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Abstract: For p € [0,1) and € > 0, the non-autonomous 3D Brinkman-Forchheimer equation with
singularly oscillating external force

t
u; — vAu + au + blulu + clulPu + Vp = fo(x, ) + e fi(x, -),
&

divu =0
are considered, together with the averaged equation

u; — vAu + au + bluju + clulPu + Vp = fy(x, 1),
divu =0

formally corresponding to the limiting case € = 0. First, within the restriction p < 1 and under suitable
translation-compactness assumptions on the external forces, the uniform (w.r.t.€) boundedness of the
related uniform attractors A® is established when 1 < 8 < 4/3. This fact is not at all intuitive, since in
principle the blow up of the oscillation amplitude might overcome the averaging effect due to the term
£ in fi. Next, the convergence of the attractor A® of the first equation to the attractor A° of the second
one as € — 07 is established.
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1. Introduction

For p € [0,1) and € > 0, we consider the following non-autonomous Brinkman-Forchheimer
equation with a singularly oscillating external force on Q C R?:

u; — vAu + au + bluju + clulPu + Vp = fo(x, 1) + e fi(x, é), inQx(t,T),

divu =0, inQx(,T),
Uli=r = U, in Q, (1.1
u=0, on 0Q x (1, 7),

where Q is an open, bounded domain of R? with sufficiently smooth boundary Q. u = (u;, u, u3) is
the fluid velocity vector, v is the Brinkman coeflicient, a > 0 is the Darcy coefficient, b > 0,c > 0 are
the Forchheimer coeflicients, p is the pressure, 8 € (1, 41 is a constant.

Along with (1.1), we consider the averaged Brinkman-Forchheimer equation

u; — vAu + au + blulu + clulfPu + Vp = fo(x,1), inQx(,T),

divu =0, inQx(T),
Uli=r = U, inQ, 1.2
u=0, on 0Q x (1, T),

without by rapid and singular oscillations, which formally corresponds to € = 0.

The Brinkman-Forchheimer equation describes the motion of fluid flow in a saturated porous
medium and has been studied by many researchers. We should note that most of the previous studies
have been focused on physical viewpoint or numerical simulation viewpoint(see [1-8]), or continuous
dependence of solutions on the coefficients v,b and ¢ (see [9-15]). The asymptotic behavior of
solutions was examined in [16-22], where [16-21] were mainly for the case of the parameter S = 2.
In [16], using condition (C) method, Ugurlu showed the existence of global attractor in HOI(Q).
In [17], Wang and Lin showed that Brinkman-Forchheimer equation has a global attractor in H*(Q)
by a very clever way. In [18], using the method of regularization of solutions and the compact
embedding to deduce the uniformly w-limit compactness of the associated evolutionary process, You,
Zhao and Zhou proved the existence of uniform attractor in Hé(Q). In [19], the existence of
D-pullback attractors was deduced by establishing the D-pullback asymptotical compactness of
6-cocycle. In [20], Song and Qiao proved the existence and structure of the uniform attractor in H,(€2)
for the processes associated to the fluid when the external force fy(x,t) is translation compact in
LIZOC(R, (L*(Q))?) and investigated the averaging problems of the equations with oscillating external
forces. In [21], Zhang, Su and Wen investigated the existence of global attractor and uniform attractor
for the 3D autonomous and nonautonomous Brinkman-Forchheimer equations. For 8 # 2, in [22],
using condition (C) method, Ouyang and Yang proved the existence of global attractor in H(l) (Q) when
1<p<i.

Stability of attractors for a dynamical system with some oscillating (or perturbed) external forces
is very important in natural phenomenon. Indeed, this issue has been considered by some
mathematicians and engineers. Chepyzhov et al. [23] studied the non-autonomous sine-Gordon type
equations with rapidly oscillating external force. Efendiev and Zelik [24, 25] considered the
reaction-diffusion systems with rapidly oscillating coefficients and nonlinear rapidly oscillating in
time. Chepyzhov and Vishik [26-28] investigated the Navier-Stokes equations with terms that rapidly
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oscillate with respect to spatial and time variables. Qin et al. [29] investigated the uniform attractors
for a 3D non-autonomous Navier-Stokes-Voight equation with singularly oscillating forces. Anh and
Toan [30] considered the nonclassical diffusion equation on RY(N > 3) with a singularly oscillating
external force. Medjo [31] and [32] used different methods to discuss non-autonomous planetary 3D
geostrophic equation with oscillating external force and its global attractor. Medjo [33] investigated a
non-autonomous two-phase flow model with oscillating external force and its global attractor. As far
as we know, there is almost no paper dealing with 3D Brinkman-Forchheimer equations with rapidly
oscillating terms have been published.

Motivated by [22] and [23-33], we consider the properties of (1.1), depending on the small
parameter &, which reflects the rate of fast time oscillation in the term &7 fi({, x), having the growing
amplitude of order €. By using the method in [27,29, 30, 32, 33], under suitable assumptions on the
external force, we prove the stability of the uniform attractor A°(0 < & < 1) associated to problem
(1.1)-(1.2) as € — 0" in space H. The uncertainty of parameter 8 brings a lot of trouble to our proof,
because when S is too large, some Sobolev embedding inequlaities can not be used. In the proof
process of this paper, we finally determine that 1 < g8 < %, just like in [22].

The main purpose of this paper is to show:

(1) the uniform (w.r.t.€) boundedness of the family A® in H which is defined in Section 3:

sup || A° |lg< +o0;
£€[0,1]

(2)the convergence of A to A’ as € — 0% in the standard Hausdorff semidistance in H, i.e.,:
lim dist;; (A", A% =0.

This paper is organized as follows. In Section 2, we present the notations and preliminaries that are
required for this study. In Section 3, we show the existence of uniform attractor A° and we demonstrate
the structure of the uniform attractor. In Section 4, we verify the uniform boundedness of the uniform
attractor A°. In Section 5, we prove the convergence A* — A’ as € — 0*.

Nomenclature
u fluid velocity vector(m/s) p pressure
R3 three-dimensional whole space Q  open, bounded domain of R?
Uy, Uy, Uz velocity components t time
0Q boundary of a domain v Brinkman coefficient
a Darcy coefficient b,c Forchheimer coefficient
B power of nonlinear term f external force

2. Notations and preliminaries

Given a space X, we usually denote the norm in X by || - ||x, and we indicate by

disty(By, By) = sup inf || by — b, ||x,

bieB P2€52
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the Hausdorff semidistance in X from a set By to a set B,. Throughout this paper, we set
R; = [1,4+00),7 € R. C will stand for a generic positive constant, which is different from line to line or
even in the same line.

The mathematical setting of our problem is similar to that of the Navier-Stokes equations. Let us
introduce the following spaces

V = {u e (CY(Q)) : divu = 0}, H = cl2qpV,V = clig @y Vs

where cly denotes the closure in the space X. Operator P is the Helmholtz-Leray orthogonal projection
from (L?(Q))* onto H. A := —PA is the Stokes operator subject to the nonslip homogeneous Dirichlet
boundary with the domain (H?(Q))* NV, and A is a self-adjoint positively defined operator on H. We
define, for o € R, the scale of Hilbert spaces

H := D(A?)
with inner products and norms
U, v)o := (AU, A2v) 20y, || U lge =l AZu || 2y -

In particular,
H° = H,H' = V,H? = D(A),

and we have the generalized Poincaré inequality

1
|t llgon> A2 || e llgr, Y € HT, 2.1)

where A, is the first eigenvalue of the Stokes operator A.
In this paper, we use (-, -) and || - || denote the product and the norm of H, i.e.,

(u,v):fu-vdx,Vu,veH, lull= (u, )2,
Q

((,+)) and || - ||y denote the product and norm of V, i.e.,

3

(@VEDY f Vit - Vv, Vi, v € V, | lly= ((u, 1))’
i=1 V@
In this paper, L?(Q) = (L”(Q))?, and we use || - || » to denote the norm in L”(Q) (for p # 2).
Assumptions on the external forces The function fy(x,) and fi(x,f) are taken from the space
L}(R; H) of translation bounded functions in L} (R; H), with

t+1
Il fo IIi]%:: suﬂgf Il fols) > ds = Mg, (2.2)
te t
t+1
Il fi I%:= sup f I £i(s) I ds = M3, (2.3)
b teR Jt

for some constants My, M; > 0.
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Putting
folout) + P filxn 1), &> 0,

JSo(x, 1), e=0. (2.4)

fox 0= {
It is easy to check that f* € L(R; H), and

My + \2Me*, &> 0,

€ < =
£ < Qe { vy o

Now we recall some inequalities and a Gronwall-type lemma that will be needed in the sequel.
Lemma 2.1. ( [34]) Let p € [2, 00). Then for every a,b € R,
(lal’a — |bI"*b)(a — b) > 27> 7P37"2|a — bJP.

Lemma 2.2. ( [27]) For every T € R, every nonnegative locally summable function ¢ on R, and every
B> 0, we have

t 1 6+1
f o(s)e Pi=9ds < T supf @(s)ds, (2.5)
T 6

- 0>t

forallt > .

Lemma 2.3. ( [23]) Let a real function z(t),t > 0 be uniformly continuous and satisfy the inequality

dz

” +yz(t) < f(1),Vt > 0,

wherey >0, f(t) > O0forallt>0and f € L' (R"). Suppose also that

loc

t+1
f f(s)ds < M,Vt > 0.
t

Then
2(f) < 2(0)e™ + M(1 +y™1),Vt > 0.

3. On the existence and structure of the uniform attractor A¢

We rewrite (1.1) and (1.2) in the abstract form

{ u; + vAu + au + G(u) = f5(x, 1), (3.1)

Uli=r = U,

where the pressure p has disappeared by force of the application of the Helmholtz-Leray projection P,
and G(u) = P(blulu + clulPu), f&(x,1) = fo(x,t) + e fi(x, é) and € > 0 is fixed.

Proposition 3.1. Given f* € LZ(R; H) and u. € H. Then the system (3.1) has a unique weak solution
u(t) satisfying
u€ C(R;; H) N L Ry; H) N L, (R V).

loc
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Proof. We can prove the global existence and uniqueness result by using the Faedo-Galerkin method
(see [35,36]). O

If the functions fy(¢) and f(¢) are translation bounded, i.e. conditions (2.2) and (2.3) hold, equation
(3.1) generates the dynamical process

{Up(t,7),t 27,TER]}

acting on H by the formula
Up(t, Dur = u(t), t > 7,

where u(?) is the solution to (3.1).

Proposition 3.2. For any &€ > 0, the process {U(t,7)} associated to (3.1) is uniformly compact in H
and it has a uniform (with respect to T € R) absorbing set B, in H,

B, ={ueH|| ull< CoQsl, (3.2)

where the constant Cy depends on v and A,. Moreover, there exists a uniform attractor A® in H.

Proof. The proof process is similar to the proof in [21], so we omit it here. O
We consider the hull H(f?) of f°(x,t) in the space LIZOC(R; H):

Hf) = [t + DIk € Rz s (3.3)
Recall that H(f*) is compact in LIZOC(R; H) and each element fg € H(f*) can be written as
N a A t
Fox0 = folx, 1) + &7 filx, ;), (3.4)
with fy € H(fy) and f; € H(f;), where H(fy) and H(f,) are the hulls of fy and f; in L

loc
respectively.
We also note that (see [23])

(R; H)

I fo Nz <l fo lizsans Yo € Hfo), (3.5)
I A Nz <l A iz, YA € HD. (3.6)

It follows that c
7 Mz =< o Nz + 5 WA gy Y € D, 3.7)

where C is independent of f;, fi, 0 and &.
To describe the structure of the attractor A, we consider the family of equations

A

% + VAQL + ait + G(2) = f°(x,1), (3.8)

with the external force f* € H(f*).
For fa € H(f?), the Eq.(3.8) generates a process {U 7:(2,7)} that satisfies the same properties as
{Uy=(t, 7)}. Moreover, the process {U (7, 7)} has a uniform attractor Ay. that satisfies Az C Aye.
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Proposition 3.3. Let fy(x, 1), fi(x, 1) be translation compact in the space L> (R; H). Then for any fixed

loc

£,0 < & < 1, the family of processes {U j.(t, )}, f£ € H(f?) corresponding to (3.8) has an absorbing
set B, which is bounded in H and satisfies

|Belg < C + Ce™. (3.9)
The family {U .(t, T)}, f‘g € H(f®) is (H X H(f?); H)-continuous. That is, if

f2 = f%in L2 (R; H), tr, — uy in H, (3.10)

loc

then
Uﬁf(t, Ty — Ufg(t, Tu, in H. 3.11)

Proof. The first part of the proposition is proved in Proposition 3.2. Now, let us prove the second part.
Letw, = it, — it = Up(t, Dty — U o8, T)ut,. Then w, satisfies

dw,
dr

+ VAW, + aw, + G(iL,) — G(@) = f* - f*. (3.12)
Multiplying (3.12) by w,, we have
1 d 2 2 2 ~ A~ re re
33; 1w IE 4V VW IE +all wa 7 +(G @) = G@), wa) = (fyf = 17, wa). (3.13)
Noticing blulu + c|uf’u is monotonic, i.e.,
(G(in,) — G(it), w,) = (bliylit, + clit,Pir, — blitli — clafi, iv, — it) > 0, (3.14)

then (3.13) gives
d |
P I wa P +allwa IP< =11 2= 2P (3.15)
t a

Applying Gronwall Lemma to (3.15) we have

L (" s
0 I < @) P e 4 2 [ = I s
2 1 t re re 112
Shwa@IF+= | LS = /7 1P ds. Ve 2. (3.16)

Note that
2= fein L2 (R; H) and up, — u, in H as n — o, (3.17)

loc

therefore, it follows from (3.16) that
| wa () 1=l &2,(2) — () [|= 0 as n — oo,

and (3.11) is proved, i.e., the family of processes {U j.(, )}, f‘9 € H(f®) is (H X H(f?); H)-continuous.
O
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We denote by ‘ng the kernel of (3.8) with the external force fg € H(f?). Let us recall that (Kf-g is
the family of all complete solutions {ii(¢), t € R} of (3.8), which are uniformly bounded in H. The set

Wfs(s) ={a(s)|i € 7(]95} CcCH

is called the kernel section of K. at time 7 = s.
For every ¢ € [0, 1], the following representation of the uniform attractor ‘A® of equation (3.1) holds:

A= ] K. (3.18)
feeH(f®)

Actually, K.(0) can be replaced by K.(7), for an arbitrary 7 € R.
4. Uniform boundedness of A° in H

First, we consider the auxiliary linear equation with nonautonomous external force and give some
useful estimates and then prove the uniform boundedness of A® in H.
Considering the linear equation

YV, +vAV +a’V = K@), V|- =0, 4.1)
we get the following lemma.
Lemma4.1. IfK € LIZOC(R; V), then the above problem has a unique solution

Ve CR:H)NL (R, H).

loc

Moreover, the inequalities

| V(@) IP< Cft e K(s) I ds, (4.2)

I AV(@) IP< Cfl eI K (9) Iy ds, (4.3)

flm I VV(s) P ds < Ul V@) I +ftt+1 I K(s) II* ds) (4.4)
ftm 1A>V(s) I ds < C(| AV P + ftm I K(s) Iy ds) (4.5)

hold for every t > T and some constant C > 0, independent of the initial time T € R.

Proof. Multiplying the equation (4.1) by V and A>V respectively, we have

1d
% IVIP+y I VVIP +all VP = (K@), V)
a 1
S IVIP+=— 1 KO P, (4.6)
2 2a
1d 2 3 2 2 2
q AV +v | A2V " +a | AV || = (K(2), A"V)
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1 v 3
<— K@ += | A2V | . 4.7
_2v” ()||v+2|| VI 4.7)
It follows from (4.6) and (4.7) that
d 2 o1 2
d—II(VII +al|VIF<s -1 K@) I,
t a

d 1
3 1AV I? +2a || AV |P< S 1K@ [

Applying Gronwall lemma it yields

1 t
V@ IP< - f eI | K(s) I ds,

1 !
I AV () IP< ;f e 2 K(s) Iy ds.

From (4.6) and (4.7) we also can get

d 1
v 12 +2v | VV |P< - 1K@ 1%, (4.8)

d 1
3 14Y P +v ([ AZV |P< - 1K@ [ (4.9)

Integrating (4.8) and (4.9) on [t, f + 1] respectively, we obtain

t+1 1 t+1
2v f IVVCs) IF ds <l V) IP +- f I K(s) I ds, (4.10)
t t

t+1 s 1 t+1
Vf | A2V(s) I ds <|| AV (@) | +;f | K(s) Il ds.
t t

The proof is finished. O
Setting F(t,7) = fT ' fi(s)ds, t > T, we assume that

+1
sup (Il F(t,7) ||2+f I F(s,7) Il ds) < P. (4.11)
t

t>1,7€R

Lemma 4.2. Assume that f, € L?

ioo(Rs H) and satisfies (4.11). Then the solution v(t) to the Cauchy
problem

t
Vi + VAV + av = fl(—), V|=r =0 4.12)
>

with € € (0, 1], satisfies the inequality
f+1
v |17 +f | Vv(s) |I* ds < CP&*, ¥t > 1, (4.13)
t

where C > 0 is a constant independent of f.
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Proof. Without loss of generality, we may assume 7 = 0. Denoting V(¢) = fot v(s)ds, we have, for any
t>0,

!
o,V =v(r) = f ov(s)ds,
0
as v(0) = 0. Integrating (4.12) in time, we see that the function V() solves the problem
0,V +vAYV +a’V = F.(t),V]= =0, (4.14)
with external force
! S : t
Fe(t) = f Si(=)ds = 8f fi(s)ds = eF(=,0).
0 € 0 2
It follows from (4.11) that

sup || Fo(1) |I< le

>0
and

t+1

t+1 = 1+1
f | Fo(s) |} ds = & f I F(s,0) I}, ds < 2& sup { f I F(s,0) I} ds} < 2172,
t 1 t

>0

By (2.5) we have

! !
f eV || Fo(s) I ds < CP&, f e || Fo(s) Il ds < CP&.
0 0

So applying Lemma 5.1, we obtain

141 t+1
| VO IP + 11 AV Q@) P +f | VV(s) I ds + f I A3V(s) P ds < CP2&”.
t t

Hence, on account of (4.14) we have
v 1= 0 V@ NI Fe() || +v [ AV@) || +a | V(@) [I< Cle

and
| Vv(s) IP=I1 V@O, V() IP< 31| Fe(s) Il5 +3v |l AV(s) P +3d> || VV(s) I,

from which we derive the integral estimate

r+1
f Il Vv(s) |I> ds < CP&%.
t

This finishes the proof. 0O

Theorem 4.1. Let (4.11) holds true. Then the uniform attractors A° are uniformly (w.r.t. &) bounded
in H, that is,

sup || A [|< co.
£€[0,1]
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Proof. Let u be the solution to (3.1) with initial data u, € H. For € > 0, we consider the problem
t
vi+VAv+av =g Pfi(-), V= =0. (4.15)
e

Lemma 4.2 provides the estimate
t+1
| v(o) |I> + f | Vv(s) | ds < cl2e?'P Vi > . (4.16)
t

Then, the function w(t) = u(t) — v(¢) clearly satisfies the equation
w, — VAW + aw + blw + v|(w +v) + clw + vP(w +v) + Vp = f; “4.17)

with initial condition w|,-, = u,. Taking the inner product of (4.17) with w in H, we obtain

1d
R IwiP+vIIVw? +all wl? +b(w + vi(w + v) = v, w) + c(lw + v + v) — vy, w)

= —b(|v,w) — c(vfPv,w) + (fo, w). (4.18)

By Lemma 2.1, we have

1d 2 2 2 —5,-3 3 —4-pn-B12 2
—— [[wIP+vIIVwIP +allwlP +b-27372 | w |} +c- 27737 IIWIYZ;

2dt
< =b(v|v,w) — c(lvlﬂv, w) + (fo, w). (4.19)
Noticing
a 1
foow) < = lIw P += 1l fo II%, (4.20)
2 2a
bl(|v]v. w)| = b‘ f |v|vwdx‘
Q
1/6 5/6
< b( f |w|6dx) ( f (|v|v)6/5dx)
Q Q
=b|lwlellv IIZIS,Z (4.21)
4
< 2—0% | wliz +C || VII‘%,
and

cl(vfv, w)| = C'fglvlﬁvwdx'
< of fg i)’ fg () dz)™

_ +1
=cllwlelh vt (4.22)
v 2 2(B+1
<— wlg+ClvIEE?",
2d3 $6+1)
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according to Sobolev inequality
Ivil,<doll Vvil, 1T < p<6,

combining (4.20)-(4.23) with (4.19) we have

d 2 2 2(B+1 1
—NwlP+al|wP<CIvIL +C v e 4= 2,
o Ifwll Ifwll I II% I IIg(ﬁH) p Il foll

Casel.1<B <%
Now we use Gagliardo-Nirenberg inequality to obtain
vz C Vv M4 I,

38-2 4p
” v ”g(ﬂ_H)S C || Vv ||2(ﬁ+1)|| v ||2(/3+1) .

(4.23)

(4.24)

(4.25)

(4.26)

Considering 1 < 8 < %, so 38 — 2 < 2. Combining (4.25), (4.26) with (4.24), and according to (4.16),

we obtain
d 2 2 3 38-2 4B 1 2
EIIWII +allwl"<CIIVvilllvI®+C | Vv [ vl +;||fo||
5 6 w-p 1 )
IV Im+C v P +C v+ +E Il foll

a1
<|| Vv P +CEP) 4 C(Pe¥ 1Py + — || fiy |1
a

Let g(s) =|| Vv(s) ||> +CI6g%1-P 4 C(l282(1‘p))% + 1| fo II>. Noticing (4.16), we have

fm g(s)ds = fm[ll Vu(s) [P+ 4 C(Pe2 1) + é Il fo IP1ds

| < Ct(lzsz(l‘p) + 5509 4 (PPI-PY 4 MP) V> .

Applying Lemma 2.3 to (4.27) we have
I w@) IP <l ue P e + C(1 + é)(ﬂgzﬂ—ﬁ) + 080D 4 (P14 M)
g |P e+ CP+ 0+ 155 + M2,V > .
CaseIl. g = ‘3—‘.
From (4.24)-(4.26) we have
d 2 2 3 2 s 1 2
g WP +aliwlF < CHVVIIlv P +C Vv IR vIE +— 11 fo l
<V IP+C v I +C Vv Pl v I +é I fo I

8 1
<[+CIvISTIVY P +C v ° += 1o I”?

(4.27)

(4.28)

(4.29)
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1
<(1+CBeSP) | Wy | +CI P + =~ || £ II7. (4.30)
a
Similar to the derivation of (4.29), we get

| w() IP <l u |P e + C(1 + é)[u + B3P P200) y 0g00-0) 4 pp2),
<Nue P e+ CP+15 + 10+ M) V1> 7. (4.31)
Recalling that u = w + v, using (4.16), (4.29) and (4.31), we end up with

(@) IP<Il s P e + C(2 + 0 + 155 + 15 + M)\t > 1. (4.32)

Thus, for every € < &, the process {U-(t, 7)} has the absorbing set
Bo:={ueH||ulP< CE+1+15% +15 + M2).
On the other hand, if &) < & < 1, the process {U (¢, T)} possesses also the absorbing set (cf (3.2))
B* ={u e H| || ull< CoQs,}-
In conclusion, for every € € [0, 1], the bounded set
B* = By U B®

is an absorbing set for {U (¢, 7)} which is independent of &. Since A® C B*, the proof is completed.
O

5. Convergence of the uniform attractors

The main result of this section is the following.

Theorem 5.1. Let (4.11) hold. Then, the uniform attractor A° converges to A° as &€ — 07 in the

following sense:
lim dist;,(A°, A’) = 0.

The proof of this theorem requires some steps. Now, we shall study the difference of two solutions
to (3.1) with £ > 0 and € = 0, respectively, sharing the same initial data. We denote

u®(t) = Ugpe(t, T,

with u, belonging to the absorbing set B* found in the previous section. Owing to (4.32), we have the
uniform bound:
Il u®(r) IP< RY, (5.1)

for some R; = R,(l, M) because the size of B* depends on [ and M. In particular, for € = 0, since
u; € B*, we have the bound
| () IP< Ry, (5.2)

for some Ry = Ryo(l, My).
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Lemma 5.1. For every € € (0, 1], every T € R and every u. € B*, the deviation w(t) = u®(t) — u’(t) with
u®(0) = u’(0) = u,, fulfills the estimate

| (o) IIP< CPE* PVt > 1, (5.3)

for some positive constant C independent of €.

Proof. Since the deviation Ww(¢) solves
W, — vAW + aw + bluflu® — blul)u® + clufPu’ — clu’Pu® = £ fi(x, é), Wer = 0, (5.4)
the difference g(7) = w(¢) — v(t), where v(¢) is the solution to (4.15), fulfills the Cauchy problem
g: — vAq + aqg + bluf|u® — blu’|u® + cluPu’ — clu’Pu’ = 0, ¢l,-, = 0. (5.5)

At this point, we take the scalar product in H of (5.5) with g, so getting

d
sq 4 I>+v I Vg I? +all g I* +b(uflu® — 1u°|u®, ) + c(uPu’ — [u®Pu’, w)

= b(lu®|u® — [u’lu®,v) + c(ufPuf — [uPu®, v). (5.6)
Noting the first term on the right-hand side of (5.6) is given by
b(lulu® = 1, v) = b(|uw, v) + b((u°| = [u°hu’, v), (5.7)
we now proceed to estimate the first term on the right-hand side of (5.7). Since

b(lu’w,v) < bf |u®||W|[vdx
Q

Sbfglugl(IVHIql)IVIdx (5.8)

Sbflusllvlzdx+bfIu’sllqllvldx,
Q Q

b f lué||gllvidx < b f lgdx)° f lufPdx)’ f vPdx)?
wetamiar <o [ o' ( [ weran( [ nra)
=b|lqllell u®llllvIs

)4
<—llqlg+Cllw IPlIvI3
40% q 6 3

and

4
< 1've 12 +C Nl u® 1P Vv 1P, (5.9)

& 2 12 % 6 % 3 %
bem Iv] dxsb(fgmmx) (fQM dx) (LM dx)

=blu v llell v I3
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< z—d% vl +C Il u® IPll v I
1
<5 | Vv P +C Nl u® 1Pl Vv I, (5.10)
it follows from (5.8)-(5.10) that
N 14 1 e
b(lu®lw, v) < 1 I Vg IP +5 | Vv I +Cllu [P VY P (5.11)

Now, let us estimate the second term on the right-hand side of (5.7). Noting
b((ju| = lu’u’, v) < bf Ju® = u||u|vidx
Q
= bf | vidox
Q
<b f(lql + VDI’ |IvIdx
o
=b f 1u°||glv|dx + b f v |u®|dx, (5.12)
Q Q
similar arguments as (5.9) and (5.10), we have
v
bf |u’llglividx < 7 1Va I +C 11 u® P Vv I, (5.13)
Q

and |
bf V[ ul|dx < 5 VI +C || u® |12 Vv | . (5.14)
Q

Hence, from (5.12)-(5.14) we get
% 1
(1] = uhu, v) < 7 1Va & +5 I1Vy I +C 1l u® [P Vv I (5.15)
Combining (5.11), (5.15) with (5.7), we have
14
b(lu®lu® — uu’, v) < 5 1'Va I+ 0V P +CAu® 1P+ 11 a® 1P 1 Vv P (5.16)
Noting the second term on the right-hand side of (5.6) is given by
c(ulu? = WP, v) = c(uPw,v) + c((uf — 1P, v), (5.17)
we now proceed to estimate the first term on the right-hand side of (5.17). Since
c(uPw,v) < ¢ f P lgl + Whvidx
Q

<c f lufPlg|vdx + ¢ f lufPlv]*dx, (5.18)
Q Q
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so we should estimate the right-hand side of the last inequality in (5.18) term by term. Because

£18 6 % £12 'g f % %
cme | |q||v|dx§c(fg|q| dx) (fgm Pdx)*( lel 7dx)

=cll qllell v ”'8” v ”ﬁ
4

< —

~ 4d}
)4

< 1've 12 +C 1l u 1P| Vv |? (5.19)

& 2 6 % f 12 g f % %
cj;lu Bl dxs(:(fQM dx) ( Q|u | dx) ( Q|v|53ﬁdx)

:C||V||6'||u8”ﬁ‘||vllﬁ

2 2 2
g lle +C Il u Il v I
5-38

and

1
<5 vy 12 +C 1w IP0 Vv I, (5.20)

where the last inequalities in (5.19) and (5.20) are valid only if ﬁ < 6,ie B < %, so combining
(5.19), (5.20) with (5.18), we have

. 14 1 .
c(uPw,v) < 7 1Va I +5 1V P +Cllu 1P Vv I (5.21)

Now let us estimate the second term on the right-hand side of (5.17). Since

c((uf — WP, v) < f

e = P’ vldx

Q

<C f P+ Pl vl
Q

<C f 1P~ || |vdx + C f 1P || v]dx, (5.22)
Q Q

in the second inequality of (5.22) we used the fact that
I = yP| < Cp(xP™" + y" Hlx -y

for any x,y > 0, where C is an absolute constant. So let us estimate the right-hand side of the last
inequality in (5.22) term by term. For the first term, we have

Cfluglﬁ_]lfvlluOIIVIdeCfIuglﬁ_IIQIIMOIIVIdX+Cfluslﬁ_ll\/Izluoldx, (5.23)
Q Q Q

and

e8=11 11,0 6éf82ﬁ§1f025f_"35_63ﬁ
CLW gl ||v|deC(fQ|q| dx)"( Q|u|dx) ( Q|u|dx)( L 7)

-1 0
=Cllqlsllu® Pl u vl s
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< g I Vg IP +C 11w IPPD1u® 1P v IIi%ﬁ
< g I Vg P +C 1L u® IPPD1ul 1P Vv I, (5.24)
similarly,
Cfgluslﬁ_IIVIZIMOIdx < i IV IP +C 1 PP a® 1P Vv I (5.25)
It follows from (5.23)-(5.25) that
CLIMSIB_IIWIIMOIIVIdx < g I Vg IP +% Vv 1P +C I u® IPE D1l 1P Vv I (5.26)

Similar arguments as (5.23)-(5.26), for the second term on the right-hand side of inequality (5.22), we
have

1~ v 1 3
Cf P 1wl vldx < 3 | Va I +7 | Vv 1P +C N 1IPEP)u® P Vv 1P (5.27)
Q
Combining (5.26), (5.27) with (5.22), we have
v 1 _ _
c((uf = 1P, v) < 1 | Vg I ) Vv P +CAlu® IPED + 11 P PV IP . (5.28)
So it follows from (5.17), (5.21) and (5.28) that
4
c(uPu® — [u°Pu’,v) < 3 | Vg IP + 11 Vv P +C [ u® IIP] Vv |
+C(| u® PPV + 1 IPED) 1 1P VY P (5.29)
Now, considering (5.6), (5.16) and (5.29), and according to (5.1) and (5.2), it yields
d
7 g P +2all gl <41l VvI? +C@R} + RY) || Vv [P +CRYP || Vv |I?

+CR D+ RPR | Vv |
SCU+R+R+R P+ (R V+RPIHRY | W P (5.30)

Recalling that || g(7) ||= 0 and (4.16), Lemma 2.3 entails

1 _ .
g0 I < CA + S+ RE+ R +RP + RV + RO RPN
a
< CP&P.

Finally, as w = g + v, using (4.16) to control || v ||, we obtain the desired conclusion (5.3). O
In order to study the convergence of the uniform attractors, we actually need a generalization of
Lemma 5.1, which applies to the whole family of equations

o, + VAR + ait + G(@) = f5, f* € H(f?), (5.31)

with the external force f = f¢ € H(f*). To this end, we observe that every function f; € H(f;) fulfills
the inequality (4.11). Defining

!
Fit,71) = f fils)ds, 1> T,
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we have

t+1
sup { Il £1(r,7) ||2+f I Fi(s.7) Iy dsf < 2. (5.32)
t

>1,7€ER
For any € € [0,1], let &#°(r) = U f»g(t, T)u, be the solution to (5.31) with external force fg = fo +
g* fl(- /€) € H(f?) and u, € B*. For & > 0, we consider the deviation w(¢) = #5(t) — il°(¢).
Lemma 5.2. The inequality
| w(t) IP< CPe™ P Vit >, (5.33)
holds, where C is independent of ¢.

Proof. As the similar argument to the proof of Lemma 5.1, with 24, fy and £, in place of «*, f; and
f1, respectively. Noting that (5.2) still holds for #°, and the family {U fg(t, TN ng € H(f?)) is (H x
H(f?), H)-continuous, and using (5.32) in place of (4.11), finally complete the proof of the lemma. O
We can now complete the proof of Theorem 5.1, using the following argument from [27], which we
report in some detail for the reader’s convenience.
Proof of Theorem 5.1 Let £ > 0 and ©® € A°. Thus, in view of (3.18), there exists a complete bounded
trajectory #°(¢) of (5.31), with the external force
fo=fo+ e?hiC/e) € H(), fo € H(fo), fi € H(f)
such that #°(0) = u®. For every L > 0 to be specified later, consider the vector
u’(—L) € A°* C B".
From the straightforward equality
u® = Up(0,-L)a°(-L),
by applying Lemma 5.2, we have that
| u® = U0, -D)a*(-L) |I< Cle'™". (5.34)

On the other hand, the set A° attracts U 7@, —-L)B", uniformly as fo € H(fy). Then, for every § > 0,
there is T = T(0) > 0, independent of L, such that

disty(U; (T — L, —~L)i*(-L), A%) < 6. (5.35)
Setting L = T, and collecting the two above inequalities, we readily get
disty(u®, A%) < Cle'* + 6.

Since u® € A® and § > 0 are arbitrary, taking the limit £ — 0", the conclusion follows. O

6. Conclusion

In this paper, we investigated a class of three-dimensional Brinkman-Forchheimer equation with
oscillating external forces f®(x,1) = fo(x, 1) + &7 fi(x, é). Based on some translation-compactness
assumptions on the external forces, we obtained the uniform boundedness of the uniform attractor
A? of the system (1.1) in (L*(Q))?, and the convergence of A° to the attractor A of the system
(1.2) as € — 0*. To prove the uniform boundedness and the convergence of the uniform attractors,
the Gagliardo-Nirenberg inequality is needed. In the proof process, we concluded that the parameter

Bel
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