AIMS Mathematics, 5(2): 1319-1332.
AIMS Mathematics DOI:10.3934/math.2020090
% , Received: 02 November 2019
o Accepted: 08 January 2020
http://www.aimspress.com/journal/Math Published: 20 January 2020

Research article

Schrodinger-Poisson system without growth and the Ambrosetti-Rabinowitz
conditions

Chen Huang' and Gao Jia>*

! Business School, University of Shanghai for Science and Technology, Shanghai, 200093, China
2 College of Science, University of Shanghai for Science and Technology, Shanghai, 200093, China

* Correspondence: Email: gaojia89@163.com.

Abstract: We consider the following Schrodinger-Poisson system

—Au+ V(x)u + ¢u = Af(u), in R3,
~A¢ = 1, | |1im ¢ =0, in R3.
X|—+00

Unlike most other papers on this problem, the Schrodinger-Poisson system without any growth and
Ambrosetti-Rabinowitz condition is considered in this paper. Firstly, by Jeanjean’s monotonicity trick
and the mountain pass theorem, we prove that the problem possesses a positive solution for large value
of 4. Secondly, we establish the multiplicity of solutions via the symmetric mountain pass theorem.
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1. Introduction

In this paper, we are interested in finding nontrivial solutions to the following one-parameter family
of Schrodinger-Poisson system:

—Au+ V(x)u + ¢pu = Af (u), in R3,
~A¢ =, Jim ¢(x) =0, in R3. (L.1)

In recent years, system (1.1) has been studied widely due to the fact that it arises in several physical
phenomena (see [3-5,9, 18]). From the viewpoint of quantum mechanics, this system describes a
charged wave interacting with its own electrostatic field in the case that magnetic effects could be
ignored. The terms u and ¢ describe the wave functions associated to the particle and electric potential.
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The term ¢u is nonlocal and concerns the interactions with electric field. The nonlinearity models the
interaction between the particles and external nonlinear perturbations.
There has been a lot of contributions about the following Schrédinger-Poisson system

—Au+ V(xX)u + ¢pu = f(x,u), in R3,
-A¢ = 2, | |1im #(x) =0, in R3, (1.2)

which was first introduced in [4]. The case V(x) = 1 and f(x,u) = |u|/’>u, 2 < p < 6, has been
studied in [7], where Ruiz gave existence and nonexistence results. The existence of a ground state
solution of (1.2) with f(x,u) = |u|’~?u and 3 < p < 6 was proved by Azzollini [1]. For the general
nonlinearity f and the potential V(x), in [6, 12, 13, 15, 20, 21], the authors studied the existence and
multiplicity of nontrivial solutions for the Schrédinger-Poisson system with superlinear and subcritical
growth condition. The following global Ambrosetti-Rabinowitz type condition plays a crucial role in
the above mentioned papers:

0 < F(u) := [} f(s)ds < suf(u), (A-R)
where y > 4. Since the nonlocal term fR3 ¢,u* in the energy functional of (1.2) is homogeneous
of degree 4, if y > 4 from (A-R) then Ambrosetti-Rabinowitz condition guarantees boundedness of
Palais-Smale sequences as well as existence of a mountain pass geometry.

It is very natural for us to pose the question: Can we replace (A-R) with a weaker condition?
When V(x) is periodic or asymptotically periodic and f(u) does not satisfy the Ambrosetti-Rabinowitz
condition, Alves, Souto and Soares [2] established the existence of positive ground state solutions by
using the mountain pass theorem. In [14] Mao et al. studied the following Schrodinger-Poisson system
of the form

—Au+ V(x)u + epu = A1f(u), in R?,

~A¢ = u?, | |lirn d(x) =0, in R3,
X|—+00

u>0, in R3,

where f satisfies 0 < 4F(s) < sf(s), for s > 0 is small. Under the conditions that ¢ is small and A
is large, the authors proved the existence of a positive solution. Differently from the above-mentioned
results, the purpose of this paper is to present some existence and multiplicity results of solutions of
problem (1.1) under the nonlinearity f(¢#) which possesses only conditions in a neighborhood of the
origin. More importantly, we consider the case that f satisfies 0 < yF(r) < tf(¢t) where y € (3,4],
for ¢t > 0 is small. To the best of our knowledge, there are less results in the literatures on the case
v € (3,4).
Firstly, we study problem (1.1) under the following conditions:
(V)): VeCRR),0<V,<V(x)forall x € R?and V(x) is coercive, i.e., lim V(x) = oo;

|x]—00
(Vo): V e C'(R*R) and 2V(x) + VV(x) - x > 0 for a.e. x € R* and VV(x) - x € L"(R?) for some
re [%, oo].
(fo): f(t) =0fort <0;
(f1): there exists a € (4,2") such that lim sup [t +o00, where 2* = 6;

(Y
t—07t !

(f2): there exists § € (4,27) such that lim inf 0> 0;
t—0+
(f3): there exists 3 <y <4 such that 0 < yF(¢) < tf(¢), for t > 0 is small ;
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(f]): there exists @ € (4,2") such that lim sup < +00;
t—0
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(f3): there exists y > 4 such that 0 <yF(¢) < tf(¢), for |f| small and ¢ # 0;
(fa): f(=t) = —f(1), for |t| small.

Next, we give our main results.

Theorem 1.1. Assume (Vy), (V,) and (fy) — (f3) hold. Then the problem (1.1) has a positive solution
u € X (X is defined in Sect.2) for all sufficiently large A.

Remark 1.1. (V) is used to obtain a special bounded Palais-Smale sequence with Jeanjean’s
monotonicity trick. That VV(x) - x € L"(R?) for some r € [2, co] plays an important role in deriving
the Pohozaev identity for the weak solutions of (2.2).

To prove Theorem 1.1, we are faced with several difficulties. On one hand, due to the nonlinearity
f without any growth condition at infinity, the natural variational functional associated to (1.1) may
be not well defined. Inspired by work of Costa [8] and Huang [10], we modify f(¢) to a new
well-defined nonlinearity. Furthermore by Moser iteration, we shall show that for large A, the
solutions of the modified problem are the solutions of the original problem.

On the other hand, different from [8] and [14], since we don’t assume the global
Ambrosetti-Rabinowitz condition about f(f), the boundedness of Palais-Smale sequence seems hard
to verify. We use an argument developed by Jeanjean [11] to overcome this difficulty. Then Pohozaev
type identity [19] and the condition (V,) are used to construct a special bounded Palais-Smale
sequence for the modified functional J, (will be defined in Section 2) .

Theorem 1.2. Assume (V), (f{) — (f;) and (f4) hold. Then for any given positive integer k > 1 the
problem (1.1) has k pairs of solutions +u; € X(i = 1,2, ..., k) for all sufficiently large A.

The key to prove Theorem 1.2 is a priori estimate of the weak solution for the modified problem.
Firstly, we modify f to a new nonlinearity /& which is odd and satisfies the Ambrosetti-Rabinowitz
condition (see Lemma 2.1). By symmetric mountain pass theorem, the modified problem has a
sequence of weak solutions. Secondly, it will be shown that the solutions converge to zero in L*-norm
as A — oco. Therefore, for A large, they are solutions of the original problem.

Remark 1.2. It is evident that the following function satisfies hypotheses (f) — (f;) and (f4):
[ = Cild* 2t + Caltl™2,

where 4 < @ < 2" < g < o0 and C;, C, are positive constants.

This paper is organized as follows. In Section 2, we describe the related mathematical tools and
give the proof of Theorem 1.1. Theorem 1.2 is proved in Section 3.

In what follows, C and C; will denote positive generic constants.
2. Proof of Theorem 1.1

As usual, the norm of L*(R") (s > 1) is denoted by | - |,. Define
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X = {u e D"} (R?): f V(x)utdx < oo}
R3

endowed with the following norm

1/2
Ilullz( f (|Vu|2+V(x)u2)dx) )
RN

By (V)), it well known that X < L”(R?) continuously for p € [2, 6], compactly for p € [2,6).
By the conditions (fy), (f1) and (f2), there exist positive constants ¢ € (0, %), C; and C; such that

F(t) < C5t* and F(f) > C4f® for 0 < t < 26. 2.1)

For the fixed 6 > 0, we now consider d(t) € C'(R,R) is a cut-off function satisfying

1, ifr<s,
) = { 0, if > 26,

|d’ ()| < % and 0 < d(7) < 1 fort € [9,26]. Define G(¢) = d(t)F(t) + (1 — d(t))F (t), where

Cslt*, ift>0,

F“(t):{o, ifr<0.

Set g(t) = G’(t). We observe that the conditions (fy)—(f;) imply some properties of g(¢).

Lemma 2.1. (1) g € C(R,R), g(t) =0, forallt <0and g(t) = o(1)ast — 0*;

2 lim = v

(3) there exists Cs > 0 such that g(t) < Cst®™!, forall t > 0;

(4) for any T > 0, there exists a constant C(T) > 0 such that G(t) > C(T)¥ for all t € [0, T];

(5) forall t > 0, we have 0 < yG(t) < tg(t).
By [17], for every u € H'(R?), there exists a unique ¢, € D"*(R?) such that
_A¢u = u2

and
f Vo, - Vvdx = f u’vdx, for all v e D'2(RY).
R3 R3
It has the following properties:

Lemma 2.2. For any u € X C H'(R?), we have
(1) ¢, = 0;
(2) ¢lu = t2¢u;

(3) ||</)u||f)1_2 = f uutdx < Céluléfz/s < Collull*, where Cg, C7 are constants.
R3

We now consider the modified equation of (1.1) given by

—Au+ V(x)u + ¢u = Ag(u), in R?,
~A¢ =10, | |lim #(x) =0, in R3. (2.2)
x| =400
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By definition of G and Lemma 2.1, for u € X, the functional associated to (2.2) given by

Ja(u) = % f (|vu|2+v<x)u2)dx+;1 f Gu(Ouldx — A f G(u)dx (2.3)
R3 R3 R3

is well-defined.

Noticing that we can not ensure that the modified nonlinearity g satisfies the classical Ambrosetti-
Rabinowitz condition, the boundedness of Palais-Smale sequence seems hard to prove. The following
abstract result [11] is used to construct a special Palais-Smale sequence.

Proposition 1. Let X be a Banach space equipped with a norm || - ||x and let 3 C R* be an interval.
{®,}uc5 are C'-functionals on X of the form

O, (u) = A(u) — uB(u), forall u € 3,

where B(u) > 0 for all u € X and either A(u) — +o0 or B(u) — +o0 as ||ullx — +o0. Suppose that
there exist two points uy, u, € X such that

¢, = inf max @,(y(r)) > max{®,(u;), ®,(u>)}, forall p € 3,
yeT 1€[0,1]

where I' = {y € C([0,1],X) : y(0) = uy, y(1) = uy}. Then, for almost every u € 3, there exists a
sequence {u,(u)} C X such that

(1) {u, ()} is bounded in X,

(2) Dy (1) = €0

(3) (I)/’l(un(p)) — 0, in X*, where X" is dual space of X.

Furthermore, the map p — c,, is continuous from the left.

Consider a family of functionals

Joa(u) : = % f (IVul® + V(x)u?) dx
~ (2.4)

1
+ —f ¢u(x)u2dx—,uf AG(w)dx, u € X.
4 R3 R3

Denote A(u) = & [, (IVul? + V(xyu?)dx + & [, ¢ (x)uldx, Bu) = [, AG(u)dx and 3 = [4,1]. Then
Jua(u) = A(u) — uB(u). The next lemma ensures that J,, ; satisfies all assumptions of Proposition 1.

Lemma 2.3. Assume that (V) and (fo) — (f>) hold. For all u € X, then

(1) B(u) > 0;

(2) A(u) — oo as ||u|]| = oo;

(3) there exists uy € X, independent of 1, such that J,, ,(ug) < 0 for all u € [%, 1];
(4) for all u € [%, 1], it holds

Cy = lylg max Jua(y(2)) > max{J, .(y(0)), J,.(y(1))},

where I' = {y € C([0,1],X) : ¥(0) =0, y(1) = up}.
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Proof. From Lemma 2.1-(1) and (V;), (1) and (2) are proved directly. To prove (3), let us fix some
nonnegative radially symmetric function e(x) € C;° (R \ {0}. Then, for ¢ > 0, we have

r r r* 1
palte) = 5 f VePdx+ = f Vetdx+ 7 f Pe(x)edx ~ 3 f AG(re)dx
R3 R3 R3 R

(., 1 5 AG(te)
< 2 (tzllell + 2fR3 d.(x)e“dx L3 " dx).

By Lemma 2.1-(2), it is easy to see that J;,».(te) < O for ¢ large.
It remains to prove (4). By Lemma 2.1-(3) and the Sobolev embedding theorem, we have

(2.5)

Jua(u) > ! f (Vul* + V(x)u?)dx — f AG(u)dx
2 R3 R3

1
> EIIMII2 — Csllull*.
From this, we get ¢, > 0 and complete the proof. O

Remark 2.1. By Lemma 2.3 and Proposition 1, then for almost every u € [%, 1], there exists a sequence
{u,} C X satisfying

{u,} is bounded in X, J, 1(u,) = ¢, and J; ,(u,) = 0in X". (2.6)

Lemma 2.4. The sequence {u,} given in (2.6), up to subsequence, converges to a positive critical point
u, of Jya with J, (u,) = c,.

Proof. Since {u,} is bounded in X, we have
uy = u, in X, u, - u, in L°R?), u, - u, ae inRY,
for some u, € X. For all ¢ € Cy(R?), using Lebesgue’s Theorem, we have that

<J;,’,l(un) - J;t’,l(u,u)’ 90> - 0,

where we used u, — u, in X, Lemma 2.1-(3) and u,, — u, in L*(R?). Thus recalling that J;M(un) -0
we indeed have J/;, () = 0.
Next we prove u, — u, in X. Using Lemma 2.1-(3) and the fact u,, — u, in L*(R%), we get

nl_l)rjloo ng(g(un) - g(uu))(un - uu)dx = 0.

Hence
On(l) :<J;1,,1(un) - J;l,,l(u/.l)a Up — uy)

= f (Vun - Vuﬂ)2 dx + f V(x)(u, — uﬂ)zdx
R3 R3
+ f (¢L¢nun - ¢Ll”uy) (un - u#)dx (27)
R3

—H fR3 /l(g(un) - g(uy))(un - M/J)dx

2
=(lu, — u,u” + 0,(1),
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where we used the elementary inequalities

fR3 (¢u" Un = ¢”ﬂ uﬂ) (U — Uﬂ)dx

< ‘f &y, (U, — uﬂ)zdx + f3 (q’)un - ¢uﬂ)uﬂ(un —u,)dx (2.8)
R? R
< |Bunlolitn = aliss + |Bu, = Gu,loltn — walioysluliys.
Therefore, u, — u, in X. The positivity of u, follows by a standard argument (see [19]). |

To show the above results are true when u = 1, we need the following remark and lemmas.
Remark 2.2. Assume that (V) and (fy) — (f2) hold. Then there exist {u,} C [%, 1] and {u,,} c X \ {0}

such that lim w, =1, u,, >0, Jy, a(w,,) = ¢, < cyand J, ;(uy,,) = 0.

n—+oo

Lemma 2.5.(See [12]) If u € X is a critical point of J,, ; and (V;) holds, then

1 3 5
3 fR 3 \Vul*dx + > fR 3 V(x)uldx + 2 fR 3 puu*dx

) (2.9)
+ = f VV(x) - xu*dx — 3/1f AG(u)dx = 0.
2 R3 R3

Lemma 2.6. Assume that (V) and (fy) — (f3) hold. Then the sequence {u,,} obtained in Remark 2.2 is
bounded with respect to u, in X.

Proof. Using the fact J,, 1(u,,) < cL, <J;4n,ﬂ(“un)’ u,,) = 0 and Lemma 2.5, we have

(3 - %)c; > (3 _ %)J#M(u,,n) T ) ) + (% _ 1) (2.9,
and |
(3—%)% z(%—E)fR3(2V(x)+VV(x)-x)u§ndx
+(Z—§)f¢ uzdx+/lf(u () = YG(uy,)) dx (2.10)
2727 ) Pt - a8\ Uy, ) — YO Uy, -

y 3 2
> (£ -2 )
> (2 2) L3 Pu,, U, dx

Using (V,), Lemma 2.1 and the fact that 3 < y < 4, it implies that { &3 Pu,, uﬁndx} is bounded.
Next we prove that [[u,, || is bounded. By <J;4n, 2(uy,), uy,,) = 0, we obtain

Y 2 Y 2
yeyz (% - 1)[R (V. + Vo, ) de+ L - 1)fR3 b, 12 dx

+ fR (.8(w,) = ¥Glw,,)) dx
_@-=y6-y

Y
2 (5 1) [ (% v, Jax - S P,

then we complete the proof. O
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Lemma 2.7. Assume that (Vy), (V,) and (fy) — (f3) hold. Then problem (2.2) has at least one positive
solution.

Proof. Using Remark 2.2 and Lemma 2.6, there exist {u,} C [%, 1] and a bounded sequence {u,,} C
X \ {0} such that

lim w, =1, J, () = cy,, J;n,a(”ﬂn) =0.

n—+oo

Furthermore
lim J,(u,,) = lim (J,, a(u,,) + (u, — 1) f} /lG(uMn)dx) = lim ¢,, = ¢y,
P—— n—o0 R’ n—oo
where we used the fact that 4 — ¢, is continuous from the left. By the similar argument, we get
J(u,,) = 0in X*.

Thus {u,,} 1s a bounded Palais-Smale sequence for J; and lim J,(u,,) = c;. By the argument of Lemma

2.4 again, we complete the proof. O

Indeed, the critical points of J, with L*-norm not more than ¢ are also the weak solutions of problem
(1.1). So next we shall study the L*-estimates for solutions of (2.2), which is essentially contained in
the work of Brezis-Kato.

Lemma 2.8. Assume (Vy), (V3), (fo) — (f3) hold and u € X is a weak solution of problem (2.2). Then
u € L°(R3). Moreover;

oo < Cod™ [l =, 2.11)
where Co > 0 only depends on a.
Proof. Let u € X be a weak solution of
—Au + V(x)u + ¢pu = 1g(u), in R?,
~Ap =12, lim ¢(x) =0, in R3, (2.12)
X|—+00
which is equivalent to
f Vu - Vodx + f V(X)updx + f o updx — /lf gw)pdx =0, forall ¢ € X. (2.13)
R3 R3 R3 R3

From the above Lemma 2.7, we know that u > 0. Let T > 0, and define

_Ju, if0O<u<T,
TSN T ifusT.

Choosing ¢ = ui("_l)u in (2.13), where n > 1, we get

2 2(n—-1 2(n—1)-1 2
f IVul? - " Vdx + 2(n — 1) w3 U VuPdx
R3 {x|u(x)<T}

+f ¢u(x)u2u2T(”_l)dx+f V(x)uzui("_l)dx
R3 3

R
=1 f g(u)ui("_l)udx.
R3
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Combining Lemma 2.1-(3) and the nonnegativity of the second, the third and the fourth terms in the

left side of the above equation, we obtain

f |Vul? - ui("_l)dx < /lf g(u)ui("_l)udx < ACs f u"uzT("_l)dx.
R3 R3 R3

On the other hand, by the Sobolev inequality, we obtain

2

( f (uu- h? dx)* <Cyp f IV (uudl” Ydx

=Cu f IVu|2u§<'7—1>dx + Cio(n — 1)2f |Vu|2bt§(n_1)dx
R3

R3
SClznzf IVulzu:‘}("_l)dx,
R3

where we used the fact that (a + b)? < 2(a® + b?).
By (2.14), the Holder inequality and the Sobolev embedding theorem, we have

2
(f (uul” hy? dx) </1C1377f uzuzT(” Ddx
R3 R3
a=2 2*—a+2
) 2 z 1.2t z
< ACi3m fu dx f(uu'; )F-ar2dx
R? R?

2" —a+2

2 a=2 22" ¥
< AC 14777 ||ul| ur-e2dx ,
R3

where we used the fact that 0 < uT < u.
In what follows, taking { = we get

a+2’

( f (") dx) < AC 1 lull™ ).

Using the Fatou’s lemma, letting 7 — +oo, it follows that
. L
lulypr < (AC 14 llull® )27 [l

Define 77,41 = 2°1,, where n = 0, 1,2, ... and ijp = 2222, By (2.15) we have

1
241 1@-2 T
[l 2 < (ACany el ) > |ulo- g
1

< (ACllul[*2)77 70 778077{” lual2-.
By iteration we have
2 < ACallulo=2)75 Z0 2 ()5 Zho3 (2 B3y
Thus, we obtain [ule < CodT= ||u||2*

By the similar argument in Lemma 2.6, we can obtian the following lemma.

(2.14)

(2.15)
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Lemma 2.9. Let A > % and u, be a critical point of J, with J,(uy) = ci. Then there exists Cis > 0

(independent of A) such that
liall® < Ciger- (2.16)

Proof of Theorem 1.1. Let uy € C?(RN ) N X \ {0} be a nonnegative function such that J,(xy) < 0.
Then, the functional J, has the mountain pass geometry and we can define

dy = m; max Ja(y(0) > 0,

vel t€]l,

where I' = {y € C([0,1],X) : ¥(0) =0, v(1) = up}. By Lemma 2.7, there exists a positive critical point
u, of J, with Jy(u;) = d;. And more remarkable d; = c;.
Furthermore, taking 7' = |uy|., from Lemma 2.1-(4), we obtain

d; < max J(tuy)
te[0,1]

1 t
< max = f (IVuol + V(x)ud)dx + — f Guguipdx — A f G(tug)dx
2 R3 4 R3 R3

te[0,1]

2 | (2.17)
< trel%(% (5 fRS(IVu()I2 + V(x)u(z) + Eqﬁuou(z))dx - CyAP fR3 ugdx)
< Cpgd 72,
By (2.11), (2.16) and (2.17), we see that
gl < C19/1%-
Then there exists 4y > 0 such that for all 1 > 4, we get
il < 6,

where ¢ is fixed in (2.1). Thus, the u, is a positive solution of the original problem (1.1).
3. Proof of Theorem 1.2

We start by finding that the conditions (f]) and (f;) imply the existence of positive constants Cag, Cy,
such that

F(t) < Cylt|* (3.1)

and
F(t) > Cyltf (3.2)

with [f| small. Consider p(t) € C'(R,R) an even cut-off function satisfying:

o] Liflso
PU=90, if |t = 26,

0<p)<1,tp'(t) < 0and |tp’ ()| < %, where 0 < 6 < % is chosen such that (3.1), (3.2) hold for |¢f| < 26

and (f3) holds for |f| < 6. Define

H(t) = p(t)F () + (1 = p(t)Fo(t) and h(t) = H'(z),
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where F. (1) = Calt|*. From (f/) and the definitions of p(¢) and A(7), for u € X we have

|Aw)]| < Coslul*™". (3.3)
Lemma 3.1.(See [8]) If f satisfies (f{) — (f;), then for all 7 # 0, we have

0 < 0H(t) < th(t),
where 6 = min{a, y}.

We now consider another modified equation of (1.1) given by

—Au + V(x)u + ¢pu = Ah(u), in R?,
~Ap =12, lim ¢(x) =0, in R3, (3.4)
X|—+00

By the definition of H(¢) and (3.3), the functional associated to (3.4) stated by

L(u) = % f (IVul® + Vo) dx + % f puuldx — A f H(udx, u € X (3.5)
R3 R3 R3

is well-defined. It is well known that its critical points are the weak solutions of (3.4).

The goal of this section is to prove Theorem 1.2. To this end, we use the Lemma 3.1 to get the
boundedness of Palais-Smale sequence. Moreover, by the similar argument in Lemma 2.4, it is easy
to show that I, satisfies Palais-Smale condition. These are standard results which can be found in
textbooks and no proof is given here.

Lemma 3.2. Assume that (f]) — (f;) are satisfied. If u € X is a critical point of I,, then
llull> < Caala(u), (3.6)
where Cy4 depends on 6.

The proof of the above result is quite similar to the one used in Lemma 2.6 and so is omitted.
Since X is a real, reflexive, and separable Banach space, there exists {e;} ;e C X such that

X =spanfe;: j=1,2,..}

We denote
Y, = spaniey, ..., e}, Z; = span{eg, 1, ...}.
Lemma 3.3. Set 6y, = sup [(u). If 1 > 1, then
ueyy
Or < Cos 72, 3.7)

where Cy5 depends on «a, 8 and k.
Proof. We notice that 6 > 0 was chosen in Section 3 such that
H(t) = Foo(t) = Coolt|® for 1| > 26, (3.8)
H(t) > F(t) > Cygltf’ for |f] < 26. (3.9)
For u € Y, denote Q; = {x € R® : |u(x)| > 26}, Q, = {x € R? : |u(x)| < 26}, and let u; = ulo,

up = ulg,. Since all norms in Y} are equivalent, from (3.8) and (3.9) we obtain
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f% H(uy)dx > E(k)|u1|g

R
and

f H(uy)dx > C()lu,l,
R3

where C (k) 1s a positive constant. By the same reason, we can define
Vi = supfllul| : u € Yy, |ul, = 1} < co.

Then for u € Y;, it follows that

C —~ —~
Ii(u) < %Iuli + T7HMH4 — AC(R)lu I = AC )|l

< Lo+ Xt - ATl + Lol + il ~ AW,
< Cil)A 7 + Ca(k) A7,
ForA>1,by4 < a <B < 2" we have
Ok < Cas 72,
where Cys := C;(k) + C,(k). O

Lemma 3.4. Assume that u € X is a weak solution of problem (3.4). Then u € L*(R"). Moreover,
Ul < Cord=5|[ull %, (3.10)

where Cy7 > 0 only depends on a.

The proof of Lemma 3.4 is quite similar to Lemma 2.8 and so is omitted.
To prove Theorem 1.2, we will apply the following symmetric mountain pass theorem due to
Rabinowitz [16].

Proposition 2. Let X be an infinite dimensional Banach space, J € C'(X,R) be even, satisfy (PS)
condition and J(0) = 0. If X = Y €D Z with dim Y < +o0, and J satisfies

(1) there are constants p,« > 0 such that J|sp,nz = @,

(2) for any finite dimensional subspace W C X, there is an R = R(W) such that J < 0 on W \ Bgw),
then J has a sequence of critical values.

Remark 3.1. We point out that /, satisfies all assumptions of Proposition 2. By Proposition 2, then [,
possesses a sequence of critical points.

Proof of Theorem 1.2. Fix an integer k. Choose R > 0 such that 7,(u) < 0 for all u € Y; with ||u|| > R,
and forall 4 > 1. For B = {u € X : ||lu|| < R}, let D = B N Y. Define

I'={yeCD,X): yisodd, y(u) = u,if ||u]| = R}.
Let i(A) be the genus of symmetric subset A. For j < k, we denote

O;={y(D\B): yel, i(B) <k-j}
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and

Cip = inf sup 1,1(14).
Js
A€O; ycp

From Proposition 2 and Remark 3.1, and under our conditions on &, we get
0< Cla<Cp <. S Cra
Moreover, they are also critical values of I, and there exist at least 2k critical points {£u; A}l;:1 at these
critical values. Since Id € I, the definition of ®; and Lemma 3.3, we obtain
2

cja <00 < C(HAF2. (3.11)

By Lemmas 3.2-3.4, we have
g2
|t 1l < CogAB2070,

Since 4 < f < 2%, there exists 4; > 0 such that u;,|. < 0, forall 4 > A;. Thus, +u;,(j = 1,2,--- ,k)
are weak solutions of problem (1.1).
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