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Abstract: In this article, the solution of vibration equation of fractional order is found numerically
for the large membranes using a powerful technique namely g-homotopy analysis Sumudu transform
technique. The parameter 7z suggests a convenient way to control convergence region. The given
numerical examples depict competency and accuracy of this scheme. The results are discussed using
figures taking diverse wave velocities and initial conditions. Results are also compared with other
methods. The outcome divulges that ¢-HASTM is highly reliable, more efficient, attractive, easier to
use as well as highly effective.
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1. Introduction

The vibration of membranes plays a significant role in analysis of wave mechanics in two
dimensions and wave propagation, bio-engineering etc. Membranes create main components in
acoustics and music such as components of microphones, speakers and related devices [1]. To
investigate design of hearing aids, the knowledge of large membrane vibration [2] is vital. In
bio-engineering, several human tissues are anticipated as membranes. The vibrational features of
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eardrum is valuable to understand hearing. The equation of vibration is used to designate vibration of
membranes [3]. The integer order vibration equation [4] is,

1 3%w(rt) w(rt) | 190w(rt)
—_ = - . > >
c2 9tz or2 + r or '’ r=0t =0, (D

where w(r,t) signifies probability density function of particle [5] at time t at a position r while ¢
is the wave velocity of vibrations.

Fractional order derivatives offer a superb mechanism for describing hereditary and memory
related properties of various real-life processes and materials [6]. The analysis of fractional
differential equations (FDE) [7—10] in Mathematical Physics, vibration, oscillation, signal processing
[11], visco-elasticity [12], chemical engineering [13], seismic wave propagation [14], modelling of
diseases [15] etc. is a growing field of interest for researchers. In literature, there exist operational
matrix method [3], decomposition method [4], homotopy perturbation scheme [5], variational
iteration technique [16] etc. to solve vibration equation.

Homotopy analysis method (HAM) offers an easier way to confirm convergence of solution.
HAM was introduced by Liao [17] for solving differential equations. El-Tavil and Huseen [18,19]
proposed g-homotopy analysis technique (q-HAM) by generalization of HAM. But these methods
have limitations like massive computation with more time consumption. So, they necessitate to be
linked with a transform operator. Hybrid methods using integral transforms [20,21] are useful to
treasure some solution of nonlinear FDE. Homotopy analysis Laplace transform method (HATM) is
a united form of HAM and the transform of Laplace. In [1], Srivastava et al. used HATM and
Laplace decomposition technique to solve vibration equation of arbitrary order. The reliability of
solution procedure of a nonlinear equation is an important characteristic than modeling dimensions
of equations [22-24].

Sumudu transform has an interesting advantage of the ‘unity’ feature over Laplace transform. It
leads combinations into permutations hence it is useful in discrete systems. The function along with its
Sumudu transform possess identical Taylor coefficients other than factor n. Sumudu transform is used
due to its strong properties to get solution of many problems [25,26]. Watugala [27,28] proposed
Sumudu transform and Asiru [29] proved its properties. Weerakoon [30,31] discussed its applications
in finding solution to wave equation with variable coefficients.

Homotopy analysis Sumudu transform method (HASTM) is a graceful merger of HAM and
Sumudu transform. The benefit is its power of embracing two robust computational schemes for
tackling FDE. The projected approaches can reduce time and computation work as compared to
existing schemes simultaneously preserving result efficiency. Singh et al. [32] used HASTM to solve
fractional Drinfeld-Sokolov-Wilson equation. The g-homotopy analysis Sumudu transform method

(-HASTM) is an improvement of g € [0,1] in HASTM to parameter q € [O,ﬂ,n > 1. The

m
existence of (%) in solution helps in converging quickly.

Our aim is to investigate the fractional model of vibration Equation (1) and get its numerical
solution by q-HASTM. The paper is presented as follows. Section 1 is introductory. In section 2,
basic results of derivative in Caputo sense, Sumudu transform and its properties are provided. In
section 3, mathematical model of time dependent vibration equation of fractional order is discussed
along with its necessity and our motivation in finding its solution. In section 4, basic idea of
q-HASTM is provided. In section 5, its implementation on fractional vibration equation is shown
with convergence analysis. In section 6, we conduct numerical experiments by taking various
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initial conditions. In section 7, numerical results are discussed using figures and tables while in
section 8, we summarize conclusion.

2. Preliminaries

Definition 2.1. [33] A real function h(y), y > 0 is said to be in spaces
a. C;,{ € R if there exists a real number q (> {), s.t. h(x) = x7h;(x), hy(x) € C[0, ). Clearly,

C; cCif y<d.

b. C*,m e NU{0}if h™ € C;

Definition 2.2. [33] Fractional derivative in Caputo sense [34] of h(t), h(t) € C™,m € N U {0} is:
MmPrm),m—-1<pf<mmeN,
DPh(t) = dm
dt—mh(t), ,8 =m,

a. [35] Ifh(x,t) = Fi(fot(t — $)5~th(x,s)ds; {,t > 0.

b, [35]DYV(x,7) = [ vEVED b 1<v<m

atm

c. [35]DfISh(t) =h(t), m—1<{<mmeN.

k
d. [35] I{D{R(t) = h(t) — TR RO (0*) =, m—1<{<mmEN,

Bra — I'(a+1) B+a
e. [35]1Ft% = D tpre

Definition 2.3. [36] Sumudu transform on domain of functions:
2 :
Q = {h(p)|3N, sy s, > 0, |h(p)| < Ne®jifp € (—1)) X [0, ),
is in the form of S[h(p)] = [,"h(wp)ePdp,w € (—sy,s,).
Definition 2.4. [36] Sumudu transform for arbitrary order derivative in Caputo sense is:

n—1
S [DQB(»(X, t)] = s7"S[w(x, )] — Z s+ M (0,1), n—1<nB<n.
k=0

3. Mathematical model of time dependent vibration equation of fractional order
Many physical quantities are concerned with the past so to understand their physical models
better by inducing the effects of memory, fractional models of such systems get more importance [3].

The FDE accomplish the systems with memory effect. The non-local property is the main benefit of
working with FDE in physical models. It signifies that future system state is dependent on former
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states also. Thus, the models having fractional order derivatives adhere to reality. The integer order
model suggested in [4] was found unable to possess memory effect in vibrational motion, so to
include these effects, the integer order model is generalized to model of arbitrary order by converting
derivative of integer order to fractional order in Caputo sense. The differential equation of arbitrary
order [1,5,6,16] for vibration model is given as,

1 0% () _ 92w(rt) n 1 0w(r,t)
2 atxr 9r2 r or

, 1< a <2, )

with initial settings:

w(r,0) = o), 209 = ¢(r), 0<r<1,0< t<1. 3)

Caputo’s derivative is suitable for differentiable functions [34] and permits conditions to comprise in
modelling a problem. The general response expression contains a parameter that states the arbitrary
order of the derivative. It can be varied to get different responses [6]. In case a = 2, Eq. (2) reduces
to integer order Eq. (1).

It is also observed that the total hierarchy of moments M, = (r*(t)) possess similar time
dependence as arbitrary Brownian motion in spite of little difference in their statistical features. In
[6], power law decay of solution is found with a in disparity to exponential decay perceived in
arbitrary Brownian motion. The time fractional equations depict the particle motion with memory in
time. Time fractional derivative proposes inflection of memory. It is obvious that vibrational motion
is affected by memory in time. It scripts suitability of fractional modeling for this system. So, the
comprehensive study of Eq. (2) to find the numerical solution of this mathematical model is very
important. It motivated us to solve Eq. (2) by an efficient and novel numerical scheme q-HASTM.

4. Basic idea of the proposed method q-HASTM

Consider a general fractional order non-linear partial differential equation of the form:
Pou(x,t) = h(x,t), 4)

where P, signifies the general fractional linear and nonlinear partial differential operator, u(x,t) is
an unknown function of independent variables x and t. Linear terms of P, are decomposed to
D% + R where D¢ is linear operator of the highest order. (D%u)(t) is Caputo fractional derivative
of u(x,t). R is remains of the linear operator. Eq. (4) may be written as,

(D*u)(t) + Ru(x,t) + Nu(x,t) = h(x,t), (a >0n—1<a<n(Mme N)), (5)

where Nu shows non-linear terms.
Applying Sumudu transform [37] in Eq. (5), we get,
S[(D*w)(O)] + S[Ru(x, )] + S[Nu(x,t)] = S[h(x, )], (6)

Here, S is Sumudu transform operator.
Using property [37] of Sumudu transform, we find,
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n—1u®(x,0)

SuCe, )] = p* Ekzo i + PU(S[RuCx, )] + S[Nu(x, )] = STh(x, D =0, (7)

We state nonlinear operator as,

NIEGE & )] = STECr, & )] — p* REE D 4 e (SIRE (e, 6 )] + SINE (3, £ )] -

S[h(x, D, ®)
Here, q € [O,%]; n>11is an embedding parameter. é(x,t;q) is a real valued function of
x,q and t.
Homotopy is constructed as:

(1 = S[EC £ q) —up(x, )] = hqH (x, ) P [ulx, 0], ©)

Here, H # 0,h # 0.H is auxiliary function and h is auxiliary parameter. uy(x,t) is an initial
guess of u(x,t) and &(x,t;q) is unknown function.

By choosing g = 0 and i;n > 1 in Eq. (9), we get,

E(x,t;0) = uy(x,t) and ¢& (x, t; %) = u(x,t). (10)

As q surges from 0 to %,n >1, &(x,t;q) varies from uy(x,t) to u(x,t).

Expanding ¢(x,t; q) in Taylor’s series about q, we get,

E(x, t; CI) = uO(x; t) + Z?rol=1 um(x; t)qm! (11)
1 0™E(xt;q)
where, Uy (x,t) = — [%]qzo. (12)

If uy(x,t), auxiliary linear operator, A and H(x,t) are suitably selected, series (11) converge at
q= % Then, we find,

u(x, ) = up(x, £) + Tpey Um (2, D™ (13)

Express vectors as,

Uy = {ug(x, t),uy (x, t), e oo upy (, ) 1. (14)

Differentiating with regard to q, Eq. (9) m times then dividing by m! and taking q = 0, we find
deformation equation of m order:

S[um (%, £) — kw1 (%, £)] = hH(x,t) @ (Wp_1). (15)
Taking inverse Sumudu transform in Eq. (15),

U (% t) = Kpup_g (1) + h STHHE, ) @, (Un-1)]- (16)

1 [am_lN{f(x,t;q)}

Herea &m(ﬁm—l) = m—1! aqm_l ]q:O: (17)
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0, r<1,

and kr:{n r>1. (18)

Hence, the g-HASTM solution is offered as,

u(rt) = She un e ) (2) (19)

5. Implementation of -HASTM on vibration equation of fractional order

We take the fractional order vibration model discussed in section 3 as,

10%(t) _ 02w(rt) n 19w(rt)

cz2  ot« ar2 r or '’ l<a =2 )
with initial settings,
ow(r,0)
w(r,0) = (), oL =cf(r), 0<r<1,0<t<1. 3)
Applying Sumudu transform, we attain,
®) 2
—1 w¥(0) 2 (97 w(r,D) 10w(r,t) _
Slw(r 0] = p 2 S — e [s{e (52 + 1)) = 0 20)
Nonlinear operator is
)] = : ayn-1E0@EDO) PErta) | 195
NIE(r, ;@] = STECr, & )] — pe o i@ [s o2 (Fip 4 2220 )]] (1)
The homotopy is,
(1 = ng)S[E(r, 6 q) — wo(r, t)] = hqH(r, t) N[E(r, t; @], (22)

For q =0, &(r,t;0) = wy(r,t),

and, q = 1, E(r, t; %) = w(r, t).

n

As discussed in Section 4, the -HASTM solution will be obtained as,

w(r, t) = i W (7, t) (%)

Theorem [25]. If there exists x (a constant) as 0 < x < 1 such that,

12541, Ol < x 113 D11 for all p and

m

if truncated series ZIS=0 {p(r, 1) is taken as estimated solution {(, t), maximum absolute truncation

error is
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K k+1
X
||z<r,t>—;<p(r,t>||s T o Ol
Proof. We have,
13,0 = zzp(r o1 =1 Z GEOIS D> IGE0lls Y gl
p=k+1 p=k+1 p=k+1

k+1
< XU 00+ 007+ Tl o DI S T 1o D1l

that proves the theorem.
6. Numerical experiments
In this section, applicability of q-HASTM is illustrated via some test examples.

Test Example 1. Taking initial condition w(r,0) = r? + ctr in Eq. (2) and using Sumudu transform,
we get,

Sfw(r, )] - D e [s {c2 (az“’(”) 4 1O — . (23)

ar? r or

Nonlinear operator is,

N[o(r,t; q)] = S[e(r, t;q)] — (1 — T)

u or? r or

(r?u + cru?) " [S {cz (GZ(P(H tq) + 1 0¢(rt Q)>}l

Deformation equation for H(r,t) = 1is,
S[Wm(r; t) - me 1 (T‘ t)] = 1;193m(wm 1) (24)

where, ®,(Wp_1) = S[wp_1]— (1 - ) (rfutcru®) [S { (a Wm-a 4 1 awm_l)}].

r ar

Taking inverse Sumudu transform in Eq. (24), we get,
W (r,t) = kpywp—q (nt) + h ST He, (Wn_1)]. (25)
Simplification gives,
wo(r,t) =r? +ctr,

—4 c’ht™ c3h o+l

It = - )]
Wil = Ty T I Tz o)
_4 CZh n tO( C3h n tOH'l 4 C2h2 toc C3h2 tOH'l C5h2 t20(+1
’t — J— — — J— e,
w0 =TT TRt Ta+d Tt BTtz
and so on.

Hence, subsequent iterations wy, (r,t),m = 3 can be computed using Maple software package.
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The solution is,

m

w(r,t) = wg (1, t) + i W (7, 1) (%) .

Test Example 2. Taking w(r,0) =r+ ctr in Eq. (2) and using Sumudu transform, we get,

r Oor

[W(I‘ t)] (ru+cru ) I [ 6 w(rt) 16w(r,t))” —0 (26)

Also, N[o(r,t; )] = S[e(r,t; q)] — (1 — kTm)M —ue[sfe? (azcmr.t:q) + 1a<p<r.t:q>)}]_

u or? r or

Deformation equation for H(r,t) =1 is,

S [Wm(r' t) - kam_l(T, t)] = hmm(wm—l)' (27)

where, @, (Wy_1) = S[Wy_1] — (1 — kTm) (r + ucr) — u® [S {cz (82wm_1 n 10Wm-1 )}]

ar? r Oor

Taking inverse Sumudu transform in Eq. (27), we get,

W, (1, t) = KyaWy—g (5, 0) + B S e, (Wy_1)]. (28)
Simplification yields,
wo(r,t) =r+ctr,
—c?h t¢ c3h t*t!
’t = - )
w10 rF(l+a) rI'2+a)
o c’h t*[—(h+n)r’!(l+ct+a) c*ht*(1+ct+2a) N
w2 (0 = =35 (2 + ) (2 + 2q) ’
and so on.

Hence, subsequent iterations wy, (r,t), m = 3 can be found.
The solution is,

m

w(r,t) = wo (r,t) + i W (7 £) (%)
m=1

Test Example 3. Taking w(r, 0) = vr + f/—; in Eq. (2) and using Sumudu transform, we get,

S[w(r, )] = (Vr + %) —u ls [CZ (aZw(r,t) + law(T,t))H —0 (29)

ar? r or

K ot 109t
Nlo(r, &) = Slo(r,t @) — (1) (F + ) —u® [s {c2< ‘pa(;zt Dy 2L q)>}],
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Deformation equation for H(r,t) =1 is,

S[Wm(r' t) - kmVVm—l (7", t)] = h%m(wm—l)' (30)

ers, i) = S - (1 22) 7+ 3) - o f (B2 4 22

Taking inverse Sumudu transform in Eq. (30), we get,

W (5, t) = kpyWyg (1) + S e, (Wh_1)]. (1)
Simplification yields:
ct
Wy(r,t) = \/? +—,
o(r, ) N=

—c’h t*(r+ct+ra)
4v32T2+a)

w;(r,t) =

cht*[-4(h+n)r2(r+ct+ra) c*ht*(25ct+97r (1+ 2a)) N
16 r9/2 2+ a) 2+ 2a) '

wy (1, t) =

and so on.
Hence, subsequent iterations wy, (r,t), m = 3 can be found.

m
The solution is, W(r,t) = wo (1, 1) + Xoy win(r,6) () .

7. Results and discussion

Figures 1, 2 and 3 show behavior of numerical solution w(r,t) of time fractional vibration Eq.
(2) acquired at a = 2 by using q-HASTM for examples 1, 2 and 3 respectively. They have been
drawn for @ = 2 to show the nature of the unknown exact solution of the vibration model. Figure 4
shows the plots of solution w(r,t) of Eq. (2) by q¢-HASTM at a = 1.2,1.6 and 2 taking
c=5 r=5 h=—-1,n=1 for examples 1, 2 and 3 respectively. They reveal that w(r,t)
increases with increasing t but decreases as arbitrary order a increases. This is in total agreement
with the point discussed in section 3. In Figures 5, 8 and 11, behaviour of solution w(r,t) Vs. h at
distinct a is shown. In Figures 6, 9 and 12, behaviour of w(r,t) Vs. t at diverse values of h are
carried out for n=1,c =5 =r,a = 2 for examples 1, 2, 3 similarly. Distinct h are taken to make
residual error small and guarantee solution convergence. In Figures 7, 10 and 13, plots of w(r,t)
Vs. n at different values of a for c=5=r, h=—1,t = 0.2 are shown for examples 1, 2 and 3
respectively. We notice that by increasing n, w(r,t) increases slowly but decreases with increasing
order a. The legitimacy of solution in convergence region is seen through A and n-curves. Figure
14 illustrates the comparison of numerical solution obtained by q-HASTM and methods in [1,5] at
a = 1.5 for example 2. Figure 15 depicts the absolute error between successive approximations at
a = 1.5 in example 2. It is clear from Figure 15 that there is a sharp decrease in the error between
approximations in example 2 which confirms that the obtained solution in example 2 is convergent.
Figure 16 shows the comparison of numerical solution by q-HASTM and methods in [3,4] at
a = 1.5 for example 3. Figure 17 illustrates the absolute error between successive approximations at
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a = 1.5 in example 3. It is clear from Figure 17 that there is a sharp decrease in the error between
approximations in example 2 which again confirms that the obtained solution in example 3 is
convergent. Figure 18 shows the comparison of solution by g-HASTM and methods in [1, 3-6, 16] at
a = 1.5 for example 1. Figure 19 depicts the absolute error between successive approximations at
a = 1.5 in example 1 which clearly indicates that the obtained solution in example 1 is convergent.
Also, the tabular comparison of results with published work are performed in Tables 1, 3 and 5 at
distinct values of order a. Tables 2, 4 and 6 show that error between successive approximations is
negligible and becomes zero as iterations increase. Hence, it is concluded that the -HASTM work
also for those physical models which have derivatives of arbitrary order and have no exact solution.

Figure 2. Behaviour of solution w(r,t) of Eq. (2) by g-HASTM at a = 2 for Example 2.

AIMS Mathematics Volume 5, Issue 2, 979—-1000.
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Figure 13. n-curves forc = 5,r =5, h = —1,t = 0.2 for Example 3.
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Figure 14. Comparison of solution by -HASTM and methods [1,5] at @ = 1.5 for Example 2.
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Figure 15. Error between successive approximations at ¢ = 1.5 for Example 2.
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Figure 16. Comparison of solution by -HASTM and methods in [3,4] at @ = 1.5 for Example 3.
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Figure 17. Error between successive approximations at ¢ = 1.5 for Example 3.
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Figure 18. Comparison of solution by q-HASTM and methods in [1,3-6,16] at a =
1.5 for Example 1.
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Table 1. Comparison of resultsat ¢ =.1,h=—-1,n=1 at a = 1.5and 2 for Example 1.

r t Solution by Solution by operational ~ Solution by Methods in
qg-HASTM Matrix method [3] [1,4-6, 16]

0.2 1.5 0.0467182 0.0469 0.0467
0.0448067 0.0448 0.0448

0.4 1.5 0.183688 0.1838 0.1837
0.179227 0.1792 0.1792

0.6 1.5 0.410124 0.4100 0.4101
0.40326 0.4032 0.4032

0.8 1.5 0.725746 0.7256 0.7257
0.716907 0.7169 0.7169

1 1.5 1.13039 1.1310 1.1303
1.12017 1.1203 1.1202

Table 2. Absolute error among successive iterations when exact solution is unknown at
c=0.1, h=-1,n=1 atdifferent a for Example 1.

Solution by g-HASTM

rot a=1.5 a=1.75

[Wa-wi| [W3-W)| [Wo-wi| [W3-w3|
0.2 8.59 x 1075 8.77 x 107° 2.66 x 1075 5.46 x 10710
0.4 243 x 1074 1.72 x 1078 8.97 x 10~° 1.54 x 107°
0.6 4.46 x 107* 2.57 x 1078 1.82 x 10™* 2.83 x 107°
0.8 6.87 x 107* 3.42 x 1078 3.02 x 107* 435 % 107°
1 9.61 x 10™* 4.26 x 1078 4.46 x 10~ 6.08 x 107°
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Table 3. Comparison of resultsat ¢ = 5,7 =6,h = —1,n=1 ata= 1.5 and 2 for Example 2.

t a Solution by g-HASTM Solution by methods in [1, 5]
0.2 1.5 12.397642 12.393637
2 12.111344 12.111344
0.4 1.5 19.483525 19.444664
2 18.560015 18.560015
0.6 1.5 27.469770 27.306178
2 25.526848 25.526871
0.8 1.5 36.723342 36.253258
2 33.212233 33.212664
1 1.5 47.895372 46.896428
2 41.851853 41.856135

Table 4. Absolute error among successive iterations when exact solution is unknown at

c=0.1,h=-1,n=1 atdifferent values of a for Example 2.

Solution by g-HASTM

rot a=15 a =175

[wa-wi| [W3-Wa| [wa-wi| [W3-Wa|
0.2 1.08 x 1073 1.78 x 10~° 3.32x107* 1.23x107°
04 1.52x 1073 1.75 x 1075 5.58 x 1074 1.74 x 107°
0.6 1.86 x 1073 1.73 x 107> 7.57 x 1074 2.13 x 10°°
0.8 2.15x 1073 1.74 x 107> 9.40 x 107* 2.46 x 107°
1 2.40 x 1073 1.72 x 1073 1.11x 1073 2.75 x 107°

Table 5. Comparison of resultsat ¢ = 0.1,h = —1,n = 1,a = 2 for Example 3.

r t  Solution by Solution by operational ~ Solution by method
g-HASTM Matrix method [3] in [4]

0.2 0.49301 0.4900 0.4925

0.4 0.69733 0.6910 0.6965

0.6 0.85405 0.8318 0.8531

0.8 0.98618 0.9727 0.9850

1 1.10259 1.1763 1.1013
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Table 6. Absolute error among successive iterations when exact solution is unknown at
¢ =0.1,h=-1,n=1 atdifferent a for Example 3.

Solution by g-HASTM

r t a=1.5 a=1.75

[Wa-w| [W3-w) [Wa-w| [W3-w|
0.2 2.02x 1073 7.80 x 107> 6.10 x 1074 5.24 x 10~¢
0.4 2%x1073 5.36 X 10~° 7.25 x 1074 5.22 x 107°
0.6 1.99 x 1073 433 x 1075 8.02 x 107* 5.21 x 10~©
0.8 1.99 x 1073 3.72 x107° 8.61 x107% 5.20 x 10~©
1 1.98 x 1073 3.31x107° 9.11 x 1073 5.21 x 10~¢

8. Conclusion

In this investigation, -HASTM is effectively applied to solve the time fractional vibration
equation. The outcomes show that the derived results are trustworthy. The simulations shown
confirm great accuracy of gained results. It is found that this scheme is capable of diminishing the
calculation size. The q-HASTM has parameters n, h that manage solution convergence. It is
exciting to observe that the g-HAM works efficiently when coupled with Sumudu transform due to
its ‘unity’ feature. Also, the nonlinear term can easily be handled via Sumudu transform. Hence, it is
concluded that this scheme is accurate, systematic, logical, easy to use and attractive. It can be
applied to study a wide variety of arbitrary order models of physical, biological, medical and social
importance.
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