AIMS Mathematics, 5(2): 923-929.
AIMS Mathematics DOI:10.3934/math.2020063
% : Received: 28 October 2019
o Accepted: 02 January 2020
http://www.aimspress.com/journal/Math Published: 08 January 2020

Research article

On a problem concerning the ring of Nash germs and the Borel mapping

Mourad Berraho*

Department of Mathematics, University Ibn Tofail, Faculty of Sciences, Kenitra, Morocco

* Correspondence: Email: mourad.berraho @uit.ac.ma, b.mourad87 @hotmail.com.

Abstract: We denote by R[[t]] the ring of formal power series with real coefﬁments Let C, 1 € R[[1]]

be a subring. We say that C, has the splitting property if for each f € Ciand AUB = N such that

ANB=0,if f =G+ H where G = Z a,t” and H = a,,t" are formal power series, then G € C1 and
weA wWeB

H € C;. It is well known that the ring of convergent power series R{¢} satisfies the splitting property.

In this paper, we will examine this property for a subring of R{z} and for some local rings containing

strictly R{z}.
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1. Introduction

Let &; denote the ring of germs at the origin in R of C* functions in a neighborhood of 0 € R and

R[[#]] the ring of formal series with real coeflicients. If f € &;, we denote by f € R][[#]] its (infinite)
Taylor expansion at the origin. The mapping & > f — f € R[[¢]] is called the Borel mapping. A
subring C; C &, is called quasianalytic if the restriction of the Borel mapping to C; is injective.
Firstly, we will introduce the notion of the splitting property and we will show that the ring of Nash
germs N does not satisfy this property.
Secondly, we will investigate the Borel mapping for local quasianalytic rings. Recall that the Borel
mapping takes germs at the origin in R of smooth functions to the sequence of the iterated partial
derivatives at 0. It is a classical result due to Carleman [1, 2] that the Borel mapping restricted to the
germs at 0 of functions in a quasianalytic Denjoy-Carleman classes is never onto.
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2. Problem of splitting property over the ring of Nash germs.

Definition 2.1. Let C;, C &, be a quasianalytic ring. We say that C; has the splitting property, if for
each f € C; such that f = @1 + @, Where ¢; = Z a,t", ¢, = Z a, " and N = AU B, AN B = 0, there

neA neB

exist 1, ¥, € C, with iy = ¢y, fn = ¢y and f = ¢y + Y.

Example 2.2. Let R{t} denote the ring of convergent power series. The quasianalytic ring R{t} has
the splitting property.
Indeed, if f = Z a,t" and f = @1 + ¢, where ¢ = Z a,t" and ¢, = Z a,t" such that A and B form

neN neA neB
a partition of N. If A or B are finite sets, the result is evident. Now let us assume that A and B both are

infinite sets, we know that the radius of convergence of the power series f is equal to
1
, but since

. 1 . 1 - q: 1
lim sup, ., (la,))""" Hm Sup,,cs oo ()"~ Limsup, ., (la,)""
also a convergent power series, and so does ;.

> 0, we deduce that ¢, is

Let N1 € R{t} be the ring of Nash germs. f € Nj, if f is analytic and algebraic over the ring of
polynomials with real coefficients.

Proposition 2.3. The ring N, does not have the splitting property.

Proof. The germ at 0 € R of the function ] — 1, 1[3 x Z x"isin Nj.
n=0
Let ¢ : N — N be a strictly increasing function such that ¢(IN) is
strictly contained in N and

1
lim 20D _ ()
e pn) iy
See the following remark for the condition ().

Consider the following function

(o)

1= 1,1[3 x> s(x) = Zx“’(”).
n=0
The result follows from the following lemma. O

[Se]

Lemma 2.4. The series s(x) = Zx‘p(”) is transcendental over R(x), where R(x) is the field of
n=0
fractions of the ring R[x].

Proof of the lemma 2.4. We follow the proof given in [3], page 220.
Suppose that the series s(x) is a root of a polynomial P(7) of degree ¢, so
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P(T) = ap(x) + ai(x)T + ... + a,(x)T9, with a; € R[x]. We can suppose that the polynomial P(T) is
irreducible over R(x).
Let d € N be the maximum of the degrees of the polynomials a;(x).

By the condition (x), there exists n € N such that
n>dand p(n+1) > (g + Den),

We set
p(x) =14+ x%D 4 x#D ¢ 4 x¥0,

The series s(x) — p(x) is a root of the polynomial G(T') = P(T + p(x)). We set
G(T) = bo(x) + b1 ()T + ... + by(x)T*
where by(x) = ap(x) + a;(x)p(x) + ... + a,(x)p(x)?.
We have the following bound of the degrees, denoted by d°h(x), of the polynomial by(x).
d°bo(x) < d + qp(n) < n+ qen) < pn)(g+1) < en+1).
We used the fact that n < ¢(n).

Since G(T) is irreducible, the polynomial by(x) is not the zero polynomial.
We have the following relation

bo(x) + by (x)(x*® — 1 + Z D) 4+

Jj=n+1

b () — 1 + Z x#Dy

j=n+1

G(s(x) = p(x))

= 0.

Since d°by(x) < ¢(n + 1), we see that by is the zero polynomial, which is a contradiction, hence the
series s(x) is not algebraic, which proves the lemma.
O

Here is an example of a function that can be taken for ¢ : N — N,

p(n) =n!.

The following remark will not be used later. It is given just to see that the condition (*) can be
improved in order to give other examples of functions ¢ : N — N which will enable us to construct

other transcendental series from the series Z a,x".
n=0
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Remark 2.1. Let ¢ : N — N be an increasing function. The gap theorem of Fabry, see [4], states that

if s(x) = Z x*™ is a complex power series with radius of convergence 1 and
n=0
. p(n)
lim — =

n—-oo n

00, ()

then the unit circle is the natural boundary of the series s(z). In other words at every point on the unit
circle, the series s(z) fails to be analytic.

The Fabry’s theorem is an improvement of Hadamard’s gap theorem where the condition (**) is
replaced by
en+1)

VYn €N,
@(n)

>0 > 1, for some 6.

[

Let ¢ : N — N be an increasing function. The series s(x) = Z x#™ has integer coefficients and its
n=0
radius of convergence is 1. By a result of Fatou, see [5], if s(x) is algebraic over Q(X), we can find a

polynomial P € Q[X],t,0 € N, such that
P(x)
(1—x0)"”

Assume now that the function ¢ : N — N satisfies condition ().

Vx, with |x| < 1.

s(x) =

By Fabry’s theorem, the unit circle is the natural boundary of the series

(o8]

s(x) = Z X7 = PO

= (I —x7y

which is a contradiction, since the only singular points of the series s(x) are the oth roots of unity.
We deduce that the series s(x) is not algebraic over Q(X). By [6], proposition 2, the series s(x) is not
algebraic over R(X).

We give some examples of functions ¢ : N — N which give us transcendental series Z 7™,
n=0
1.Ifd e Nsuch thatd > 1, ¢(n) = d".

2. For each n € N, let ¢(n) denote the nth prime number, recall that ¢(n) ~ nlogn when n — oo.

3. The Borel mapping
Recall that a subring C; C & is called quasianalytic, if the Borel mapping * : C; — R[[f]] is
injective. A famous example of a quasianalytic ring is the ring of Denjoy-Carleman class defined as

follows:
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Let M = (M,),ay be a sequence of positive real numbers which is logarithmically convex (i-e the
sequence M,./M, increases). We denote by D;(M) the ring of elements f of &; for which there exist
a neighborhood 7 of 0 and positive constants ¢ and C (depending on f, but not on n) such that

IF™(x)| < c.C"n!M,,¥n e N,V¥x e I.

We recall by [7, theorem 2] that each germ f in the ring 9;(M) is uniquely determined by the
sequence (f(0)),y if and only if

Z —_—— = 00, (o * %)

So the fact that each element f € D(M) is determined by the values of the sequence ( f(”)(O))nEN
(i-e the quasianalyticity) is deduced just from the condition (* * *) satisfied by the sequence M.

The interested reader will find more information about this in a very readable form in [7].

We know by a result of Carleman [2] that the Borel mapping
N Dy(M) — R[[t]] over a quasianalytic Denjoy-Carleman ring D;(M) is not surjective. We can see
this as a consequence of a result of Bang [8, corollary of theorem III] which says that if a formal power
series has all its coefficients positive and if this power series is the Taylor expansion (at the origin of
R) of an infinitely differentiable function that belongs to a Denjoy-Carleman quasianalytic ring, then
this power series is convergent. Whereas, the proof given in [7] is direct just by using techniques from
Hilbert space.

But the problem is that this fact is difficult to study over an arbitrary quasianalytic subring of the
ring of smooth germs &; because we have no control over the growth of the derivatives of the
functions belonging to such rings, that’s why we will restrict this section to tackle this problem.

By quasianaliticity, we may assume that C, c R[[1]].

Assume that these quasianalytic rings satisfy the following property called the stability under
monomial division:

Let f € C; and f = fg where @ € R[[f]], then ¢ € C;.

Remark 3.1. By the property of the stability under monomial division, the ring C; is a principal
domain as it is a subring of the domain R[[¢]].

Proposition 3.1. If the Borel mapping " : C; — R[[{]] is surjective, then the ring C; satisfies the
splitting property.

Proof. Let f € C; such that f = G + H where the support of G and H are disjoint, so by surjectivity

of " there exists ¢ and 4 in C; such that § = G and h = H. We have then f = (g + /) and by
quasianalyticity we have f = g + h, consequently the ring C; satisfies the splitting property. O

We end this note by giving two criterions that allows us to test the non surjectivity of the Borel
mapping for a quasianalytic ring.
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Proposition 3.2. Suppose that the Borel mapping " : C; — R|[[t]] is surjective, then C; is algebraically
closed in &,.

Proof. Let f € &, such that there exists a polynomial
P(X) = a,(HX" + a,. (DX + ... + ap(t) € C,[X]

with P(f) = 0 and ay, ...,a, € C;.
By the remark 3.1, the ring C;[X] is a unitary factorization domain, we can then suppose that the
discriminant A(P) # 0. Recall that A(P) € C;. We have

ap (NP +a, () + . +a=0. (3.1

Since the Borel mapping * : C; — R[Jf]] is surjective, there exists ¢ € C; such that $ = f By
quasianalyticity and (3.1), we have P(¢) = 0. Suppose that f # ¢, so P(X) = (X — /)X — p)O(X)
where Q € &[X], then fis at least a double root of the polynomial &[,(t)Xp+21,,_1(t)X"7‘1 +...+ap(t) = 0,
so A(P) = 0, which is a contradiction since A(P) € C;, A(P) # 0, hence A(P) # 0. From this we deduce
that f = ¢ € C;. O

We put,
F ={B c &, : Bis aquasianalytic ring, closed under derivation }.

Proposition 3.3. Assume that the ring C; is closed under derivation such that Borel mapping " : C; —
R[[#]] is surjective, then C, is a maximal element (for inclusion) of F.

Proof. Suppose that * : C; — R[[#]] is surjective. We must show that if f € &; such that the algebra
B = Cilf, f, f,...] is quasianalytic, then f € C,;. Note that the algebra B is stable by derivation as

each element of its is written as a polynomial in f, f*, f(”), .... whose coeflicients lie in the ring C;. Let
g € C; such that 2 = £, hence (f = g) = 0, we have then f = g, since f,g € B, which proves the
proposition. m|

Problem : If C, is a maximal element of ¥, does the Borel mapping be surjective?

In case we have a positive response to this problem, we will have built a quasianalytic ring strictly
containing the convergent power series ring and satisfying the splitting property.
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