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1. Introduction

Let X be the class of meromorphic univalent functions in the domain A = {z € C: 1 < |z] < oo} of
the form

— b
7)=27+by+ =, 1.1
f@ 0 Zl - (1.1)
Since f € X is univalent, it has an inverse f~!, that satisfy

{f@)=z (zeN)

and
FF'w)=w (M <|w| <oo, M>0).

A simple calculation shows that the function g := f~! is given by

gw) = w+Bo+ ) = (1.2)

bl b2 + bObl b3 + 2b0b1 + bgbl + b%
= Wby 2L 2T 3 ;
w w w
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Analogous to the bi-univalent analytic functions, a function f € X is said to be meromorphic bi-
univalent if f~! € . We denote the family of all meromorphic bi-univalent functions by Ms. Estimates
on the coefficients of meromorphic univalent functions were widely investigated in theliterature, for
example; Schiffer [18] obtained the estimate|b,| < 2/3 for meromorphic univalent functions f € X with
by = 0 and Duren [6] proved that |b,| < 2/(n + 1) for f € £ with b, = 0 for 1 < k < n/2. For the
coefficient of the inverse of meromorphic univalent functions Springer [20] proved that

1
|B;) <1 and |Bs + =Bj| <

1
2 2

and conjectured that

In 1977, Kubota [13] has proved that the Springer’s conjecture is true for n = 3,4,5 and
subsequently Schober [19] obtained a sharp bounds for the coefficients B,,_;, | < n < 7. Recently,
Kapoor and Mishra [12] found the coefficient estimates for a class consisting of inverses of
meromorphic starlike univalent functions of order @ in A.

For a brief history and interesting examples of functions which are in (or are not in) the class Ms,
including various properties of such functions we refer the reader to the work of Hamidi et al. [9,10] and
references therein. Bounds for the first few coeflicients of various subclasses of bi-univalent functions
were obtained by a variety of authors including [4, 8, 11, 15, 16, 22]. Not much was known about
the bounds of the general coefficients b,;n > 1 of subclasses of My up until the publication of the
article [9, 10] by Hamidi, Halim and Jahangiri and followed by a number of related publications (see
[5,14,21]). In this paper, we apply the Faber polynomial expansions to certain subclass of bi-univalent
functions and obtain bounds for their n —th; (n > 1) coefficients subject to a given gap series condition.

2. Coefficient estimates

An analytic function f is subordinate to an analytic function g, written by f < g, provided that
there is an analytic function w defined on D ={z € C : |z| < 1} with w(0) = 0 and |w(z)| < 1 satisfying
f(@) = gw(2)).

In the sequel, it is assumed that ¢ is an analytic function with positive real part in the unit disk D,
satisfying ¢(0) = 1, ¢’(0) > 0, and ¢(D) is symmetric with respect to the real axis. Such a function is
known to be typically real with the series expansion ¢(z) = 1 + Bz + Byz*> + B3z> + ... where B, B, are
real and By > 0. We define the following comprehensive class of meromorphic functions:

Definition 2.1. For 0 < A < 1 and y € C\ {0}, a function f € X given by (1.1) is said to be in the class
Ms(4,v; @) if the following conditions are satisfied:

1 2f@+2f"@) )
+7(/1Zf’(z)+(1—/1)f(z) )=
and [ wg o) + Anle”(w)
wg'(w) + Awg" (w
?(ﬂwgf(w) (1= Dgw) 1) g

where z,w € A and the function g is given by (1.2).
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A function f € Ms(4,; ) is said the be generalized meromorphic bi-subordinate of complex order
v and type A.

By suitably specializing the parameters A, y and the function ¢, we state new subclass of
meromorphic bi-univalent functions as illustrated in the following examples.

(1) Ms (0, 1;¢)) = Ms(gp) is class of meromorphic Ma-Minda bi-starlike functions,

2) Ms(0,1;(1 + Az).7(1 + Bz)) = Ms[A,B] (-1 < B < A < 1) is class of meromorphic Janowski
bi-starlike functions,

(3) Mz(0,(1=B)e ™ cos d; (1+2)./(1-2)) = Z*[6,8] (6] < n/2, 0 < B < 1) is class of meromorphic
bi- ¢-spirallike functions of order 5,

(4) Ms(0,1; 1+(1-28)z)./(1-2)) = Z*(B) (0 < B < 1) is class of meromorphic bi-starlike functions
of order 3,

(5) Ms(0, 1; (1 + z).7(1 — z)) = X* is class of meromorphic bi-starlike functions,

(6) My (0, 1; (i—z)ﬁ) = X, is class of meromorphic strongly bi-starlike functions of order g,

(7) Ms(0,y; (1+2)./(1—-2z)) = S*[y] is class of meromorphic bi-starlike functions of complex order.

In the following theorem, we use the Faber polynomials introduced by Faber [7] to obtain a bound

for the general coefficients |b,| of the bi-univalent functions in Mgz (4,7;¢) subject to a gap series
condition.

Theorem 2.1. Let f € X given by (1.1) in the class Ms(A,y;¢). If, b,,=0, 1 <m < n — 1 for n being
odd or if b,,=0, 0 <m < n — 1 for n being even, then

Ib,| < lyl Bi
"Tm+D|Il-An+ 1

(n>1).

Proof. 1f we write A(f(z)) = Azf"(z) + (1 — ) f(z), then

N (f@) 1) < 0@
A(f(2))
wA'(g(w))
A(g(w))
Also, for the function f (z) = z+bo+ 2, lz’—,’,’ we have A(f(2)) = z+2,2o an.z" where a, = (1-A(n+1))b,.
Now, an application of Faber polynomial expansion to the power series Ms(4,y; ¢) (e.g., see [2]
or [3, equation (1.6)]) yields

1
f e Ms(v;p) © 1+;(

1
g = [eMy;0) & 1+—(

- 1) < o(w).
Y

1 (zA'(f(2) ) l — 1
l+—-|———=-1|=1+ - F,.(ag,a1,a0,- - ,a,) — 2.1
y(A(f(Z)) 72;4 w1 (@, a1, ) i 2.1)
where F,. (ag,ay,a,,- - ,a,) is a Faber polynomial of degree n + 1, i.e.,
Fn(a()aal’az"" 9an—1): Z A(ilaiZa"' ’in)(aé)lailz"'azlfl)

i1+2ip+-+niy=n

and ) ) )
Alinyizy oo i) 1= (i (L3 RE 3 2 D
1) B stn) «— .

il !
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The first few terms of F,.; (ag, a1, as, -+ ,a,) are
Fi(ap) = -—ao,
2
Fy(ag,a)) = ay—2ay,
Fs(ap,ai,ay) = —ag+3apa; — 3a,
Filag,ai,a,a3) = aé - 4a3a1 + dapa, + Za% —4as,

Fs(ap, a1, az,as3,as)

By the same token, the coefficients of the inverse map g=f'may be expressed by
W) =" (w)=w — by — i Ly iﬁ L
8 - - 0 £ n n+1wn_ - an
where

1
K", nby'b +n(n - 1)b3_2b2+§n(n — 1)(n=2)b}(bs + bf)
+n(n - 1D(n-2)(n-3)

3!

by (bs + 3b,bo) + ) BV
25
and V; for 5 < j < nis a homogeneous polynomial in the variables by, b, ..., b,.
The first few terms of K7, | are

K, = by,

K; = 2(bob, + by),

K] = 3(byb,+2bobs + b3 + b}),

K¢ = 4(byb,+3b5by+3bo(bs + b7)+bs + 3b1by).

Obviously,

1

Wn+l

L1 (wA'(g(w)) )

100
1|=14+—-) F,(Ay, A, A, A,
7\ "AG) ) YZ; P A

—ag + Sagal - Sa(ZJaz -5 (a% - 613)610 + S5a,a, — 5ay.

(2.2)

where A, = (1 — A(n + 1))B8,. Since, the function f in the class Ms(4,; ), by the definition of

c

subordination, there exist two Schwarz functions u(z)=< + 2 + ... + 2 + ..., [u(z)] < 1,z € A and
Z Z Zz

vow) =L 4 24 Dy ly(w) < 1, w € A, so that
w wr w

1 (zA(f(2))
S RLRVACIZ A
* y( @)

and

1 (wA'(g(w)) .
¥\ Agw)

) =p(v(w)) =1+ By Z K;1 (di,dy, ...,d,, By, B,
n=1

= 1
) = SO(M(Z)) = 1 + Bl Z Kn_l (Clacz’ wees Cpps Bla BZ’ XX) Bn) Z_” (2'3)
n=1

1
s By) e (2.4)
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In general (e.g., see [1] and [2, equation (1.6)]), the coefficients K% := K? (ky, ks, ..., kn, By, Bs, ..., B)
are given by

'(-1)" B, (1) B,
Krl; = L ’11_+ p( ) k,ll_zkz 1
(p—n)n! "B, (p—n+1D!(n-2)! B,
P'(_l)n n_3k Bn—2
(p-n+2)!n-4!" 7 B
p‘ n—4 n+l1 Bn—3 nP n+3 an—Z
k 1) ky—— + (-1 k
oonr A [( STk G
p‘ n-5 n Bn—4 n+l Bn—3 n—j
k -1)'k -1 - 4) krk KX,
+(P—n+4)!(n—5)! ! [( )'ks B + (D" (p—n+4) koks B +Z X,

=6

where X is a homogeneous polynomial of degree j in the variables k», k3, ..., k,.

For the coeflicients of the Schwarz functions u(z) and v (w), we have |c,| < land |d,| < 1 (e.g.,
see [17]).

Note that for a,,=0, 1 <m <n -1, we have

F,i1(a0,0,0,-+-,0,a,) = (=1)"™'a@*! — (n + a,.

Comparing the corresponding coefficients of (2.1) and (2.3) yields

1 _
;/ w1 (@0 ay, as, -+ ,a,) = BIK, ' (c1,¢2, .. Coy B1, Ba, ..., By) . (2.5)

Then, under the assumption a,,=0, 1 <m < n — 1, we get

1 1
— [0 = o+ Day| = = [0 (A = A+ 1)bo)™ =+ D(1 = A+ 1), | = Bicyan.
Y Y
(2.6)
Similarly, comparing the corresponding coefficients of (2.2) and (2.4) gives
1 _
; w1 (Ao, AL, Ay, -+ LA =B1K, " (dy, d, ...,dy, By, By, ..., B,) . (2.7)

Note that, for A,,=0, 1 <m < n — 1, we have

1 1
= [mAFT =+ DAL = = [ = A+ D)Bo) = (n+ DA = A+ 1)B,| = Bidyan.
Y Y
(2.8)
On the other hand, comparing the corresponding coefficients of the functions f and g = f~!, we obtain
Bo = —byand B, = —b, for b,=0, 1 <m <n - 1.
Hence, when n is odd, by using Egs. (2.6), (2.8) and 8y = —b( and 8, = —b,,, we obtain following
system

(1= a0+ D)) = 0+ DA = A+ 1)b] = Bicyan,

(1= A+ )b + (n+ DA = A+ D)by| = Bidyar.

RN ===
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Subtracting two above equation, we have
2
5 [(n + (A = A(n + 1))by] = By (dps1 = Cas1) -

Applying the |c,| < land |d,| < 1 yields

[yl B
G+ D — A+ 1]

|bn] <

Similarly, when n is even, by using Egs. (2.6), (2.8) with b,,=0, 0 <m < n — 1, we obtain following
system

% [~ + D(1 = A+ 1))b,] = Bicoer,
% (2 + D(1 = A+ 1)b,] = Bidyar.

Hence 5
5 [(n+ D)(1 = A + 1)by] = By (dp1 — Cns1) -
Applying the |c,| < land |d,| < 1 yields

[yl By
n+Dl=-An+1|

|bnl <

O
Corollary 2.2. Let f € X given by (1.1) in the class Ms(p). If, b,,=0, 1 <m < n — 1 for n being odd
or if b,=0, 0 <m < n — 1 for n being even, then
B,
b,| < —— >1).
1Dl P (n=1)
For functions in the class Ms(4,y; ¢), the following initial coefficients estimation holds. To prove
our next theorem, we shall need the following well-known lemma (see [17]).

Lemma 2.1. ( [17]) If p € P, the class of all functions with R (p (z)) > 0 (z € D), then |p,| < 2
(meN={1,2,---}), where p(2) =1+ 3,7, pn2".

We know that p(z) e P (z € D) ©p (%) € P (z € A). Define the functions p and ¢ in # given by

_1+M(Z):1+ﬂ+&

= + P
P 1 —u?) 7z 22
and | @
+v(Z q91 9
= = L R
q() 1 —v(z) 7z

where u(2)=< + S+ ..+ 2+ . u@l <L zeAandv@)=2 + S + .+ L+ @) <1,z€Aare
Schwarz functions (e.g., see [17]). It follows that
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p-1 _pl 1 pi\ 1
_ LN P 0 B 2.
M= o1 2z 2\t 29
and
g -1 ql 1 qi\ 1
_ I A R L 2.1
W= or1 T2 T\ e E 210

Theorem 2.3. Let f given by (1.1) be in the class Ms(A,v; ¢). Then

|by| < min VIYI(Bi +1Ba) /lyI(IB2 = Bil + By)
ol < — , .
and "
Yl Dy
bl < 21—
| 1|_2|1—2/l|

Proof. Let f € Ms(A,v;¢). Then, there are analytic functions u,v : A — C, with u(c0) = v(c0) = 0,
satisfying

/ 2 rr
+1(d@+&f@ 4) o) (2.11)

y\zf' () + (1 = ) f(2)
1 ( wg'(w) + Aw?g” (w) ~ 1)

and L+ A v om) + (1 = Dgow)

. = oom), ((g=1r").

Since

' l( @+ 2@ 1)
Y \ef @+ (1= Df Q)
(0 =Dby 1 N (1 - 225 —2(1 - 22)b, 1 .

-1 -
Y Z Y z?

and

l( wg'(w) + Aw’g"(w) 1)
y \Awg'(w) + (1 — D)g(w)
(1-Dby 1 (1 =5 +2(1-2)b; 1
1+ —+ — Tt ..
Y w Y w

then (2.3) and (2.4) yield
(1= Dby

Y
(1 = 12b2 - 2(1 = 2)b
y
(1 = Dby
y

:Blcl, (212)

= Bicy + Bycl, (2.13)

= Bd, (2.14)
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and 1- /l)zbé +2(1 = 22)b,
. = B\d, + Byd;. (2.15)
Now, considering (2.12) and (2.14), we get
¢ = —d,. (2.16)

Also, from (2.13) and (2.15), we find that

0% [Bl(cz + d2)+232cﬂ
2(1 — 2)?

which, in view of the inequalities |c,| < land |d,| < 1 yield

Y1 (B +|Bl)

(1-2ay
Since B; > 0, the last inequality gives the desired first estimate on |by| given in the theorem. On the
other hand, comparing the coefficients of (2.9) and (2.10) with (2.11), we have

by =

2
|bol” <

1- )b
_U=b _ p P 2.17)
0% 2
(1 =222 -2(1-20b; 1 pi Ly > 518
9 —51192—? +4_1 2D (2.13)
1- )b
A=Dbo _ p @ (2.19)
y 2
and 22 , )
(1 =5 +2(1 -20b; 1 g1\ 1
0 = _B|q: - 2|+ -B:g". (2.20)
y 2 2] 4

From (2.17) and (2.19), we get p; = —¢,. Considering the sums of (2.18) and (2.20) with p; = —¢;,
we have

= ﬁ [P%(Bz - By)+ Bi(p> + 6]2)] -

Applying Lemma 2.1 for the coefficients p;, p, and ¢,, we obtain

\/|7| (1B, = Bi| + By)
1-2

that gives the second estimate on |by| given in the theorem.

Next, in order to find the bound on |b,|, by further computations from (2.13), (2.15) and (2.16) lead
to

by

|bol <

4(1 = 22)b, — Bi(ds— )
- =77 _ - ).

Applying the inequalities |c,| < land |d,| < 1, we readily get

ly| B,
by < — 2L
'”—2u—2ﬂ

which is the bound on |by]. O
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Corollary 2.4. Let f given by (1.1) be in the class Ms (). Then,

lbo| < min{\/Bl +|Bal, vI|By — By| + B1=

and B
Iby| < 7‘
Remark 2.5. Taking ¢(z) = (1 + (1 —28)z2)/(1 —z) in Corollary 2.2 and 2.4, we obtain results of [10].
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