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1. Introduction

Liquid crystal is classified as an intermediate state of matter between the crystalline solid and the
isotropic fluid state. It flows like a liquid and their molecules are oriented in a crystal like structure,
showing kinematic behavior. Generally, liquid crystals are categorized as nematic, smectic and
cholesteric forms. The nematic form is the most common in hydrodynamic theory of liquid crystal.
The simplest model to study nematic liquid crystals equilibrium phenomena was introduced by
Oseen [34] in 1933 and Frank [11] in 1958. A few years later, Ericksen and Leslie proposed
conservation laws and the hydrodynamics theory of nematic liquid crystals, see [7,8,19].

The evolution of liquid crystal material flow under the influence of velocity field and director field
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is governed by the set of following partial differential equations:
u—vAu+u-Vu+Vp=V-(Vd o Vd),
dy— Ad +u-Vd = |Vd[d,

(1.1)
V-u=0, |d=1,

M(X, 0) = MO(-X)’ d(x’ 0) = d()(.X),

where u : R? x [0,00) — R? denotes the velocity vector field, p : R? x [0,00) — R is the scalar
pressure field, d : R? x [0,00) — S? represents kinematic variable or director field, v is kinematic
viscosity respectively. ug, dy are the initial data and u, satisfies divergence free condition V - uy = 0.
The notation Vd © Vd is 3 x 3 matrix with (i, j)-th entries, given by d;,d - 9;d (1 < i, j < 3).

The system (1.1) is the reduced form of general Ericksen-Leslie system, proposed by Lin [21]
in 1989. The local existence of solutions can be found in [24,40]. For the global well-posedness,
Wang [38] proved the global-in-time existence of strong solutions in the whole space provided that the
initial data are suitably small in BM O space. In 2012, the initial-boundary value problem is considered
by Li and Wang [20] in a bounded smooth domain, where the existence and uniqueness are established
for both the local strong solution with large initial data and the global strong solution with small
initial data. In 2013, Hineman and Wang [14] studied the Cauchy problem and showed that there
exists a unique, global smooth solution with small initial data [|(ug, Vdo)||33). Moreover, the global
solution has monotone decreasing L*-energy for + > 0. In 2015, Liu and Xu [32], by using Fourier
splitting technique and energy method, established the global well-posedness and time decay rates of
the classical solutions with smooth initial data which are of small energy. In the same year, Liu et
al. [28] established the global well-posedness with initial data in critical homogeneous Besov space

BZ%,I(R3) X Bil (R?) and the vertical component of the initial velocity ug may be large, which are further
discussed in [26] and the temporal decay estimates in Besov space are also proved. Recently, Huang et
al. [16] obtained optimal time-decay rates in L'(R?) for r > 1 of global strong solutions to the nematic
liquid crystal flows in R3, provided the initial data has small L3(R3)-norm. For more results on the
asymptotic behavior of solutions, we refer to [5, 6] and the references therein.

However, the system (1.1) can be viewed as Navier-Stokes equations coupling the heat flow of a
harmonic map and the strong solutions of a harmonic map must be blow up at finite time [3], we
cannot expect that (1.1) has a global strong solution with general initial data. Therefore, it is important
to study the mechanism of blow-up for strong or smooth solutions. First, we review some previous
results which related to our main results in this paper. In 2012, Huang and Wang [17] proved the
following BKM criterion

VxueL'(0,T;L°R%), VdeL*(0,T;L°(RY). (1.2)
In 2013, Liu and Zhao [29] established the blow-up criterion in Besov space
ue L™ (0,T;: B (RY)), VdeL”(0.T: Bl (R)), (1.3)

which is improved in [30] by giving the logarithmically blow-up criterion
2

v VulR, + IV,
f — — dt < +o0, (1.4)
0 In(e+IVullgy, +IVdllg, )
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In 2017, BKM criterion in Besov spaces of negative regular index is given by Yuan and Wei in [42],
the authors proved that if

we L7 (0,T; B (RY), VdelL?(0,T: B (RY). (1.5)

then the solution remains smooth after time 7', where w = V X u and r € (0,2). In the same year,
Zhao [46] proved the following blow-up criterion in terms of the horizontal gradient of two horizontal
velocity components and the gradient of liquid crystal molecular orientation field

T
f (V1% +IVdlf, )dt < +oo,  with
0 P e

2
P73

2
+-=2, —<p<oo. (1.6)

where u" = (u;,u,) and V, = (0;,0,). For the blow-up criterion in terms of the pressure, we refer
to [25,27], and the references therein.

Because of nonlinearly, the term |Vd|*d in Eq. (1.1), makes the system more complex. For the
simplification of the model, the term |Vd|*d can be replaced by Ginzburg-Landau function f(d) in
Ericksen terminology, see [7,8]. In particular, Dirichlet energy for director field, d : R? x (0, c0) — §?2

1
E(d) == | |Vddx,
2 R3

is replaced by Ginzburg-Landau energy for d : R* x [0, c0) — R?

2

Then, the reduced system with Ginzburg-Landau approximation is written for (u,d) : R? x (0, 00) —
R3 x R3 as follows:

1 1
Edd) =5 | IVdP + (1 -1dYdx, €>0.
R3 €

u—vAu+u-Vu+Vp=V.(Vd o Vd),

di—Ad+u-Vd =-f(d),
(1.7)
Vou=0, |d<1,

u(x,0) = up(x), d(x,0) = dy(x).

whereas f(d) is defined as f(d) = Eiz(la’l2 — 1)d for some positive constant € > 0.

Next, let us recall some well-posedness results about Ginzburg-Landau approximation system
(1.7). The mathematical analysis was first initiated by Lin and Liu [22] in 1995, they proved the
global existence of weak solution and local in time smooth solution. Moreover, they also proved the
existence and uniqueness of global classical solution when viscosity is large. Later on, Lin and
Liu [23] established the partial regularity of suitable weak solutions, which is a natural generalization
of an earlier work of Caffarelli-Kohn-Nirenberg on the Navier-Stokes system. In 2001, Coutand and
Shkoller [4] showed the local well-posedness of initial-boundary value problem for any regular initial
data. Moreover, they also gave sufficient conditions for the global existence of the solution and some
stability conditions additionally. In 2010, Hu and Wang [15] proved the existence and uniqueness of
global strong solution with smallness assumption on initial data in bounded domain. In 2013, Zhao et
al. [47] proved that when initial data belongs to the critical Besov spaces with negative order, there
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exists a unique local solution, and the solution is globally in time when initial data is small enough.
For more results on the global well-posedness of system (1.7), we refer to [36,37] and the references
therein.

At last, we review some known results about blow-up criterion of the system (1.7). In 2009, Guillén-
Gonzalez et al. [12] proved the following two kinds of blow-up criterion

2p 2q 3
ue L3 (0.T;L°(RY), 3<p<oo, or VueLrs (0,T;LYRY)), S <ase. (1.8)
and blow-up criterion for d
2p 2q 3
Vd e L (0,T; L’ (R*)), 3<p<oo, or AdeLi(0,T;LI(RY)), S<gse. (19)

Later, Fan and Ozawa [9] improved these results in homogenous Besov spaces by showing that
smoothness of solution beyond 7" implies

we I2(0,T: B ((R%), or VueL'(0,T:B (R), (1.10)

which are further refined by

2
ro i
f —= dt < +o0, 0<s<l, (1.11)
0 1+1n(e+lully.)

in paper [10]. In 2014, Zhang [44] gave the following Osgood type regularity criterion for liquid crystal
flow if ;e
S Vu(®)|| -
IS 4 Vu(@®llL it

22g<c0 Jo qlng

9

q
then the smooth solution can be extended beyond time 7', where S, = Z A, Ay denotes the frequency
k=—q
localization operator. Recently, Zhang [43] also proved that if

ue L™ (0,7; B, (RY)), 0<s<l, (1.12)

then the solution remains smooth after time 7'. For the blow-up criterion in terms of one direction of
the velocity, we refer to [31,39,48,49] and references therein.

Motivated by the above mentioned results, in this paper we study the blow-up criterion for Ericksen-
Leslie system (1.1) and Ericksen-Leslie system with Ginzburg-Landau approximation system (1.7) in
both homogenous and nonhomogenous Besov space. In [29] and [42], the authors proved the blow-up
criterions in Besov space with negative regular index. However, there is no evidence shows that the
inequality (2.4) in Lemma 2.3 is still valid in nonhomogenous Besov space at this moment. Hence,
the methods in the references [29,42] can not be used in nonhomogenous Besov space directly when
we consider the regular index is negative. Inspired by work [33], in this paper, we first introduce the
Besov type space Vg with || - ||y, -norm to establish the blow-up criterion of approximation system (1.7)
in nonhomogenous Besov space. It is worth mentioning that when « belongs to (0, 1), the norm || - ||y,
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is weaker than B% ! -norm. Moreover, || - |lv,-norm can also be extended to homogenous Besov space,

then the result in [44] can be improved. On the other hand, we consider Ericksen-Leslie system (1.1)
and establish the blow-up criterion in terms of velocity field and director field, which extend the result
in [45] to liquid crystal equations and improve the blow-up criterion (1.5) in [42].

The rest of this paper is organized as follows. In section 2, we introduce some preliminaries and
state our main results for Ginzburg-Landau approximation equations. In section 3, we give the proofs
of Theorem 2.1 in nonhomogeneous Besov space and Theorem 2.2 in homogenous Besov space,
respectively. Finally, in section 4, we establish the blow-up criterion for Ericksen-Leslie model which
extend some previous results.

2. Preliminaries and main results

Before presenting our results, we introduce some function spaces and some notations, see [1] and
[35]. First, we are going to recall some basic facts on Littlewood-Paley theory. Let S(R*) be the
Schwartz class of rapidly decreasing functions. Given f € S, its Fourier transform ¥ f = f is defined
by

f& = @n? f ¥ F(E)d.

R3
Choose two nonnegative radial functions y and ¢ ,valued in the interval [0,1], supported in
B={{eR &< 3),C={£eR’, 3 <€ <3}, respectively, such that

XO+ ) Q7 =1, VEeR,

j>0
D279 =1, VEeR\ (o)
JEZ

Leth=F"l¢ and h = F~! - The nonhomogeneous dyadic blocks A; are defined by

Aj=0 if j<-=2, Aju=xDu= f h(y)u(x — y)dy,
]R3

and

Aju= (27 Dyu = 2% f hQ2y)u(x —y)ydy if j>0.
R3

The nonhomogeneous low-frequency cut-off operator S ; is defined by

Su=xQ2 /Dy = Z At
k<j-1

The homogenous dyadic blocks A ; and the homogeneous low-frequency cut-off operators S j are
defined for all j € Z by

A= o@D =2 [ @iyt - vy
R3

S ju=xQ2'Dyu=2% f hQIy)u(x — y)dy.

R
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Formally, A; is a frequency projection to the annulus{|¢| ~ 2/}, and S ; is a frequency projection to the
ball {|£] < 2/}. Then, from Littlewood-Paley’s decomposition implies that

w=Aqu+ Y Au and u= ) Au. @2.1)
=0

JEZ
Let s € R, 1 < p,q < co. The nonhomogenous Besov space B, , is defined by
B,,=lue S'(RY); llull;,, < +oo},

where

(o] 1

. q
2M||Aju||g), for g < +oo,
sy, =

sup 27| jull s, for g = +oo.
-1

The homogenous Besov space B;,q is defined by
B, = {u € S,(R):llully;, < +oo},

where 1

2fsq||A,-u||gp), for g < +oo,
lully, =52

sup 2”°|A jull L, for g = +oo.
JEZ

Next we introduce the modified nonhomogenous space of Besov type which is derived from the
reference [33].

Definition 2.1. We denote the space by Ve, it consists of all tempered distributions u such that {u €
S'(R?); l|lully, < oo} and it’s norm defined by

ol
T ey
where || - || denotes the L™ (R?)-norm, and ® is a nondecreasing function on [1, o).

Next, we present the well-known commutator estimate which will be used in the energy estimate.
The details can be found in [18] for example.

Lemma 2.1. Suppose that s > 0 and p € (1, 00). Let f, g be two smooth functions such that V f € LP',
ASf € L, N 'g € L and g € L, then there exist a constant C independent of f and g such that

LAY, f1gllr < CUV fllen 1A gllze + IIA° fllzesllgllzes ), (2.2)
where A = (—A)%, P2, P3 € (1, 00) such that
1 1 1 1 1
—_— = — 4 — = — + —,
P Pr P2 PpP3 P4

here [A°, flg = A°(fg) — fA’g.
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In order to prove our results, we will use the following fractional version of the Gagliardo-Nirenberg
inequality which is due to Brezis-Mironescu [2] and Hajaiej-Molinet-Ozawa-Wang [13].

Lemma 2.2. Let 1 < p,q,r <o, 0<60< 1ands,s, €R. Assume that u € C*(R?), Then
IA*ully < Cllull 1A ullf,, (2.3)

where

p n q

We now present a generalization of the refined Sobolev embedding stated in [1].

1 s 1-6 I s
Ol———|, s<6bs;.
ron

Lemma 2.3. Let 1 < p < co and r be a positive real number. Then there exists a constant C such that

D

11l < Cllfllgfmllflle-qﬁq, B = r(a - ) and 6= —. (2.4)

4
p
In particular, for ¢ = 2 and p = 3, we have

3 1-6 2 .
IAR: < CUAIE IfIR,.  with r>0.

The following logarithmic Sobolev inequality which plays an important role in the control of the
L*-norm of velocity u.

Lemma 2.4. Let m > % then there exists C depending only on m, p and ® such that
el o 53y < C(1 + llullve ®og(llullzm + €))), (2.5)

for all u € H™"(R?).

Proof. First, by using Littlewood-Paley theory, we decompose the function into low and high
frequencies. More precisely, we write

u(x) = u(x) + up(x), (2.6)

where N
u(x) = Z Au and  wy(x) = Z Aju,
j=-1 >N
and the integer N will be determined later.
For the high frequency part u;,(x), we can show that

eyl < D MAjulle < € D27 pull gy < €27V ], 27

Jj>N Jj>N

for j > 0and m > % , where we have used the following Bernstein estimate

N

o0

b

gL _ 1 .
IAully < C2F 2 Al for  j>0, 1< pi<ps
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and the space embedding relationship W*? < B, axp) > Bpoo SCC [41].
From definition 2.1, we have
(D)l < OCN)I[ully- (2.8)

Taking (2.6), (2.7) and (2.8) into consideration, we get
lu()llee < C (27(m73/2)N||u”H”’ + ®(N)||M||v@)- 2.9)

If we take N = [%] + 1, where [ - ] denotes Gauss symbol, then we have the desired estimate

(2.5). O

Remark 2.1. In this paper, we consider the case O(N) = 2179V 0 < a < 1, m = 2, then from
inequalities (2.5) and (2.9), we have

2(1-a)
Il s < € + Clll oy + €] (2.10)

Now, we state our main results in the framework of nonhomogenous Besov space.

Theorem 2.1. Let the initial data (uy, do) € H'(R?) x H*(R?) with V - ug = 0 and the pair (u, d) be the
weak solution to the nematic liquid crystal flows (1.7) on time [0, T™) for some 0 < T* < +oco. If there
exists a positive constant M such that

4

T*
3
f lullf dr < M < 400, 3 <a<l, (2.11)
0

then (u,d) can be extended beyond T".

Remark 2.2. Here the norm || - ||y, is weaker than B‘;fjo-norm, for 0 < a < 1, since the following
equivalent norm

C sy, < [|(27°08 jull) || < C(l v é) il (2.12)

il
holds for some constant C provided s < 0, see [1].
Remark 2.3. When we take ®(N) = 219V 0 < @ < 1, then the following inequality holds

IZ5 Al CIEE Al CIZ 1 Ajulls
< <
S(-a)N Nlog N N+1

< Cllully,_.

for N > 2. We should point out that Theorem 2.1 can also be applied to homogenous Besov space, as
a consequence, we improve the result given by Zhang et.al. in reference [44].

For the homogenous case, we have the following result.

Theorem 2.2. Let the initial data (uy, dy) € H'(R*) x H*(R*) with V - uy = 0 and the pair (u, d) be the
weak solution to the nematic liquid crystal flows (1.7) on time [0, T™) for some 0 < T* < +oo. If there
exists a positive constant M such that

T ,
f ||Vu(t)||?_j dt <M < 400, 0<r<2, (2.13)
0 oo
then (u,d) is smooth up to time t = T".
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Remark 2.4. When the macroscopic average of the nematic liquid crystal orientation d is a constant,
the nematic liquid crystal flow reduces to the incompressible Navier-Stokes equations, the result proved
in [45] is a straightforward consequence of Theorem 2.2.

Noticing the fact ||Vu()|| By < Cllu()| Blz,» We have the following corollary.

Corollary 2.1. Assume that the initial data (uy, dy) € H'(R*) x H*(R3) with V - ug = 0. Let (u,d) be a
local weak solution of the system (1.7). Suppose that

pl—r
B

-~
f DI dt < M < +00, 0<r<2, (2.14)
0

then the solution (u,d) can be extended past time T".

Remark 2.5. If we take s = 1 — r in (2.14), then the regular index of blow-up criterion (1.12) in [43]
can be extended to —1 < s < 1.

3. Blow-up criterion for Ginzburg-Landau approximation system
In this section we prove Theorem 2.1 and Theorem 2.2. Suppose T is the maximal time of the
existence for the local solution (see [22]), then global in time weak solution exists under assumptions

of (2.11) and (2.13), respectively.

3.1. Proof of Theorem 2.1.

Proof. First, in order to get L? energy estimate, multiplying the first equation of (1.7) by u, we have
1d 5 )
> M@l + IVu@ll, == | V- (VdoVd)-udx
2 dt R3

1
= _f (—V(|Vd|2)+Ad-Vd)-udx
R3

2
= —f (Ad -Vd) - udx, (3.1
R3
similarly, multiplying the second equation of (1.7) by (-Ad + f(d)), we get
d (1l T 2
7 EIIVdIILz + ZIIdIIL4 +[I(Ad = f()II> = RS(u -V)d - Ad dx, (3.2)

adding (3.1) and (3.2) together, we obtain

T
(I, + IV, + f (IIVM(I)IIZ +|(Ad - f(d))lliz)dt <C. (3.3)
0

Next, applying V on the first equation of (1.7), multiplying the resulting equation by Vu and using
integration by parts, we get

1d 2 2 AR
EE(”V”U)”LZ + IVou@)ll;»
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w

3

V(u-Vu)Vudx — f VV-(Vd o Vd))Vudx
R

w

5

8kuj8ju,~8kui dx — f aiajﬁldké)jdkalui dx
R3
- f Giajdkaj(')ldkalu,- dx — f 8i61dk8j(')jdk61u,- dx
R3 R3
- f 6,-dk8j6j81dk(91u,- dx, (34)
R3
here and in what follows we adopt the Einstein convention summation over repeated indices.
Then, applying V2 on the second equation of (1.7), multiplying the resulting equation by V?d and
using integration by parts, we get
1d
EE(IIVZd(t)IIiz + V@)l
=— f V(- Vd)V’d dx - f V2 f(d)V?d dx
R3 R3
ES f 8j(')lui8idk8j61dk dx — f 81u,-8i(')jdk6jc')ldk dx
R3 R3
- f 6ju,-6,-(91dk8j(91dk dx — f u,-&,-aj(?ldkajaldk dx
R3 R3
- f 0,0,f(d) - 0;0,d dx. (3.5
R3
Combining (3.4) and (3.5) together, integrating by parts and using divergence free condition, we get
1d
§d_t(||V”(’)||iz +[IV2d@)I7) + IV u@)ll7, + IV dOI7.
= - f Bkujajuiakui dx — f (9,~(9,dk(9j8jdk8,u,~ dx
R3 R3

- f ajuiaialdkajaldk dx — f ajalf(d) . aja]d dx
RS R3
=L+L+5L+1. (3.6)
Then the terms 1y, I», I3, I, on the right-hand side of Eq. (3.6) can be estimated as
11 = —f 6kuj6jui6ku,~ dx = f 8kujui6j6kui dx
R3 R3
< Nlull = IVull 21V ull 2, (3.7)

where, we have used divergence free property and integration by parts.
L+ = —f ﬁialdkﬁj[)jdk(')lui dx — ﬁjuiﬁialdk(?j@ldk dx
R3 R3

= f (0:0101d40,0 . + 0,01dv;0;0,dy ) u; dx

R3
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+ f ; (0:0,01d40,01dly + 0,0,d40,;0,0,dy ) dx
R3
< lull = IV2dll 2V dl 2. (3.8)

The term 14, can be estimated as
I =- f 0,0,f(d) - 8;0,d dx = f 0, (1didy. — di) 0,0,0,dydx
R3 R3

< f (|d|2|Vd||V3d| + |Vd||V3d|)dx

R3
< V|| 21IV°dll2
<4lIVd|l;, + C, (3.9)

where we have used the fact |d| < 1 and (3.3).
Taking (3.6)—(3.9) into consideration, which together with Lemma 2.4, we have

ST (||Vu<r>|| + V%)) + IVu@IF, + IV°d (@),

< Cllulles (IVell211Vullz2 + IVdll 211Vdll ) + €

< C(1+ llullvg (lalle + &) =) (IVull2 192 + 19l 21V di2) + €
< C (1 + llullve) llall?s ™ (IVall 21V ull 2 + IVl 211Vl 2) + €

3 3
< C (1 +lullye) Null35 ™ (||v2u||2 + ||v3d||zz) +C
8(1
(||u|| TRV + ] IV ) O+ lully,) ™
8 (Il + ldI2s) + € (1 + llullyy) = (3.10)

for any 6 > 0, 3 7 < @ < 1, where in the fourth inequality we have used the following Gagliardo-
Nirenberg inequality

1 1
L
IVallz> < CllullLIVull,

Then integrating inequality (3.10) over time (0, 7") and by condition (2.11), we obtain

sup IVu@)II7, + IV d@)II7, + f IVu@)II7, + IV d()II7,dr < (3.11)
t€[0,T]
This completes the proof of theorem 2.1. O

3.2. Proof of Theorem 2.2.
Proof. From the proof of Theorem 2.1 and Lemma 2.3, I;(i = 1,2, 3,4) can be estimated as

I, = —f ;0 ;u:0u; dx < ||Vl
R3

2
< H—r r
< CIVully, IIVull,
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2— 2
< ClIVul gz IVull 2 IV ull

< O||IV2ull; + C||Vu||2 ’ ||Vu||L2, (3.12)
and
L+ =- L3 0,0,d,0;0 jdi0ju; dx — L3 0u;0;0,d,.0 ;0,dy dx
< IVull IVl
< ClIVull2lldll=[IVdll 2
< o|IV?d|l7, + ClIVull3,, (3.13)
where we have used the Gagliardo-Nirenberg inequality [|V>d]|?, < Clld|| ||V d]|>.
Similarly,
I = fR Af(d)- Addx < §|IV*d|;, + C. (3.14)
Plugging (3.12)—(3.14) into (3.6) we have
%%(IIVu(t)IIZz + VA7) + IV u@)ll7, + IV @)l
<C (||VM||% 1) (Il + 19%dI%) (3.15)
from which, by using Gronwall’s inequality and condition (2.13) we have
zes[lé% IVu@)ll7. + IV d@)II7, + fOT IVu@l, + IV d(0)II7.dr < (3.16)
This completes the proof of Theorem 2.2. m|

4. Blow-up Criterion for Ericksen-Leslie system
In this section, we give some blow-up criterions for Ericksen-Leslie model. The local existence of
the classical solution to the system (1.1) satisfying (see [40] for example)
ue C(0,7 H* (R, R)) n C' (0,7 H* (R, R)),
deC(0,T" H' R, )N C' (0, 1" H (R*,§7)).

Let T* is the maximal time of the existence for the local solution, then by standard continuation
argument and under the assumption of (4.1), global in time solution is obtained.

Theorem 4.1. Let the initial data (uy, dy) € H>(R?) x H*(R3) with V - uy = 0 and the pair (u,d) be
the smooth solution to the nematic liquid crystal flows (1.1) on time [0, T*) for some 0 < T* < +oco. If
there exists a positive constant M such that

r 2 2
f (lqu(t)II;‘_’ + IIVzd(t)IIZ" )dt <M< 400, 0<r<?2, 4.1
0 00,00
then (u,d) is smooth up to time t = T".
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Remark 4.1. Under the divergence free condition and |V*d(®)|| B S C|\Vd(@)|| B from (4.1), we
have the following blow-up criterion

T*
f (||w(t)||§: IV )dt <M<+, 0<r<2, 42)
i .

BSs
where w =V X u, this improves the result (1.5) in [42].
Combining the proof of Theorem 2.1 and Theorem 4.1, we have the following corollary:

Corollary 4.1. Assume that the initial data (uy, dy) € H>(R*) x H*(R®) with V - uy = 0. Let (u,d) be a
local smooth solution of the system (1.1). Suppose that

4

.
f (||u(z)||;f;-3 L IVdIE )dt < M < +oo, 4.3)
0

BYL,
where % <a < 1,0<r<?2,then the solution (u,d) can be extended past time T".

4.1. Proof of Theorem 4.1.

Proof. (L? estimate). First, from Eq. (3.1) we have

1d
= — @I}, + IVu@)ll7, = —f (Ad - Vd) - udx. (4.4)
2 dt R3
Next, multiplying both sides of the second equation of (1.1) by —Ad and integrating over R?, we get
1d
——IIVa’lli2 + ||Ad||i2 = | (u-Vyd-Addx - \Vd|*d - Ad dx
2 dt R3 R3
= | (u-Vyd-Addx - d - Ad|* dx
R3 R3
< f (u-Vyd-Addx + |Ad|? dx, 4.5)
R3 R3

where we have used the facts |d| = 1 and |Vd|* = —d - Ad.
Then adding (4.4) and (4.5) together, we obtain

T
(I, +11Vdll,> + f IVu()lI7dt < C. (4.6)
0

(Lower-order estimate). Applying V on first equation of (1.1) and multiplying the resulting equation
by Vu. Using divergence free property and integration by parts we have

2=

1d
EEIIVM(I)IEQ +IVu@ll;, = - f V(u - Vu)Vudx - f V(V - (Vd © Vd))Vu dx. 4.7)
R3 R3

Applying V? on second equation of (1.1), multiplying the resulting equation with V?d, integrating by
parts we obtain

> -

1d
Ezt||v2d(t)||§2+||V3d(t)||2 - f VA (u - Vd)Vd dx — f VA(IVdld)V*d dx. (4.8)
R3 R3
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Adding (4.7) and (4.8) together we get
1d
EE(IIVu(t)IIiz +IV2d@I7.) + IV u@)Il;, + [IVd(@)I]7

= —f V(u-Vu)Vudx — f V(V - (Vd o Vd))Vudx

R R

- f VZ(u-Vd)V*ddx - f V2(|Vd|*d)V*d dx
R3 R3
=J; +J2+J3+J4,

where

Ji=- f V(u - Vu)Vudx < 8||V2ull; + cnwnf_; IVull;
R3 00,00

L2 B
and

Jy = —f V(V-(Vd ©Vd))Vudx
R3
< ClIVd|ls|IV2dl IV ull

1 ) 3 )
< Clld|l L 1IVdll 11V ull2
< SlIV2ully, + C@OIVIl,

2
< SlIVully, + 81V dI; + COIIVZdIL IVl

12°

where in the second inequality we have used the following Gagliardo-Nirenberg inequality
1 1
IVdllzs < ClidllZ1V2d]| 2.

The term J3, is estimated as

Jy=— f V2(u - Vd)V*d dx
R3
< IV2ull 21Vl sVl s + IV ull IVl
1 3
< IIdIIzwllvde;||V2u||Lz

2(2-r)

1 2-r r 2 ( 2r
3 3 2 .13 2 13 2 3.3
+IVull,, IVl IVl LIVEAL, 1IV7N V7,

V2P V24P v % V3d%
< OIIVoully, + CONVAdll; + 6 ([IVull L1V dll,

2 2 4

4
302- 3 2 3(2- 2 113
+ ClIVull = IVull LIV V=],

2 2
< 5 (IIVally, + IV*dIl}.) + C(6) (||Vu||;;;m +vd| ;;;m)(uwuiz +IVdl}),
and

Jy=-— f V2(|\Vd|*d)V*d dx
R3

4.9)

(4.10)

(4.11)

(4.12)
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< C(IIVzdllia + IVl l1Vdl| 2 Vel 2 + IIVd||26IIV2dIIi3)
< 8|IV3dIl2, + CO)IV3L,
2
< IV2dll7, + 6lIVdll; + COIIVIL, IV (4.13)

LZ’
Plugging (4.10)—(4.13) into (4.9) we get

1d
EE(IIVM(I)H%Z + VA1) + IV u@)ll7, + IV d@)Il7,

2 2

< C(IVally + IVl ) (19ulfs + IV2dIE), (4.14)

by using Gronwall’s inequality and condition (4.1) we have

T
sup [[Vu)ll7, + IV d@)II7, + f IVu@)ll7, + IV d(@)lI7,dt < C. (4.15)
0

L
t€[0,T]

(Higher-order estimate). For the completeness of our proof, we obtain the higher-order estimates,
which can be found in [29]. Applying V* on the first equation of (1.1), taking inner product with V3u
and integration over domain R*. After integrating by parts we obtain

1d
EEIIV%O)II@ + V¥ U,
= —f V3(u - Vu) - V3udx—f V3(Ad - Vd) - V3d dx
R3 R3
=K + K>. (416)

Now, we estimate K;(i = 1,2) one by one, by using commutator estimate we have

K :—f V3(u-Vu)-V3udx=—f [V3,u-Vu-Vudx
R3 R3

<NV, u - Viull 31V2ulls
< C(IVullpo 19%ulls + 1V ull 1Vl ) [Vl
< ClIVull 192wl

3 1odaid St
< CIVUlL IV ull IVl LIV 4ull,

1 1
< CIVUll V4 ull
<OIVHully, + COIVull)s 4.17)

120

and
K, = —f V3(Ad - Vd) - V3d dx
R3

< SlIVHully, + C(6) f IV*(Ad - Vd)I* dx
R3
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3

< SIV*ul, + C(6) f (IV*dPIVdl® + |V*dPIV?dP) dx
R
< SIVHull7, + C(6) (||V4d||i3IIlelis + IIVzdIIi4IIV3dIIi4)
7 5 19 5
swwm@+cwmmwywwmfwmwywwmﬂ

38
< 8|V, + olIV7dI2, + C(6) (IIAa’Ilfz1 +[|Ad]|] ) (4.18)

12

where we have used Young’s inequality and the following Gagliardo-Nirenberg inequalities

V2 A % VS %
IVedlls < ClIAd]I,L1IVd|]

L2’
3 5 5 1
IV3dll,+ < CIAIE IV,
1 3
IV¥dll> < CllAdIE IV d],.

Next, applying V* on the second equation of (1.1) and taking inner product with V*d we have

1d

EEIIV“d(t)IIiz + IV d@)Il7

=- f Viu-Vd) - Viddx + f VHdIVdI) - V*d dx

R3 R3

= K3+ Ky, (4.19)

the right-hand side of above equality can be estimate as

K; = f [V*u - Vd) - (u-V)V] - V¥d dx
R3

< CIIVH(u - Vd) = (- V)Vl 3 IVl
< CIVdllslIVull 21Vl + ClIVull IVl 2 1Vl
< SlIVHull7, + C(6) (IIAdIIizIIV4dIIis + ”VMHLZ||V5d”L2”V4dHL3)

1 3 1 11
< SIVHullZ, + C(6) (IIAdllizIIAdIIZZIIVSdIIZZ + ”VMHLZ||Ad||22”V5d“L62)
< SIV*ull7, + 61IV2dllz, + C(6) ((||Ad||‘L;‘ +IVull7s + IIAdII‘Zz), (4.20)

where we have used the divergence free condition and Lemma 2.1. The second term is estimated as
Ky = f vV (IVdl*d) - Vid dx = — f V3 (IVdPd) - Vd dx
R3 R3
= - f (V2(VdP)d - V°d + 3V*(VdP)Vd - Vd + 3V(IVd)V’d - V'd) dx
R3

- f \Vd|*V3d - V°d dx
R3

< CIIV°dlle (”lelL5||V4d||L3 +IV2dl| IV dll s + VA NIV3dll s + ”Vd“Lﬁ”Vzd”is)
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1 5 7 2
< CIV%dl;: (||Ad||zz||v5d||zz + ||Ad||zz||v5d||;)

1
< ZIIVSdIIiZ + ClIAd||;3
< 8|IV2ullz, + C(S)IIV>dll,5. 4.21)

By combining (4.17)—(4.21) with (4.16) and integration over time [0, T'], we have
T
IV u@)l;. + V@17, + f IV*u(@)|l7. + IV d(®)|I}.dr < C. (4.22)
0

This completes the proof of Theorem 4.1. O
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