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1. Introduction and Preliminaries

The so-called Dirichlet average of a function is an integral average of the function with respect to
the Dirichlet measure. The concept of Dirichlet average was introduced by Carlson in [2, 3,5]. It is
studied, among others, by Zu Castell [6], Daiya [7], Daiya and Ram [8], Massopust and Forster [21],
Neuman [22], Neuman and Van Fleet [23], Saxena et al. [27], and others. A detailed and comprehensive
account of various types Dirichlet averages has been given by Carlson in his monograph [4].

In this paper we will investigate the Dirichlet averages of the S -function defined and studied by
Saxena and Daiya [25]. Throughout our present paper, we denote by R,N and C the sets of real,
natural and complex numbers, respectively.

1.1. The S -function

(aﬂgmk)(al,-~ s b i (@, - ) Wneke x (L.1)

(P.9) =0 (b1 ( ) [y (na + B) n!’
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where, k € R, a,8,7, 7€ C, R(a) > 0,q; i=1,2,---,p), b; (j=1,2,--- ,q), R(@) > kR(7) and
p < g + 1. The Pochhammer symbol (1), (1,u € C) with (1), = n! for n € N defined in terms of
Gamma function as (see, [25, p. 199])

ra@ = 0;
@, = <+u>:{1 (4 = 0; 4 € C\(0)

T () AA+1D)-Q+u—-1) WeN; 1eC)

The k-Pochhammer symbol was introduced by Diaz and Pariguan [9], defined as
O =xx+)x+2k)---(x+(n-Dk), (1.2)

(x)(n+r)q,k = (x)rq,k (x+ Cl”k)nq,k ) (1.3)

where x € C, ke Randn € N.
Lety € Candk, s € R, then the following identity holds true

- k
ro=(3) rk( 7) (1.4)
and in particular
T, (y) = ki-lr(%). (1.5)
Lety € C, k, s € R and n € N, then we have following identity:
s\ (k
Vhg,s = (%) (—7) , (1.6)
$ ng.k
and in particular
(Vngi = k" (%) : (1.7)
nq

1.1.1. Special cases

(1). when p = g = 0in (1.1) it reduces to generalized k-Mittag-Lefller function, defined by Saxena et
al. [26].

(@B.y.mh) Phpese x"
S (—'—;x)—z—’k

0.0 Bl — T (na + B) n! B

(i1). For 7 = ¢, (1.1) yields

ElT (). (1.8)

(ar),- ap) Phgs x
= b, (by) T (na+p) 7t

(@,B,7.9.k)
( (1.9)

al’.-. ,ap;bl’.-.

:Mg

P.9)

where R (@) > kp.
(i11). If we set 7 = 1 in (1.1), then we have

(@815 . = (@ (@), W
By (e aribees b= ) o ( )Fk<na+/3) n!
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| br -+ by ) (1.10)
— a’...’a; ’-..’ ;x, .
(p.9) 1 P 7
where R (@) > kp.

We will need some more notations in the further exposition. In the sequel, symbol E,_; will denote
the Euclidean simplex, defined by

Epy={Gu, ) w20, j= 1,2, m5 g, eeeuy < 1) (1.11)

1.2. Dirichlet average

Carlson [3,4] introduced the concept of connecting elementary functions with higher transcendental
functions using averaging technique. The Dirichlet average is a certain kind of integral average with
respect to Dirichlet measure, which in Statistics called as beta distribution of several variables.

Let Qbe aconvex setin Candletz = (z1, -+ ,z,) € Q" forn > 2, and let f be a measurable function
on ). Then we have

Fbo= [ fuon duw. (1.12)
Ej
and »

MOZ:ZMiZi+(1_u1_"'un—l)zna (1.13)

i=1
where, I'(.) being the gamma function. In particular, forn = 1, F (b,z) = f (2).

Here, du,, 1s the Dirichlet measure. Let b € C", n > 2 and E = E,_; be the standard simplex in R,
the complex measure u;, then Dirichlet measure defined on E, by

1 ) _ .
duy, (u) = %j;ulfl LT A =y = = )P dug - dug (1.14)

with the multivariable Beta function
L(by)---T(by)

O ——— (R(b))>0. j=1.2- k). (1.15)
For n = 2, we have r )
dugp (1) = % W1 —wf (1.16)
Carlson [3] investigated the average (1.12) for f(z) = z*, k € R, given as
Ry (b.2) = f (u 0 2) dyy, (u). (1.17)
En-
If n = 2, then we have (see, [3,4])
r (! :
Ry (B.B;x,y) = I“(,f)—lt({?) i [ux+ (1 —w)y] " (1 - wf " du, (1.18)

where 8,4’ € C;min [R (8), R (8)] > 0; x,y € R.
Gupta and Agrawal [11] have shown that the double Dirlchlet average is equivalent to fractional
derivative of two variables.
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Let z be akXx matrix with complex elements Z;;. Further u = (u;,--- ,u) and v = (vy,--- ,v,) be
an ordered K-tuple and x-tuple of real non-negative weights >, u; = 1 and }, v; = 1, respectively.

Here
ko k
uozov:ZZuizijvj (1.19)

i=1 j=1
If Z; j is regarded as a point of the complex plane all these convex combinations are points in the convex
hull of (z;; — zx,) denote by H (z).
Let b = (by,- -, b;) be an ordered K-tuple of complex numbers with positive real part R (b) > 0 and
similarly for 8 = (B, - - ,B.) then define du,(u) and dug(v).
If Rb)>0,R(B) >0,H(z) c Dand f be the holomorphic on a domain D in the complex plane,
then we have

Fozp = [ [ Fuozenduduo. (1.20)

Double average for (k = x = 2) of (u-z-v)" is the R function is defined by Gupta and Agrawal [11],
given by

1l
R, (' z,0,0) = f f (u o zov) dmg, (1) dmyq. (v), (1.21)
o Jo
where R (1) > 0, R (') > 0, R (p) > 0, R (o) > 0, and

2 2 2
uozov= Z Z (Mi ©Zjo Vj) = Z [u; (zitvy + zZ2v2)]
i=1 j=1 i=1
= [uiz11vi + uazo1vy + u1212v2 + UazooVv2] (1.22)

Letzi; = a,z12 = b, 21 = ¢,200 = d and

Uy =u U =1-u a b
thus z = .
Vi =V vo=1-v c d

Then we have

uozov=uwa+ub(l-v)+(1-wev+(1-uw)yd( —v)

=luw@-b-c+d)+ulb-d)+v(c—-d)+d], (1.23)
and I+ )
dm (1) = F(/J)—F(l/l-l,)uy_l (1= uy " du, (1.24)
_Tp+to) ol
dm,, (v) = T T (o) T ) V(1 =) dv. (1.25)
Thus
R, ', 2,0, 0)
_Tu+y) Te+o) (M (! i
= T @) T Jo f(; [ww@—-b—-c+d)+ub-d)+v(ic—d)+d]
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x ' (1 —up T (1 =) dudy. (1.26)

For further details of S -function, Dirichlet and Double Dirichlet average reader can refer to the work
by Daiya [7], Daiya and Ram [8] and Saxena et al. [27].

1.3. Fractional derivative

The Fractional Calculus is a generalization of classical calculus concerned with operations of
integration and differentiation of non-integer (fractional) order. The concept of fractional calculus was
introduced by mathematicians to solve problems that could not be handled by a local derivative: the
fractional order alpha that appears in the concept of fractional derivative can be used to represent
some physical parameters. Riemann and Liouville introduced the fractional derivative as a derivative
of the convolution of a given function and the power law function. In recent years numerous works
have been dedicated to the fractional calculus of variations. Most of them deal with
Riemann-Liouville fractional derivatives (see, [10, 24]), a few with Caputo or Riesz
derivatives [1,28]. For more details, reader can refer recent work [12—-14, 16-18].

For R (@) > 0, the Riemann-Liouville fractional integral (left-hand sided variants of operators) of
order @ € R (@ > 0) is given by (see, [10,15,19])

o 1 tOFQ) L (a=-p!
Iy, (F (x)) = T@ Jo o dt =x j; WF(xp) dp. (1.27)

The Riemann-Liouville fractional differintegral operator D¢ of order a(a € C) is defined as (see,

for details, [10, Chapter 13] and [20, Page 2470, Eqn.(1)])

s fa-0 T Fodr (R@) <0)
D} (F (x) = ; (1.28)
LADT (f(x))})  (n—1< R(a) < n; neN)

dx"

provided that the defining integral in (1.28) exists, and
1 X
D} (F(x) = —— f x-0"""F@dr (R(a)<0), (1.29)
r (_a') X0

where F(x) is of the form x” f(x) and f(x) is analytic at x = 0.
It readily follows from (1.28) that

ra+1 B
(04 Al _ A—a _
Dx{x}——r(/l_a/_l_l)x (@>0, RW) > —1). (1.30)
The Beta function is given by
1
B(m,n) :f K1 = x)" dx, (1.31)
0
we also have the relationship between Gamma and Beta function, as follows
I'(m)T" (n)
B = —— 0). 1.32

(m, n) Tn+ ) (m,n > 0) (1.32)
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2. Main results

Theorem 2.1. Let k € R; a,B8,y € C; R(a) > 0 and T € C, then double Dirichlet average is

. . (@By.mh)
established of the function S (al,

(p.9)
r + 07) o
Jo (U1, 123 2, 0102) = (?(p 302 (x —y)! PP
_ (a,B,y,7.k)
X Dxf;(tpl_l){ S)‘/T (ala"' ’ap;bl"“ ’bq’(y+t))}(x_y)
(.9

Proof. By using equation (1.21) and (1.23), we have

I (Ui, 23 25 P15 P2)

(aﬂy‘rk)
f f (a1, sy i by (0 20 ) Ay, () iy, ()

(P.9

oo (ar), - (ap)n (67

-5

10 (b)), (by), T (e + By !
where R (1) >0 R (up) >0, R (o) > 0and R (p,) > 0.

1 pl
f f [uozov]" dmyl,uz () dele V),
0o Jo

L api by, by (uozov))for(k:x: 2), is given by

- (a )n" \a (’y)m'
Jn(/ll’/'lZ;Z;pl,pz) = r(,ll] +ﬂ2) F(pl +p2) _Z ! ( p)n k

FGDT @) 0T (02) = (1), -+ (by), Ti (e + By !
1 1

xff[uv(a—b—c+d)+u(b—d)+v(c—d)+d]”
0 0

x w7 (1 = wy by (1 = vy dud.

To obtain the fractional derivative, we assume a = ¢ = x, b = d =y, then we have

Jo (U, o3 25 01, 02) =

(i + ) T(o1+p2) Z (a1), - ) Ve
L) T w) T )T (p2) & (b)), - ( ) T, (na +B)n!

1 1
X f f [y+v =" (1 —uwy>" vt (1 - vy dudy.
0 0

Next, by using definition of Beta function (1.31) and relation (1.32), we arrive at

T (o1 +p2) (ao (@) e
Jn (1, 12325 P1, 2) =
(K1, 23 25 P15 02) TN T () Z 4 by, - Fk(na+,8)n'

1
X f [y+v(x =] A —vy2 .
0

By putting v (x — y) = ¢, we have

r (a ) Ve,
Jo (15 125 2, 01, 02) = (01 +p2) Z . 1 ) ‘
1

Fk (na + B)n!

F(p) T (02)

2.1)

(2.2)
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X—y ¢t pi—1 t p2—1 dr
X f (y+0)" (—) (1 - )
0 X=y X=y X—=y

= —F (b1 +p2) (x = )’)l—pl—pz i @)y (ap)n (7)”“‘
') T (p2) (b)), - (bq)n i (na + B) n!

x—y
X f G+ M (x—y—rydr
0

_ I'(p1 +p2) 1-p1—-p2
= TonT oy =Y

Y (@ pyrh)
X f S (al,-..,ap;bl’...’bq;(y_f_t))tprl(x_y_t)pz_ldt.
0

(.9

By using definition of fractional derivative (1.28), we get

F(pl pZ) (X y)l—pl—pz

Jo (Ui, 123 2,01, 02) =
(U1, 12525 P15, 02) = Ton

x D (tpl—l){(aﬁg,‘r,k)(al’.__ Layiby, - by (v + t))} (x—y).

(P.9)

This completes the proof of Theorem 2.1.

Corollary 2.1. Put v = q in (2.1), then it reduces in the following from:

F(pl +p2)
I'(o1)

Jn (U1, 12525 0102) = (x — )l—Pl—,Dz

% D;f); (tpl—l){(aﬁg,q,k) (al, .. ,ap;bl" .. ’bq;(y + )f))} (x—y) .

(p.9)

Corollary 2.2. Put v = 1 in Theorem 2.1, then (2.1) reduces in the following from:

(o1 +p2)
T

Jn (1s 2323 p1P2) = (x — y)! PP

x D (tpl—l){(aﬁg,l,k)(al’___ cayiby, - by (v + ;))} (x—y).

(.9
Theorem 2.2. Letk € R;a,B,y € C; R (@) > 0 and t € C, then we have

R — (/'l])nr(pl +92) _ Nl-pi-p;
Jn (U1, (23 25 01, 02) (1 + ). T (on) (x-y)

x D (tpl—l){(mﬁg,r,k)(al,___ Lay; by, ’bq;(y+[))} (x—y).

(p.9)

(2.3)

(2.4)

(2.5)
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Proof. By using equation (1.21), (1.23), (1.24) and (1.25), we have

(a ) (y)m
Jo (15 23 2501, 02) = T Ik Z 5 (b1), - 1 ) k
1

I (u) T (u2) T (1) T (p2) Fk(na +p)n!

S|
><ff[uv(a—b—c+d)+u(b—d)+v(c—d)+d]”
0o Jo
x (1= w2 = vy dud.

By setting a = x; b = y and ¢ = d = 0, then we have

: r (@), o
o (W1, 23 25 p1, 2) = (i + 1) Llpi +p2) Z 0 (b1), - 1 ( ) ) X
1

I T () T I (02) Iy (na + B)n!

1l
X f f [y (x = y) + uy]" w1 (1 —wy>"" v 1 (1 = vy du dv,
0o Jo

(a ) (y)nf
o Gty 91 00) = I'(uy + 1) T'(py +p2) Z o 1 ) k
1

)T () T T (p2) ( )Fk(na+,8)n‘
1 pl
Xff[vx+(1—v)y]"u”1+"_l(1—u)"z_lvp‘_l(l—v)pz_]dudv.
0o Jo

By using definition of Beta function (1.31) and equation (1.32), we have

7, (u - )= 'y +12) Tlpr +p2) Ty +n)T (1)
L S PL P2 ‘F(m)wz)r(pl)r(m) (i + 5+ 1)

y i (ai), ) (672

= (b ) Iy (na + B)n!

1
f [vx+ (1 =v)y]" v~ (1 = vy dy,

r (a ) (Y)n‘r
Jn (U1, 1252, 01, 02) = oL Z 0 (b1),- 1 ) k
1

(L1 + 12), T (o) T (02) & Fk (na + B)n!
1
X f [v(x=y)+y]" v 1 —vydv.
0

Next, we put v (x — y) = t, then we arrive at

r (@, - (G
I (U1, 1252, 01, p2) = (), T (o1 + p2) Z(b) : ) ‘
1

(1 + p2), T (1) T (02) Fk (na + B)n!

X—y p1-1 p2-1
xf [t+y]”( ! ) (1— ! ) dv.
0 X=Yy X=Yy X=Yy
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Now, by using definition of fractional derivatives, we have

), I' (o1 +p2) (x — )1

Jo (U1, 2 2, 01, 02) =

(1 + w2), I (p1)
—02 - (@.B.y,t.k)
x D ()8 (@ Lapibr e b (04 1) p(x = ).
(p.9)
This completes the proof of Theorem 2.2. O

Corollary 2.3. If we put T = q in (2.5), then it reduces in the following from:

) Lo +p2) o,
( + ), T 7Y

x D% () {“%’q’” (- sapbi b+ z))} (x—y). (2.6)

Jo (U5 23 2501, 02) =

(p.q)

Corollary 2.4. If we put T = 1 in theorem 2.2, then (2.5) reduces in the following from:

), Tor+p2)
(11 + p2), T (p1) (=)

X D;f; (l.,Ol—l) {(aﬁg,l,k) (al, LA bl, cee bq; (y + t))} (x — y) . (27)

.9

Jo (U1, 123 201, 02) =

3. Concluding remarks

In this paper, we study the double Dirichlet averages of S -functions [25]. Representations of such
relations are obtained in terms of Riemann-Liouville fractional differintegral. The present work shows
that every analytic function can be measured as double Dirichlet average by using fractional
differintegral operator. Also, the relation between double Dirichlet average of any analytic function
and fractional differintegral can be converted into single Dirichlet average of those functions by using
fractional differintegrals of the functions. The obtained results can be used for further study in double
Dirichlet average of any analytic function.
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