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1. Introduction

The generalization of the Cahn-Hilliard equation

ou

o
where g is the proliferation term, has been proposed in [3,5] as a model for the growth of cancerous
tumors and other biological entities.

Generally, g can be the linear function g(s) = as, @ > 0 in which case (1.1) is known as the Cahn-
Hilliard-Oono equation and accounts for long-ranged interactions in the phase equations and in the
phase separation process ( see [8]). The other possibility is the quadratic function g(s) = as(s—1), @ >
0 (nonlinear). In that case (1.1) has applications in biology and, precisely, models wound healing and
tumour growth ( see [12]). To be more precise, such a model deals with cells which move, proliferate
and interact via diffusion and cell-cell adhesion. Here, u is the order parameter, f is the local free
energy and « is the proliferation rate.

These equation has been studied; we refer to, e.g., [3,5, 9], in which authors have proved the
existence and the uniqueness of the solution and the existence of the finite-dimensional attractors.

+ A%u—Af(u) + gu) =0, (1.1)
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Precisely, we are going to study the model for the growth of cancerous tumors and other biological
entities, model obtained by combinaison of (1.1) with the following temperature equation

— A= ——. (1.2)

The same kind of model without proliferation term are knwon as the conserved phase field model
and has been studied (see for instance D. Brochet, X. Chen and D. Hilhost G [1], L. Cherfils and A.
Miranville [2], Gilardi [6], C. Giorgi, M. Grasseli, and V. Pata A [7], Miranville [10], A. J. Ntsokongo
and N. Batangouna [11]).

This work is structured as follows: firstly, we have the setting of the problem followed by a priori
estimates which allow us to construct the dissipative semigroup associated to the problem, and finally
we prove the existence of the exponential attractors and, thus, of finite-dimensional global attractors.

2. Setting of the problem

We consider the following parabolic system of Cahn-Hilliard with a proliferation term

%+A2u—Af(u)+g(u) =6 in R xQ, 2.1)
00 ou . .

E—AG: -5 R x Q, (2.2)
0=Au=u=0 on R, XTI, 2.3)
0(0, x) = p(x); u(0,x) = up(x), Vx € Q, (2.4)

in a bounded and regular domain Q c R"*(n = 1,2 or 3) with boundary I'.
f and g verifies the following properties:

feC’®), f(0)=0, g C'(R) (2.5)
f($)>—co, sER, g >0 (2.6)
f()s=>cF(s)—cy > —c3, SER, ¢ >0, ¢,¢3 20, 2.7)

where F(s) = f f(&)dé and for all u € L*(Q), such that f F(u)dx < +00, we have
0 Q

llg@)lllleel] < GfF(M)dx +c., Ye>0, (2.8)
Q
llg' I < e f F(u)dx + ¢7, ¢ > 0, (2.9)
Q

Notation. We denote by (.,.) the usual L?-scalar product, with associated norm ||.||, and we set
[I0l-1 = ||(—A)‘%.||, where —A denotes the minus Laplace operator with Dirichlet boundary conditions.
More generally, ||.|[x denotes the norm in the Banach space X.

Remark 2.1. The properties (2.8) and (2.9) essentially mean that g is subordinated to f. In particular,
they hold for the usual choices f(s) = s° — s and g(s) = as or g(s) = as(s — 1), @ > 0. More generally,
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(2.8) and (2.9) hold when f and g have polynomial growths of order 2p + 1, p > 1 and q > 1 such
2p+1

that g < p + 1. Indeed, let us assume, for simplicity, that f(s) = Z a;s', arpe1 > 0 and g(s) = Z b;s',
i=1 i=1
b, > 0. Then,

gl < e(ll?y, g, + Dllall < cQlullfi o +1) < € fg Fludx +cc ¥ € > 0,

since2qg < 2p+2and g+ 1 <2p + 2. Furthermore ,
llg' (W < Cf W dx + ¢ < cf WI2dx + ¢, hence (2.9).
Q Q

In this article, we assume f(s) = s° — s and g(s) = as(s — 1), a > 0.

Finally, the same letter ¢, ¢ and ¢’ denotes constants which may vary from line to line, or even in
a same line. Similary, the same letter Q denotes monotone increasing functions which may vary from
line to line, or even in a same line.

3. A priori estimates

In what follows, the Poincaré, Holder and Young inequalities are extensively used, without further
referring to them.

We multiply (2.1) by (—=A)~'u and integrate over Q, we obtain

Ezllull2 + IVl + (f(), u) + (gw), (=8)""u) = (6, (=A)"w), (3.1)

owing to (2.7) and (2.8), we obtain

d C ’ ”
d—t||u||31 + c(||u||§11(m + fQF(u)dx) dx< 3 fQF(u)dx +c 0P + ¢, ¢ >0,
hence
d ’ "
d—llull ,+ C(”””H'(Q) fQF(u)dx) <clof+c’, c>0. (3.2)
We now multiply (2.2) by 6 and integrate over 2, we find
d ou
—|16I1* + 2/IVelI* = -2 —, 8. 3.3
dt” I+ 2[[Vell (& ) (3.3)

0
We then multiply (2.1) by a—b; and integrate over €, we have

P P P
(A f), 8—2‘) - (g(u), 8—2‘) + (9, a_bzt) (3.4)
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Here,
ou
—| <
'(g(u), 5 t)
ou|
<
g + ‘ &
Furthermore,
ou oul|?
(Af(u)’ E) < C”f(u)”HZ(Q) 4 ‘ 6; 5
which yields
oul|* p ) ou
—IIA & +‘ o < c(lf @z g + llg@l] )+2(9, 5)-

We recal that H>(Q) is continuously embedded in C(ﬁ) and owing to (2.5),
Ilf (u)lle(Q) +llgwI? < OUlullm),
and inserting (3.6) into (3.5), we obtain

ou|?

d
ZNAul? +
pracand v

o
< Ol + 2( a”t‘)

Summing finally (3.3) and (3.7), we find

ou?

—(IIAMII + 16| )+‘ T 20VOI° < QUIAulP).

In particular, we deduce
d
E(IIAMII2 + 11617 < Q(lAul).

We set
= [lAul* + (1611,

we deduce from (3.8) an inequation of the form
y <OW).

Let z be the solution to the ordinary differential equation

z = Q(2), 2(0) = y(0) = l|Aug|l* + [16oI*.

It follows from the comparison principle, that there exists a time Ty = To(||uollz2), [|6ol)) > 0

1
belonging to, say (0, 5) such that
Y1) <z(t) Vi<Ty,

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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hence
2 2
lull ) + 16117 < Qlluollr2), 166D, V2 < To.

0
We multiply (2.1) by (=A)™! a—b; and integrate over €, we have

d ou
Z1Ivuli? i
o (II ul|” + ZLF(u)dx) + Hat

We then multiply (2.2) by (=A)~'6 and integrate over Q, we obtain

2
< cllg@)l® +2 (9, (—A)_la—u).
-1 ot

d - ) _,0u
dt||9||_1+2”9” = 2(( A) 6t’9)'

Summing (3.11) and (3.12), owing to (3.6)-(3.10), we find

e
dt

oul|?

ot

+ ||9||2) < Olluollz- 160l ¢ >0,
1

where
E, =||Vul? +2 f F(u)dx + ||0|*,.
Q

Summing ¢,(3.2) and (3.13) , where 1 > 0 is small enough, we obtain

dE, ou|? ,
W + C(Ez + ‘ - 1 + ||9||2) < Oluoll2@), 16oll) + ¢, ¢ >0,
where
E> = Ey + Y lull?,,
satisfies
C(Ilullél(g) + fQF(M)dX+ ||9||31) +e<E < ¢ (Ilullél(g) + fQF(u)dX+ IIHIIEI) +c”,

c,c >0.

In particular, we deduce from (3.14) and Gronwall’s lemma the dissipative estimate

!
Ex(1) + f e =9
0

where we have used the continuous embedding H?*(Q) — C(ﬁ) to deduce that

ou(s)

2
o ds < ce”Qluollzzy 160l + ¢, ¢ > 0,1 >0,

-1

|fF(M0)dX| < Qlluollr2» 160D
Q

Furthermore,

J

2

au(S) | + ||9(S)||2)ds < Ce_CtQ(”l/l()”HZ(Q), ”00”) + CN’ c > 0’ t> O

ot

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Finally, more generally, for every r > 0

t+r a 2 By .,
f ( L(;(ts) e ||0(s)||2)ds < ce™ " Qlluollr2. 1166l) + ¢ (), ¢ > 0,1> 0. (.17)
; _
. ) . ) ) 00
We now differentiate (2.1) with respect to time and have, noting that " = _E + A6,
, 0 Ou ou , Ou , Ou ou
A — A — 4+ (-A)"! —)=—(-A)"'=—-0. 3.18
(-4) 5 ot at+f(u)at+( ) (g(u)at) (-4) o (3.18)

0
We multiply (3.18) by ta—u and integrate over €2, owing (2.6), we find for r < T

Aul? Aul* ou Au_ du
- — A — .
M( ) ] g e e t((”at)”(( g w5, )
(3.19)
ou
We know that H*(Q) ¢ L*(Q) with continuous injection and (—A)~! o € H*(Q). Then
ou_ ou _
‘(( MW7), —) < f ¢ (u)ll ||<— ) |dx
< sl
(9t Lo(Q)
< Ay 12
‘( 2 0t H2(Q)
< NN
'( )(—A) 3
2
<
Bu 1‘ Au?
< ~ V=
cllg @ e o
1| oull?
< , —|V— 3.20
Oluollrca 1|2 (3.20)
Inserting (3.20) into (3.19), we have
d ou|? ‘ ou? ( ‘(91/! ) ou|l? oul?
PN | s +1||lv=2 < , 16 + 2cot ||—|| + 2ctll6l]* +
dt( Ey _) Ey Olluoll 52> 16011 7l Co o lell iR
Noting that,
2
‘@ < cC @ —1,
ot ot ll- ot
hence
d ( ||6ul] t' oul|? ( ' 2 ) ou|?
— ||| — + = ||V— < , 116 t||— +c |6 +
dt( ‘ Y _1) 21V 3, Olluoll g2, 16011 il ctlol* + ¢ il

AIMS Mathematics Volume 5, Issue 2, 1383-1399.



1389

Using the estimates (3.17), ( 3.21) and Gronwall’s lemma, we find

o 0 . . .
Multiplying then (3.18) by (')_Ltt and integrate over (2, we obtain, proceeding as above,

2 1

Ou(t
u@|I” ?Q(”MOHHZ(Q)’ 160ll), V2 € (0, Tp].

ot

-1

SIS < )
= 1Z £ 2 w2 < clll=Il +16lI7].
dellorll-r 211 ot ot - 161
It thus follows from (3.17), (3.23) and Gronwall’s lemma
Au(r)||? . ou(Ty) ||
|20 < et el | 2T e 0,157,
ot - or i

and it finally follows from (3.22) that

We now rewrite, for ¢t > T, fixed, (2.1) in the form

2

ou(t)

i < e Oluollgz, 160l)), ¢ = 0,1 > Ty.

-1

— Au+ f(u) + (=A)'gu) = h,(t), u=0onT,

where 5
hy (1) = —(—A)-la—bt‘ + (A6,

We multiply (3.27) by h,(t) and integrate over €2, we obtain

ou?

@I < ‘
A, (2)]] C(at

+ IIGIIZ),

-1

owing to (3.15)-(3.25), we have
Ih (I < e Qluollr e, 16oll), ¢ >0, 1> T,
We multiply (3.26) by u and integrate over €2, we find
IVull® + (f@0), 1) < W (@)llllaell + ellg@olllull,

which yields, owing to (2.7) and (2.8)
IVull> + ¢; f F(uwdx < c||h, DI + ¢, ¢; > 0.
Q

Then, multiplying (3.26) by —Au and integrate over €2, we obtain

AUl + (f () Ve, Vi) < [0l Awl] + g,

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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which yields, owing to (2.6) and (2.8)

NAul? < 1D + ¢ |Vull* + ¢ f F(uwdx + ¢ . (3.30)
Q

Summing (3.29) and ¥,(3.30), where ¥, > 0 is small enough, we find
IVull® + c(llullyp g, + f Fuwdx) < clh@IF+c", ¢>0. (3.31)
Q

We thus deduce from (3.28) and (3.31) that

2 ”
lully ) < € QUluollzz, I6olD) + ¢, ¢ >0, t > T. (3.32)

The estimate (3.3) implies

2

d ou
O +IVOII> < cl|= 3.33
dt” I + IVl °ll5; (3.33)
It follows from (3.10), (3.23) and (3.25) that
“Nou(s) |
f ds < e Qlluoll 2 160ll), ¢ >0, ¢ > To. (3.34)
T, Il Ot
We then deduce from (3.33) and (3.34) that
!
len> + f IVO()IIPds < e Qluollrr2y, 160lD), ¢ >0, 1> Ty,
Ty
which gives
161 < e Qlluollr2)» 1160lD), ¢ > 0, 1> T, (3.35)
Combining (3.32) and (3.35), we obtain
IIMIIi,z(Q) +1161” < e Qlluollry. 160l) + ¢, ¢ >0, t > Ty, (3.36)
Finally, we deduce from (3.10) and (3.36), that
IIMIIf,z(Q) + 1161 < e Qlluollz. 160l + ¢, ¢ >0, 1> 0. (3.37)
We now note, it follows from (3.16) that
1 "
f 161Pd < Qlluoll oy, 166l + ¢ (3.38)
0

Furthermore, multiplying (2.1) by u and integrate over Q, we find, thanks to (2.6)
d. o 2 2 2 ¢ 2
2 I+ 18wl ™ < c(IVall” + 110117 + ¢ [lg@ll"
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Owing to ( 3.6) and (3.10), we have

d
Ellull2 + 1Aull® < QoI 160l (3.39)
We thus deduce from (3.39) that
1
f IIMIIIZLIZ(Q)dt < Oluollg2 (), 1160lD)- (3.40)
0
Therefore, the estimates (3.38) and (3.40) allow to affirm, there exists 7" € (0, 1) such that

IIM(T)Iliz(Q) + 16D < Oluollzzy, 16oll) + ¢ (3.41)

Actually, repeating the above estimates, starting from ¢ = 7 instead of t=0, we see that (3.41) holds for
T =1, i.e. we have the smoothing property

(D32, + IODIP < Qlllutoll ey 160l + ¢ (3.42)

In particular, having this smoothing property, it is not difficult to prove that we have, owing to (3.15),
(3.37) and (3.42), the dissipative estimate

(D)l 3720 + I6OI < €™ Qo2 160l) + ¢, ¢ > 0, 120, (3.43)

00
We multiply (2.2) by _AE and integrate over ), we obtain

2 2

d 00
—||AG)1? ‘ —
S 1A8I" + Vo

ou

< ||V—
ot

: (3.44)

Thanks to (3.17) and (3.23), we have

1+ 2
f "I|_ du
t

Vool ds < e Olluoll2ccy» 160ll, ) + € (1), ¢ > 0,8 >ty + 1.
Setting y = ||A8|*>, g =0 and h = HV?
t

2

, we deduce from (3.44) that

Y <gy+ht >,

where, owing to the above estimates, y, g and A satisfy the assumptions of the uniform Gronwall’s
lemma (for ¢ > t), which yields that, for r > ¢, + r,

I+r
f 1A6]12ds < e Qlluollr2s 160ll, 1) + ¢ (), ¢ > 0,¢ >,
t

hence
||9||§2<Q) < e “Qluollg2y: l66ll, ) + ¢ (1), ¢ > 0,1 > r. (3.45)

Combining (3.43) and (3.45), we obtain the dissipative estimate

1) 3y + 10D ) < € Qllttoll2ccays 160l s 1) + € (1), ¢ > 0,2 > 7. (3.46)
From where the

Theorem 3.1. We assume that (ug,0)) € (H*(Q) N HY(Q)) X LX(Q). Then, the system (2.1)-(2.4)
possesses at least solution (u,0) such that u € L¥(0,T;H*(Q) N H)(Q)), 6 € L0, T; L*(Q)) and

P
a—”t’ e 120, T; HY(Q)), VT > 0.

The proof of existence is based on the estimates (3.15), (3.43) and a standard Galerkin scheme.
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4. The dissipative semigroup

We have the

Theorem 4.1. We assume that (ug,0) € (H*(Q) N H)(Q)) x LX(Q). Then, the system (2.1)-(2.4)
possesses a unique solution (u, ) such that u € L*(0,T; H*(Q) N Hé(Q)), 0 € L=, T;L*Q)) and
0

8_Ltl € 120, T; H™\(Q), VT > 0.

Proof. Let now (u;,6,) and (u,,6,) be two solutions to (2.1)-(2.4) with initial data (u;o , 610) and
(Uzg , bhp) € (H*(Q) N Hé(Q)) x L*(Q), respectively. We set (u , 6) = (u; , 6;) — (u , 6,) and
(o , 6p) = (10, 010) — (20 , 610). Then (1, 0) verifies the following problem

Ou

Pyl Nu— A(f(uy) — f(ur)) + g(ur) — g(up) = 6 in [0, T] x Q, 4.1)
00 ou .

a5 AO = ~ 5 in [0,T]xQ, 4.2)
0=Au=u=0on [0,T]xT, 4.3)
6(0, x) = Go(x); u(0, x) = up(x), ¥x € Q. “4.4)

0
We multiply (4.1) by (—A)‘la—b; and (4.2) by (—=A)~'6 integrate over Q, summing the two resulting
equations, we have

oul?

1d ou ou
——(IVul? + 11611 = 6> < - — — -A)T—|.
2dt(” ull” + ll611Z,) + ot L6l (f(”l) Su2), at)) + (g(u1) g(u2), (A) 61)
4.5)
We have thanks to lagrange theorem, the following estimate
ou
(8(”1) - g(u), (=AY E)
1
_,0u ,
< flul (-A)1— f lg (suy + (1 — s)uy)|dsdx
Q ot Jo
. Ou !
<a | |lul|(-A)"'=— 12(suq + (1 — s)uy) — 1|dsdx
Q ot Jo
_,0u
<c | Qluyl + luzl) + Dlul |(=A)~' —|dsdx
0 ot
ou
< c(llurllsq) + Nuallzs) + Dllull i+ ||— 1
Noting that H'(Q) c L*(Q) with continuous injection and while using (3.43), we have
. Ou 1||6ull?
(g(ul) — g(ua), (—4) IE) < Ollur ollze- 2ol 101011 11620 IDIVul* + 1 ‘ 6—? (4.6)
-1

Besides

0
|(f (1) = flua), a—?) < IV - Fai |2

H
-1
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and owing to (3.43),

IV(f @) = fu))ll

1
= HV( f f (sup + (1 - s)uz)dsu)
0

1 1
< f F (suy + (1 = Syup)ds]|||Vul| + f £ Gur + (1 = syuo)ds|| (e Vaey Il + Nl V|l
0 0
< QU olleys Nzl ey 161 01l 1620l aell + MealVaey Il + Neall Veeolll)
< Qllur ollg2)» lu2,0ll 520> 1610115 1162,0IDIVul. 4.7)

We insert the estimates (4.6) and (4.7) into (4.5), we find

ou|?

d
E(IIVMIIZ+|I9||31)+’ +161F < Ol ollys luzollze iy 1610l 102,0IDIVall®. (4.8)

Where Q is monotone increasing with respect to both arguments. We deduce from
(4.8) and Gronwall’s lemma that

2 2 2 2
Ol +NODIZ, < e Ol ollr2s ez ol 2005 101 0l 182,00 Uletoll1, ) + 16011,

hence the uniqueness, as well as the continuous depending with respect to the initial data. O

We set ¥ = (H*(Q) N Hy(Q)) x L*()). It follows from Theorem 4.1, that we have the continuous
(with respect to the H'(Q) x H~'(Q) — norm) of the following semigroup

SH:¥Y — VY,
(M(),G()) B (u(t),@(t)),

(1.e,S0)=1, S(#)oS(s) =S+ s), t,s >0). We then deduce from (3.43) the following theorem.

Theorem 4.2. The semigroup S (t) is dissipative in Y, i.e., there exists a bounded set By € Y(called
absorbing set) such that, for every bounded B € ¥, there exists ty = to(B) > 0 such that t > t, implies
S(t)B c B,.

Remark 4.1. It is easy to see that we can assume, without loss of generality, that By is positively
invariant by S (), i.e., S(t)By C By, YVt > 0. Furthermore, it follows from (3.46) that S (t) is dissipative
in (H*(Q))? and it follows from (3.45) that we can take By in (H*(Q))*.

Corollary 4.1. The semigroup S (t) possesses the global attractor A who is bounded in (H*(Q))* and
compact in \p.

The existence of the global attractor being established, one question is to know whether this attractor
has a finite dimension in terms of the fractal or Hausdorff dimension. This is the aim of the final section.
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5. Existence of exponential attractors

The aim of this section is to prove the existence of exponential attractors for the semigroup
S(t),t > 0, associated to the problem (2.1)-(2.4). To do so, we need the semigroup that has to be
Lipschitz continuous, satisfying the smoothing property and checking a Holder continuous with
respect to time. This is enough to conclude on the existence of exponential attractors .

Lemma 5.1. Let (uy,0,) and (uy,6,) be two solutions to (2.1)-(2.4) with initial data (u, , 6,0) and
(U2 , B20), respectively, belonging to By. Then, the corresponding solutions of the problem (2.1)-(2.4)
satisfy the following estimate

(1) = w2 (Dl + 161(1) = 2D < ce® (llurg = uollyy + 11610 = 620l)), 1> 1, (6.1

where the constants only depend on By,.

Pl’OOf. We set (Lt , 9) = (I/l] , 91) - (I/tz , 92) and (Lt() , 9()) = (I/tl’() , 91,0) - (I/tz,() , (92,0), then (Lt , 9) satisfies

0

8_Ltt + Au = A(f(u)) = f(ur)) + g(uy) = g(up) = 6in [0, T] X Q, (5.2)
06 ou .

E — A0 = —E in [0,T] X Q, (53)
0=Au=u=0on [0,T]xT, 5.4)
0(0, x) = Op(x); u(0,x) = up(x) in Q. (5.5)

We first deduce from (4.8) that

IVu@I? + 1612, < e ol + 166l20), ¢ >0, 130, (5.6)
and . )
0 ¢ ’
f ( e ||e<s>||2)ds < e (ol g + I60IF,). € >0, 130, (5.7)
0 -1

where the constants only depend on 8.
We differentiate (5.2) with respect to time and have, owing to (5.3),

0 , , , 0
(=A)"! a—f —Ap+ f g+ (f ) - f (Mz))%

: , , 0
+(=A)™! (g (u)e + (g (1) — g (Mz))% =-0-(-N""o, (5.8)

0
where ¢ = ey
We multiply (5.8) by (t — Ty)¢ and integrate over (), where T is same as in one of previous section,
owing to (2.6), we obtain

1d

s (e=To el )+ ¢~ Tonver

1 , , 0
< §||90||31 + ot = Tolllgll + (¢ = Tollgll?, + (¢ = To) ((f () - f (m))%&)'
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+(t = To) |8, )| + (¢t = To)|(-8)' (g (1)), ¢)|

) , 0
+(t = To) ((—A)_l(g (m)-g (uz))ﬁ, 90)‘ : (5.9)

Noting that u;, u, € H*(Q), then

N

[((F ) - f (uz»—,c,o)I

fQ f

fl?)ul 3u2||(p|
Q
6u2

c [ Jullol [ 22
Q

cllullza ||‘P||L4<Q)
6u2

Buz

N

N

N

Ou
ot

N

N

clIVull |Ve|| ‘ (5.10)

proceeding as in (3.20), we find

(o @) < c|valllel, . (5.11)

fl( A e| lul| =2

cllull s || (~A) sDIILm)

6u2
o

and

61/[2

N

, , 0
|((—A>-1<<g () - g <u2>>§>, cp)‘

(91/!2
or

N

N

cIVullll(=A) " @l @)

6u2

o
(9u2

N

clVullllell-

N

cl[Vullllell

ablz

N

clVull[[Vell

(5.12)

where the constants only depend on By
By substituting (5.10), (5.11) and (5.12) into (5.9), we have, owing to the interpolation inequality,

d
S(e-1olell,) + @~ o) [Vl

<ct—Ty) (”90” + 6l )+c(t— || [ (5.13)
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We now multiply (5.3) by —(t — T)6 and integrate over €2, we obtain
d 2 2 2 2
— (= TolIeIF) + (= TOIVEIF < et = To) [le]|” + ll6IF. (5.14)

Therefore, noting that it follows from (3.13), (3.15), (3.23) and (3.25) (for (u, 8) = (u», 6,)) that

!
le)

where the constants only depend on B

2
(9u2

vy ds <ce',t>T,,

Combining (5.13) and (5.14), we find, owing to Gronwall’s lemma over (7, t); note that Ty < 1,

20 : 1O < ce (ol g + 16612, 13 1, (5.15)
where the constants only depend on B
We rewrite (5.2) in the form
—Au = h,(1),u = 0 sur 6Q, (5.16)
for t > 1 fixed, where
hu(t) = —(—A)_l% = (flun) = fw)) = (=AY (g(wr) = g(a)) + (=A)'6. (5.17)

We multiply (5.17) by &,(¢) and integrate over Q, we obtain

- oull?
1RO < C( & +||9||2)+0||Vu||2-
ot -1
It then follows from (5.6) and (5.15) that
I < cet ol g + 160l2), 1> 1, (5.18)

where the constants only depend on B
We multiply (5.16) by —Au and integrate over €, we find

AUl < N (OIF,
hence, owing to (5.18), we have
Il gy, < e (il g, + 601D, 3 1, (5.19)

where the constants only depend on By.
We finally deduce from (5.15) and (5.19), the estimate (5.1) which concludes the proof. O
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Lemma 5.2. Let (u;,0,) and (uy,6,) be two solutions to (2.1)-(2.4) with initial data (u, , 6,0) and
(U209 , 6hy), respectively, belonging to By. Then, the semigroup {S (t)}s0 is Lipschitz continuity with
respect to space, i.e, there exists the constant ¢ > 0 such that

2 2 ! 2 2 ’
|1 (2) — ua ()| +H161() — I, < ce” '(luro — uzolly ) + 116010 = O20l2)), ¢ >0, 1> 0,

HY(Q)
(5.20)
where the constants only depend on B,,.
Proof. The proof of the lemma 5.2 is a direct consequence of the estimate (5.6). O

It just remains to prove the Holder continuity with respect to time .

Lemma 5.3. Let (u, 6) be the solution of (5.2)-(5.5) with intial data (ugy, 6y) in By. Then, the semigroup
{S (O)}i>0 is Holder continuous with respect to time ,i.e, there exists the constant ¢ > 0 such that
V1, 1, €10, T]

IS (21)(uo, o) — S (82)(uo, O)lly < clt; — f2|%, (5.21)

where the constants only depends on By and T .

Proof.

IS (21)(uo, o) — S (22) (1o, 60)|lw

() = u(t2), 6(t1) = 6(12))llw

< ludty) = u(@)lg @) + 110(2) — 0(2)I-1
< cl[VQultr) — u@))ll + 116(11) — 0(22)l1-1)
5 5]
<c(fv%ds+f@ds )
, Ot no ot
1
. 163 6u 2 ' 69 2 ) 2
< ct - 52 V—I| +]|[— ds
f =l ft ( o1 a1l
(5.22)
Noting that, thanks to (3.16), (3.23) and (3.25), we have
5] 2
f V@_u ds| <c, (5.23)
f ot
where the constant ¢ depends only on 8, and 7" > T, such that #,, #, € [0, T].
00
Furthermore, multiplying (2.2) by (-A)™! 7 and integrate over €2, we obtain
d 30|’ oul*
—||6 2 + ' — L<cl|l— s 5.24
dl‘“ I ot -1 ot -1 ( )
and it follows from (5.23) and (5.24) that
15) 2
f @ ds| <c, (5.25)
] (91‘ -1
where ¢ only depends on B, and T such that #;, #, € [0, T].
Finally, we obtain thanks to (5.23) and (5.25), the estimate (5.21). Thus, the lemma is proved. O
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We finally deduce from Lemma 5.1, Lemma 5.2 and Lemma 5.3 the following result (see,e.g, [9,
10]).

Theorem 5.1. The semigroup S(t) possesses an exponential attractor M C By, i.e,
(i) M is compact in H'(Q) x H'(Q);

(ii) M is positively invariant, S(O)M c M, ¥t > 0;

(iii) M has finite fractal dimension in H'(Q) x H(Q);

(iv) M attracts exponentially fast the bounded subsets of ¥
VB € ¥ bounded, distyqyxu-1q)(S @B, M) < Q(IBlly)e ", ¢ >0, t >0,

where the constant c is independent of B and disty q)xu-1q) denotes the Hausdorff semidistance
between sets defined by

diSlHl(Q)XH—I(Q)(A, B) = Sup inf ||a - b”H‘(Q)xH*I(Q)'
acA beB

Remark 5.1. Setting M = S(1)M, we can prove that M is an exponential attractor for S (t), but now
in the topology of Y.
Since M ( or M ) is a compact attracting set, we deduce from Theorem 5.1 and standard results
(seee.g, [4,10]) the

Corollary 5.1. The semigroup S (t) possesses the finite-dimensional global attractor A C B,.

Remark 5.2. We note that the global attractor A is the smallest (for inlusion) compact set of the phase
space which is invariant by the flow (i.e. S(t)A = A,Vt > 0) and attractors all bounded sets of initial
data as time goes to infinity; thus, it appears as a suitable object in view of the study of the asymptotic
behaviour of the system. Furthermore, the finite dimensionality means, roughy speaking, that, even
though the initial phase space is infinite dimensional, the reduced dynamics is, in some proper sense,
finite dimensional and can be described by a finite number of parameters.

Remark 5.3. Compared to the global attractor, an exponentiel attractor is expected to be more robust
under perturbations. Indeed, the rate of attraction of trajectories to the global attractor may be slow
and it is very difficult, if not impossible, to estimate this rate of attraction with respect to the physical
parameters of the problem in general. As a consequence, global attractors may change drastically
under small perturbations.

6. Conclusion

This manuscript explains in a clear way, the context of dynamic system with a proliferation term,
when the relative solution exists. The existence of exponential attractor, associated to the problem
(2.1)-(2.4) that we have proved, allow to assert that the existing solution of the problem (2.1)-(2.4) that
we have shown in this work, belongs to the finite-dimensional subset called global attractor, from a
certain time.
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