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Abstract: In this article, we consider a nabla fractional boundary value problem with general boundary
conditions. Brackins & Peterson [5] gave an explicit expression for the corresponding Green’s function.
Here, we show that this Green’s function is nonnegative and obtain an upper bound for its maximum
value. Since the expression for the Green’s function is complicated, derivation of its properties may
not be straightforward. For this purpose, we use a few properties of fractional nabla Taylor monomials.
Using the Green’s function, we will then develop a Lyapunov-type inequality for the nabla fractional
boundary value problem.
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1. Introduction

Let a, b € R with b — a € N;. Consider the homogeneous nabla fractional boundary value problem
with general boundary conditions:

-V (Vu))() =0, reN’

au(a+1)-BVu)a+1) =0, (L.1)
yu(b) + 6(Vu)(b) = 0,

where 1 < v <2, @+ % > 0 and y* + 6% > 0. Brackins & Peterson [5] proved that the boundary value
problem (1.1) has only the trivial solution if, and only if

E=PB-a)y+ayH, (b,a) + adH,_(b,a) # 0. (1.2)
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In the following theorem, Brackins & Peterson [5] gave an explicit expression for its Green’s
function.

Theorem 1.1 (See [5]). Assume (1.2) holds. The Green’s function for the boundary value problem
(1.1) is given by
u(t,s), t<s-—1,

G(t,s) = { (1.3)
v(t,s), t=s,

where

1
u(t, s) = g[ava_l (t,@)H, -1 (b, p(5)) + a6H, 1 (t, @) H, (b, p(s))
+ (B = @)yH,1(b,p(s)) + (B — )5H, 2(b, p(s))|, (1.4)

and
w(t,s) = u(t, s) — H,_1(z, p(s)). (1.5)

We show that this Green’s function is nonnegative and obtain an upper bound for its maximum
value. Using the Green’s function, we will then develop a Lyapunov-type inequality for the nabla
fractional boundary value problem

(V' (Vu))(@) + q(u() =0, reN?

a+2’

aula+ 1) -pVu)a+1) =0, (1.6)
yu(b) + 6(Vu)(b) = 0,

where g : N — R.

a+1

2. Preliminaries

We shall use the following notations, definitions and known results of nabla fractional calculus
throughout the article [1-3,6,9—13]. Denote by N, := {a,a+1,a+2,...} and NZ ={a,a+1,a+2,...,b}
for any a, b € R such that b — a € N;.

Definition 2.1 (See [4]). The backward jump operator p : N, — N, is defined by

o) = a, t=a,
PUOZV 21 reN,,.

Definition 2.2 (See [14, 15]). The Euler gamma function is defined by
I'(z):= f le7ldt, R(z) > 0.
0

Using its well-known reduction formula, the Euler gamma function can be extended to the half-plane
R(z) < 0except forzef...,-2,-1,0}
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Definition 2.3 (See [7]). Fort e R\{...,-2,-1,0}and r € R such that (t +r) € R\ {...,-2,-1,0},
the generalized rising function is defined by

;. T@+r)
=T

Also, ifte{...,-2,—-1,0} and r € R such that (t +r) e R\ {...,—-2,—1,0}, then we use the convention
that t" := 0.

Definition 2.4 (See [7]). Let u € R\ {...,=2,—1}. Define the u"-order nabla fractional Taylor
monomial by

H,(t,a) == ———

provided the right-hand side exists. Observe that H,(a,a) = 0 and H,(t,a) := 0 forallp € {...,-2,-1}
andt € N,.

Definition 2.5 (See [4]). Let u : N, — R and N € N,. The first order backward (nabla) difference of u
is defined by
(Vu)(t) ;= u(t) —u(t— 1), t€ Ny,

and the N"-order nabla difference of u is defined recursively by
(V¥u)@) 1= (VW )@). 1€ Nowy.

Definition 2.6 (See [7]). Letu : N,,; — R and N € N,. The N"-order nabla sum of u based at a is
given by

(VNu)e) = )" Hya(tp()us), €N,

s=a+1

where by convention (V" u)(a) = 0. We define (V,°u)(t) := u(t) for all t € N,,,.

Definition 2.7 (See [7]). Letu : N,,; — R and v > 0. The v"-order nabla sum of u based at a is given
by

(Vu)(@) := Y Hya(tp(s)u(s), 1€,

s=a+1

where by convention (V, u)(a) = 0.

Definition 2.8 (See [7]). Letu : N,,; > R, v > 0 and choose N € N| such that N -1 <v < N. The
vih-order nabla difference of u is given by

(V)@ = (VN7 w))(@), 1€ Ny

The following properties of gamma function, generalized rising function, and fractional nabla
Taylor monomial will be used in Section 3.

Proposition 1 (See [7]). Assume the following generalized rising functions and fractional nabla Taylor
monomials are well defined.
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I['(t) > 0fort>0,andI'(t) <0 for -1 <t <O.
ri+vy=r

Vv +tf =+t

V(v =t = —u(v — p()~".

VH,(t,a) = H,,(t, a).

Hﬂ(t’ a) - Hy—l(ta a) = Hﬂ(t, a+ 1)

Zts:a+1 H/J(s, a) = H/H-l(t, a).

8. fv:a+1 H“(t,p(s)) = H#+1(l, a).

Proposition 2 (See [7]). Let v € R* and u € R such that u, 4 + v and u — v are nonnegative integers.
Then, forall t € N,
(i) V' - ) = i - af™.
(ii) Vit - ay' = g5kt — ay™.
(iii) V,"H,(t,a) = H,.,(t, a).
(iv) VIH,(t,a) = H,_,(t,a).

NS A DN~

Proposition 3 (See [8]). Let u > —1 and s € N,. Then, the following hold:

(a) If t € Ny, then H,(t,p(s)) > 0, and if t € Ny, then H,(t,p(s)) > 0.

(b) If t € Ny and p > 0, then H,(t, p(s)) is a decreasing function of s.

(c) Ift € Nyand —1 < u <0, then H,(t, p(s)) is an increasing function of s.
(d) If t € Ny and p > 0, then H,(t, p(s)) is a nondecreasing function of t.
(e) Ift € Ny and p > 0, then H,(t, p(s)) is an increasing function of t.

(f) If t € Nyyy and —1 < u < 0, then H,(t, p(s)) is a decreasing function of t.

Proposition 4 (See [8]). If 0 <v < u, then H,(t,a) < H,(t,a), for each fixed t € N,.

Proposition 5 (See [8]). Let f, g be nonnegative real-valued functions on a set S. Moreover, assume
f and g attain their maximum in S. Then, for each fixed t € S,

[£(0) ~ g(0] < max {£(2). (0} < max { max f(z), max g(n)}.

Proposition 6. Let u > —1, s € N,,, and t € N;. Denote by

H(,
hAu@:—%%?%g

Then, the following hold:

(1) 0 < hy(z, 5).

() If u > 0, then h,(t,s) < 1, and if =1 < u <0, then h,(t, s) > 1. In particular, h(t, s) = 1.
(1) If u > 0, then h,(t, s) is a nondecreasing function of t.
(IV) If =1 < u < 0O, then h,(t, s) is a nonincreasing function of t.

Proof. (1) First, consider

(t — p(s)F T —-s+pu+DIGE-a)
(t—ay T@—-s+ DI —a+u)

ha(t, s) = @.1)
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SinceI'(t—a), T(t—a+pw), It —s+1),I(t—s+pu+1) >0, it follows from (2.1) that &,(z, s) > 0.
(II) The proof of (II) follows from the monotonicity of H,(z, p(s)) with respect to s.
(IIT) Next, consider

(f—P(S))”]
(t—ay
_(t—s+ 1Y (t— s
T (—af  (-a-1F
T-s+p+DI't—a) TE-s+wlt-a-1)
T T(-s+DlG—a+p) TGE-s9Gt—a+pu—1)
_F(t—s+;1)F(t—a—1)[(t—s+,u)(t—a—l)_1]
Ire—s)r¢t—a+u-0)|t-s)t—a+u—-1)
Ire—s+wl(t—a-1)
:'u(s_a_1)[F(t—s+1)r(t—a+u)

Vh(t,5) = V|

: (2.2)

Sincel'(t —a—-1),Tt-a+w),I't—s+wu), [(t—s+1)>0,and (s —a— 1) >0, it follows from (2.2)
that Vh,(z, s) > 0, implying that (IIT) holds.
(IV) Clearly, from (2.2), we have

(2.3)

t—s—wl(—a- 1)]

Vho(t,s) = —u(s —a—1) [r(z —s+ DIt —a—p)

SinceI'(t—a—-1),Tt—-a-pw),Tt-s—w),T(t-s+1)>0,(s—a—-1) >0, it follows from (2.3) that
Vh_,(t,s) <0, implying that (IV) holds. O

3. Properties of Green’s function

In this section, we obtain a few properties of G(z, s) which we use in the later part of the article.
Lemma 1. Assume a, B, v, 6 > 0 and 8 > «a such that (1.2) holds. Then,

1. &> 0forallt e N>
2. u(t,s) >0 forall (t,s) € N° X Nzﬂ such thatt < s — 1.
3. v(t,5) > 0 forall (t,s) € No x N°_ such that t > s.

Proof. (1) From Proposition 3, we have H,_(b, a), H,_»(b, a) > 0 implying that
=B -a)y+ayH, ((b,a) + adH, »(b,a) > 0.

(2) From Proposition 3, we have H,_(b, p(s)), H,_»(b, p(s)) > 0 for all s € NZ .»and H,_(t,a) > 0 for
all t € N?. Also, from (1), we have & > 0 for all ¢ € N2, Thus, we obtain

1
u(t:) = Z[ayH -1t ) H\-1(b.p() + aSH,-1 (1, )b p(s)
+ (B = @)yH,1(b, p(5)) + (8 = )5H, »(b, p(5))] = 0,
for all (7, s) € N2 x N? such that 7 < s — 1.
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(3) Consider

v(t, s) = u(t, s) = H,(t, p(s))

1

= |y H (. H 1 (b () + aOH,o1 (1. ) H2(b:p(5))

+ (B = @)yH,1(b, p(s)) + (B = @)5H, 2(b, p(s)) = EHy 1 (1, p(s)) | (3.1)
1

= 2|8~ @)6H,2b.p(5)) + (B = @Vy(Hy-1(b.p(5)) = Ho1(1:p(5)))

+ a8(Hy1(t, @)Hy (b, p(s)) = Hy1 (1, p(5)) Hy (b, )

+ ay(Hy1(t, @) Hy 1 (b, p(5)) = Hy1 (b, ) H, 1 (8, p(9))) | (3.2)

1
= Sz[E1 +E,+ E3 + E4],

where

Ey = (8- @)5H, (b, p(s)),
E> = (B = a)y(H,1(b, p(5)) = Hy 11, p(9))),

E; = a(H,1(t,)H, (b, p(s)) = Hy 11, p(s)H, 2(b, @),
Ey = ay(H,1(t,)H, 1 (b, p(s)) = Hyo1 (b, @) Hy 1 (1, p(5))).

We already know that & > 0 for all 7 € NZ . Now, we show that
E, >0, i=1,2,3,4.
From Proposition 3, we have H,_,(b, p(s)) > 0 for all s € Nz .1~ S0, we obtain
E, >0.

Again, from Proposition 3, we have H,_(t,p(s)) < H,_(b,p(s)) for all (¢, s) € N2 x N  such that
t > s, implying that
E, > 0.

From Proposition 3, we have H,_(¢, p(s)) < H,_(t,a), H,_»(b,a) < H,_»(b, p(s)) for all (¢, s) € Nz X
N’ | such that z > s, implying that
E; > 0.

Now, consider

Hv—l(t’ a)HV—l(b7p(s)) - Hv—l(ba a)HV—l(ta p(s))

_ Hv—l(bap(s)) . Hv—l(t’ a) _

= Hoea b st )| =G iy
h,_1(b, s)

a0, )

hv—l(t9 S)

= H,(b, a)H,1(t, p(s))|
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From Proposition 3, we have H,_;(b,a), H,_(t,p(s)) > 0, and h,_(b,s) > h,_(t, s) for all (¢, s) €
N2 x N?  such that ¢ > s, implying that

a+l1

E, > 0.
Therefore, we obtain v(z, s) > O for all (z, s) € NZ X NZ .1 such that 7 > 5. The proof is complete. O

Theorem 3.1. Assume «, 3, v, 6 > 0 and B > « such that (1.2) holds. Then, G(t,s) > 0 for all
(t,s) e No X NP
Proof. The proof follows from the preceding lemma. m|
Lemma 2. Assume a, B, y, 6 > 0 and 8 > « such that (1.2) holds. Then,

1. u(t, s) is an increasing function of t for all (t, s) € N2 x NZ+1 such thatt < s — 1.
2. v(t, s) is a decreasing function of t for all (t, s) € Nl x NP .1 Such that t > s.

a

Proof. (1) Consider
1
Vtu(t’ S) = E[QYHV_Z(t’ a)HV—l(b7p(S)) + a'éHV—Z(t’ a)HV—Z(b7p(S)):|'

From Proposition 3, we have H,_,(b, p(s)), H,_»(b, p(s)) > 0 for all s € N’ . and H,_,(¢,a) > 0 for all

a+1’

t € NP .. Also, from (1), we have £ > 0 for all t € N?_ . Thus, we obtain V,u(z, s) > 0, implying that
(1) holds.
(2) From (3.2), we obtain

1
Vit ) = 2| = (B = )yH,-a(t.p(5)

+ ad(H, (1, @)H, (b, p(5)) = Hy2(t, p() Hy2(b, @)
+ @y(Hya(t, ) H, 1 (b, p(s)) = Hy1 (b, ) H, o (1, p(s))) |

= é[E5 + Eg + E7],

where

Es = —(B— a)yH,»(t, p(s)),
Eg = aS(H,(t, a)H, >(b, p(s)) = H, 2(t, p(5))Hy (b, @)),
Ey = ay(H,-a(t, )H,-1(b.p(5)) = Hyo (b, ) Hy (1, p(5))).

Clearly, £ > O for all € NZ .- Now, we show that
E; <0, i=5,6,7.
From Proposition 3, we have H,_,(t, p(s)) > 0 for all (z, s) € N% x N*  such that z > s, implying that
Es <O0.
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From Proposition 3, we have H, »(t, p(s)) > H, »(t,a), H,1(b,a) > H,_(b,p(s)) for all (¢, s) € N2 x
N’ | such that 7 > s, implying that
E; <0.

Now, consider

H, »(t,a)H,2(b, p(s)) — H,2(t, p(s))H,-2(D, a)
H, 2(b,p(s)) H,(t a)

=H,_ t, k) Hv— b,a * -1

2PV | o ooy
h,_
% Z(b’ S) _ 1]
hV—Q(t, S)
From Proposition 3, we have H, »(b,a), H,_»(t,p(s)) > 0, and h,_»(t,s) > h,_»(b, s) for all (z,s) €
N’ x N such that 7 > s, implying that

= H,2(t, p(s)H, (b, a)|

Eq <0.
Therefore, (2) holds. The proof is complete. O

Theorem 3.2. Assume a, 8, ¥, 6 > 0 and > « such that (1.2) holds. The following inequality holds
for the Green’s function G(t, s):

max G(t,5) < Q, 3.3)
(t,5)eNGXND |
where |
Q = Z[@yH,-1(b. H,-1(b, @) + 6H,1(b,0) + (B = ayyH,1(b,a) + (B- )], (3.4)

&

Proof. From Lemma 2, we have

max G(t,s) = max {u(o(s), s), v(s, 5)}.

by Wb
(t,s)eNaxNa+1 seNﬂH

Consider

1
u(p(s), ) = E[a’va_l(p(S), @)H, (b, p(s)) + a6H,1(p(s), ) H, (b, p(s))
+ (B = @)yH,1(b,p(5)) + (B = )5H, 2(b, p(s))|, s €N,
Denote by
1
f(s) = g[ayHV_l(s, @)H, (b, p(s)) + aSH, (s, @)Hy »(b, p(s))

+ (B = @)yH,1(b,p(s)) + (B — )5H, 5(b,p(s))|, s €N},
Then, by Lemma 1 and Proposition 3, we have

0 < u(p(s), s) < f(s), seN°

a+1*

(3.5)

Now, consider

1
v(s, 5) = E[ava_l(s, @)H, (b, p(s)) + aSH, (s, @)Hy (b, p(s))
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+(B—a)yH,_i(b,p(s)) + (B - a)5Hv-z(b,p(S))] -1

=f(s)-1, seN’ . (3.6)
It follows from Lemma 1 that
0 <(s,s) < f(s), seN’ . (3.7)
Since
max H,(s,a) = H,,(b,a),
SENLHI
max H,_(b,p(s)) = H,-1(b,a), max H,»(b,p(s)) =1,
SGNZ_H SGNZ+1
we have
f5)<Q, seN’ . (3.8)
Thus, by Proposition 3, (3.5), (3.7) and (3.8), we obtain
max  G(t,s) = max {u(p(s), s), v(s, 5)}
(1,9)eNGXND seNt |
< { max u(p(s), s), max v(s, s)} < max f(s) < Q.
SENZ 1 xeNZ 1 seN}; 1
The proof is complete. O

Theorem 3.3. Assume a, B, ¥, 6 > 0 and 8 > a such that (1.2) holds. The following inequality holds

for the Green’s function G(t, s):
b

Z G(t, ) < A, (3.9)

s=a+1

forall (t,s) € NZ x NP where

a+1’

1
A = Z|oyHo 0. 0 b.0) + aSH, -1 (0. H, -1 (b )

+ (8 - a)yH,(b.a) + (8 - @)6H,_(b,@)|. (3.10)

Proof. Consider

Zb: G(t,s) = 2 v(t, s) + i u(t, s)
s=a+1 s=a+1 s=t+1
b t
= >l uts)= > Hya(tp()
s=a+1 s=a+1

1 b
= glotaa 3 k)

s=a+1

b b
+a0H,1(t,0) ) Hyo(b,p(s) + (B= @)y D Hyr(b,p(s))

s=a+1 s=a+1
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b t
+HB=@06 D Hyolb,p(s)| = D Hyat,p(s))

s=a+1 s=a+1

= é[a’va—l (t,a)H,(b,a) + adH,_,(t,a)H,_,(b, a)

+(B— a)yH,(b,a) + (B~ @)5H, 1(b,a)| - H,(t,a)
= é[ay(Hv_l(t, a)H,(b,a) — H,_(b,a)H,(t,a))
+ad(H,-(t,0)H, (b, a) - H,(t,a)H, (b, a))
+(B - a)y(H(b,a) = H(t,@)) + (8 = @)5H,1(b, @) |
Since H,(t,a) > 0 for all t € N’ and

max H,(t,a) = H,(b,a), maxH, (t,a) = H,_(b,a),
1eNt reNy

we obtain (3.9). The proof is complete. O

Theorem 3.4 (See [5]). Let h : Nz . — R If (1.1) has only the trivial solution, then the
nonhomogeneous boundary value problem

—(V 7 (Vu))(®) = h(), teN],,

au(a+1)-BVu)a+1) =0, 3.11)
yu(b) + 6(Vu)(D) = 0,

has a unique solution given by

b

uy= Y Gt )h(s), 1N, (3.12)

s=a+1

Now, we are able to establish a Lyapunov-type inequality for the nabla fractional boundary value
problem (1.6).

Theorem 3.5. Assume a, B3, v, 6 > 0 and B > « such that (1.2) holds. If the nabla fractional boundary
value problem (1.6) has a nontrivial solution, then

1
2. ol > 5. (3.13)

Proof. Let B be the Banach space of functions endowed with norm

[lu]| := max |u(?)|.
1eNb

It follows from the above Theorem that a solution to (1.6) satisfies the equation

b
u)= Y Gt $)q(su(s), teN,.

s=a+1
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Hence

b
= max|u(0] = max| 57 Gt. 9a(ucs)

s=a+1

b
<max| > Gt 9)lg()luCs)|

1eNg s=a+1

b

< llullmax | > G(t, )lq(s)|

1€Ng s=a+1

b
< Qlul| Z lg(s)], (using Theorem 3.2)

s=a+1

or, equivalently,

The proof is complete.

4. Application

Here, we estimate a lower bound for the eigenvalues of the nabla fractional eigenvalue problem

corresponding to the nabla fractional boundary value problem (1.6).

Theorem 4.1. Assume that 1 < v < 2 and u is a nontrivial solution of the nabla fractional eigenvalue

problem
(Vi (Vu))(@) + Au(t) =0, reNb_,
au(a+1)—-pBVu)(a+1) =0,
yu(b) + 6(Vu)(b) = 0,

where u(t) # 0 for each t € N°7!. Then,

a+1°

|4 > —(b—a)Q'
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