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Abstract: In this study, discrete fractional hydrogen atom (DFHA) operators are presented. Hydrogen
atom differential equations have series solution due to having singularity and also obtaining a series
solution for DFHA equations have some difficulties, for this reason, we study to obtain solution
of DFHA equations by means of nabla Laplace transform. In addition to all these, we show
self—adjointness of the DFHA operator and some spectral properties, like orthogonality of distinct
eigenfunctions, reality of eigenvalues. Finally, we find an analytical solution of the problem under
different ¢ (¢) potential functions, different fractional orders and different eigenvalues and the results
obtained are illustrated by tables and simulations.
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1. Introduction

Fractional calculus is a popular subject because of having a lot of application areas of theoretical
and applied sciences, like engineering, physics, biology, etc. Discrete fractional calculus is more recent
area than fractional calculus and it was first defined by Diaz—Osler [1], Miller—Ross [2] and Gray—
Zhang [3]. More recently, the theory of discrete fractional calculus have begun to develop rapidly with
Goodrich—Peterson [4], Baleanu et al. [5, 6], Ahrendt et al. [7], Atici-Eloe [8, 9] , Anastassiou [10],
Abdeljawad et al. [11-16], Hein et al. [17] and Cheng et al. [18], Mozyrska [19] and so forth [20-25].

Fractional Sturm—Liouville differential operators have been studied by Bas et al. [26,27], Klimek et
al. [28], Dehghan et al. [29]. Besides that, Sturm—Liouville differential and difference operators were
studied by [30-33]. In this study, we define DFHA operators and prove the self—adjointness of DFHA
operator, some spectral properties of the operator.

More recently, Almeida et al. [34] have studied discrete and continuous fractional Sturm—Liouville


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2020093

1360

operators, Bas—Ozarslan [35] have shown the self—adjointness of discrete fractional Sturm-Liouville
operators and proved some spectral properties of the problem.
Sturm-Liouville equation having hydrogen atom potential is defined as follows

d’R adR ((L+1)
dar? " rdr P
In quantum mechanics, the study of the energy levels of the hydrogen atom leads to this equation.
Where R is the distance from the mass center to the origin, ¢ is a positive integer, a is real number E is
energy constant and r is the distance between the nucleus and the electron.

The hydrogen atom is a two—particle system and it composes of an electron and a proton. Interior
motion of two particles around the center of mass corresponds to the movement of a single particle
by a reduced mass. The distance between the proton and the electron is identified r and r is given
by the orientation of the vector pointing from the proton to the electron. Hydrogen atom equation is
defined as Schrodinger equation in spherical coordinates and in consequence of some transformations,
this equation is defined as

R+(E+9)R:o 0 < r< o).
r

Ia+1 2
y"+(/l— (; )+——q(x))y:0.

X
Spectral theory of hydrogen atom equation is studied by [39—41]. Besides that, we can observe that
hydrogen atom differential equation has series solution as follows ( [39], p.268)

k—1-1 2x (k—-1- 1)(k—l—2)(2x)2

— [+1 1-
y(x) apX { 1'Q21+2) k " 2121+2)21+3) \ k

L k== Dk-1-2)...321  (2x\"\ ,
+(_1)(k—1)!(21+2)(21+3)...(21+n)(k)}’k_l’z"“

Recently, Bohner and Cuchta [36, 37] studied some special integer order discrete functions, like
Laguerre, Hermite, Bessel and especially Cuchta mentioned the difficulty in obtaining series solution
of discrete special functions in his dissertation ( [38], p.100). In this regard, finding series solution of
DFHA equations is an open problem and has some difficulties in the current situation. For this reason,
we study to obtain solutions of DFHA eq.s in a different way with representation of solutions.

In this study, we investigate DFHA equation in Riemann—Liouville and Griinwald—Letnikov sense.
The aim of this study is to contribute to the spectral theory of DFHA operator and behaviors of
eigenfunctions and also to obtain the solution of DFHA equation.

We investigate DFHA equation in three different ways;

i) (nabla left and right) Riemann—Liouville (R-L) sense,

Lix(1) = VA (,V*x () + (l(l; b_ % + q(t))x(t) =Ax@®),0<pu<l,

(1.1)

ii) (delta left and right) Griinwald—Letnikov (G-L) sense,

Lyx(t) = A (A‘ix(t))+(l(l; D - % +q(t))x(t) =Ax(@®),0<pu<l,

iii) (nabla left) Riemann-Liouville (R-L) sense,

Lix (1) = VE(VEx (1) + (l(l; D_ % +q(t))x(t) =Ax(), 0<u<l.
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2. Preliminaries

Definition 2.1. [42] Falling and rising factorial functions are defined as follows respectively
re+1)

~= i:E;t::;i;_TS, (2.1)
s Tt+a)
= To (2.2)

where I is the gamma function, @ € R.
Remark 2.1. Delta and nabla operators hold the following properties
AL = ar*t, (2.3)
Vi© = at”

Definition 2.2. [2, 8, 1] Nabla fractional sum operators are given as below,
(i) The left fractional sum of order u > 0 is defined by

1 < —
V0 = 5 D t=p) T x(s), €N, (2.4)

s=a+1

(ii) The right fractional sum of order u > 0 is defined by

= o
VD) = s 2P x ()t e (2.5)

where p (t) = t — 1 is called backward jump operators, N, = {a,a+ 1,...}, , N ={b,b—1,...}.

Definition 2.3. [12, 4] Nabla fractional difference operators are as follows,
(i) The left fractional difference of order u > 0 is defined by

Vix () = VIV, (1) = F(nv—_m > = p )T k(). 1€ Na, 2.6)

s=a+1

(ii) The right fractional difference of order u > 0 is defined by

" oo (=1)" A" =
pVEX (1) = (=1)" V'V, "M x (1) = Z(s— p@) ' x(s), te N, 2.7)

I'(n - 4

Fractional differences in (2.6 —2.7) are called the Riemann—Liouville (R-L) definition of the u-th
order nabla fractional difference.

Definition 2.4. [1, 18] Fractional difference operators are given as follows
(i) The delta left fractional difference of order u, 0 < u < 1, is defined by

IIRN ~D..(u-s+1
A*_‘x(t):h—ﬂZ(—l)S“(” )s'(” s+ D)
s=0 .

x(t-=s),t=1,..,N. (2.8)
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(ii) The delta right fractional difference of order u, 0 < u < 1, is defined by

N-t
A x(t) = ﬁZ(—DS“(” - 1)';'(” =S5t Gt 120, N1, (2.9)
s=0 '

fractional differences in (2.8 —2.9) are called the Griinwald-Letnikov (G-L) definition of the u-th
order delta fractional difference.

Definition 2.5. [[4] Integration by parts formula for R-L nabla fractional difference operator is
defined by, u is defined on ,N and v is defined on N,

b-1 b-1
Z 1 () V*v (s) = Z v(s), V'u (s). (2.10)
s=a+1 s=a+1

Definition 2.6. [34] Integration by parts formula for G-L delta fractional difference operator is
defined by, u, v is defined on {0, 1, ..., n}, then

n n

Zu(s) Ay (s) = Zv(s) Au(s). 2.11)

s=0 s=0

Definition 2.7. [17] f : N, —» R, s € ‘R, Laplace transform is defined as follows,
LaAf ) =D (=9 fla+h,
=1

where R = C\ {1} and R is called the set of regressive (complex) functions.

Definition 2.8. [17] Let f,g : N, = R, all t € N1, convolution of f and g is defined as follows

(Fra)= > fl-p©+a)g(s),

s=a+1

where p (s) is the backward jump function defined in [42] as
p(s)=s-1.
Theorem 2.1. [17] f,g : N, = R, convolution theorem is expressed as follows,

LS = gh(s) = La{f} La{g} (9).
Lemma 2.1. [17] f : N, — R, the following property is valid,
1 1
Lo {fH(9) = 1—~£a 1) ——fla+ 1.
- -5

Theorem 2.2. [17] f: N, - R, 0 < u < 1, Laplace transform of nabla fractional difference

|

1-s

£a+1 {V'Zf} (S) = 5JJ-£a+1 {f} (S) - f(a + 1)’ re Na+1-
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Definition 2.9. [17] For|p| <1, @ > 0,8 € R and t € N,, Mittag—Leffler function is defined by

)ak+,6
Epap(tia) = Z F(ak+/3+ 0

Theorem 2.3. [I7] For|p| < 1, @ > 0,8 € R, [1=s| < 1 and |s|* > p, Laplace transform of
Mittag—Leffler function is as follows,

Lo |Epus )9 = S

3. Main results

3.1. Discrete fractional hydrogen—atom equations

Let us consider equations in three different forms;
i) Ly DFHA operator L, is defined in (nabla left and right) R-L sense,

Lix (1) = Vg (p (1), VVx (1)) + (l(l; 2o % + q(t))X(t) =Ax(1), O0<pu<l, (3.1

2 Il+1
where [/ is a positive integer or zero, g (t) + s ( 2 )

parameter, f € [a+ 1,b— 1], x(t) € Pla+ 1,b-1],a > 0.
ii) L, DFHA operator L, is defined in (delta left and right) G-L sense,

are named potential function., A is the spectral

Lox () = A (p (1) Aix (D) + (l(l; D_ % + q(t))x(t) =Ax(1), 0<pu<l, (3.2)

where p, g, [, A 1s as defined above, r € [1,n], x(¢) € 2[0,n].
iii) Ly DFHA operator L; is defined in (nabla left) R-L sense,

Lyx (1) = VE(VEx (1)) + (l(l;_ D) - % + q(t))x(t) =Ax(@®), 0<u<l, (3.3)

D, q,l, A1is as defined above, t € [a+ 1,b - 1],a > 0.
Theorem 3.1. DFHA operator L, is self-adjoint.
Proof.

Id+1) 2
u(@®Liv(@ = u(t)VZ(P(t)bV”V(I))+u(t)( (; )——+61(t))V(t), (3.4)

() Lt (1) Ii+1) 2

v(O) Ve (p 0, VVu(0) +v (t)( PR (t)) u(r). (3.5

Subtracting (16 — 17) from each other
u(®) Lyv (6) = v (@) Liu (1) = u (1) Vi (p (1), Vv (1)) = v (1) Vi (p (), VFu (1))

AIMS Mathematics Volume 5, Issue 2, 1359-1371.



1364

and applying definite sum operator to both side of the last equality, we have

b1 b1 b-1
DL @@Ly =vOLu() = > u@VE(ps), V() = > v(9)Vh(p(s), Vuls). (3.6)
s=a+1 s=a+1 s=a+1

Applying the integration by parts formula (2.10) to right hand side of (18), we have

b-1 b-1
D@L = v Lu() = > ps), Vv (s), Viuls)
s=a+1 szazil
= > () VHuls), V*v (s)
s=a+1
= 0’

(Lyu,v) = {u, Liv).

The proof completes. O

Theorem 3.2. Eigenfunctions, corresponding to distinct eigenvalues, of the equation (3.2) are
orthogonal.

Proof. Assume that A, and Az are two different eigenvalues corresponds to eigenfunctions u (n) and
v (n) respectively for the equation (3.1),

[(l+1 2

VZ‘(p(t)bV"u(t))+( (; )—;+q<r>)u<r)—aau<r) - 0,
I(+1 2

VZ(p(t)bV“V(t)H( (; )—;+q<t>)v<r>—aﬁv(r) - 0,

Multiplying last two equations to v (n) and u (n) respectively, subtracting from each other and applying
sum operator, since the self—adjointness of the operator L;, we get

b—-1

(0= 145) D ru)v(s) =0,

s=a+1
since A, # Ag,

b-1

D rus)vis)

s=a+1

[
L

u(),v()

[
L

and the proof completes. O

Theorem 3.3. All eigenvalues of the equation (3.1) are real.
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Proof. Assume A = « + iB, since the self—adjointness of the operator L;, we have

(Lyu,uy = (u,Liuy,
(Au,u) = {(u,Au),
(A—Z)<u,u> =0

Since (u, u), # 0, 3
A=A

and hence 8 = 0. So, the proof is completed. O

Self-adjointness of L, DFHA operator G-L sense, reality of eigenvalues and orthogonality of
eigenfunctions of the equation 3.2 can be proven in a similar way to the Theorem 3.1-3.2-3.3 by
means of Definition 2.5.

3.2. Representation of solution for discrete fractional hydrogen atom equation

Theorem 3.4.

Lix (1) = VA (VEx (1) + (l(l;’ D_ % + q(l))x(t) = x(®),0<pu<1, 3.7)

x(a+1)=cy, Vix(a+1) = ¢, (3.8)

where p(t) > 0, r(t) > 0, q(¢) is defined and real valued, A is the spectral parameter. The sum
representation of solution of the problem (3.7) — (3.8) is given as follows,

[d+1) 2
x(® = c ((1 + a1y o +q(a+ 1)) Eppup-1(t,a) — AE 54041 (2, a)) (3.9

+¢ (E/l ou2u—1 (8, a) — Ejoy e (1, 61))
(l(l + 1) 2

- Z Ep ot (= p(s) +a)

s=a+1

St q(S))x(S)-

Proof. Taking Laplace transform of the equation (3.7) by Theorem 2.2 and take

[(+1 2
( (; )—;+q<t))x<r>=g(z>,
Lot (VE(VA0)(9) + Lot (8} () = ALawr (6} (),
1 — s#
= S Lo (Vix) () = T = ALt (2 (5) = Lown (8)(9).
1 — s 1 — s
= sﬂ(sﬂLaH{ N - 7 cl)— T = AL (X (9) = Lant (8} (9),
- 1-3s
1-s# 1 1
= Lol (5) = T ("er + ) = = Lant (8} (9).
Using Lemma 2.1, we have
sH—A 1-=s 1 1 1—s#
L {x}(s) = (s“—/l)_ szﬂ—/l(l _SLa{g}(S)—:g(a+ 1))+02(m)- (3.10)
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Now, taking inverse Laplace transform of the equation (3.10) and applying convolution theorem, then
we have the representation of solution of the problem (3.7) — (3.8), 4] < 1, |1 —s] < 1 and |s]* > A
from Theorem 2.3., i.e

o) s
‘La SZ” ~1 = E/I,Zp,p—l (t’ a) s

_ 1
‘La1 { } = E/I,Zp,Zy—l (t’ a) s

s —

m

1 t
L {52 — L {q(S)x(S)}} = Z Erouzu1 = p () + @) g () x (s).

s=a+1

Consequently, we have sum representation of solution for DFHA problem 3.7-3.8

[+1) 2
x(® = ¢ ((1 + a1y ot q(a+ 1)) Eppup-1(t,a) — AE 24041 (2, a))

+C) (E/l 2u2u—1 (8, a) — Ejoy i (1, Cl))
(l(l + 1) 2

- Z Eguzp1 (t = p(5) + @)

s=a+1

St q(S))X(S).

3.3. Applications and visual results

Presume that ¢; = 1, ¢, = 0,a = 0 in the representation of solution (3.9) and hence we may observe
the behaviors of solutions in following figures (Figures 1-7) and tables (Tables 1-3);

o p=0.35 e p=0.4 = p=0.45 o qt)=1 e q(t)=t m q(t)=\/?
2)5((/7) x(n)
[ 000 @ g s e aaANETAANA
20} i.o-.o 105000029
[ 00 °
15[ ¢ 0 °
r -0.05 o
[ °
[ o
10 . ® ° o
[ e ®®
o e -0.10 o
" ° L °
7 - U 3;00000°°°°°° o o
% 5 10 15 20 ~045 °
Figure 1. ¢(r) =0,4=0.01,71=1. Figure 2. 1 =0.01,u =045,/ = 1.
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Table 1. g (1) = 0,4 =0.01,/=1.

x@® wu=03 wu=035 wu=04 wu=045 u=05
x(1) 1 1 1 1 1
x(2) 0.612 0.714 1.123 0.918 1.020
x(3) 0.700 0.900 1.515 1.370 1.641
x(5) 0.881 1.336 2.402 2.747 3.773
x(7) 1.009 1.740 3.352 4.566 7.031
x(9) 1.099 2.100 4.332 6.749 11.461
x(12)  1.190 2.570 5.745 10.623  20.450
x(15)  1.249 2.975 6.739 15.149 32472
x(16) 1.264 3.098 7.235 16.793  37.198
x(18) 1.289 3.330 8.233 20.279  47.789
x(20) 1.309 3.544 9.229 24.021  59.967
Table 2. 1 =0.01,u=045,1=1.
x (1) g =1 g =t q(1) =t
x(1) 1 1 1
x(2) 7.37 %1077 4.41 107" 5.77 % 1077
x(3) -0.131 —-0.057 —-0.088
x(5) —-0.123 —-0.018 —-0.049
x(7) —-0.080 —-0.006 -0.021
x(9) -0.050 —-0.003 -0.011
x(12) -0.028 -0.001 —-0.005
x(15) -0.017 —0.0008 —-0.003
x(16) -0.015 —-0.0006 —0.0006
x(18) -0.012 —-0.0005 —-0.002
x(20) -0.010 —0.0003 —-0.001
Table 3. ¢ (1) = 0, = 0.4, = 1.
x () A1=0.1 A=0.11 A1=0.12
x(1) 1 1 1
x(2) 1 1.025 1.052
x(3) 1.668 1.751 1.841
x(5) 3.876 4.216 4.595
x(7) 7.243 8.107 9.095
x(9) 11.941 13.707 12.130
x(12) 22.045 26.197 25.237
x(15) 36.831 45.198 46.330
x(16) 43.042 53.369 55.687
x(18) 57.766 73.092 78.795
x(20) 76.055 98.154 127.306
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4. Conclusion

We have analyzed DFHA equation in Riemann-Liouville and Griinwald—Letnikov sense. Self-
adjointness of the DFHA operator is presented and also, we have proved some significant spectral
properties for instance, orthogonality of distinct eigenfunctions, reality of eigenvalues. Moreover, we
give sum representation of the solutions for DFHA problem and find the solutions of the problem. We
have carried out simulation analysis with graphics and tables. The aim of this paper is to contribute to
the theory of hydrogen atom fractional difference operator.

We observe the behaviors of solutions by changing the order of the derivative u in Figure 1 and
Figure 5, by changing the potential function ¢ (¢) in Figure 2, we compare solutions under different
A eigenvalues in Figure 3, and Figure 7, also we observe the solutions by changing u with a specific
eigenvalue in Figure 4 and by changing / values in Figure 6.

We have shown the solutions by changing the order of the derivative u in Table 1, by changing the
potential function ¢ (¢) and A eigenvalues in Table 2, Table 3.
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