let ξ = ut + δu, where δ is a small positive constant whose value will be determined later.
Substituting ut = ξ − δu into (1.1) we find

du
dt

+ δu = ξ, (2.2.1)

dξ
dt
− δξ + (δ2 + λ)u + ∆2u + h(ξ − δu) + f (x, u) = g(x, t) + εu ◦

dw
dt

(2.2.2)

with the initial value conditions

u(x, τ) = u0(x), ξ(x, τ) = z0(x), (2.2.3)

where ξ0(x) = u1(x) + δu0(x), x ∈ Rn.
Assumption I. Assume that the functions h, f satisfy the following conditions:
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(1) Let F(x, u) =
∫ u

0
f (x, s)ds for x ∈ Rn and u ∈ R, there exist positive constants ci(i = 1, 2, 3, 4),

such that

| f (x, u)| ≤ c1|u|γ + φ1(x), φ1 ∈ L2(Rn), (2.2.4)
f (x, u)u − c2F(x, u) ≥ φ2(x), φ2 ∈ L1(Rn), (2.2.5)
F(x, u) ≥ c3|u|γ+1 − φ3(x), φ3 ∈ L1(Rn), (2.2.6)

|
∂ f
∂u

(x, u)| ≤ β, |
∂ f
∂x

(x, u)| ≤ φ4(x), φ4 ∈ L2(Rn), (2.2.7)

where β > 0, 1 ≤ γ ≤ n+4
n−4 . Note that (2.2.4) and (2.2.5) imply

F(x, u) ≤ c(|u|2 + |u|γ+1 + φ2
1 + φ2). (2.2.8)

(2) There exist two constants β1, β2 such that

h(0) = 0, 0 < β1 ≤ h′(v) ≤ β2 < ∞. (2.2.9)

Let (Ω,F ,P) be the standard probability space, where Ω = {ω ∈ C(R,R) : ω(0) = 0}, F is the
Borel σ-algebra induced by the compact open topology of Ω, and P is the Wiener measure on (Ω,F ).
There is a classical group {θt}t∈R acting on (Ω,F ,P) which is defined by

θtω(·) = ω(· + t) − ω(t), for all ω ∈ Ω, t ∈ R,

then (Ω,F ,P, {θt}t∈R) is a parametric dynamical system.
It is convenient to convert the problem (2.2.1)–(2.2.3) into a deterministic system with a random

parameter, and then show that it generates a cocycle over R and (Ω,F ,P, {θt}t∈R).
Consider Ornstein-Uhlenbeck equation dz + δzdt = dω, z(−∞) = 0, and Ornstein-Uhlenbeck

process

z(θtω) = z(t, ω) = −δ

∫ 0

−∞

eδs(θtω)(s)ds. (2.2.10)

From [1, 11, 18], it is known that the random variable |z(ω)| is a stationary, ergodic and tempered
stochastic process, and there is a θt-invariant set Ω̃ ⊂ Ω of full Pmeasure such that z(θtω) is continuous
in t for every ω ∈ Ω̃. For convenience, we shall simply write Ω̃ as Ω.

Now, let v(x, t) = ξ(x, t) − εu(x, t)z(θtω), we obtain the equivalent system of (2.2.1)–(2.2.3),

du
dt

+ δu − v = εuz(θtω), (2.2.11)

dv
dt
− δv + (δ2 + λ + A)u + f (x, u) = g(x, t) − h(v + εuz(θtω) − δu)

− ε(v − 3δu + εuz(θtω))z(θtω) (2.2.12)

with the initial value conditions

u(x, τ) = u0(x), v(x, τ) = v0(x), (2.2.13)

where A is defined below and v0(x) = ξ0(x) − εz(θτω)u0, x ∈ Rn.
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Let −∆ denote the Laplace operator in Rn, A = ∆2 with the domain D(A) = H4(Rn). We can also
define the powers Aν of A for ν ∈ R. The space Vν = D(A

ν
4 ) is a Hilbert space with the following inner

product and norm
(u, v)ν = (A

ν
4 u, A

ν
4 v), ‖ · ‖ν = ‖A

ν
4 · ‖.

For brevity, the notation (·, ·) for L2-inner product will also be used for the notation of duality pairing
between dual spaces, ‖ · ‖ denotes the L2-norm.

Let E = H2 × L2, with the Sobolev norm

‖y‖H2×L2 = (‖v‖2 + ‖u‖2 + ‖∆u‖2)
1
2 , for y = (u, v)> ∈ E. (2.2.14)

We shall drop the transpose superscript for all column vectors of u and v. The well-posedness of local
weak solutions for the problem of the random PDE (2.2.11)–(2.2.13) in E = H2(Rn) × H(Rn) can be
shown by Galerkin approximation and compactness method as in [5, 21, 26, 37]. Under conditions
(2.2.4)–(2.2.7) and (2.2.9), for every ω ∈ Ω, τ ∈ R and (u0, v0) ∈ E, we can prove the problem
(2.2.11)–(2.2.13) has a unique global solution (u(·, τ, ω, u0), v(·, τ, ω, v0)) ∈ C([τ,∞), E). Moreover, for
t ≥ τ, (u(t, τ, ω, u0), v(t, τ, ω, v0)) is (F , B(H2(Rn)) × B(L2(Rn)))-measurable in ω and continuous in
(u0, v0) with respect to the E-norm.

Thus the solution mapping can be used to define a continuous cocycle for (2.2.1)–(2.2.3). Let
Φ : R+ × R ×Ω × E → E be a mapping given by

Φ(t, τ, ω, (u0, v0)) = (u(t + τ, τ, θ−τω, u0), v(t + τ, τ, θ−τω, v0)), (2.2.15)

where v(t +τ, τ, θ−τω, v0) = ξ(t +τ, τ, θ−τω, ξ0)−εz(θtω)u(t +τ, τ, θ−τω, u0) with v0 = ξ0−εz(ω)u0. Then
Φ is a continuous cocycle over R and (Ω,F ,P, {θt}t∈R) on E. For each t ∈ R+, τ ∈ R, ω ∈ Ω,

Φ(t, τ − t, θ−tω, (u0, v0)) = (u(τ, τ − t, θ−τω, u0), v(τ, τ − t, θ−τω, v0))
=(u(τ, τ − t, θ−τω, u0), ξ(τ, τ − t, θ−τω, ξ0) + εz(ω)u(τ, τ − t, θ−τω, u0)).

(2.2.16)

This identity is useful when proving pullback asymptotic compactness of Φ. Next we make another
assumption.

Assumption II. We assume that σ, δ, ε and g(x, t) satisfy the following conditions:

σ =
1
2

min{δ, δc2}, (2.2.17)

δ > 0 satisfies λ + δ2 − β2δ > 0, β1 > 5δ +
β2

δ(λ + δ2 − β2δ)
, (2.2.18)

|ε| <min
{
−2
√
δ(γ2γ3 + γ1) +

√
4δ(γ2γ3 + γ1)2 + πδγ2σ

γ2
√
π

,

−2
√
δ(γ2γ4 + 1) +

√
4δ(γ2γ4 + 1)2 + πδγ2σ

γ2
√
π

}
, (2.2.19)

where γ1 = max{1, c1c−1
3

2 }, γ2 = 1 + 1
λ+δ2−β2δ

, γ3 = 3
2δ + 1

2β2 + 2β2δ + 1, γ4 = 3
2δ + 1

2β2 + 2β2δ.
Moreover, ∫ 0

−∞

eσs‖g(·, τ + s)‖21ds < ∞, ∀ τ ∈ R, (2.2.20)
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and

lim
k→∞

∫ 0

−∞

eσs
∫
|x|≥k
|g(x, τ + s)|2dxds = 0, ∀ τ ∈ R, (2.2.21)

where | · | denotes the absolute value of real number in R.
Given a bounded nonempty subset B of E, we write ‖B‖ = sup

φ∈B
‖φ‖E. Let D = {D(τ, ω) : τ ∈ R, ω ∈

Ω} be a family of bounded nonempty subsets of E such that for every τ ∈ R, ω ∈ Ω,

lim
s→−∞

eσs‖D(τ + s, θsω)‖2E = 0. (2.2.22)

LetD be the collection of all such families, that is,

D = {D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} : D satisfies (2.2.22)}. (2.2.23)

2.3. Uniform estimates of solutions

In this section, we conduct uniform estimates on the weak solutions of the stochastic plate Eqs.
(2.2.1)–(2.2.3) defined on Rn, through the converted random Eq. (2.2.11)–(2.2.13), for the purposes
of showing the existence of a pullback absorbing sets and the pullback asymptotic compactness of the
cocycle.

We define a new norm ‖ · ‖E by

‖Y‖E = (‖v‖2 + (λ + δ2 − β2δ)‖u‖2 + ‖∆u‖2)
1
2 , for Y = (u, v) ∈ E. (2.3.1)

It is easy to check that ‖ · ‖E is equivalent to the usual norm ‖ · ‖H2×L2 in (2.2.14). First we show that the
cocycle Φ has a pullbackD-absorbing set inD.
Lemma 2.3.1 Under Assumptions I and II, for every τ ∈ R, ω ∈ Ω, D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,
there exists T = T (τ, ω,D) > 0 such that for all t ≥ T the solution of problem (2.2.11)–(2.2.13) satisfies

‖Y(τ, τ − t, θ−τω,D(τ − t, θ−tω))‖2E ≤ R1(τ, ω),

and R1(τ, ω) is given by

R1(τ, ω) = M+M
∫ 0

−∞

e2
∫ s

0

[
σ−γ1 |ε||z(θrω)|−γ2

(
1
2 ε

2 |z(θrω)|2+γ3 |ε||z(θtω)|
)]

dr

·
(
‖g(·, s + τ)‖2 + |ε||z(θsω)|

)
ds (2.3.2)

where M is a positive constant independent of τ, ω,D and ε.
Proof. Taking the inner product of (2.2.12) with v in L2(Rn), we find that

1
2

d
dt
‖v‖2 − (δ − εz(θtω))‖v‖2 + (λ + δ2)(u, v) + (Au, v) + ( f (x, u), v)

= εz(θtω)(3δ − εz(θtω))(u, v) − (h(v + εuz(θtω) − δu), v) + (g(x, t), v). (2.3.3)

By the first equation of (2.2.11), we have

v = ut − εuz(θtω) + δu. (2.3.4)
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By (2.2.9) and Lagrange’s mean value theorem, we have

− (h(v + εuz(θtω) − δu), v)
= − (h(v + εuz(θtω) − δu) − h(0), v)
= − (h′(ϑ)(v + εuz(θtω) − δu), v)
≤ − β1‖v‖2 − (h′(ϑ)(εuz(θtω) − δu), v)
≤ − β1‖v‖2 + β2|ε||z(θtω)|‖u‖‖v‖ + h′(ϑ)δ(u, v), (2.3.5)

where ϑ is between 0 and v + εuz(θtω) − δu.
By (2.2.9) and (2.3.4), we get

h′(ϑ)δ(u, v)
=h′(ϑ)δ(u, ut − εuz(θtω) + δu)

≤β2δ ·
1
2

d
dt
‖u‖2 + β2δ

2‖u‖2 + β2δ|ε||z(θtω)|‖u‖2. (2.3.6)

Substituting (2.3.4) into the third and fourth terms on the left-hand side of (2.3.3), we find that

(u, v)
=(u, ut − εuz(θtω) + δu)

≥
1
2

d
dt
‖u‖2 + δ‖u‖2 − |ε||z(θtω)|‖u‖2,

(2.3.7)

and
(Au, v) = (∆u,∆v) = (∆u,∆ut − εz(θtω)∆u + δ∆u)

≥
1
2

d
dt
‖∆u‖2 + δ‖∆u‖2 − |ε||z(θtω)|‖∆u‖2.

(2.3.8)

For the first term on the right-hand side of (2.3.3), by (2.3.5), using the Cauchy-Schwarz inequality
and Young’s inequality, we have

εz(θtω)(3δ − εz(θtω))(u, v) + β2|ε||z(θtω)|‖u‖‖v‖
=(3δεz(θtω) − ε2z2(θtω))(u, v) + β2|ε||z(θtω)|‖u‖‖v‖
≤(3δ|ε||z(θtω)| + ε2|z(θtω)|2)‖u‖‖v‖ + β2|ε||z(θtω)|‖u‖‖v‖
=((3δ + β2)|ε||z(θtω)| + ε2|z(θtω)|2)‖u‖‖v‖

≤(
1
2

(3δ + β2)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2)(‖u‖2 + ‖v‖2), (2.3.9)

and for the last term on the right-hand side of (2.3.3),

(g, v) ≤ ‖g‖‖v‖ ≤
‖g‖2

2(β1 − δ)
+
β1 − δ

2
‖v‖2. (2.3.10)

Let F̃(x, u) =
∫
Rn F(x, u)dx. Then for the last term on the left-hand side of (2.3.3) we have

( f (x, u), v) = ( f (x, u), ut − εz(θtω)u + δu)
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=
d
dt

F̃(x, u) + δ( f (x, u), u) − εz(θtω)( f (x, u), u). (2.3.11)

By condition (2.2.4) and (2.2.6), we have

εz(θtω)
(
f (x, u), u

)
≤c1|ε||z(θtω)|

∫
Rn
|u|γ+1dx + |ε||z(θtω)|‖φ1‖

2 + |ε||z(θtω)|‖u‖2

≤c1c−1
3 |ε||z(θtω)|

∫
Rn

(
F(x, u) + φ3

)
dx + |ε||z(θtω)|‖φ1‖

2 + |ε||z(θtω)|‖u‖2

≤c1c−1
3 |ε||z(θtω)|F̃(x, u) + c|ε||z(θtω)| + |ε||z(θtω)|‖u‖2. (2.3.12)

Substitute (2.3.5)–(2.3.12) into (2.3.3) and together with (2.2.5) to obtain

1
2

d
dt

(
‖v‖2 + (λ + δ2 − β2δ)‖u‖2 + ‖∆u‖2 + 2F̃(x, u)

)
+ δ

(
‖v‖2 + (λ + δ2 − β2δ)‖u‖2 + ‖∆u‖2

)
+ δc2F̃(x, u)

≤c +

(1
2

(3δ + β2)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2

)
(‖u‖2 + ‖v‖2)

+ |ε||z(θtω)|
(
‖v‖2 + (λ + δ2 + β2δ)‖u‖2 + ‖∆u‖2

)
+ |ε||z(θtω)|‖u‖2

+
3δ − β1

2
‖v‖2 +

‖g‖2

2(β1 − δ)
+ c1c−1

3 |ε||z(θtω)|F̃(x, u) + c|ε||z(θtω)|

≤

(1
2

(3δ + β2)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2

)
(‖u‖2 + ‖v‖2)

+ γ1|ε||z(θtω)|
(
‖v‖2 + (λ + δ2 + β2δ)‖u‖2 + ‖∆u‖2 + 2F̃(x, u)

)
+ |ε||z(θtω)|‖u‖2 + c

(
1 + ‖g‖2 + |ε||z(θtω)|

)
, (2.3.13)

where γ1 = max{1, c1c−1
3

2 }.
Let σ = 1

2 min{δ, δc2}, then

1
2

d
dt

(
‖v‖2 + (λ + δ2 − β2δ)‖u‖2 + ‖∆u‖2 + 2F̃(x, u)

)
≤ −

[
σ − γ1|ε||z(θtω)| − γ2

(1
2
ε2|z(θtω)|2 + γ3|ε||z(θtω)|

)]
·
(
‖v‖2 + (λ + δ2 − β2δ)‖u‖2 + ‖∆u‖2 + 2F̃(x, u)

)
+ c

(
1 + ‖g‖2 + |ε||z(θtω)|

)
, (2.3.14)

where γ2 = 1 + 1
λ+δ2−β2δ

, γ3 = 3
2δ + 1

2β2 + 2β2δ + 1.
Let us denote

%(τ, ω) = σ − γ1|ε||z(θtω)| − γ2
(1
2
ε2|z(θtω)|2 + γ3|ε||z(θtω)|

)
. (2.3.15)

Using the Gronwall inequality to integrate (2.3.14) over (τ − t, τ) with t ≥ 0, we get

‖v(τ, τ − t, ω, v0)‖2 + (λ + δ2 − β2δ)‖u(τ, τ − t, ω, u0)‖2
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+ ‖∆u(τ, τ − t, ω, u0)‖2 + 2F̃
(
x, u(τ, τ − t, ω, u0)

)
≤
(
‖v0‖

2 + (λ + δ2 − β2δ)‖u0‖
2 + ‖∆u0‖

2 + 2F̃(x, u0)
)
e2

∫ τ−t
τ

%(s,ω)ds

+ c
∫ τ

τ−t
e2

∫ s
τ
%(r,ω)dr(1 + ‖g(·, s)‖2 + |ε||z(θsω)|

)
ds. (2.3.16)

Replacing ω by θ−τω in the above we obtain, for every t ∈ R+, τ ∈ R, and ω ∈ Ω,

‖v(τ, τ − t, θ−τω, v0)‖2 + (λ + δ2 − β2δ)‖u(τ, τ − t, θ−τω, u0)‖2

+ ‖∆u(τ, τ − t, θ−τω, u0)‖2 + 2F̃
(
x, u(τ, τ − t, θ−τω, u0)

)
≤
(
‖v0‖

2 + (λ + δ2 − β2δ)‖u0‖
2 + ‖∆u0‖

2 + 2F̃(x, u0)
)
e2

∫ τ−t
τ

%(s−τ,ω)ds

+ c
∫ τ

τ−t
e2

∫ s
τ
%(r−τ,ω)dr(1 + ‖g(·, s)‖2 + |ε||z(θs−τω)|

)
ds, (2.3.17)

then

‖v(τ, τ − t, θ−τω, v0)‖2 + (λ + δ2 − β2δ)‖u(τ, τ − t, θ−τω, u0)‖2

+ ‖∆u(τ, τ − t, θ−τω, u0)‖2 + 2F̃
(
x, u(τ, τ − t, θ−τω, u0)

)
≤
(
‖v0‖

2 + (λ + δ2 − β2δ)‖u0‖
2 + ‖∆u0‖

2 + 2F̃(x, u0)
)
e2

∫ −t
0 %(s,ω)ds

+ c
∫ 0

−t
e2

∫ s
0 %(r,ω)dr(1 + ‖g(·, s + τ)‖2 + |ε||z(θsω)|

)
ds. (2.3.18)

Since |z(θtω)| is stationary and ergodic, from (2.2.10) and the ergodic theorem we can get

lim
t→∞

1
t

∫ 0

−t
|z(θrω)|dr = E(|z(θrω)|) =

1
√
πδ
, (2.3.19)

lim
t→∞

1
t

∫ 0

−t
|z(θrω)|2dr = E(|z(θrω)|2) =

1
2δ
. (2.3.20)

By (2.3.19)–(2.3.20), there exists T1(ω) > 0 such that for all t ≥ T1(ω),∫ 0

−t
|z(θrω)|dr <

2
√
πδ

t,
∫ 0

−t
|z(θrω)|2dr <

1
δ

t. (2.3.21)

Next we show that for any s ≤ −T1

e2
∫ s

0 %(r,ω)dr ≤ eσs. (2.3.22)

By using the two inequalities in (2.3.21), we have∫ s

0

[
σ − γ1|ε||z(θrω)| − γ2

(1
2
ε2|z(θrω)|2 + γ3|ε||z(θrω)|

)]
dr

>σs − |ε|
2γ1
√
πδ

s − γ2
[1
2
ε2 1
δ

+ γ3|ε|
2
√
πδ

]
s

= −
γ2

2δ
ε2s −

2
√
πδ

[
γ3γ2 + γ1

]
|ε|s + σs. (2.3.23)
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In order to have the inequality in (2.3.22) valid, we need∫ s

0

[
σ − γ1|ε||z(θrω)| − γ2

(1
2
ε2|z(θrω)|2 + γ3|ε||z(θrω)|

)]
dr ≤

σ

2
s.

Since s ≤ −T1, then it requires that

γ2

2δ
ε2 +

2
√
πδ

[
γ3γ2 + γ1

]
|ε| −

σ

2
< 0.

Solving this quadratic inequality, ε needs to satisfy (2.2.19) as we have assumed in Assumption II.
Since |z(θtω)| is tempered, by (2.2.20) and (2.3.22), we see that the following integral is convergent,

R2
2(τ, ω) = c

∫ 0

−∞

e2
∫ s

0 %(r,ω)dr(1 + ‖g(·, s + τ)‖2 + |ε||z(θsω)|
)
ds. (2.3.24)

Note that (2.2.8) implies ∫
Rn

F(x, u0)dx ≤ c
(
1 + ‖u0‖

2 + ‖u0‖
γ+1
H2

)
. (2.3.25)

Since D ∈ D and (u0, v0) ∈ D(τ − t, θ−tω), for all t ≥ T1, we get from (2.3.24) and (2.3.25) that(
‖v0‖

2 + (λ + δ2 − β2δ)‖u0‖
2 + ‖∆u0‖

2 + 2F̃(x, u0)
)
e2

∫ −t
0 %(s,ω)ds

≤ce−σt(1 + ‖v0‖
2 + ‖u0‖

2
H2 + ‖u0‖

γ+1
H2

)
≤ce−σt(1 + ‖D(τ − t, θ−tω)‖2 + ‖D(τ − t, θ−tω)‖γ+1)→ 0, as t → +∞. (2.3.26)

From (2.3.1), (2.3.18), (2.3.24) and (2.3.26), there exists T2 = T2(τ, ω,D) ≥ T1 such for all that t ≥ T2,

‖Y(τ, τ − t, θ−τω,Y0(θ−τω))‖2E ≤ c(1 + R2
2(τ, ω)),

thus the proof is completed. �
The following lemmas will be used to show the uniform estimates of solutions as well as to establish

pullback asymptotic compactness.
Lemma 2.3.2 Under Assumptions I and II, for every τ ∈ R, ω ∈ Ω, D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,
there exists T = T (τ, ω,D) > 0 such that for all t ≥ T, s ∈ [−t, 0], the solution of problem (2.2.11)–
(2.2.13) satisfies

‖Y(τ + s, τ − t, θ−τω,D(τ − t, θ−tω))‖2E ≤ M + R3(τ, ω)e2
∫ 0

s %(r,ω)dr,

where (u0, v0)> ∈ D(τ − t, θ−tω), M is a positive constant independent of τ, ω,D and ε, and R3(τ, ω) is
a specific random variable.
Proof. Similar to (2.3.18), integrating (2.3.14) over (τ − t, τ + s) with t ≥ 0 and s ∈ [−t, 0], we can
obtain

‖v(τ + s, τ − t, ω, v0)‖2 + (λ + δ2 − β2δ)‖u(τ + s, τ − t, ω, u0)‖2

+ ‖∆u(τ + s, τ − t, ω, u0)‖2 + 2F̃
(
x, u(τ + s, τ − t, ω, u0)

)
≤
(
‖v0‖

2 + (λ + δ2 − β2δ)‖u0‖
2 + ‖∆u0‖

2 + 2F̃(x, u0)
)
e2

∫ τ−t
τ+s %(r−t,ω)dr
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+ c
∫ τ+s

τ−t
e2

∫ ζ
τ+s %(r−τ,ω)dr(1 + ‖g(·, ζ)‖2 + |ε||z(θζ−τω)|

)
dζ

≤
(
‖v0‖

2 + (λ + δ2 − β2δ)‖u0‖
2 + ‖∆u0‖

2 + 2F̃(x, u0)
)
e2

∫ −t
s %(r,ω)dr

+ c
∫ s

−t
e2

∫ ζ
s %(r,ω)dr(1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|

)
dζ. (2.3.27)

Moreover we have the following estimates for the last integral term on the right-hand side of (2.3.27):

c
∫ s

−t
e2

∫ ζ
s %(r−t,ω)dr(1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|

)
dζ

=c
[ ∫ −T1

−t
e2

∫ ζ
s %(r,ω)dr +

∫ s

−T1

e2
∫ ζ

s %(r,ω)dr
](

1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|
)
dζ

≤ce2
∫ 0

s %(r,ω)dr
∫ −T1

−t
e2

∫ ζ
0 %(r,ω)dr(1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|

)
dζ

+ ce2
∫ 0

s %(r,ω)dr
∫ 0

−T1

e2
∫ ζ

0 %(r,ω)dr(1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|
)
dζ

≤ce2
∫ 0

s %(r,ω)dr
∫ −T1

−t
eσζ

(
1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|

)
dζ

+ ce2
∫ 0

s %(r,ω)dr
∫ 0

−T1

e2
∫ ζ

0 %(r,ω)dr(1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|
)
dζ

≤e2
∫ 0

s %(r,ω)drR4(τ, ω), (2.3.28)

where

R4(τ, ω) = c
∫ 0

−∞

eσζ(1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|)dζ

+ c
∫ 0

−T1

e2
∫ ζ

0 %(r,ω)dr(1 + ‖g(·, ζ + τ)‖2 + |ε||z(θζω)|)dζ.

Note that R4(τ, ω) is well defined by (2.2.20) and that z(θtω) is tempered. On the other hand, as in
(2.3.26), we find that there exists T3 = T3(τ, ω,D) ≥ T1 such that for all t ≥ T3,

(‖v0‖
2 + (λ + δ2 − β2δ)‖u0‖

2 + ‖∆u0‖
2 + 2F̃(x, u0))e2

∫ −t
s %(r,ω)dr

≤ce2
∫ 0

s %(r,ω)dre2
∫ −t

0 %(r,ω)dr(‖v0‖
2 + (λ + δ2 − β2δ)‖u0‖

2 + ‖∆u0‖
2 + 2F̃(x, u0))

≤e2
∫ 0

s %(r,ω)drR4(τ, ω).

(2.3.29)

It follows from (2.3.27)–(2.3.29) and (2.3.25) that, for all t ≥ T3, s ∈ [−t, 0], and ε satisfying (2.2.16),

‖v(τ + s, τ − t, θ−τω, v0)‖2 + (λ + δ2 − β2δ)‖u(τ + s, τ − t, θ−τω, u0)‖2

+ ‖∆u(τ + s, τ − t, θ−τω, u0)‖2 ≤ 2e2
∫ 0

s %(r,ω)drR4(τ, ω).
(2.3.30)

The proof is completed. �
Lemma 2.3.3 Under Assumptions I and II, for every τ ∈ R, ω ∈ Ω, D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,
there exists T = T (τ, ω,D) > 0 such that for all t ≥ T the solution of problem (2.2.11)–(2.2.13) satisfies

‖A
1
4 Y(τ, τ − t, θ−τω,D(τ − t, θ−tω))‖2E ≤ R5(τ, ω),
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and R5(τ, ω) is given by

R5(τ, ω) = R2
6(τ, ω) + ce−σt(‖A

1
4 v0‖

2 + ‖A
1
4 u0‖

2 + ‖A
3
4 u0‖

2), (2.3.31)

where (u0, v0)> ∈ D(τ − t, θ−tω), c is a positive constant independent of τ, ω,D and ε, and R6(τ, ω) is a
specific random variable.
Proof. Taking the inner product of (2.2.12) with A

1
2 v in L2(Rn), we find that

1
2

d
dt
‖A

1
4 v‖2 − (δ − εz(θtω))‖A

1
4 v‖2 + (λ + δ2)(u, A

1
2 v) + (Au, A

1
2 v) + ( f (x, u), A

1
2 v)

= εz(θtω)(3δ − εz(θtω))(u, A
1
2 v) − (h(v + εuz(θtω) − δu), A

1
2 v) + (g(x, t), A

1
2 v). (2.3.32)

Similar to the proof of Lemma 2.3.1, we have the following estimates:

−

(
h
(
v + εuz(θtω) − δu

)
, A

1
2 v

)
= −

(
h
(
v + εuz(θtω) − δu

)
− h(0), A

1
2 v

)
= −

(
h′(ϑ)

(
v + εuz(θtω) − δu

)
, A

1
2 v

)
≤ − β1‖A

1
4 v‖2 −

(
h′(ϑ)

(
εuz(θtω) − δu

)
, A

1
2 v

)
≤ − β1‖A

1
4 v‖2 + β2|ε||z(θtω)|‖A

1
4 u‖‖A

1
4 v‖ + h′(ϑ)δ(u, A

1
2 v), (2.3.33)

h′(ϑ)δ(u, A
1
2 v)

=h′(ϑ)δ
(
u, A

1
2 ut − εz(θtω)A

1
2 u) + δA

1
2 u

)
≤β2δ ·

1
2

d
dt
‖A

1
4 u‖2 + β2δ

2‖A
1
4 u‖2 + β2δ|ε||z(θtω)|‖A

1
4 u‖2, (2.3.34)

(u, A
1
2 v)

=
(
u, A

1
2 ut − εz(θtω)A

1
2 u + δA

1
2 u

)
≥

1
2

d
dt
‖A

1
4 u‖2 + δ‖A

1
4 u‖2 − |ε||z(θtω)|‖A

1
4 u‖2, (2.3.35)

(Au, A
1
2 v)

=
(
Au, A

1
2 ut − εz(θtω)A

1
2 u + δA

1
2 u

)
≥

1
2

d
dt
‖A

3
4 u‖2 + δ‖A

3
4 u‖2 − |ε||z(θtω)|‖A

3
4 u‖2, (2.3.36)

εz(θtω)
(
3δ − εz(θtω)

)
(u, A

1
2 v) + β2|ε||z(θtω)|‖A

1
4 u‖‖A

1
4 v‖

=
(
3δεz(θtω) − ε2z2(θtω)

)
(u, A

1
2 v) + β2|ε||z(θtω)|‖A

1
4 u‖‖A

1
4 v‖

≤
(
3δ|ε||z(θtω)| + ε2|z(θtω)|2

)
‖A

1
4 u‖‖A

1
4 v‖ + β2|ε||z(θtω)|‖A

1
4 u‖‖A

1
4 v‖

=

(
(3δ + β2)|ε||z(θtω)| + ε2|z(θtω)|2

)
‖u‖‖v‖

≤

(1
2

(3δ + β2)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2

)
(‖A

1
4 u‖2 + ‖A

1
4 v‖2), (2.3.37)
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(
g, A

1
2 v

)
≤ ‖g‖1‖A

1
4 v‖ ≤

‖g‖21
2(β1 − δ)

+
β1 − δ

2
‖A

1
4 v‖2. (2.3.38)

For the last term on the left-hand side of (2.3.32), by (2.2.7), we have

−
(
f (x, u), A

1
2 v

)
= −

∫
Rn

∂

∂x
f (x, u) · A

1
4 vdx −

∫
Rn

∂

∂u
f (x, u) · A

1
4 u · A

1
4 vdx

≤

∫
Rn
|
∂

∂x
f (x, u)| · |A

1
4 v|dx + β

∫
Rn
|A

1
4 u| · |A

1
4 v|dx

≤

∫
Rn
|η4| · |A

1
4 v|dx + β

∫
Rn
|A

1
4 u| · |A

1
4 v|dx

≤‖η4‖‖A
1
4 v‖ + β‖A

1
4 u‖‖A

1
4 v‖

≤c12 +

(
δ +

β2

2δ(λ + δ2 − β2δ)

)
‖A

1
4 v‖2 +

1
2
δ(λ + δ2 − β2δ)‖A

1
4 u‖2. (2.3.39)

Substitute (2.3.33)–(2.3.39) into (2.3.32) and together with (2.2.18) to obtain

1
2

d
dt

(
‖A

1
4 v‖2 + (λ + δ2 − β2δ)‖A

1
4 u‖2 + ‖A

3
4 u‖2

)
+ σ

(
‖A

1
4 v‖2 + (λ + δ2 − β2δ)‖A

1
4 u‖2 + ‖A

3
4 u‖2

)
≤

(1
2

(3δ + β2)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2

)
(‖A

1
4 u‖2 + ‖A

1
4 v‖2)

+|ε||z(θtω)|
(
‖A

1
4 v‖2 + (λ + δ2 + β2δ)‖A

1
4 u‖2 + ‖A

3
4 u‖2

)
+
‖g‖21

2(β1 − δ)
. (2.3.40)

Then

1
2

d
dt

(
‖A

1
4 v‖2 + (λ + δ2 − β2δ)‖A

1
4 u‖2 + ‖A

3
4 u‖2

)
≤ −

[
σ − |ε||z(θtω)| − γ2

(1
2
ε2|z(θtω)|2 + γ4|ε||z(θtω)|

)]
·
(
‖A

1
4 v‖2 + (λ + δ2 − β2δ)‖A

1
4 u‖2 + ‖A

3
4 u‖2

)
+
‖g‖21

2(β1 − δ)
, (2.3.41)

where γ4 = 3
2δ + 1

2β2 + 2β2δ.
Let us denote

%1(τ, ω) = σ − |ε||z(θtω)| − γ2
(1
2
ε2|z(θtω)|2 + γ4|ε||z(θtω)|

)
. (2.3.42)

Using the Gronwall inequality to integrate (2.3.42) over (τ − t, τ) with t ≥ 0, we get

‖A
1
4 v(τ, τ − t, ω, v0)‖2 + (λ + δ2 − β2δ)‖A

1
4 u(τ, τ − t, ω, u0)‖2 + ‖A

3
4 u(τ, τ − t, ω, u0)‖2

≤
(
‖A

1
4 v0‖

2 + (λ + δ2 − β2δ)‖A
1
4 u0‖

2 + ‖A
3
4 u0‖

2)e2
∫ τ−t
τ

%1(s,ω)ds

+ c
∫ τ

τ−t
e2

∫ s
τ
%1(r,ω)dr‖g(·, s)‖21ds. (2.3.43)
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Replacing ω by θ−τω in (2.3.43), for every t ∈ R+, τ ∈ R, and ω ∈ Ω,

‖A
1
4 v(τ, τ − t, θ−τω, v0)‖2 + (λ + δ2 − β2δ)‖A

1
4 u(τ, τ − t, θ−τω, u0)‖2 + ‖A

3
4 u(τ, τ − t, θ−τω, u0)‖2

≤
(
‖A

1
4 v0‖

2 + (λ + δ2 − β2δ)‖A
1
4 u0‖

2 + ‖A
3
4 u0‖

2)e2
∫ τ−t
τ

%1(s−τ,ω)ds

+ c
∫ τ

τ−t
e2

∫ s
τ
%1(r−τ,ω)dr‖g(·, s)‖21ds, (2.3.44)

then

‖A
1
4 v(τ, τ − t, θ−τω, v0)‖2 + (λ + δ2 − β2δ)‖A

1
4 u(τ, τ − t, θ−τω, u0)‖2

+ ‖A
3
4 u(τ, τ − t, θ−τω, u0)‖2

≤
(
‖A

1
4 v0‖

2 + (λ + δ2 − β2δ)‖A
1
4 u0‖

2 + ‖A
3
4 u0‖

2)e2
∫ −t

0 %1(s,ω)ds

+ c13

∫ 0

−t
e2

∫ s
0 %1(r,ω)dr‖g(·, s + τ)‖21ds. (2.3.45)

Next we show that for any s ≤ −T1

e2
∫ s

0 %1(r,ω)dr ≤ eσs. (2.3.46)

In fact, using the two inequalities in (2.3.21), we have∫ s

0

[
σ − |ε||z(θrω)| − γ2

(1
2
ε2|z(θrω)|2 + γ4|ε||z(θrω)|

)]
dr

>σs − |ε|
2
√
πδ

s − γ2
[1
2
ε2 1
δ

+ γ4|ε|
2
√
πδ

]
s

= −
γ2

2δ
ε2s −

2
√
πδ

[
γ4γ2 + 1

]
|ε|s + δs.

In order to have the inequality in (2.3.46) valid, we need∫ s

0

[
σ − |ε||z(θrω)| − γ2

(1
2
ε2|z(θrω)|2 + γ4|ε||z(θrω)|

)]
dr ≤

σ

2
s.

Since s ≤ −T1, then it requires that

γ2

2δ
ε2 +

2
√
πδ

[
γ4γ2 + 1

]
|ε| −

σ

2
< 0.

Solving this quadratic inequality, ε needs to satisfy (2.2.19).
By (2.2.20) and (2.3.46), we see that the following integral is convergent,

R2
6(τ, ω) = c

∫ 0

−∞

e2
∫ s

0 %1(r,ω)dr‖g(·, s + τ)‖21ds. (2.3.47)

For all t ≥ T1, we get from (2.3.46) that

(‖A
1
4 v0‖

2 + (λ + δ2 − β2δ)‖A
1
4 u0‖

2 + ‖A
3
4 u0‖

2)e2
∫ −t

0 Γ1(s,ω)ds

≤ce−σt(‖A
1
4 v0‖

2 + ‖A
1
4 u0‖

2 + ‖A
3
4 u0‖

2).
(2.3.48)
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From (2.3.1), (2.3.45), (2.3.47) and (2.3.48), there exists T4 = T4(τ, ω,D) ≥ T1 such for all that t ≥ T4,

‖A
1
4 Y(τ, τ − t, θ−τω,Y0(θ−τω))‖2E ≤ R2

6(τ, ω) + ce−σt(‖A
1
4 v0‖

2 + ‖A
1
4 u0‖

2 + ‖A
3
4 u0‖

2). (2.3.49)

Thus the proof is completed. �
Next we conduct uniform estimates on the tail parts of the solutions for large space variables when

time is sufficiently large in order to prove the pullback asymptotic compactness of the cocycle
associated with Eqs.(2.2.11)–(2.2.13) on the unbounded domain Rn.
Lemma 2.3.4 Under Assumptions I and II, for every η > 0, τ ∈ R, ω ∈ Ω, D = {D(τ, ω) : τ ∈ R, ω ∈
Ω} ∈ D, there exists T = T (τ, ω,D, η) > 0,K = K(τ, ω, η) ≥ 1 such that for all t ≥ T, k ≥ K, the
solution of problem (2.2.11)–(2.2.13) satisfies

‖Y(τ, τ − t, θ−τω,D(τ − t, θ−tω))‖2E(Rn\Bk) ≤ η, (2.3.50)

where for k ≥ 1, Bk = {x ∈ Rn : |x| ≤ k} and Rn \ Bk is the complement of Bk.
Proof. Choose a smooth function ρ, such that 0 ≤ ρ ≤ 1 for s ∈ R, and

ρ(s) =

{
0, if 0 ≤ |s| ≤ 1,
1, if |s| ≥ 2,

(2.3.51)

and there exist constants µ1, µ2, µ3, µ4 such that |ρ′(s)| ≤ µ1, |ρ
′′(s)| ≤ µ2, |ρ

′′′(s)| ≤ µ3, |ρ
′′′′(s)| ≤ µ4

for s ∈ R. Taking the inner product of (2.2.10) with ρ( |x|
2

k2 )v in L2(Rn), we obtain

1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )|v|2dx − (δ − εz(θtω))
∫
Rn
ρ(
|x|2

k2 )|v|2dx

+ (λ + δ2)
∫
Rn
ρ(
|x|2

k2 )uvdx +

∫
Rn

(Au)ρ(
|x|2

k2 )vdx +

∫
Rn
ρ(
|x|2

k2 ) f (x, u)vdx

=εz(θtω)(3δ − εz(θtω))
∫
Rn
ρ(
|x|2

k2 )uvdx

−

∫
Rn
ρ(
|x|2

k2 )(h(v + εuz(θtω) − δu)vdx +

∫
Rn
ρ(
|x|2

k2 )g(x, t)vdx. (2.3.52)

First, by (2.2.9), similar to (2.3.5), we have

−

∫
Rn
ρ(
|x|2

k2 )(h(v + εuz(θtω) − δu)vdx

= −

∫
Rn
ρ(
|x|2

k2 )(h(v + εuz(θtω) − δu) − h(0))vdx

≤ − β1

∫
Rn
ρ(
|x|2

k2 )|v|2dx + h′(ϑ)δ
∫
Rn
ρ(
|x|2

k2 )uvdx

+ β2|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )|u||v|dx. (2.3.53)

Taking (2.3.53) into (2.3.52), we have

1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )|v|2dx − (δ − εz(θtω) − β1)
∫
Rn
ρ(
|x|2

k2 )|v|2dx
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+ (λ + δ2 − h′(ϑ)δ)
∫
Rn
ρ(
|x|2

k2 )uvdx +

∫
Rn

(Au)ρ(
|x|2

k2 )vdx +

∫
Rn
ρ(
|x|2

k2 ) f (x, u)vdx

≤εz(θtω)(3δ − εz(θtω))
∫
Rn
ρ(
|x|2

k2 )uvdx +

∫
Rn
ρ(
|x|2

k2 )g(x, t)vdx

+ β2|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )|u||v|dx. (2.3.54)

For the third term on the left-hand side of (2.3.54), we have

(
λ + δ2 − h′(ϑ)δ

) ∫
Rn
ρ(
|x|2

k2 )uvdx

=
(
λ + δ2 − h′(ϑ)δ

) ∫
Rn
ρ(
|x|2

k2 )u
(du

dt
+ δu − εuz(θtω)

)
dx

=
(
λ + δ2 − h′(ϑ)δ

) ∫
Rn
ρ(
|x|2

k2 )
(1
2

d
dt

u2 +
(
δ − εz(θtω)

)
u2

)
dx

≥(λ + δ2 − β2δ)
(1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )|u|2dx + δ

∫
Rn
ρ(
|x|2

k2 )|u|2dx
)

− (λ + δ2 + β2δ)|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )|u|2dx. (2.3.55)

For the fourth term on the left-hand side of (2.3.54), we have∫
Rn

(Au)ρ(
|x|2

k2 )vdx

=

∫
Rn

(Au)ρ(
|x|2

k2 )
(du

dt
+ δu − εuz(θtω)

)
dx

=

∫
Rn

(∆2u)ρ(
|x|2

k2 )
(du

dt
+ δu − εz(θtω)u

)
dx

=

∫
Rn

(∆u)∆
(
ρ(
|x|2

k2 )
(du

dt
+ δu − εz(θtω)u

))
dx

=

∫
Rn

(∆u)
(( 2

k2ρ
′(
|x|2

k2 ) +
4x2

k4 ρ
′′(
|x|2

k2 )
)(du

dt
+ δu − εz(θtω)u

)
+ 2 ·

2|x|
k2 ρ

′(
|x|2

k2 )∇
(du

dt
+ δu − εz(θtω)u

)
+ ρ(
|x|2

k2 )∆
(du

dt
+ δu − εz(θtω)u

))
dx

≥ −

∫
k<x<

√
2k

(
2µ1

k2 +
4µ2x2

k4 )|(∆u)v|dx −
∫

k<x<
√

2k

4µ1x
k2 |(∆u)(∇v)|dx

+
1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )|∆u|2dx + δ

∫
Rn
ρ(
|x|2

k2 )|∆u|2dx − εz(θtω)
∫
Rn
ρ(
|x|2

k2 )|∆u|2dx

≥ −

∫
Rn

(
2µ1 + 8µ2

k2 )|(∆u)v|dx −
∫
Rn

4
√

2µ1

k
|(∆u)(∇v)|dx +

1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )|∆u|2dx

+ δ

∫
Rn
ρ(
|x|2

k2 )|∆u|2dx − εz(θtω)
∫
Rn
ρ(
|x|2

k2 )|∆u|2dx
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≥ −
µ1 + 4µ2

k2 (‖∆u‖2 + ‖v‖2) −
4
√

2µ1

k
‖∆u‖‖∇v‖ +

1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )|∆u|2dx

+ δ

∫
Rn
ρ(
|x|2

k2 )|∆u|2dx − εz(θtω)
∫
Rn
ρ(
|x|2

k2 )|∆u|2dx

≥ −
µ1 + 4µ2

k2 (‖∆u‖2 + ‖v‖2) −
2
√

2µ1

k
(‖∆u‖2 + ‖∇v‖2) +

1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )|∆u|2dx

−
(
|ε||z(θtω)| − δ

) ∫
Rn
ρ(
|x|2

k2 )|∆u|2dx. (2.3.56)

For the fifth term on the left-hand side of (2.3.54), we have∫
Rn
ρ(
|x|2

k2 ) f (x, u)vdx =

∫
Rn
ρ(
|x|2

k2 ) f (x, u)
(du

dt
+ δu − εz(θtω)u

)
dx

=
d
dt

∫
Rn
ρ(
|x|2

k2 )F(x, u)dx + δ

∫
Rn
ρ(
|x|2

k2 ) f (x, u)udx

− εz(θtω)
∫
Rn
ρ(
|x|2

k2 ) f (x, u)udx. (2.3.57)

By (2.2.5), we see that∫
Rn
ρ(
|x|2

k2 ) f (x, u)udx ≥ c2

∫
Rn
ρ(
|x|2

k2 )F(x, u)dx +

∫
Rn
ρ(
|x|2

k2 )φ2(x)dx, (2.3.58)

On the other hand, by (2.2.4) and (2.2.6),

εz(θtω)
∫
Rn
ρ(
|x|2

k2 ) f (x, u)udx

≤c|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )F(x, u)dx + c|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )|u|2dx

+ c|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )(|φ1|
2 + |φ3|)dx. (2.3.59)

Similar to (2.3.9) and (2.3.10) in Lemma 2.3.1, we get

εz(θtω)(3δ − εz(θtω))
∫
Rn
ρ(
|x|2

k2 )uvdx + β2|ε||z(θtω)
∫
Rn
ρ(
|x|2

k2 )||u||v|dx

≤(
1
2

(3δ + β2)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2)

∫
Rn
ρ(
|x|2

k2 )(|u|2 + |v|2)dx. (2.3.60)∫
Rn
ρ(
|x|2

k2 )g(x, t)vdx ≤
1

2(β1 − δ)

∫
Rn
ρ(
|x|2

k2 )|g(x, t)|2dx +
β1 − δ

2

∫
Rn
ρ(
|x|2

k2 )|v|2dx. (2.3.61)

Assemble together (2.3.54)–(2.3.61) to obtain

1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )
(
|v|2 + (λ + δ2 − β2δ)|u|2 + |∆u|2 + 2F(x, u)

)
dx
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+ δ

∫
Rn
ρ(
|x|2

k2 )
(
|v|2 + (λ + δ2 − β2δ)|u|2 + |∆u|2

)
dx + δc2

∫
Rn
ρ(
|x|2

k2 )F(x, u)dx

≤
µ1 + 4µ2

k2 (|∆u|2 + |v|2) +
2
√

2µ1

k
(|∆u|2 + |∇v|2) +

(1
2

(3δ + β2)|ε||z(θtω)|

+
1
2
ε2|z(θtω)|2

) ∫
Rn
ρ(
|x|2

k2 )(|u|2 + |v|2)dx + c
∫
Rn
ρ(
|x|2

k2 )|g(x, t)|2dx

+ c|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )F(x, u)dx + c|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )|u|2dx

+ c|ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )(|φ1|
2 + |φ3|)dx + c

∫
Rn
ρ(
|x|2

k2 )φ2(x)dx

+ |ε||z(θtω)|
∫
Rn
ρ(
|x|2

k2 )
(
|v|2 + (λ + δ2 + β2δ)|u|2 + |∆u|2

)
dx. (2.3.62)

Since that φ1 ∈ L2(Rn), φ2, φ3 ∈ L1(Rn), for given η > 0, there exists K0 = K0(η) ≥ 1 such that for all
k ≥ K0,

c
∫
Rn
ρ(
|x|2

k2 )(|φ1|
2 + |φ2| + |φ3|)dx

=c
∫
|x|≥k

ρ(
|x|2

k2 )(|φ1|
2 + |φ2| + |φ3|)dx

≤c
∫
|x|≥k

(|φ1|
2 + |φ2| + |φ3|)dx

≤η. (2.3.63)

Using the expression (2.3.15), we conclude from (2.3.62) that

1
2

d
dt

∫
Rn
ρ(
|x|2

k2 )
(
|v|2 + (λ + δ2 − β2δ)|u|2 + |∆u|2 + 2F(x, u)

)
dx

≤ − %(t, ω)
∫
Rn
ρ(
|x|2

k2 )
(
|v|2 + (λ + δ2 − β2δ)|u|2 + |∆u|2 + 2F(x, u)

)
dx

+
µ1 + 4µ2

k2 (|∆u|2 + |v|2) +
2
√

2µ1

k
(|∆u|2 + |∇v|2)

+ c
∫
Rn
ρ(
|x|2

k2 )|g(x, t)|2dx + η
(
1 + |ε||z(θtω)|

)
. (2.3.64)

Integrating (2.3.64) over (τ − t, τ) for t ∈ R+ and τ ∈ R, we get∫
Rn
ρ(
|x|2

k2 )
(
|v(τ, τ − t, ω, v0)|2 + (λ + δ2 − β2δ)|u(τ, τ − t, ω, u0)|2

)
dx

+

∫
Rn
ρ(
|x|2

k2 )
(
|∆u(τ, τ − t, ω, u0)|2 + 2F

(
x, u(τ, τ − t, ω, u0)

))
dx

≤e2
∫ τ−t
τ

%(µ,ω)dµ
∫
Rn
ρ(
|x|2

k2 )
(
|v0(x)|2 + (λ + δ2 − β2δ)|u0(x)|2

)
dx
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+ e2
∫ τ−t
τ

%(µ,ω)dµ
∫
Rn
ρ(
|x|2

k2 )
(
|∆u0(x)|2 + 2F

(
x, u0(x)

))
dx

+ c
∫ τ

τ−t
e2

∫ s
τ
%(µ,ω)dµ

∫
Rn
ρ(
|x|2

k2 )|g(x, s)|2dsdx + η

∫ τ

τ−t
e2

∫ s
τ
%(µ,ω)dµ(1 + |ε||z(θsω)|

)
ds

+
µ1 + 4µ2

k2

∫ τ

τ−t
e2

∫ s
τ
%(µ,ω)dµ(|∆u(s, τ − t, ω, u0)|2 + |v(s, τ − t, ω, v0)|2

)
ds

+
2
√

2µ1

k

∫ τ

τ−t
e2

∫ s
τ
%(µ,ω)dµ(|∆u(s, τ − t, ω, u0)|2 + |∇v(s, τ − t, ω, v0)|2

)
ds. (2.3.65)

Replacing ω by θ−τω in (2.3.65) and by (2.3.51) we obtain, for every t ∈ R+, τ ∈ R, and ω ∈ Ω,∫
Rn
ρ(
|x|2

k2 )
(
|v(τ, τ − t, θ−τω, v0)|2 + (λ + δ2 − β2δ)|u(τ, τ − t, θ−τω, u0)|2

)
dx

+

∫
Rn
ρ(
|x|2

k2 )
(
|∆u(τ, τ − t, θ−τω, u0)|2 + 2F

(
x, u(τ, τ − t, θ−τω, u0)

))
dx

≤e2
∫ τ−t
τ

%(µ−τ,ω)dµ
∫
Rn
ρ(
|x|2

k2 )
(
|v0(x)|2 + (λ + δ2 − β2δ)|u0(x)|2

)
dx

+ e2
∫ τ−t
τ

%(µ−τ,ω)dµ
∫
Rn
ρ(
|x|2

k2 )
(
|∆u0(x)|2 + 2F

(
x, u0(x)

))
dx

+ c
∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ

∫
Rn
ρ(
|x|2

k2 )|g(x, s)|2dsdx + η

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(1 + |ε||z(θs−τω)|

)
ds

+
µ1 + 4µ2

k2

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖v(s, τ − t, θ−τω, v0)‖2

)
ds

+
2
√

2µ1

k

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖∇v(s, τ − t, θ−τω, v0)‖2

)
ds

≤e2
∫ −t

0 %(µ,ω)dµ
(
‖v0(x)‖2 + (λ + δ2 − β2δ)‖u0(x)‖2 + ‖∆u0(x)‖2 + 2F̃

(
x, u0(x)

))
dx

+ c
∫ 0

−t
e2

∫ s
0 %(µ,ω)dµ

∫
Rn
ρ(
|x|2

k2 )|g(x, s + τ)|2dsdx + η

∫ 0

−t
e2

∫ s
0 %(µ,ω)dµ(1 + |ε||z(θsω)|

)
ds

+
µ1 + 4µ2

k2

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖v(s, τ − t, θ−τω, v0)‖2

)
ds

+
2
√

2µ1

k

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖∇v(s, τ − t, θ−τω, v0)‖2

)
ds. (2.3.66)

It is similar to (2.3.26), for an arbitrarily given η > 0, there exists T = T (τ, ω,D, η) such that for all
t ≥ T ,

e2
∫ −t

0 %(µ,ω)dµ
(
‖v0(x)‖2 + (λ + δ2 − β2δ)‖u0(x)‖2 + ‖∆u0(x)‖2 + 2F̃

(
x, u0(x)

))
dx ≤ η. (2.3.67)

For the second and third terms on the right-hand of (2.3.66), by Lemma 2.3.1 and Lemma 2.3.3, for all
t ≥ max{T2, T4},

µ1 + 4µ2

k2

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖v(s, τ − t, θ−τω, v0)‖2

)
ds
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+
2
√

2µ1

k

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(‖∆u(s, τ − t, θ−τω, u0)‖2 + ‖∇v(s, τ − t, θ−τω, v0)‖2

)
ds

≤η
(
R2

1(τ, ω) + R2
5(τ, ω)

)
. (2.3.68)

For the fourth term on the right-hand side of (2.3.66), there exists K1 = K1(τ, ω) ≥ 1 such that for all
k ≥ K1, by (2.3.22), we get∫ 0

−∞

e2
∫ s

0 %(µ,ω)dµ
∫
Rn
ρ(
|x|2

k2 )|g(x, s + τ)|2dsdx

≤

∫ −T1

−∞

e2
∫ s

0 %(µ,ω)dµ
∫
|x|≥k
|g(x, s + τ)|2dsdx

+

∫ 0

−T1

e2
∫ s

0 %(µ,ω)dµ
∫
|x|≥k
|g(x, s + τ)|2dsdx

≤

∫ −T1

−∞

eσs
∫
|x|≥k
|g(x, s + τ)|2dsdx + ec∗

∫ 0

−T1

eσs
∫
|x|≥k
|g(x, s + τ)|2dsdx, (2.3.69)

where c∗ > 0 is a random variable independent of τ ∈ R and D ∈ D, i.e.

c∗ =

(
σ

2
+ |ε| max

−T1≤µ≤0
|z(θµω)| + γ2

(1
2
ε2 max
−T1≤µ≤0

z2(θµω) + γ3|ε| max
−T1≤µ≤0

|z(θµω)|
))

T1.

Therefore, by (2.2.21) there exists K2(τ, ω) ≥ K1 such that for all k ≥ K2, we obtain

c
∫ 0

−∞

e2
∫ s

0 %(µ,ω)dµ
∫
Rn
ρ(
|x|2

k2 )|g(x, s + τ)|2dsdx

≤ec
∫ 0

−∞

eσs
∫
|x|≥k
|g(x, s + τ)|2dsdx ≤ η. (2.3.70)

Let

R7(τ, ω) =

∫ 0

−∞

e2
∫ s

0 %(µ,ω)dµ(1 + |ε||z(θsω)|
)
ds, (2.3.71)

by (2.3.22), we know that the integral of (2.3.71) is convergent.
Together with (2.3.66)–(2.3.70), we have∫

Rn
ρ(
|x|2

k2 )(|v(τ, τ − t, θ−τω, v0)|2 + (λ + δ2 − β2δ)|u(τ, τ − t, θ−τω, u0)|2)dx

+

∫
Rn
ρ(
|x|2

k2 )(|∆u(τ, τ − t, θ−τω, u0)|2 + 2F(x, u(τ, τ − t, θ−τω, u0)))dx

≤2η(1 + R2
1(τ, ω) + R2

5(τ, ω) + R7(τ, ω)).

(2.3.72)

It follows from (2.3.25) and (2.3.72) that there exists K3 = K3(τ, ω) ≥ K2, such for all k ≥ K3,
t ≥ max{T2, T4},∫

|x|≥
√

2k
ρ(
|x|2

k2 )(|v(τ, τ − t, θ−τω, v0)|2 + (λ + δ2 − β2δ)|u(τ, τ − t, θ−τω, u0)|2)dx

+

∫
Rn
ρ(
|x|2

k2 )(|∆u(τ, τ − t, θ−τω, u0)|2)dx

≤3η(1 + R2
1(τ, ω) + R2

5(τ, ω) + R7(τ, ω)),
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which implies (2.3.50). �
We now derive uniform estimates of solutions in bounded domains. These estimates will be used to

establish pullback asymptotic compactness. Let ρ̂ = 1 − ρ with ρ given by (2.3.51). Fix k ≥ 1, and set û(t, τ, ω, û0) = ρ̂( |x|
2

k2 )u(t, τ, ω, u0),

v̂(t, τ, ω, v̂0) = ρ̂( |x|
2

k2 )v(t, τ, ω, v0).
(2.3.73)

By (2.2.11)–(2.2.13) we find that û and v̂ satisfy the following system in B2k = {x ∈ Rn : |x| < 2k}:

dû
dt

= v̂ + ε̂uz(θtω) − δ̂u, (2.3.74)

d̂v
dt
− δ̂v + (δ2 + λ + A)̂u + ρ̂(

|x|2

k2 ) f (u)

=ρ̂(
|x|2

k2 )g(x, t) − ρ̂(
|x|2

k2 )h(v + εuz(θtω) − δu) − ε(̂v − 3δ̂u + ε̂uz(θtω))z(θtω)

+ 4∆∇ρ̂(
|x|2

k2 )∇u + 6∆ρ̂(
|x|2

k2 )∆u + 4∇ρ̂(
|x|2

k2 )∆∇u + u∆2ρ̂(
|x|2

k2 ), (2.3.75)

with boundary conditions
û = v̂ = 0 for |x| = 2k. (2.3.76)

Let {en}
∞
n=1 be an orthonormal basis of L2(B2k) such that Aen = λnen with zero boundary condition in

B2k. Given n, let Xn = span{e1, · · · , en} and Pn : L2(B2k)→ Xn be the projection operator.
Lemma 2.3.5 Under Assumptions I and II, for every η > 0, τ ∈ R, ω ∈ Ω, D = {D(τ, ω) : τ ∈ R, ω ∈
Ω} ∈ D, there exists T = T (τ, ω,D, η) > 0,K = K(τ, ω, η) ≥ 1 and N = N(τ, ω, η) ≥ 1 such that for all
t ≥ T, k ≥ K and n ≥ N, the solution of problem (2.3.74)–(2.3.76) satisfies

‖(I − Pn)Ŷ(τ, τ − t, θ−τω,D(τ − t, θ−τω))‖2E(B2k) ≤ η.

Proof. Let ûn,1 = Pnû, ûn,2 = (I − Pn)̂u, v̂n,1 = Pn̂v, v̂n,2 = (I − Pn)̂v. Applying I − Pn to (2.3.74), we
obtain

v̂n,2 =
dûn,2

dt
+ δ̂un,2 − εz(θtω)̂un,2. (2.3.77)

Then applying I − Pn to (2.3.75) and taking the inner product with v̂n,2 in L2(B2k), we have

1
2

d
dt
‖̂vn,2‖

2 − (δ − εz(θtω))‖̂vn,2‖
2 + (λ + δ2 + A)(̂un,2, v̂n,2)

+ ((I − Pn)̂ρ(
|x|2

k2 ) f (x, u), v̂n,2)

=((I − Pn)̂ρ(
|x|2

k2 )g(x, t), v̂n,2) + εz(θtω)(3δ − εz(θtω))(̂un,2, v̂n,2)

− (I − Pn)̂ρ(
|x|2

k2 )(h(v + εz(θtω) − δu), v̂n,2)

+ (4∆∇ρ̂(
|x|2

k2 )∇u + 6∆ρ̂(
|x|2

k2 )∆u + 4∇ρ̂(
|x|2

k2 )∆∇u + u∆2ρ̂(
|x|2

k2 ), v̂n,2). (2.3.78)
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Substituting v̂n,2 in (2.3.77) into the third term on the left-hand side of (2.3.78), we have

(̂un,2, v̂n,2) = (̂un,2,
dûn,2

dt
+ δ̂un,2 − εz(θtω)̂un,2)

≥
1
2

d
dt
‖̂un,2‖

2 + δ‖̂un,2‖
2 − |ε||z(θtω)|‖̂un,2‖

2, (2.3.79)

and then

(Aûn,2, v̂n,2) = (∆ûn,2,∆(
dûn,2

dt
+ δ̂un,2 − εz(θtω)̂un,2))

≥
1
2

d
dt
‖∆ûn,2‖

2 + δ‖∆ûn,2‖
2 − |ε||z(θtω)|‖∆ûn,2‖

2. (2.3.80)

For the fourth term on the left-hand side of (2.3.78), we have

((I − Pn)̂ρ(
|x|2

k2 ) f (x, u), v̂n,2)

=((I − Pn)̂ρ(
|x|2

k2 ) f (x, u),
dûn,2

dt
+ δ̂un,2 − εz(θtω)̂un,2)

=
d
dt

((I − Pn)̂ρ(
|x|2

k2 ) f (x, u), ûn,2) − ((I − Pn)̂ρ(
|x|2

k2 ) f ′u(x, u)ut, ûn,2)

+ (δ − εz(θtω))((I − Pn)̂ρ(
|x|2

k2 ) f (x, u), ûn,2). (2.3.81)

For the third term on the right-hand side of (2.3.78), we have

− (I − Pn)̂ρ(
|x|2

k2 )(h(v + εz(θtω) − δu), v̂n,2)

= − (I − Pn)̂ρ(
|x|2

k2 )(h(v + εz(θtω) − δu) − h(0), v̂n,2)

≤ − β1‖̂vn,2‖
2 + h′(ϑ)δ(̂un,2, v̂n,2) + β2|ε||z(θtω)|‖̂un,2‖‖̂vn,2‖. (2.3.82)

Using the Cauchy-Schwarz inequality and Young’s inequality, we get

εz(θtω)(3δ − εz(θtω))(̂un,2, v̂n,2) + β2|ε||z(θtω)|‖̂un,2‖‖̂vn,2‖

=(3δεz(θtω) − ε2z2(θtω))(̂un,2, v̂n,2) + β2|ε||z(θtω)|‖̂un,2‖‖̂vn,2‖

≤(3δ|ε||z(θtω)| + ε2|z(θtω)|2)‖̂un,2‖‖̂vn,2‖ + β2|ε||z(θtω)|‖̂un,2‖‖̂vn,2‖

=((3δ + β2)|ε||z(θtω)| + ε2|z(θtω)|2)‖̂un,2‖‖̂vn,2‖

≤(
1
2

(3δ + β2)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2)(‖̂un,2‖

2 + ‖̂vn,2‖
2), (2.3.83)

and

((I − Pn)̂ρ(
|x|2

k2 )g(x, t), v̂n,2)

≤
β1 − δ

4
‖̂vn,2‖

2 +
1

β1 − δ
‖(I − Pn)(̂ρ(

|x|2

k2 )g(x, t))‖2. (2.3.84)
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Now, we estimate the last term in (2.3.78)

(4∆∇ρ̂(
|x|2

k2 ) · ∇u + 6∆ρ̂(
|x|2

k2 ) · ∆u + 4∇ρ̂(
|x|2

k2 ) · ∆∇u + u∆2ρ̂(
|x|2

k2 ), v̂n,2)

=(4∇u · (
12|x|

k4 ρ̂ ′′(
|x|2

k2 ) +
8|x|3

k6 ρ̂ ′′′(
|x|2

k2 )) + 6∆u · (
2
k2 ρ̂

′(
|x|2

r2 )

+
4x2

k4 ρ̂
′′(
|x|2

k2 )) +
8|x|
k2 ∆∇u · ρ̂ ′(

|x|2

k2 ) + u(
12
k4 ρ̂

′′(
|x|2

k2 ) +
48x2

k6 ρ̂ ′′′(
|x|2

k2 )

+
16x4

k8 ρ̂ ′′′′(
|x|2

k2 )), v̂n,2)

≤
16
√

2(3µ2 + 4µ3)
k3 ‖∇u‖ · ‖̂vn,2‖ +

12(µ1 + 4µ2)
k2 ‖∆u‖ · ‖̂vn,2‖

+
8
√

2µ1

k
‖A

3
4 u‖ · ‖̂vn,2‖ +

4(3µ2 + 24µ3 + 16µ4)
k4 ‖u‖ · ‖̂vn,2‖

≤
8(48µ2 + 64µ3)2

(β1 − δ)k6 ‖∇u‖2 +
4(12µ1 + 48µ2)2

(β1 − δ)k4 ‖∆u‖2 +
512µ2

1

(β1 − δ)k2 ‖A
3
4 u‖2

+
4(12µ2 + 96µ3 + 64µ4)2

(β1 − δ)k8 ‖u‖2 +
β1 − δ

4
‖̂vn,2‖

2. (2.3.85)

Assemble together (2.3.78)–(2.3.85) to obtain

1
2

d
dt

[‖̂vn,2‖
2 + (λ + δ2 − β2δ)‖̂un,2‖

2 + ‖∆ûn,2‖
2 + 2((I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2)]

+ (δ − |ε||z(θtω)|)[‖̂vn,2‖
2 + (λ + δ2 − β2δ)‖̂un,2‖

2 + ‖∆ûn,2‖
2

+ ((I − Pn)̂ρ(
|x|2

k2 ) f (u), ûn,2)]

≤(
1
2

(3δ + β2 + 4β2δ)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2)(‖̂vn,2‖

2 + ‖̂un,2‖
2)

+
2

β1 − δ
(
4(48µ2 + 64µ3)2

k6 ‖∇u‖2 +
2(12µ1 + 48µ2)2

k4 ‖∆u‖2 +
256µ2

1

k2 ‖A
3
4 u‖2

+
2(12µ2 + 96µ3 + 64µ4)2

k8 ‖u‖2 +
1
2
‖(I − Pn)(̂ρ(

|x|2

k2 )g(x, t))‖2)

+
3δ − β1

2
‖̂vn,2‖

2 + ((I − Pn)̂ρ(
|x|2

k2 ) f ′u(x, u)ut, ûn,2).

It follows that

d
dt

[
‖̂vn,2‖

2 + (λ + δ2 − β2δ)‖̂un,2‖
2 + ‖∆ûn,2‖

2 + 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2
)]

≤2
(
− δ + |ε||z(θtω)| + γ2

(1
2

(3δ + β2 + 4β2δ)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2

))
·

[
‖̂vn,2‖

2 + (λ + δ2 − β2δ)‖̂un,2‖
2 + ‖∆ûn,2‖

2 + 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2
)]

+
4

β1 − δ

(4(48µ2 + 64µ3)2

k6 ‖∇u‖2 +
2(12µ1 + 48µ2)2

k4 ‖∆u‖2
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+
256µ2

1

k2 ‖A
3
4 u‖2 +

2(12µ2 + 96µ3 + 64µ4)2

k8 ‖u‖2

+
1
2
‖(I − Pn)(̂ρ(

|x|2

k2 )g(x, t))‖2
)

+ 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f ′u(x, u)ut, ûn,2

)
+ 2

(
δ − |ε||z(θtω)| − γ2

(1
2

(3δ + β2 + 4β2δ)|ε||z(θtω)| +
1
2
ε2|z(θtω)|2

))
·
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2
)

≤ − 2%(τ, ω)
[
‖̂vn,2‖

2 + (λ + δ2 − β2δ)‖̂un,2‖
2 + ‖∆ûn,2‖

2

+ 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2
)]

+ 2
[
− δ + σ − (γ1 + γ2 − 1)|ε||z(θtω)|

]
·

[
‖̂vn,2‖

2 + (λ + δ2 − β2δ)‖̂un,2‖
2 + ‖∆ûn,2‖

2
]

+ 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f ′u(x, u)ut, ûn,2
)

+
4

β1 − δ

(4(48µ2 + 64µ3)2

k6 ‖∇u‖2 +
2(12µ1 + 48µ2)2

k4 ‖∆u‖2 +
256µ2

1

k2 ‖A
3
4 u‖2

+
2(12µ2 + 96µ3 + 64µ4)2

k8 ‖u‖2 +
1
2
‖(I − Pn)

(̂
ρ(
|x|2

k2 )g(x, t)
)
‖2

)
+ 4(σ −

1
2
δ) ·

(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2

)
+ 4

[
−
γ1

2
|ε||z(θtω)|

−
γ2

2

(1
2
ε2|z(θtω)|2 +

(1
2

(3δ + β2 + 4β2δ + 4)|ε||z(θtω)|
))]

·

(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2

)
. (2.3.86)

Let θ =
n(γ−1)
4(γ+1) . Since 1 ≤ γ ≤ n+4

n−4 , we find that 0 ≤ θ ≤ 1. Then by (2.2.4) and interpolation inequalities,
the last term on the right hand of (2.3.86) is bounded by

4
[
−
γ1

2
|ε||z(θtω)| −

γ2

2

(1
2
ε2|z(θtω)|2 +

(1
2

(3δ + β2 + 4β2δ + 4)|ε||z(θtω)|)
)]

·

(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2

)
≤c

(
1 + |z(θtω)|2

)[
c1

∫
Rn
ρ̂(
|x|2

k2 )|u|γ |̂un,2|dx +

∫
Rn
ρ̂(
|x|2

k2 )|η1(x)||̂un,2|dx
]

≤c
(
1 + |z(θtω)|2

)(
c1‖u‖

γ
γ+1‖̂un,2‖γ+1 + ‖η1‖‖̂un,2‖

)
≤c

(
1 + |z(θtω)|2

)(
c1‖u‖

γ
γ+1‖∆ûn,2‖

θ‖̂un,2‖
1−θ + λ

− 1
2

n+1‖η1‖‖∆ûn,2‖
)

≤c
(
1 + |z(θtω

)
|2)

[
λ
− 1

2
n+1‖∆ûn,2‖(c1λ

θ
2
n+1‖u‖

γ

H2 + ‖η1‖)
)]

≤
1
6

(δ − σ)‖∆ûn,2‖
2 + cλ−1

n+1
(
1 + |z(θtω)|18 + λθn+1‖u‖

18
H2(Rn)

)
. (2.3.87)

Similarly we have

4(σ −
1
2
δ)

(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2

)
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≤
1
6

(δ − σ)‖∆ûn,2‖
2 + cλ−1

n+1
(
1 + λθn+1‖u‖

18
H2(Rn)

)
. (2.3.88)

On the other hand, by (2.2.7), using Hölder inequality and Young’s inequality, we obtain

2
(
(I − Pn)̂ρ(

|x|2

k2 ) f ′u(x, u)ut, ûn,2

)
≤

1
6

(δ − σ)‖∆ûn,2‖
2 + cλ−1

n+1‖ut‖
2

≤
1
6

(δ − σ)‖∆ûn,2‖
2 + cλ−1

n+1
(
‖u‖2 + ‖v‖2 + ‖u‖4 + |z(θtω)|4

)
. (2.3.89)

Then by (2.3.86)–(2.3.89), we obtain

d
dt

[
‖̂vn,2‖

2 + (λ + δ2 − β2δ)‖̂un,2‖
2 + ‖∆ûn,2‖

2 + 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2
)]

≤ − 2%(τ, ω)[‖̂vn,2‖
2 + (λ + δ2 − β2δ)‖̂un,2‖

2 + ‖∆ûn,2‖
2 + 2((I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2)]

+ cλ−1
n+1

[
1 + ‖v‖18 + (1 + λθn+1)‖u‖18

H2(Rn) + |z(θtω)|18] +
c
k6 ‖∇u‖2 +

c
k4 ‖∆u‖2

+
c
k2 ‖A

3
4 u‖2 +

c
k8 ‖u‖

2 + c‖(I − Pn)
(̂
ρ(
|x|2

k2 )g(x, t)
)
‖2. (2.3.90)

Note that λn → ∞ when n → ∞. Therefore, given η > 0, by Lemma 2.3.1 and 2.3.3, we know there
exist N1 = N1(η) ≥ 1 and K4 = K4(η) ≥ 1 such for all n ≥ N1 and k ≥ K4,

d
dt

[
‖̂vn,2‖

2 + (λ + δ2 − β2δ)‖̂un,2‖
2 + ‖∆ûn,2‖

2 + 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2
)]

≤ − 2%(τ, ω)[‖̂vn,2‖
2 + (λ + δ2 − β2δ)‖̂un,2‖

2 + ‖∆ûn,2‖
2 + 2((I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2)]

+ η
(
1 + ‖v‖18 + ‖u‖18

H2(Rn) + |z(θtω)|18) + c‖(I − Pn)
(̂
ρ(
|x|2

k2 )g(x, t)
)
‖2. (2.3.91)

Integrating (2.3.91) over (τ − t, τ) with t ≥ 0, we get for all n ≥ N1 and k ≥ K4,

‖̂vn,2(τ, τ − t, ω)‖2 + (λ + δ2 − β2δ)‖̂un,2(τ, τ − t, ω)‖2 + ‖∆ûn,2(τ, τ − t, ω)‖2

+ 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2(τ, τ − t, ω)
)

≤ce2
∫ τ−t
τ

%(µ,ω)dµ(1 + ‖v0‖
2 + ‖u0‖

2
H2(Rn)

)
+ η

∫ τ

τ−t
e2

∫ s
τ
%(µ,ω)dµ(‖u(s, τ − t, ω, u0)‖18

H2(Rn) + ‖v(s, τ − t, ω, v0)‖18)ds

+ η

∫ τ

τ−t
e2

∫ s
τ
%(µ,ω)dµ(1 + |z(θsω)|18)ds

+ c
∫ τ

τ−t
e2

∫ s
τ
%(µ,ω)dµ‖(I − Pn)

(̂
ρ(
|x|2

k2 )g(x, s)
)
‖2ds.

Replacing ω by θ−τω in the above we obtain, for every t ∈ R+, τ ∈ R, ω ∈ Ω, n ≥ N1 and k ≥ K4,

‖̂vn,2(τ, τ − t, θ−τω)‖2 + (λ + δ2 − β2δ)‖̂un,2(τ, τ − t, θ−τω)‖2
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+ ‖∆ûn,2(τ, τ − t, θ−τω)‖2 + 2
(
(I − Pn)̂ρ(

|x|2

k2 ) f (x, u), ûn,2(τ, τ − t, θ−τω)
)

≤ce2
∫ τ−t
τ

%(µ−τ,ω)dµ(1 + ‖v0‖
2 + ‖u0‖

γ+1
H2(Rn)

)
+ η

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(‖u(s, τ − t, θ−τω, u0)‖18

H2(Rn) + ‖v(s, τ − t, θ−τω, v0)‖18)ds

+ η

∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ(1 + |z(θs−τω)|18)ds

+ c
∫ τ

τ−t
e2

∫ s
τ
%(µ−τ,ω)dµ‖(I − Pn)

(̂
ρ(
|x|2

k2 )g(x, s)
)
‖2ds

≤ce2
∫ −t

0 %(µ,ω)dµ(1 + ‖v0‖
2 + ‖u0‖

γ+1
H2(Rn)

)
+ η

∫ 0

−t
e2

∫ s
0 %(µ,ω)dµ(‖u(s + τ, τ − t, θ−τω, u0)‖18

H2(Rn)

+ ‖v(s + τ, τ − t, θ−τω, v0)‖18)ds + η

∫ 0

−t
e2

∫ s
0 %(µ,ω)dµ(1 + |z(θsω)|18)ds

+ c
∫ 0

−t
e2

∫ s
0 %(µ,ω)dµ‖(I − Pn)

(̂
ρ(
|x|2

k2 )g(x, s + τ)
)
‖2ds. (2.3.92)

We now estimate every term on the right-hand side of (2.3.92). For the first term, as in (2.3.26), we
find that there exists T̃ = T̃ (τ, ω,D, η) > 0 such for all t ≥ T̃ ,

ce2
∫ −t

0 %(µ,ω)dµ(1 + ‖v0‖
2 + ‖u0‖

γ+1
H2(Rn)

)
≤ η. (2.3.93)

For the second term on the right-hand side of (2.3.92), by Lemma 2.3.2 we have

η

∫ 0

−t
e2

∫ s
0 %(µ,ω)dµ(‖u(s + τ, τ − t, θ−τω, u0)‖18

H2(Rn) + ‖v(s + τ, τ − t, θ−τω, v0)‖18)ds

≤ηc
∫ 0

−t
e2

∫ s
0 %(µ,ω)dµds + ηR9

3(τ, ω)
∫ 0

−t
e−16

∫ s
0 %(µ,ω)dµds

≤ηc
∫ 0

−∞

e2
∫ s

0 %(µ,ω)dµds +
η

8σ
R9

3(τ, ω), (2.3.94)

where R3(τ, ω) is the random variable given in Lemma 2.3.2. Note that by (2.3.22) the above integral
is well defined, and so is the following one∫ 0

−∞

e2
∫ s

0 %(µ,ω)dµ(1 + |z(θsω)|18)ds < ∞. (2.3.95)

For the last term on the right-hand side of (2.3.92), by (2.2.20) and (2.3.22), since g ∈ L2(Rn), there
exists N2 = N2(τ, ω, η) ≥ N1, such that for all n ≥ N2,∫ 0

−∞

e2
∫ s

0 %(µ,ω)dµ‖(I − Pn)
(̂
ρ(
|x|2

k2 )g(x, s + τ)
)
‖2ds < η. (2.3.96)
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According to (2.3.92)–(2.3.96) we find that, for every τ ∈ R, ω ∈ Ω, t ≥ T̃ , n ≥ N2 and k ≥ K4,

‖̂vn,2(τ, τ − t, θ−τω)‖2 + (λ + δ2 − β2δ)‖̂un,2(τ, τ − t, θ−τω)‖2

+ ‖∆ûn,2(τ, τ − t, θ−τω)‖2 + 2((I − Pn)̂ρ(
|x|2

k2 ) f (x, u), ûn,2(τ, τ − t, θ−τω))

≤ηR8(τ, ω),

(2.3.97)

where R8(τ, ω) is a positive random variable. The proof is completed by (2.2.4) and (2.3.97). �

3. Results

In this section, we prove existence and uniqueness ofD- pullback attractors for the stochastic system
(2.2.11)–(2.2.13). First we apply the Lemmas shown in Section 4 to prove the asymptotic compactness
of solutions of (2.2.11)–(2.2.13) in E.
Lemma 3.1 Under Assumptions I and II, for every τ ∈ R, ω ∈ Ω, the sequence of weak solutions
of (2.2.11)–(2.2.13), {Y(τ, τ − tm, θ−τω,Y0(θ−tmω))}∞m=1 has a convergent subsequence in E whenever
tm → ∞ and Y0(θ−tmω) ∈ D(τ − tm, θ−tmω) with D ∈ D.
Proof. Let tm → ∞ and Y0(θ−tmω) ∈ D(τ − tm, θ−tmω) with D ∈ D. By Lemma 2.3.1, there exists
m1 = m1(τ, ω,D) > 0 such for all m ≥ m1, we have

‖Y(τ, τ − tm, θ−τω,Y0(θ−tmω))‖2E ≤ R1(τ, ω). (3.1)

By Lemma 2.3.4, for every η > 0, there exist k0 = k0(τ, ω, η) ≥ 1 and m2 = m2(τ, ω,D, η) ≥ m1 such
for all m ≥ m2,

‖Y(τ, τ − t, θ−τω,D(τ − t, θ−tω))‖2E(Rn\Bk0 ) ≤ η. (3.2)

By Lemma 2.3.5, there exist k1 = k1(τ, ω, η) ≥ k0 and m3 = m3(τ, ω,D, η) ≥ m2 and n1 = n1(τ, ω, η) ≥ 0
such for all m ≥ m3,

‖(I − Pn)Ŷ(τ, τ − t, θ−τω,D(τ − t, θ−τω))‖2E(B2k1 ) ≤ η. (3.3)

Using (2.3.73) and (3.1), we get

‖PnŶ(τ, τ − t, θ−τω,D(τ − t, θ−τω))‖2PnE(B2k1 ) ≤ c19R1(τ, ω), (3.4)

which together with (3.3) implies that {Y(τ, τ− tm, θ−τω,Y0(θ−tmω))} is precompact in E(B2k1). Note that
ρ̂( |x|

2

k2
1

) = 1 for |x| ≤ k1. Therefore, {Y(τ, τ − tm, θ−τω,Y0(θ−tmω))} is precompact in E(Bk1), which along
with (5.2) shows the precompactness of this sequence in E. �

Theorem 3.1 Under Assumptions I and II, the random dynamical system Φ generated by the stochastic
plate Eq. (2.2.11)–(2.2.13) has a unique pullback D-attractor A = {A(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D in
the space E.
Proof. Note that the cocycle Φ is pullback D-asymptotically compact in E by Lemma 3.1. On the
other hand, the cocycle Φ has a pullback D-absorbing set by Lemma 2.3.1. Then the existence and
uniqueness of a pullbackD-attractor of Φ follow from Proposition 2.1.8 immediately. �
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4. Conclusion

Using the uniform estimates on the tails of solutions and the splitting technique as well as the
compactness methods, we obtained the existence of pullback attractor for the problem (1.1)–(1.2). It
is well-known that the pullback random attractors are employed to describe long-time behavior for an
non-autonomous dynamical system with random term, while theD-pullback attractor that we obtained
can characterize the asymptotic behavior of the equation like (1.1)–(1.2), which is featured with both
stochastic term and non-autonomous term.
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