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1. Introduction

In recent years, quadratic perturbations of nonlinear differential equations have attracted much
attention. We call such differential equations hybrid differential equations. There have been many
works on the theory of hybrid differential equations, and we refer the readers to the articles [6-8].
Dhage and Lakshmikantham [7] discussed the following first order hybrid differential equation

%[ﬂi‘f;é»] =gtu(m) rel
u(tO) = Uy € R

where, f € C(J X R,R \ {0}) and g € C(J X R,R) They established the existence results and some
fundamental differential inequalities for hybrid differential equations initiating the study of theory of
such systems and proved utilizing the theory of inequalities, its existence of extremal solutions and a
comparison result.

From the above works, we develop the theory of hybrid differential equations with fuzzy initial
condition [2—4] involving their compact and convex level-cuts and generated division.

As we can see, a key point in our investigation is played by the division concepts for fuzzy numbers.
A recent very promising concept, the G-division proposed by [14] is studied here in detail. We observe
that this division has a great advantage over peer concepts, namely that it always exists. We obtain
relatively simple expressions, a minimality property and a characterization for the G-division.
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It is well-known that the usual division between two fuzzy numbers exists only under very
restrictive conditions [11]. The g-division (introduced in [14]) of two fuzzy numbers exists under
much less restrictive conditions, however it does not always exist [14]. The G-division proposed
in [14] overcomes these shortcomings of the above discussed concepts and the G-division of two
fuzzy numbers always exists.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout
this paper.

Let us denote by Ry = {u : R — [0, 1]} the class of fuzzy subsets of the real axis satisfying the
following properties [10]:

(i) uis normal i.e., there exists an xy € R such that u(xy) = 1,
(i1) u is fuzzy convex i.e., for x,y e Rand 0 < 4 < 1,

u(Ax + (1 — A)y) > min[u(x), u(y)]

(iii) u is upper semicontinuous i.e.,
(iv) [u]° = cl{x € Rlu(x) > 0} is compact.

Then Ry is called the space of fuzzy numbers. Obviously, R ¢ R¢. For 0 < a < 1 denote
[#]* = {x € Rlu(x) > «}, then from (i) to (iv) it follows that the a-cuts sets [u]* € Px(R) for all
0 < a < 1is aclosed bounded interval which we denote by [u]” = [u{, u7].

Where Px(R) denote the family of all nonempty compact convex subsets of R and define the addition
and scalar multiplication in Pk (R) as usual. The property of the fuzzy numbers is that the a-cuts [u]*
are closed sets for all a € [0, 1].

Definition 1. [10, 12] We represent an arbitrary fuzzy number by an ordered pair of functions [u]® =
[uf,uS], «a € [0, 1] which satisfy the following requirements:

a) u¥ is abounded monotonic nondecreasing left-continuous function Ya €]0,1], and
1 g
right-continuous for @ = 0
b) u¢ is abounded monotonic nonincreasing left-continuous function Ya  €]0,1], and
2 8
right-continuous for @ = 0
(c)uf <uj,0<a<l

Theorem 1. [10] Let u € Ry and denote C,, = [u]® for a € [0, 1]. Then

1. C, is a nonempty compact convex set in R for each a € [0, 1]
2. CgCCpforO<a<p<1then
3. Co = (N2, Cq, for any nondecreasing sequence a; — a on [0, 1]

A trapezoidal fuzzy number, denoted by u = (a,b,c,d) , where a < b < ¢ < d, has a-cuts
[#]* = [a+ a(b —a),d — a(d — ¢)], @ € [0, 1] obtaining a triangular fuzzy number if b = c.
The addition u + v and the scalar multiplication ku are defined as having the level cuts [u + v]* =
[uill + vcll, ui + vfy]
o | lkuf, ku§]l k>0
Kul” = { [k, k] k < 0
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[uv] = [min{u{ V], u] V5, uy v, u5 vy}, max{u vy, uf vy, us vy, uy vl
ud uf ug uy
[u=v]* = [min{—1 i —2},

a’ a’ a’ Lo

(04 a a a
{”_1 o ”_2}]
Vi Vo Vi W

VTV v vy
For a real interval J = [0, T], a mapping u : J — Ry is called a fuzzy function. We denote [u(?)]* =
[uf(6), u5(1)], for t € J and a € [0, 1]. the derivative u'(?) of a fuzzy function u is defined by [13]

[ (D] = [W)) (1), W) ()]

The integral fa b u(t)dt, a,b € J, is defined by [9]

b b b
[ f undt] = f (1), f s (1)d

provided that the Lebesgue integrals on the right exist.
3. Generalized division of fuzzy numbers

Definition 2. Given two fuzzy numbers u,v € Ry the generalized division (g-division for short) is the
fuzzy number w, if it exists, such that

@ [u]® =[] [w]*

or (if)  [v]* = [u]*(lw]*)"! (3.1)

[ul” =, [V]" = [W]* & {

here ([w]*)™" = [1/wg, 1/w9]

provided that w is a proper fuzzy number, where the multiplications between intervals are performed
in the standard interval arithmetic setting.

The fuzzy g-division +, is well defined if the a-cuts [w]® are such that w € R (w] is nondecreasing,
w§ nonincreasing, w} < w;).

Clearly, if u +, v € Ry exists, it has the properties already illustrated for the interval case.

Proposition 1. [14] Let u,v € Ry (here 1 is the same as {1}). We have:

if0 ¢ [ul*Va, thenu +,u =1,

if0 ¢ [v]* Va, then uv +, v = u,

if0¢[v]*Va, thenl <,v=v'and 1 +,v' =v

if v+, u exists then either u(v <, u) = v or u(v +, u)™' = u and both equalities hold if and only if
V g WIS Crisp

AN~

It is easy to see that if w = u +, v exists according to case (i) then also z = u @ v of [1] exists and
w = z; but the existence of v +, u according to case (ii) is not al lowed for u @ v.

In the fuzzy case, it is possible that the g-division of two fuzzy numbers does not exist. For example
we can consider a triangular fuzzy number u = (1,1.5,5) and v = (—4,-2,—1) level-wise, the g-
divisions exist but the resulting intervals are not the a-cuts of a fuzzy number.

To solve this shortcoming, in [14] a new division between fuzzy numbers was proposed, a division
that always exists.
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Definition 3. The generalized division (G-division for short ) of two fuzzy numbers u,v € Rg and
0¢ [v]* Va € [0, 1], is given by its level sets as

(U6 v]® =cl U([u]ﬁ . P, Vaelo,1] (3.2)

p>a
where the g-division +, is with interval operands [u)? and [v]P.

Remark 1. e By [I4] the g-division exist but the resulting intervals are not the a-cuts of fuzzy
number, applying G-division (3.2) we obtain the fuzzy number.
e w = u +g v can be considered as a generalized division of fuzzy numbers, existing for any u,v
with 0 ¢ [v]® for all a € [0, 1].
e If A is G-division, then is G;-division (g-division satisfies (i)) or is G;-division (g-division satisfies
(i0).
Proposition 2. The G-division (3.2) is given by the expression
h it

Al L
[+ v]* = [[igggmin{v;, j v ?}’ sup max{j, j 75 7ﬁ}] (3.3)

Proof. Let a € [0, 1] be fixed . We observe that for any 8 > a, 0 € [V, v;] we have

[u]? = WP = [min{ﬁ,ﬁ,é,é},max{ﬁ,ﬁ,éaé}]
Mok i
PR R PR R
uy uy u, u uy up u, u
c [infmln{—;,—i,—i,—j},supmax{_i’_i’_i’_i}]
A>p Vi vy vy vyl e Vi Vo Vi V)

and it follows that
7 VT T T
clﬂLZJa([u]ﬁ o vP) ngrzlgmm{j, ?;, ?f, é}, sup max{?%, 7;, 7?, é}]
Let us consider now

o Jaup = vy =il

B=a B>

. oL Lb
For any n > 1, there exist a,, € {-%, -, -2, 2|8 > «a} such that
y Gy abzal

Also there exist b, € {é, é, é, Iélﬁ > a} such that
1 2 1 2

S

sup max{

B>« n

BN
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We have [a,, b,] € ¢l Upso([ul <, [VIF),¥n > 1 and we obtain

(lim g, 1im b,) € _Jia,. ba1 € et |_J(@ul =, v¥)

n>1 eptet
and finally
[;rzlgmin{gg, %, gf %}, 21;5 max{%, % ?, %}] c clg([u]ﬂ g vP)
The conclusion
TR TR TR TR
inf min{—, —, =, —=},su max{—l,—l,—z,—z =cl| |([uf =, VP
batmntp g g g =
of the proposition follows. O

The following proposition gives a simplified notation for u + v and v +¢ u.

Proposition 3. For any two fuzzy numbers u,v € Rg the two G-divisions u +c v and v +¢ u exist and,
forany a € [0,1], we have u ~g v = (v ¢ u)~' with 0 ¢ [v1P,0 ¢ [u]® and

11
[+ VI® = [df,dS] and [v=,ul® = [_ _]

dy” dy
where
= inf(D,) d? = sup(D,)
and the sets D, are
{§w>a} {%wza}u{éwza}u{%wza}. (3.4)
Proof. Consider a fixed a € [0, 1]. Clearly, using Proposition (3.2)
T TN T T
[u+cv]® = |infmin sup max{—, =+, =2, 2
[ﬁ>a {vﬁ VB VB ‘/f} {Vf Vt; vzli Vg”
C [inf(D,),sup(D,)| = [d},d5]

Vice versa, for all n > 1 and from the definition of d{ and d5 there exist a,, b, € D, such that

1 1
df <a, <d!+ -, d5——<b,<ds
1 =4 [ 27, 2

and the following limits exist:
lima, = df, limb, = d5,
on the other hand,[ [a,, b,] C ¢l Upso([u)P +¢ [VIF),¥n > 1 and then
| Jlan bal < et | Jaut =, )
n>1 pza

It follows that
[d,d3] = [lim a,, limb,] € _J[a,, 5] € el|_J@ul =, vP°)

n>1 B=a

and the proof is complete. O

AIMS Mathematics Volume 5, Issue 1, 273-285.



278

Remark 2. We observe that there are other possible different expressions for the G-division as e.g.,

s s A il
‘ﬁ) 1nf(7) 1nf(?) mf(?;)}

[u +cv]* [mln{énf(

max{sup(ﬁ) SUP(ﬁ) SUP(é) sup(é }]
A e B e e

B> 1 B> > B=a 1 B> 5
The next proposition shows that the G-division is well defined for any two fuzzy numbers u, v € Ry.

Proposition 4. [14] For any fuzzy numbers u,v € Ry, 0 ¢ [V 1> v2] the G-division u +¢ v exists and it is
a fuzzy number.

Proof. We regard the fuzzy quantity u +; v Then according to the previous result, if we denote w; =
(u+gv)and wy, = (u +g v), with 0 ¢ [v]*, Ya € [0, 1] we have

9

4122 < w5 = sup max ,

R R =

Obviously wy is bounded and decreasing inverse while w, is bounded. Also wy, w, are left continuous
= =L =2 =2 are left continuous on (0, 1] and they are right continuous at 0 since so are

on (0, 1], since T e
the functions ﬂ, ”—‘, L2 w O
vViTva2 vt v

BNES
S| Sw
SNRS

S5

Proposition 5. Let u,v € Ry (here 1 is the same as {1}). We have:

1. usgv=u=+,v,if0 ¢ [v]* Ya € [0, 1] whenever the expression on the right exists; in particular
us-gu=1if0¢ [u]*Va

(uv) ~¢v=u,

lsgv=vi'iandl zgv'=v

if0¢[u]*and 0 ¢ [v]* VYa € [0,1]then 1 <, (v +ou) =u +,v

Vigu=u-+gv=wifand only ifw = w=!, furthermore, w = 1 if and only if u = v.

ARSI

Proof. The proof of (1) is immediate.
For (2) we can use (1), Indeed in this case uv +, u existe and we have

uv+Gv:uv+gv:u

The proof of (3) is immediate.
The proof of (4) follows from(3.4) for all @ € [0, 1]

[1+, v+,w]" = [1,1]1+,[d],d5]

1 1 1 1
= [mln d“ da},maX{E,@}]
1 1
= [da’ﬁ]
2 @
vy 3f e Ve ey f
= (1m0 a5 )
uy u, up u, uy uy uy o uy
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ud u¥ u? u? ud u¢ ud u?
[mm{_l,_l 2 —2},max{—1 12 _2}]

AR v v
= [u=s,v]"
To prove(5), consider again (3.4); for all @ € [0, 1] we have [w]* = [v +¢ u]® = [d},d]] and [w]* =
[u g Vv]* = [d%, dla] so that w = w™! and vice versa, the last part of (5) follows from the last part of (1)
2 1
and the fact that w = w™' = 1 if and only if d* = df for all @ € [0, 1] this is true if and only if % =1
1

u? .
and 2 = li. e, uf =v{and uj =vj for all @ € [O, 1]. m]
2

4. Some results for hybrid differential equations
Were call the result which establishes the existence of solution for first order hybrid differential
equation (in short HDE) with initial condition. This result will be useful in the study of the

corresponding fuzzy problem.
We consider the initial value problem

{d%[fé’,i’é»] =g(t,u®) teJ )

u(ty) = up € R

where, f € C(J XR,R\ {0}) and g € C(J X R, R).
By a solution of the HDE (4.1) we mean a function u € AC(J, R) such that

(i) the function ¢ — 7 (?u) is absolutely continuous for each u € R, and

(i1) u satisfies the equations in (4.1),

where AC(J, R) is the space of absolutely continuous real-valued functions defined on J = [0, T].

Theorem 2. [5] Let S be a non-empty, closed convex and bounded subset of the Banach algebra X
andlet A : X — Xand B : S — X be two operators such that

(a) A is D-Lipschitz with D-function i,

(b) B is completely continuous,

(c) x=AxBy = x€ S forally €S, and

(d) My(r) <r, where M = ||B(S)|| = sup{||Bx|]| : x € S}.

Then the operator equation AxBx = x has a solution in S.
We consider the following hypotheses in what follows.

(Ap) The function x — ﬁ is increasing in R almost everywhere for ¢ € J.

(A1) There exists a constant L > 0 such that

| f(t,x) = f&, ) ISL|x-y]| 4.2)

forall t € J and x,y € R.
(A,) There exists a function 4 € L'(J,R) such that

| g(t, x) |< h(1) teld
In the following section, we consider a fuzzy differential equation which is a fuzzy analogue to

4.1).
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5. Hybrid fuzzy differential equations

We shall consider the initial value problem,

di u@) |_
d_t[f(t, u(t))] =gu®) el (5.1)
M(O) = Uy € Rq:

The extension principle of Zadeh leads to the following definition of f(¢, ) and g(¢, u) when are a fuzzy
numbers

f@,u)y) =sup{u(x) : y = f(£,x), x€R,
g, u)(y) = sup{u(x) : y = g(t,x), x€R.
It follows that
[ ]* = [mingf (2, x) < x € uf,ug]), max{(f(,0) : x € [uf, w51},
[g(t,u)]® = [min{g(t, x) 1 x € [uf,u5]}, max{g(t,x) : x € [u], u‘z’]}]

for u € Ry with a-level sets [u]” = [u],u5], 0 <a < 1. We call u : J — Ry a fuzzy solution of (5.1),
if

[dit[u(t) +¢ f(t, u(t))]r = |g(1, u(t))]a and [1(0)]” = [uo]® (5.2)

for all € J and a € [0, 1]. Denote f: (f1, ) and g = (g1, £2),

filt,u) = min{f(t, x) : x € [uy, uzl}, fo(t,u) = max{f(t,x): x € [uy,u,]} and
g1(t,u) = minf{g(7, x) : x € [u1, up]}, gao(r,u) = max{g(s, x) : x € [uy, ur1} (resp),

where u = (u;, u,) € R%. Thus for fixed @ we have an initial value problem in R?

dww
d [f(t, g (1), u%(t))] - s
ui(0) = ug,
and (5.3)
dp_ WO
dt [f(n s (1), uy (r))] - s
u;(0) = ug,

If we can solve it (uniquely) we have only to verify that the intervals [uf(?), u5(1)], a € [0, 1], define a
fuzzy number u(f) in R¢. see [2—4]. Since f and g are assumed continue and Caratheodory (resp), the
initial value problem (5.3) is equivalent to the following nonlinear hybrid integral equation (HIE)

u(n) = fa, u(z))(~L + f s, u(s))ds) (5.4)
f 0

s u(
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Theorem 3. Assume sign(u(0)) = sign(u(t)), forall t € J,
let 72(t) = u +¢ f(t,u(t)) and 0 ¢ [ f(t,uw)]* a € [0, 1] and

F() = £t () 6 (2(0) + fo g(s,u(s)ds), 0 ¢ |2(0) + fo g(s.u(s)|”

1. If z(0) = g(t,u) > O then the function u(t) € AC((0, T], R¢) is a fuzzy solution of (5.1)

o If z(1) is G;-division
e or z(t) is G;-division and r(t) is G;-division

2. Orif (1) is Gi-division and z{(0) < 0 < z5(0) then u(¢) is a fuzzy solution.

Proof. We solve initial value problem in R?

d
Ezj’ = min{g(t, x) : x € [u](®),us ()1}, u{(0) = ug,

d
2752 = max{g(t,x) : x € [uy (), uz (D]}, 13(0) = ugy (5.5)
Step 1:

It can be assume that (4.2) implies

If@x) = fe Il < Lllx=yll, forallzeJ, x,yeR (5.6)

where the ||.|| is defined by ||u|]| = max{|u;|, |u,|. It is well known that (5.6) and the assumptions on g
Theorem 2 guarantee the existence and continuous dependence on initial of a solution to

d[_un 1 _~
{d’[f(t,u(z))] = g(t, u(n)),

5.7
u(0) = ug

and that for any continuous function u, € R* we have (5.4).

By choosing ug = (ug,, up,) in (5.7) we get a solution u®(¢) = (u{(2), u3(2)) to (5) for all € (0, 1].
Step 2 :

We will show that the intervals [u{(?), u5(1)], @ € [0, 1], define a fuzzy number u(f) € R¢. For
simplicity assume [u(0)]* < 0, [f(z, u(z))]* > 0 and [g(¢, u(¢))]* < O for all @ € [0, 1] (The proof for
other cases is similar and omitted), then wa have tow cases.

Case I
By Eq. (5.3), we have the two following HDE with initial conditions
d[ 40O 1_ «
d_f[fz"(t,u(t))] = g1t u)) 55
ui(0) = ug,
and

us (1) "
{%[I}“(iu(m] = gt u(t) (5.9)

us(0) = ugp,
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In consequence by Step 1, we deduce that, for every a € [0, 1], the solution to problems (5.8)—(5.9)
are respectively

() =.ﬁammﬂfﬁf%55\£gﬂxmwm4
2

THONE ﬁﬁwmﬂ?@L%S j}msman
1

We check that {[uf(?), u5(1)], @ € [0, 1]} represent the level set of a fuzzy set u(f) in R¢, for each t € J
fixed, by applying the stacking Theorem 1. Indeed, we fix ¢ € J and check the validity of the three
conditions.

(1) : First, we check that uf(r) < u5(?), for every a € [0,1] and ¢ € J, Indeed, for each a € [0, 1] and
t € J we have that f{'(z, u(z)) < f3'(t, u(z)) and

O + f g1 (s, u(s))ds < _50 + ft g5 (s, u(s))ds
5(0,u(0)) o 70,u(0))  Jo

and by classical arithmetic we have

uy (1)

5, M(f))[L(O) + [g?(s, u(s))ds]
50,u0) o

u5(0)
F70.u(0)

IA

O + fo g3 (s, u(s))ds| = us (o)

(2) : Let 0 < @ < B < 1. Since uj € Rg, we have that fzﬁ(t, u(t)) < f5'(t, u(?)) and

u}(0) f RN f
£5(0,u(0)) d
£ O.u @>~f s = 0,10 #10u(9)ds

we deduce that

« « uy(0) ’
un) = 2(z,u(t))[m f T(s, u(s))ds|

1£}(0)
h(t, ‘ ds| =i
ﬁuwwgmmm ffumms (1)

IA

and, similarly, £(z, u(r) < f7(z, u(?)) and

uB(O)

7200, u(0)) ff““m“ i f&Gme
1

= £(0,u(0)

SO

12(0)
Lo = Fa, 2 f d
(1) ﬂUMO)ﬁmum» &5(s. u(s))ds|
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13 (0)

< f@, M(f))[m
1

f g3 (s, u(s)ds| = u3(®)

which proves that [12(t), i3(r)] € [u?(2), u$(t)].

(3) : Given a nondecreasing sequence {a;} in (0,1] such that @; T a € (0,1], we prove that
[ (1), u5 (D] = (2, [ (1), uy' (D).

Indeed by the Dominated Convergence Theorem,

lim | g7'(s,u(s) = f hmg"'(s, u(s))ds = f g (s, u(s))ds
0

a;Ta

and, hence,

lim u{'(f)

a;Ta

lim( f’(t,u(ﬂ)[ﬁ"‘ fo ' (s. u(s))ds|)

u7(0)

- gg(ff(t,u(t))[m+ fo g5 (s, u(s))ds|) = u (@)

Hence, u(t) € Rf.
Case II: By Eq. (5.3), we have the two following HDE with initial conditions

d uy (1) _ La
E[.ff’(iu(t))] =& (& uit)) (5.10)
u5(0) = ug,

and
d u‘]"(t) _
st | = g3 u) (5.11)
ui(0) = ug,

The solution to problems (5.10)—(5.11) are respectively

ul(r) = f{’(t,u(t))[L(O)+ g5 (s, u(s))ds|
J7O0,u(0)) — Jo

CY( ) A
uy(t) = fz"(t,u(t))[m ng(s,u(s))ds]

By applying step 1 and we consider the situation where 0 ¢ [z(0) + fotAg'(s, u(s))ds|”,

15 (8 u(1) < ST (8 u(1))
20) + [ g0 uls)ds — 22(0) + [ g3(s, u(s))ds

(5.12)

Le., (u{(t) < us(r)) similarly by applying theorem 1 the details for the case I are analogous, and if the
situation (5.12) does not hold i.e., (u5(¢) < uf(1)), then by theorem 1, u(z) is not a fuzzy solution of
(5.7).

]
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6. Conclusions and further work

We have investigated generalized division concepts for fuzzy number. The G-division introduced

here is a very general division concept, being also practically applicable. Developed the theory of
hybrid differential equation with fuzzy condition involving their compact and convex level-cuts. The
next step in the research direction proposed here is to investigate hybrid fuzzy fractional differential
equations with G-division and applications.
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