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Abstract: From the first results on Ulam-Hyers stability, what has been noted is the exponential
growth of the researchers dedicated to investigating Ulam-Hyers stability of fractional differential
equation solutions whether they are functional, evolution, impulsive, among others. However, some
issues and problems still need to be addressed. An intensifying problem is the small amount of work on
Ulam-Hyers stability of solutions of fractional functional differential equations through more general
fractional operators. In this sense, in this paper, we present a study on the Ulam-Hyers and Ulam-
Hyers-Rassias stabilities of the solution of the fractional functional differential equation using the
Banach fixed point theorem.
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1. Introduction

From an exchange of questions and answers between Ulam and Hyers, the research on the stability
of solutions of functional differential equations was started several years ago [12, 44]. More precisely,
Ulam raised the following question: Let H; and H, be a group and a metric group endowed with
the metric d(-, -), respectively. Given & > 0, does there exists a 6 > 0 such that if the function f :
H, — H, satisfies the following inequality d(f(x,y), f(x)f(y)) < J, Vx,y € Hi, then there exists a
homeomorphism F : H; — H, with d(f(x), F(x)) < &, Vx € H;? And so Hyers, presents his answer, in
the case where H; and H, are Banach spaces [44]. Since then, a significant number of researchers have
devoted themselves to developing their research which address stability and many important works
have been published not only on functional differential equations, but also other types of equations
[15, 16, 17, 18, 32].

On the other hand, with the expansion of the fractional calculus and the number of researchers
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investigating more and more problems involving the stability of solutions of fractional functional
differential equations, specially in Banach spaces, this field started to gain more attention [2, 3, 4, 39].
In addition, not only stability has been the subject of study, but investigating the existence and
uniqueness, as well as the controllability of solutions of fractional differential equations, has called,
and still call, a lot of attention over the years [5, 11, 14, 20, 21, 22, 23, 26, 30].

In 2012 Zhao et al. [49], investigated the existence of positive solutions of the fractional functional
differential equation introduced by means of the Caputo fractional derivative and using the
Krasnoselskii fixed point theorem. In this paper, the results obtained on the existence of positive
solutions for the fractional functional differential equation improves and generalize the existing
results. There are numerous works on the existence and uniqueness of fractional functional
differential equations, both locally and globally in the Hilbert, Banach and Fréchet spaces. For better
reading we suggest the works [7, 9, 25, 47].

In the middle of 2017, Abbas et al. [4], investigated the existence of Ulam-Hyers and Ulam-Hyers-
Rassias stabilities of the random solution of the fractional functional differential equation of the Hilfer
and Hilfer-Hadamard type by means of fixed point theorems. Abbas et al. [2], also investigated
the Ulam stability of functional partial differential equations through Picard’s operator theory and
provided some examples. Further work on stability of fractional functional differential equations and
even functional integral equation can be found in the following works [1, 8, 13, 45]. The stability study
is broad and there are other types of stability in which we will not discuss in this paper, but in the
paper of Stamova and Stamov [40], they perform a system stability analysis of fractional functional
differential equations using the Lyapunov method and the principle of comparison.

In addition, it is worth mentioning the work done in 2019 by Liu et al, on
Ulam—Hyers—Mittag-Leffler stability for -Hilfer fractional-order delay differential equations using
Picard’s method and Gronwall inequality [27]. On the other hand, the theory of fractional differential
equations with almost sectorial operators has been investigated over the years and results on the
existence, uniqueness, stability and attractivity of mild solutions are the subject of study by many
researchers [6, 50, 51]. This shows that research in the field of fractional differential equations over
the years has been construed and some important and were interesting results are obtained
[24, 29, 35, 36]. Another significant result in this field of study, is the investigation of approximate
controllability of mild solutions in Banach space using the Banach principle technique [28, 48].

Since the theory about the Ulam-Hyers stability of functional differential equations is in wide
growth, and the number of papers on this matter is, in our opinion, still small, one of the objectives for
the realization of this paper is to provide an investigation of the fractional differential equation
Eq. (1.1), in order to be a good research material in this matter.

Consider the delay fractional differential equation of the form

HDYy (1) = F (1, (1) ,y (1 — @) (1.1)

where HDZ)’?” (-) is the y-Hilfer fractional derivative with0 < v < 1,0 </ < 1,F : R® - Risa
bounded and continuous function, a > 0 is a real constant and 7 > a.

Motivated by the works [31, 41, 42], in this paper, we have as main purpose to investigate the Ulam-
Hyers and Ulam-Hyers-Rassias stabilities of the fractional functional differential equation Eq. (1.1) by
means of Banach fixed point theorem.
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This paper is organized as follows: in Section 2, we present as preliminaries the continuous
functions and the weighted function space, in order to introduce the - Riemann-Liouville fractional
integral and the y-Hilfer fractional derivative. In this sense, we present the concepts of Ulam-Hyers
and Ulam-Hyers-Rassias stabilities, as well as Banach fixed point theorem, which is fundamental for
obtaining the main results. In Section 3, we present the first result of this paper, the
Ulam-Hyers-Rassias stability by means of Banach fixed point theorem. In Section 4, again by means
of Banach fixed point theorem, we present the second result of this paper, the Ulam-Hyers stability.
Concluding remarks close the paper.

2. Preliminaries

In this section we present some important concepts that will be useful to write our mains results.
First, we present the definitions of the y-Riemann-Liouville fractional integral and the y-Hilfer
fractional derivative. In this sense, we present the Ulam-Hyers, Ulam-Hyers-Rassias and generalized
Ulam-Hyers-Rassias stabilities concepts for the -Hilfer fractional derivative. We conclude the
section with the Banach fixed point theorem, an important result to obtain the stability of the
fractional functional differential equation.

Let [a,b] (0 < a < b < ) be a finite interval on the half-axis R* and C[a, b], AC"[a, b], C"[a, b]
be the spaces of continuous functions, n-times absolutely continuous functions, n-times continuously
differentiable functions on [a, b], respectively.

The space of the continuous functions f on [a, b] with the usual norm is defined by [33]

1 llctap = max 1f ).
On the order hand, we have n-times absolutely continuous functions given by
AC"[a,b] = {f : [a,b] - R; "™V € AC (la, b])}.
The weighted space C, ,[a, b] of functions f on (a, b] is defined by [33]

Cpula.bl = f : (@bl > Rs @)~y (@) f(H)eClabl), 0<y<1

with the norm
1fllc,ytapr = 1@ @ = ¢ (@) | Dllerap = max I (D) =¥ (@) f @)
The weighted space C7,, [a, b] of function f on (a, b] is defined by [33]
Cryla,b] = {f : (a.b] > R; £(1) € C"'[a,b]; ™ (1) € Cyy[a,b]}, 0< y < 1

with the norm

Cla,b] + ||f(") Cyylab]”

n—1
ETPEDN
’ k=0
For n = 0, we have, C(y),w la,b] = C,, [a,D].
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The weighted space C;’:i [a, b] is defined by
Cvola,b] = {f € Cyyla.b]: "DV f € Cpylabl}, y = v+ (1-v).

Let v > 0, [a,b] a interval (.0 < a < b < o) and ¥ (¢) be an increasing and positive monotone
function on (a, b], having a continuous derivative ¢’ (¢) on [a, b]. The Riemann-Liouville fractional
integral with respect to another function ¢ on [a, b] is defined by [33, 34]

LYy () := f Ny, s)y(s)ds 2.1)

T ()
where I'(+) is the gamma function with 0 < v < 1 and N;(t, ) = Y (s)W(t) — Yy(s))'"!. The -
Riemann-Liouville fractional integral on the left is defined in an analogous way.

On the other hand, letn—1 < v < nwithn € N, J = [a, b] be an interval such that —co < a < b < +00
and let f,y € C"([a, b],R) be two functions such that ¢ is increasing and ¢’ (t) # 0, for all # € J. The
Y-Hilfer fractional derivative is given by [33, 34]

U, n—-v 1 d " 1-0O)(n—v);
"Dy (1) = I "”( ” md—t) Ly @)

The y-Hilfer fractional derivative on the left is defined in an analogous way.
Let X be a nonempty set. A functiond : X X X — [0, oo] is called generalized metric on X if, and
only if, d satisfies [43]:

1.d(x,y)=0if x = y;
2.d(x,y) =d(y,x), forall x,y € X;
3.d(x,2) <d(x,y)+d(y,z), forall x,y,z € X.

For the study of Ulam-Hyers, Ulam-Hyers-Rassias and generalized Ulam-Hyers-Rassias stabilities,
we will adapt such definitions [31, 41, 43].

Definition 1. Let £ > 0, ® € C\_,,y [ty —a,t] and t,,T € R with T > t,. Assume that for any
continuous function f : [ty —a,T] — R satisfying

{ DY () F (1, £ (1), ft—a)| < & t€lt,T]
|f () = @ ()] < & t€lty—a,t],

exists a continuous function fy : [ty —a, T] — R satisfying:

f(t’fO(t)’fO(t_a))’ re [t09T]
D), te[ty—a,t]

{ HDYY £, (1)
fo@®

and

lf @) - foDI<K (&), telty—a,T]
where K (&) in dependant of € only. Then, we say that the solution of Eq. (1.1) is Ulam-Hyers stable.
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Definition 2. Let e > 0, ® € Ci_,,[to —a,ty] and to,T € R with T > t,. Assume that for any
continuous function f : [ty — a, T] — R satisfying

{ MDY f () - F (. f . ft-a)| < @ t€[t,T]
If (1) — @ (1) < @, telthy—a,lyl;

exists a continuous function fy : [ty —a, T] — R satisfying

{ HDUSY f(t) = F (4, fo(D), folt—a)), t €1, T]
fo @ = @), t€ty—a, ]

and
lf @ - foOI <Dy, t€(ty—a,T]

where @, is a function not depending on f and fy explicitly. Then, we say that the solution of Eq. (1.1)
is the Ulam-Hyers-Rassias stable.

Definition 3. Eq.(1.1) is said to be generalized Ulam-Hyers-Rassias stable with respect to ¢ if there

exists ¢, > 0 such that for each solution y € C}_y; " ([to —a,T],R) to

MDYy (1) - F (y ),y (t —a)| < ¢ (1), t € [t — a, T

there exists a solution x € Ci_w// ([to —a,T],R) of Eq.(1.1) with

|)’(t) —X(t)| < C¢¢(t)’ te [tO _a9T] .
The following is the result of the Banach fixed point theorem, however its proof will be omitted.

Theorem 1. [10] Let (X, d) be a generalized complete metric space. Assume that Q : X — X isa
strictly contractive operator with the Lipschitz constant L < 1. If there exists a nonnegative integer k
such that d (Q"“x, Q"x) < oo for some x € X, then the following are true:

1. The sequence {Q"x} converges to a fixed x* of Q;
2. x" is the unique fixed point of Q2 in

X* :{yeX:d(Qkx,y)<00}.

3. If y € X*, then

d(y,X") < d(Qy,y).

1-L

3. Ulam-Hyers-Rassias stability

By means of the Banach fixed point theorem, in this section we present the first result of this paper,
the Ulam-Hyers-Rassias stability for the delay fractional differential equation, Eq. (1.1).

Theorem 2. Consider the interval I = [ty — a, T] and suppose that ¥ : [ XR XR — R is a continuous
Jfunction with the following Lipschitz condition:

[ xy) = F tzwl < Lilx -zl + Loy —wl
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forall (t,x,y),(t,z,w) e [ XRXR.
Let ¢ : I — (0, 00) be a continuous function. Assume that ® € Ci_, [ty — a,ty], K, L, and L, are
positive constants with

O<K(L +L)<1

and

1 t
‘m\med/(;,u)(p(u)du <Ko (@),

foralltel =[ty—a,T].
Then, if a continuous functiony : I — R and ¢ : I — (0, o) satisfies

{ MDYy () - F (ty@).,y(t-a)| < @), 1€t,T]
ly (@) — @ (@)l < @, telty—a,t)]

then there exists a unique continuous function y, : I — R such that

{ MDY () = F (30 (0),30(t = @), 1 € [to, T] A
}’O(I) = (D(t)a te [tO_a’tO]
and |
D=y (@) < Ko(1), lHrel 3.2
y () = yo (D) - KL + L) ¢ (), forallte (3.2)
Proof. For the proof of this theorem, first consider the set S given by
S={p:IoR:peCipy eO=0@0, ift €[ty — a, 1]}
and the following generalized metric over S
d (¢, ) = inf{M € [0,00) : o (1) —pu ()| < Mg (1), Yt € I}. (3.3)

Note that, (S, d) is a generalized complete metric space. Now, we introduce the following function
Q:S§ — S given by

Q) (1)
Q) (1)

D), tety—a,ty]

D (1)) Y7 (1,1p) + ﬁ f Ny, )F (u, o W), (u—a))du, t € [t),T], (3-4)

W) — Y(to)'”

I'(y)
continuous. In this way, we can write Q¢ € S. Let ¢, u € S and by Eq.(3.4), we have

where Y7(t, tg) = , with y = v + (1 — v). Note that, for ¢ € §, the function Qg is
[(Q) (1) — (Qu) (D]

= 'F( )va“ ) (F (0 (). 0 (4 = @)) = F (ut (), 1 (t = @)))

r()fN“(t w) (Lylew) —p@)—Lylew—a)—uw—a)l)du
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ML] v (7]

< F()fN F()fN(tu)qb(u)du
M (L, + L) v

< — T ) N 10 )

< MKLi+L)o@), tet,T]

and
1(Qep) (1) = (Qu) D =D () - D) =0, 1€ [t)—a,1]
which implies that d (Q¢ — Qu) < K (L + L) d (¢, 1) . Since 0 < K (L) + L) < 1, then Q is strictly
contractive on S'.
Let & € § arbitrary and Htlei1n d()>0. AsF (t,&£(1),£(t — a)) and £ (¢) are bounded on 7, then there

exists a constant 0 < M < oo such that

Q&) (1) = £ (@)

W (1, 10)D (o) + rw )fN“(t WF (u, & (), & (u—a))du—&(1)

< Me(1). 3.5)
Thus, by means of Eq. (3.5), it follows that d (Q2¢,£) < co. By means of the Theorem 1 (1), there
exists a continuous function y, : I — R such that Q"¢ — y, in (S, d) and Qy, = yy, then y, satisfies
{ HDYSy () = F (Lyo(®).y0(t— ), t € [1o,T]
)’0(1) = (D(t)’ te[to_a’t()]'

Now consider for any g € S, such that g and £ are bounded on /, then exist a constant 0 < M, < oo
such that

1€ (@) — g (D] < Mg (2)
fortel.
Thus, we can write Vg € §,d (&,2) < cowith § = {g € §;d (¢, g) < oo}. Furthermore, it is clear that

—¢ (1) < "Dy - F Ly (@).y(t—a) ¢ (1), Y1 €15, T]. (3.6)

Applying the fractional integral I;f)”/’ (+) on both sides of Eq.(3.6), we have
1 !
‘y (1) = P (t,10)D (1) = =—— f Nt WF (uy ),y (1 — a)) du
r (U) 0

<Ko(t), telt,T].

1 f !
—_— NY(t, u)d (1) du
F (U) 0 v ¢
This form, by definition €, finishes

ly () — Q)OI <Kp(1), t€l.
Consequently, it implies that d (y, Qy) < K. By means of Theorem 1 (3) and the last estimative, we

have | Ko (1
t
d(y,yo) < d(Qy,y) < , Vtel
00 S e Y S ToK 4+ o
Thus, by Theorem 1 (2), we conclude that there exists yg, the unique continuous function with the
property Eq. (3.1). m|
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Remark 1. One of the advantages of working with Ulam-Hyers and Ulam-Hyers-Rassias stabilities,
or any other type of stability with the global fractional differential operator so-called y-Hilfer, is that
the results obtained in this way, are also valid for their respective individual cases.

4. Ulam-Hyers stability

In this section, we investigate the second main result of the paper, the Ulam-Hyers stability, again
making use of the Banach fixed point theorem.

Theorem 3. Suppose that F : I X R X R — R is a continuous function with the following Lipschitz
condition

IF @ x, ) —F (tz,wl < Lilx—zl+ Loy - wl,
W (1)) (L + Lo)

<L
F'v+1)
Let ® € Cy_yy [to — a,t] and € > 0. If a continuous function 'y : I — R satisfies

{ MDYy (1) - F (ty @),y —a)| < & t€lt,T]
ly(®) =@ @) < & t€lto—a,to]

where (t,x,y),(t,z,w) € [ XR X R and 0 <

then there exists a unique continuous function y, : I — R such that

{ HDUSy0 (1) = F (tyo (0),y0 (t—a)), 1 € [19, T @D
Yo (1) = ®®@), telty—a,t] '
and W (T))’
y (1) = yo ()] < cW Viel (4.2)

T+ =@ (L + L)

Proof. For the proof, we consider the following generalized metric over S, given by
dy (p,p) =inf{M € [0,00] : [o (1) —pu ()| < M, Yt € I}.

Note that, (S, d;) is a generalized complete metric space.
Forany o,u€ S and M, € {M € [0,00] : | (1) — u ()| £ M, VYt € I}, using Eq. (3.4), we obtain

% f Nt )T G, ) . (1 — @) dl
Q) (1) — () (1)

fN”(t WF (u, p (), (u — a)) du

F( )
< l“_ f Nyt u) (L g (w) —p @)l + Lo ¢ (u — a) — p(u — a)l) du
(v) fo
Lli](wg’” . Nl;,’(t, u)du+ F( ) fON”(t u)du
(-El + -[:2) (7N}
_— T
< Two+ D (W (1))"

and
Q) (1) = (Qu) (D =D (@) - D (1) =0, VYt € [ty — a, 1]
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L+ L 1))
which imply that d; (Qe, Qu) < (i + L) g (1) d (e, p).

Frwv+1
W ()" (L + L)
Frw+1)
Now, for an arbitrary 6 € S and using the fact that ¥ (¢,6 (¢),6 (t — a)) and ¢ (¢), are bounded on §,
we can show d; (06, 9) < co. Hence, from Theorem 1 (1), there exists a continuous function yy : I —» R
such that Q"¢ — y, in (S, d;) and Qy, = yo, then y, satisfies

{ 1D y0 (1)
Yo (2)

Since 0 <

< 1, then Q is strictly contractive on §.

T(I,YO (t),)’O (t_a))9 re [t09 T]
@), telty—a,to].

Using the fact that g and ¢ are bounded on /, then d; (6, g) < 00, Vg € S, with § = {d; (3, y) < oo}.
Then, using Theorem 1 (2), y, is the unique continuous function with the property Eq.(4.1). Note
that,

—€s HDZ)EMIY O-F@ty@®,y(t-a)<e (4.3)

for all ¢ € [ty, T].
Applying the fractional integral I; (-), on both sides of Eq.(4.3), we get

v 7))’

y () = WY(t, 1) — mf Ny, w)F (u,y ),y (u — a)) du| €I, ‘/'(1) < % 4.4)

foreachr e l.
By means of Theorem 1 (3) and Eq. (4.4), we get
e (1))
d (y, <
o= ( <w(T>>”<L1+£2>)
w+1D|1-
I'v+1)
_ & (1))
Cw+1) =W @) (L + L)

which concludes the proof. O

Corollary 1. Suppose the conditions of the Theorem 2. If a continuous function y : I — R satisfies

{ [0y () =T (y(0).y(-a)| < e 1€ln.T] 45)
|y (t) - q)(t)| < & e [to —da, tO] '
then there exists a unique continuous function y, : I — R such that
{ Yo = F Ly ).y~ a), 1 € 0.7} “46)
)’O(I) = q)(t)a re [t()_a,t()] '
and (InT)"
e(n
y(®) = yo (] < s Vrel, 4.7

Fw+1)-UnT)" (L + L)

where D, .(-) is the Hadamard fractional derivative.
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Proof. The proof is a direct consequence of the Theorem 2. O

Corollary 2. Suppose the conditions of the Theorem 2. If a continuous function y : I — R satisfies

{ () =F (t.y@®.yt-a)l < e telt,T] “8)
ly (1) - @) < g telty-a,t]
then there exists a unique continuous function y, : I — R such that
{%U): F (.30 (1), o (t = @), 1 € [10, T 49)
Yo = @@, te€lto—a,i]
and
Iy (1) = yo ()] < l  Viel (4.10)
1-T L+ L)
Proof. The proof is a direct consequence of the Theorem 2. O

Remark 2. The following fractional differential equation
"Dy (0 = F (6, y (1) @11

is a special case of Eq. (1.1). Consequently, the results proposed here are also valid for Eq. (4.11).
Applying the limit v — 1 on both sides of the Eq. (4.11), we obtain the following first order
differential equation [19]
Y@ =F@y®),

which, in turn, the results proposed here, are also valid.
5. Concluding remarks

The study of Ulam-Hyers-type stability of solutions of the fractional functional differential
equations has been the object of much study and investigated by many researchers
[1,5, 8, 20, 21, 22, 26, 30, 45]. Although it is yet a field of mathematics that is in expansion, over the
years countless works have been published and others are yet to come. In this sense, the paper
presented a discussion on the Ulam-Hyers and Ulam-Hyers-Rassias stabilities of the fractional
functional differential equation Eq. (1.1) through the Banach fixed point theorem, which contributes
to the growth of this area.

From this contribution, the natural question that arises is whether by means of the -Hilfer fractional
derivative it is also possible to obtain the stabilities investigated here in the function space L, ,(I,R)?
And using another fixed point theorem? Another possibility of study is to investigate other types of
stabilities such as ¢-Ulam-Hyers-Rassias, semi-Ulam-Hyers-Rassias and Mittag-Leffler-Ulam using
the same fractional differentiable operator [37, 38, 46]. Studies in this direction are being prepared and
will be published in the near future.
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