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1. Introduction

Fractional calculus is the study of integrations and derivatives in case of non-integer order, which
is a generalized form of classical integrals and derivatives. The importance of fractional calculus is
due to its multiple applications in several important scientific fields such as fluid dynamics, physics,
computer networking, biology, control theory, signal processing, image processing and other fields.
During the last few decades, fractional calculus have been studied extensively and one can observe a
number of researchers have shown deep interest it, which led to the expansion and development of its
concept by a number of authors.

Mathematical inequalities play an important role in a number of mathematical fields, especially
those associated with finding the continuous dependence and uniqueness of solutions for fractional
differential equations and others. This sensitive importance has stimulated a number of researchers
recently to invent a number of useful inequalities.

In 1935, G. Griiss proved the renowned integral inequality [11] (see also [15]):

1 b 1 b b
‘Ef v(x)u(x)dx—(b_a)zf v(x)dxf u(x)dx

1
SZ(M—m)(P—p), (1.1)
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where v, u are two integrable functions on [a, b] , satisfying the conditions

m<v(x)<M, p<u(lx)<P, xe€lab], mM,p,PeR.

In recent years, the inequalities involving fractional calculus play a very important role in all
mathematical fields which gave rise to important theories in mathematics, engineering, physics and
other fields of science.

A remarkably large number inequalities of above type involving the special fractional integral (such
as the Liouville, Riemann—Liouville, Erdélyi-Kober, Katugampola, Hadamard and Weyl types) have
been investigated by many researchers and received considerable attention to it, see( [2,3,5-10, 14,17,
18,21,22]).

Griiss-type inequality has important applications in a number of mathematical fields, like an integral
arithmetic mean, difference equations and h-integral arithmetic mean (see [1, 16]).

Dahmani et al. [4], in (2010), proved the following fractional version inequality by using Riemann—
Liouville fractional integral

x :
< (m) (M —m)(P-p), (1.2)

xa (04 (07 @
’mj (vu) (x) = IV () Tu(x)

for one parameter, and

_ X s - e 5o i 2
(F(a+1)j (W)(x)Jrr(ﬁJrl)j ) (x) =TV (D) I u(x) = I v T u(x))

X e PNV
S(Mrm+1)*vaﬁt7”” mrw+n)

+(j'“v(x)—m ol )(M il —j’ﬁv(x))]

Ta@+D)\" T@+1D

X e B I
X (PF(a+1) ju(X))(J u (x) pF(ﬁ+1))

x® b
« _ _qB
+(J u(x) pF(a+l))(PF(ﬂ+1) Ju(X))]

(1.3)

for two parameters, where v, u are two integrable functions on [0, o), satisfying the conditions
m<v(x)<M, p<u(x)<P, xe€[0,00), mM,p,PecR. (1.4)

In (2014), Tariboon et al. [20], replaced the constants which appeared as bounds of the functions v
and u by four integrable functions on [0, 00), as

@1(X) Sv(x) <@ (x) and Y (x) Su(x) <y (x),
they obtained the inequality

—— (;+ 5T 00 @) =T T u 0| £ T e T . vo)
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where T (s, g, w) is defined by

T(s,q,w) = (Jwx)-J*s@))(Tsx)-Tq(x))

X a _ qa a
+mj (sq) () = TJ*s(x) Tq (x)

+F(ax—:l)w (50) (¥) = T (1) T ()
xﬂ(

Ty @ W+ I I ww.

Motivated from above mentioned results, our purpose in this paper is to establish some new results
on Griiss-type inequalities in case of functional bounds using the generalized Katugampola fractional
integral.

2. Preliminaries
In this section, we give some definitions and properties will be used in our paper. For more details,

please see Refs. [12,13,19].

Definition 2.1. Consider the space X’ (a,b)(c € R,1 < p < ), of those complex valued Lebesgue
measurable functions v on (a, b) for which the norm ||v||x» < oo, such that

1

, 1
dx\’

IVllxr = (f |x“vIP - ) , (I1<p<o)

and

[IVllxe = sup essrep) [X° V] .
In particular, when ¢ = 1/ p, the space X" (a, b) coincides with the space L (a, b) .

Definition 2.2. The left- and right-sided fractional integrals of a function v where v € X (a,b) , a > 0,
and B,p,n,k € R, are defined respectively by
pl—ﬁxk X D=1

r'@ - p)l_av(T)dT, O0<a<x<b<£oo, 2.1
a a (X —1

af —
pja+;r],kv (x) =

and
1-8 xP b Tk+p—l

T v =b

b=k T J, - xp)]_aV(T) dr, 0<a<x<b< oo, (2.2)

if the integral exist.

To present and discuss our new results in this paper we use only the left-sided fractional integrals.
The right sided fractional integrals can be proved similarly. Also we consider a = 0, in (2.1), to obtain

l—ﬁxk X Tp(r]+1)—1

P70y (x) = £

¥ r@ Jo oo Tp)l_av(‘r) dr.
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The above fractional integral has the following Composition (index) formulae

a1, ), a1+an,p1+
o 181 p qab2 v = pj‘l 2,81+82

a+;m1,ky a+3m2,—pmn a+.k v,

o qai1Pi 0 aq®2.p2 p="r 01+02,ﬁ1+ﬂzv
b=n1,—pm2 b=;m2.ka a+;nk; ’
For the convenience of establishing our results we define the following function as in [19]: let x > O,

a>0,p,k B,ne€R, then
F'n+1)

Bk tpr+a)
IF'h+a+1)

A f (a,n) =

X,

Ifn =0,a =0, k =0 and taking the limit p — 1, then the Definition (2.2) reduce to Liouville
fractional integral and if n = 0, k = 0, with taking the limit o — 1, then we can get Riemann-Liouville
fractional integral. It is reduce to Weyl fractional integral, when 7 = 0, a = —oo, k = 0 and taking the
limit p — 1. For Erdélyi-Kober fractional integral, we put 5 = 0, k = —p (@ + 7). We can also getting
Katugampola fractional integral by taking 8 = @, k = 0, n = 0. And finally Hadamard fractional
integral when 8 = @, k = 0, n = 0" and taking the limit p — 1.

The definition (2.2) is more generalized and can be reduce to six cases by change its parameters
with appropriate choice.

3. Main results

Now, we give our main results on Griiss-type inequalities in case of functional bounds.

Theorem 3.1. Let v be an integrable function on [0, 00). Assume that there exist two integrable
functions 7y, 2, on [0, 00) such that

271(x) <v(x) <20 (%) Vx € [0, 0). (3.1

Then, forall x > 0,a > 0,p> 0,6 >0,8,n,k,1 € R, we have

p qaf P oA o g o 6.4
pk 22 (0PI v (0 + T v () ATz (x) (3.2)
) 6,4 ) 6,4
> Py () ATy () + 2T 0 (0) ATz ()

Proof. From the condition (3.1), for all 7 > 0, o > 0, we have

(v(o)—z1(0) (22 (1) = v (1) 2 0.
Therefore
vz @ +z(@)v(E@) 2v(o)v(n) +zi1(0)z2 (7). (3.3)

. . . 1Bk _p+1)-1
Multiplying both sides of (3.3) by £ ) (;_TP)I_Q,
over (0, x), we get

where 7 € (0, x) and integrating with respect to T

1-B,k X pn+1)-1 1-B,k X pn+1)-1
p Fx T X T
2 (M dt+ 21 (0) o
L@ Jo (w-1) F'@) Jo (»w—-7)

v(o) v(T)dr
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pl—ﬁxk X O+ D-1

1=k rx p+1)-1
P T

v(T)dt + 71 (00)

I' (@) 0o (x°— TP)I_Q : I' (@) 0o (x°— TP)I_Q
so we have

>v(o)

2 (1) dr,

V(@) PT b () + 20 (0) PTev (0) 2 v(0) T v (0) + 21 (0) T b2 (%)

(3.4)
Multiplying both sides of (3.4) by - L, where o € (0, x), we obtain
1B,k p+1)-1 1B 5k p+1)-1
p Xt o o p lox o
+
T(©) (- o) i v(o) j kZz(X) T6) (v —ov)- =<l (o) V(X)
15k p+1)-1 1-B 4k p(+1)—-1
p (% P (lﬁ p X % P 3 5
> o oo O T G e @ T2 (). (3.5)
Integrating both sides of (3.5) with respect to o over (0, x), we get
1=k px o _p(p+l)-1 Pk [T Pl
p x o X o’
P z X ~v(o)do + * v X 71 (o) do
2()1"(6) Nram— (o) ()F((S) | (xp_(r)l_él( )
=k rx o preD-1 1=k rx _p(p+l)-1
> Pk v () r®) Jo (oot —v(o)do zz(x) TO) Jo o_on™ 521 (o) do.
Hence

0Tz () LT () + ,,kv(x)P 5z ()
> P

> v(x) pj(”v(x)+ P

Zz (x) pﬂ' 21 (X0,
which is inequality (3.2).

O
Corollary 3.2. Let 7 be an integrable function on [0, ) satisfying m < z(x) < M, for all x € [0, c0)

and m, M € R. Then, forall x> 0and a > 0,p > 0,6 >0, 8,n,k, 1 € R, we have

M (@, m) 205w (%) + mA (8,m) P Tev (x)
>

> P Jrv(x) ? “v(x)+mMA (a,n)Ax,k (6,m)

Remark 3.3. If we put n = 0, k = 0, and taking the limit p — 1, then Theorem (3.1), reduces to
Theorem 2 and Corollary (3.2), reduces to Corollary 3 in [20]

Now we give the lemma required for proving our next theorem

Lemma 3.1. Let v, z1, 25 are integrable functions on [0, co) satisfying the condition (3.1), then for all
x>0anda >0,p>0,8,n,k €R, we have

AL @) PT (0) = (PT ey o)

(pJnkZz(x)—” V(x))( () = LTz ()

SACR) "J"”’ [(z2(x) — v (x)) (v (x) — 21 (x))]

+ A (@) AT () (0) = Tl (%) P T (%)

+ AP (a,m) PJ“%v) (x)— 7
- A% (am) ¥

(3.6)
"2 (%) ”J v (x)

() T ().

(Z1Zz) (x)+ *
AIMS Mathematics
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Proof. For any 1,0 > 0, we have

(22 () =v(@) (v (1) =21 (D) + (22 (1) —v (D) V(o) — 21 (0))

(2@ -v@) (@ -2 () —(22(0) —v(e) (v(0) — 21 (0))

=V (1) +V (o) - 2v (D) v(0)
+tn@v@+a@vo)-z(Mn@+@ve)+zu@v) -z ()@ (3.7
—2@v@+a@@ -z @vE) —200)ve)+z21(0)22(0) - 21 () v(0).

Multiplying both sides of (3.7) by plr;i’)‘k%, where 7 € (0, x) and integrating over (0, x) with
respect to the variable 7, we obtain

(22 (0) = v(@) (PTotv () = 2T 821 (0) + 0 (@) =21 () ("Tf 22 (0) = P Tofv ()
PTG @ —v (@) (1) -z (r))] ~ [(22(0) = V(@) (v (@) = 21 (NI A% (. ) (3.8)
= 2T 0V () + V7 () N (@) = 2v (o) 2T v ()
+22(0) LTty () +v () PT a1 (0) = 22 (0) T i1 (0) +v(0) P Tt 22 (%)
+21(0) PTotv (1) = 21 (@) P Tt z2 (1) = P Tk () (1) + 2Tt (2122) (1)

= 2Tl (2v) (%) = N (@ 22 () v (o) + A (@) 21 (0) 22 (0) = A (@) 21 () v (o)

Byk  pp@+D-1

Now multiplying both sides of (3.8) by £ ;a) oo
respect to the variable o, we obtain

where o € (0, x) and integrating over (0, x) with

(" Tt x)-* v(x))(ﬂj:fv(x)— $ Tz (x))
+(P Ty () = P Tl ) (P Tt () - 2Ty ()
=7 ,;ff[(Zz(x)—V(X))(V(X)—zl (X))]Aﬁj/,f(oz,n)
2Tl (22 (x) = v (1) (v () = 21 DT ALY (e, )
) LTV () + N () ATV () = 2290 (x) AT (%)
+p Zz(X)p V(x)+p V(x)’“l”f P ()= ° Zz(x)"[f P21 (%)
+ "ﬂv(xw %(x)w C2 (0 AT v (x) = F "ﬁzl (x) * ;’,sz(x)
) P () (0) + Ai,f (@, ) Pj,if (2122) (X) = A (@) T8 (21v) (1)
) P () (0) + A (@) 2T (120) (0 = A () 2T (2v) (v),

which yields the required identity (3.6). O

Our next result is on Griiss-type inequalities in case of functional bounds with same parameters.

Theorem 3.4. Let v,u be two integrable functions on [0,0). Suppose z,z,,7v1 and 7y, be four
integrable functions on [0, 0o) satisfying the condition

Z71(x)<vx)<zp(x) and 7y (x) <ulx)<y(x), Vxel0,00). (3.9)

AIMS Mathematics Volume 5, Issue 2, 1011-1024.
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Then for all x > 0and a > 0,p > 0, 8,n,k € R, we have

(A% @) T ) () = (PTEv () P T )| < T 0oz T (wy172).

(3.10)
where T (¢, ¥, w) as in [20], is defined by
T(p.pw) = (PTofw@ - *Tele@)( " Tnte () = *Tot (x)
+A§’,€ () 2T (@) (6) = P T () 2T ()
+A (@) PTEL (0w) (0) = TP () P T 0 (x)
~N (@) PTEE (w) () + AT () PT o ().
Proof. Define
H@ o) =(v(t)=v(o) (u(r) —u(o)), 7,0€(0,x),x>0. 3.11)

plfﬂxk D=1
[(@) (w—1p)l-’

Multiplying both sides of (3.11) by
respect to the variable 7, we obtain

where 7 € (0, x) and integrating over (0, x) with

pl—ﬁxk X o+~
I'@) Jo (x0 —70)1™@
1= AT ) (x0) + A (@) v (@) u (o) —u(o) PTofv(x) = v(o) P Tpiu(x).  (3.12)

H(r,0)dr

Now muliplying both sides of (3.12) by £22 2L

identity over (0, x) with respect to the variable o, we get
P21P) 2k p(+1)-1 p(+1)~1
o al f f i ] g ] H (t,0) drdo
212 () 0o (@ —7°)" (P —-0r)“
= A% () T8 uv) (%) = P T eu(x) 2T dv (x) . (3.13)

where o € (0, x) and integrating the resulting

Applying the Cauchy-Schwarz inequality to (3.13), we can write

(A% @) 2T ) (1) = P T () 2T v ()
< (a7 @ p:f"ﬁ () - (* ;ifu(x))) (3.14)
x (A2 @ 2Ty 0 = (Pt @) ).
Since
(20— EE -2 ) = 0,
(2 () —u(@) @@ -7 (@) > 0, (3.15)

for all x € [0, c0), we have

A (@) P T (22 (0 = v () 0 () = 21 (1)) 2 0

AIMS Mathematics Volume 5, Issue 2, 1011-1024.
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and
N CAE

Thus, from lemma (3.1), we have

8 (2 (1) = u () (u () — 71 (1) > 0.

NS (o) PT (x)—(f’ “’ﬂvw)z
<

< (Pt (0 = ATty ) (AT iy () = 2Ttz ()
+Apﬁ(a ) PJ‘“%v)(x)—PJ 21 (x) pff Ay (x)

(3.16)
+ Apﬁ(a m 2Tk (zav) (x) — J’"% (x) P Ty (x)
) 2Tk (21z2) (0) + 2Tz () Pz (%)
= T (v,21,22)
and
A (@) PT R () — (P TP (x))2
< (T () - “fu(x))( “u(x) - 2Ty ()
+ A (@) P T ) (0) = P Ten () 2T u (%) (3.17)
AR "ﬁ(nu) (x) - ;’fyz () 2Tl u (x)
P8 (a,m) ’17 r1y2) () + * ,,k72 (%) ’17 Y1 ()
= T(M,?’l,)’z) :
Combining the inequalities (3.16), (3.17) with inequality (3.14), we obtain inequality (3.10) |

Remark 3.5. If we put T (v,21,20) =T (v,m,M) and T (u,y1,y,) =T (v, p, P), in Theorem (3.4),
where m, M, p, P are constants, then inequality (3.10) reduces to

0 am) AT w0 = (ATl () AT fu ()
< (A (a,m) (M =m) (P - p),
which is a result given in [19].
Lemma 3.2. Let v, z1, 25 are integrable functions on [0, 0o) satisfying the condition (3.1), then for all
x>0anda>0,6>0,p>0,8,4,n,k € R, we have
N @) 2TV (0 + N ) 2T v () = 22T v (0 2T v (2)
= (PT0 (0) = P T ) (P T (0 - 2T, (x))
+ (T () = 2T @) ( :f 2 (x) = 2T (x)
°T, (22 (0) = v () (v (%) = 21 ()] Aﬁ,,f (6, 77)
— 2T [z () =v () (v (X) — 21 QNI AT (. m)
~ T2 (0 2T () = PT v () ¢

zz (x) (3.18)
AIMS Mathematics
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- V(X) P Zl (xX) = Tz (x) V(X)
qu2 (x) j 2 () +* ,Iijl (x) pj kZz (x)
x; G| P T2L @v) (1) + 2T (2av) (1) = 2T 08 (122) ()]
+ AR (@) | 2T @) () + 2T (v (x) — PJ,?;,? (@122) ()]

Proof. Tn Lemma (3.1), multiplying both sides of (3.8) by 22 where o € (0,x) and

integrating the resulting identity over (0, x) with respect to the variable o, we obtain

(P T2 () = T ) (2Tl () = P Tif 2 ()
+(P T (@) = 2T @) (2T () - PJ"ﬁv (x))
Tl [(z2 (%) = v () (v (x) = 21 )] AL (6,7)
(=2 () = v () (v () = 21 D] ALY (@)
= A’” (6,m) 2TtV (x) + A2 (o) T (x) = 2P v(x) 2T tv (x)
J 22 () LTy () + LT (0) P Tz (x) — ;kzZ<x>P 021 (x)
+ LT () LTl (0) + P Tz (0) 2T (0) = 205z (x) AT rd 2 (%)
—A“(é 0 ”jaﬁ(ZzV)(XHA 6.1 *T i (122) () = NS 6,m) P Tt (2v) ()
P (@am) 2T @) () + A (e m) P T iziza (%) = N (@) P T 0zv (),

which gives (3.18) and proves the lemma. O

In our next theorem, we prove the result with different parameters. Here we use Lemma (3.2) to
proving the result.

Theorem 3.6. Let v,u be two integrable functions on [0, c0) and suppose zi,z»,y1 and y, be four

integrable functions on [0, o) satisfying the condition (3.9), then for all x > 0 and a > 0,6 > 0, p > 0,
B, A,n,k € R, we have

P (6,m) P (uv) (x) + A (e ) 2T (V) (%)

—F u(x)p v(x)—‘O v(x)p u(x)

< \/K(V, ZI’ZZ)K(M’ 71"}’2) ) (319)

where K (¢, ¥, w) is defined by

K(p.¢, w)
= (" Tk 0= "Tyie ) ("Tyle (0 - ¢ "’*wx))
(" Ty -7 ’Wx))( Lo - 7Tie ()

— PTHRw () LTt (x) = P T ke (x) P T w (x)
= P Tt () LT (X) = LT 0w (x) P Tl (x)

AIMS Mathematics Volume 5, Issue 2, 1011-1024.
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+ AT () LTt () + LT (x) P T w (x)
+ NG| PTE W) (1) + LT (we) () = P T (o) ()
+ AR () | 2T ) (0 + 2T (wep) (x) = 2T (Ww) ()]

Proof. In Theorem (3.4), multiplying both sides of (3.12) by rz;) %, where o € (0,x) and

integrating the resulting identity over (0, x) with respect to the variable o, we obtain
P pn+1)-1 pn+1)-1
f f T - T ; 6H(T, o)drdo
F(CY) I'(6) 0o (¥ —1P)7® (xP —or)”
= AL 0,m) 2T (wv) () + A () ATy (o) () (3.20)
— PTu(x) Pt (x) = * ,f,,fV(X) PTrtu(x).

Applying Cauchy-Schwarz inequality for double integrals, we get

[A“ (6,) P Tt ) (x) + A (v, ) 2T 05w ()
Sl (x) 2Ty (x) = P T (x) ¢ u(x)] (3.21)
(A“ CR)) PJW (x) + Aif (e, 1) Pj“vz (X) = 2P0 (x) P T v ()
X (AL 6m) P Tl () + N0 ey ) T 00 () = 2P T u (x) f,ffu(x)).
Since
(22 () =v(xX) (@) —z1(x)) 20
and
(72 (%) = u(x)) (u (x) = y1 (x)) 2 0,
for all x € [0, o), we have
(PTf 1z (0) = v (0) (0 (x) = 21 (DT AT (8,7)
(22 (0) = v (1) (v (3) — 21 ()] A2 (e, ))
>0,

and

(7T 102 () = u(2) () = y1 D] AZL G,

+ 2T (2 () = u () (e () = y1 ()] A% (@)
>0.

Thus, from Lemma (3.2), we have

N7 6 LT (9 + Ay (e 0T, SR (1) = 2P0 (x) T ()
< ( mez () = n,kv (x))( V ()= "* Zl (x))
+ (P ,fj;?v (x)—* %zl (x))( iyt F20 (x) - iy By (x))

AIMS Mathematics Volume 5, Issue 2, 1011-1024.
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= T (0) PT oy (x) = AT (x) P TE kzZ (x)
v(x) L z1 (x)—"* nkzl (x) * v(x) (3.22)
+ 2Tz (x) F "ﬁzl () + Pz (x) # "% (x)
+A’”(6 M| 2T0E @) (0 + PT0E @) (%) = 2T (2122) (9]
+ NS (@) | 2T @) () + 2T (@v) () = 2T (2120) (30
=KW,z1,2)
and
N @) 2T () + A (@) pﬂ‘“u2 (0) = 2Tyt () 2w (x)
< (PTy () = LT @) (PTu () = 2Ty ()
+ (2T = 2T 0) (P Ty () = 2T u (%)
‘“n ) Pj“ﬁu (x) - P:r“u @) "Ity ()
— AT x) P T (0) = P T (0) P T b u(x) (3.23)
Vz(x) pj k?’l(x)+p (%) pjnkn(x)
+A“<6 M| T ) () + 2T (yaw) () = 2T (i) ()
+ N5 (am) [ P T3 (i) () + f’j;;f (yau) (x) = * T4 (yry2) ()]
=Ku,y1,72) .
From the inequalities (3.22), (3.23) and inequality (3.21), we obtain inequality (3.19). O
Now we give the following result.

Theorem 3.7. Let v,u be two integrable functions on [0, 00) and suppose z,z,,y1 and y, be four
integrable functions on [0, o) satisfying the condition (3.9), then for all x > 0 and @ > 0,6 > 0, p > 0,
B, 4,1,k € R, the following inequalities holds:

(@ PTou(x) 2T 0 () + P Ty (%) P Tt (%)
> LTy () ATl 7 () + p[f“u(x) PTv(x),
(b) *T oz (1) P T tu () + P T ya (x) # “v (x)
> P02 (X) AT ya () + LT (0) 2T fu(x)
(©) 2Ttz () PToya (X) + 2T v (X) 2T oytu (x)
> 2T (X) 2T ou () + LTy (0 P Ty (%)
() P Ttz (0 PTpint (0) + P Tev (2) 2T tu ()
PT ok z (0 PTou () + 2Ty () T v (x)
Proof. To prove (a), from the condition (3.9), we have for x € [0, co) that

(22 (1) =v (1) (u (o) =71 (0)) > 0. (3.24)
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Therefore
2@u(@)+v@yi(0) 2@y @) +v@ulo). (3.25)

Multiplying both sides of (3.25) by p;i’)‘k %, where 7 € (0, x) and integrating over (0, x) with
respect to the variable 7, we obtain

(o) "0 0 () + 71 () T Ev ()
> y1(0) *T iz () + u () P Tev (x) . (3.26)

Now multiplying both sides of (3.26) by (;)‘k %, where o € (0, x) and integrating the resulting

inequality over (0, x) with respect to the variable o, we get the desired inequality (a) .To prove (), (c)
and (d) , we use the following inequalities:

(B) Y2 () —u(@)(v(o) -z (0)) =0,

©) (@@-v@) (o) -y(0)) <0,

D) (@@ =-v(@®) () -y () <0.

The next corollary is a special case of Theorem (3.7).

Corollary 3.8. Let v, u be two integrable functions on [0, 00) and suppose that there exist the constants
n, N,m,M satisfying the condition

m<v(x)<M and n<u(x) <N, Vxel0,00),
,then forall x >0anda > 0,6 >0,p>0,8,4,n,k € R, we have:

(i) M () PTou () + A (6,m) P T v (%)

> nMAL 6,7 A () + P Tu () 2T 5w (0)
(i) mA (6,m) P Tpu(x) + NAZY (o) ¥ mkv(x)

> mNAiz (6,1) Ai’f (a,m)+ * 5:,fv (x) * :fu x),
(i) MNNY (@,m) N (8,m) + 2T v () P T (x)

> MAYY (.m) 203 (x) + NAZL6om) P T v (%)
(iv) mnApﬁ(a M AL S,m) + P Triv () P T u (%)

> mALY (,m) 2T oiu (x) + nA” 6.7 PT v (x) .

Remark 3.9. If we put n = 0, k = 0, and taking the limit p — 1, then Theorem (3.7), reduces to
Theorem 5 and Corollary (3.8), reduces to Corollary 6 in [20].
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