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Abstract: The main aim of this study is to reveal new generalized-Ostrowski-type inequalities
using Katugampola fractional integral operator which generalizes Riemann-Liouville and Hadamard
fractional integral operators into a single form. For this purpose, at first, a new fractional integral
identity is generated by the researchers. Then, by using this identity, some inequalities for the class
of functions whose certain powers of absolute values of derivatives are p—convex are derived. Some
applications to special means for positive real numbers are also given. It is observed that the obtained
inequalities are generalizations of some well known results.
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1. Introduction

Fractional calculus was first suggested for consideration by Leibnitz in his letter to L’Hospital which
dealt with derivatives of order o = % (see [10]). Hereupon, this theory has been used in many fields
of science such as economics, biology, engineering, physics and mathematics for sure. Many types of
fractional derivatives and integrals were studied by Hadamard, Caputo, Riemann-Liouville, Griinwald-
Letnikov, etc. Various properties of these operators have been summarized in [9]. For the last decades,
this theory has been used in inequality theory frequently because it enables scientists to obtain integral
inequalities for also non-integer orders. One of the most famous inequality is Ostrowski’s which has
lead to gain many practical inequalities with fractional calculus as well.

Ostrowski proved an important integral inequality in 1938 which gives an upper bound for
difference between the value f(x) and mean value of f for functions whose derivatives’ absolute
values are bounded, which can be seen in [11] as the following.
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Theorem 1. Let f : I C R — R be a differentiable mapping on I° and a,b € I with a < b. If
lf" (x)| < M then,
2
(x-%*) ]

M-
MG g

1+
4

1 b
lf(x)—b—f f@dt
_a a

holds for all x € [a, b]. Here }‘ is the best possible constant.

Zhang and Wan introduced p—convex functions in [14], and Iscan gave a different version of this
definition in [5] as follows.

Definition 1. Let / C (0, o) be a real interval and p € R\ {0}. A function f : I — R is said to be a
p—convex function , if

F(iex + (1 =0y P ) <ef @+ A =0 f ) (L.1)
forall x,yeIandt € [0, 1].

It is easy to see that p—convexity reduces to ordinary convexity for p = 1 and harmonically
convexity for p = —1.

p—convex functions are frequently considered in the inequalities especially when using fractional
integral calculations. Some fractional integral operators are used to do these calculations. Therefore,
some new definitions about fractional calculus are given. First of them is Riemann-Liouville fractional
integration operator (see [9]) which ables to integrate functions on fractional orders.

Definition 2. Let f € L, [a,b]. The Riemann-Liouville integrals Jg, f and J; f of order @ > 0 with
a > 0 are defined by

@ — L * _ -l
J”+f_F(a)fa (x=0"" f(dt, x>a
and

1 b B
J,‘f_f:mfx(t—x)‘“f(t)dt, x<b

respectively where I' (@) = fooo e”'u'du. Here J2. f (x) = J)_f (x) = f (x).

Definition 3. [9] The left and right-side Hadamard fractional integrals of order @ € R are defined as

o(r) dt
I = F(a)f lat’ x>a>0,

go(t) dt
J¢ = —, 0 b.

where I is the gamma function.

Definition 4. [8] Let the space X! (a,b) (c € R, 1 < p < o) of those complex-valued Lebesque
measurable functions f on [a, b] for which ||f|| x! < oo, where the norm is defined by

b dr\?
IIfIIX’Z=( f It‘f(t)l”Tt) <o (1.2)
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for 1 < p < o0, ¢ € R and for the case p = oo,

fI22 = esssup [€1f O] (ceR). (13)
a<t<b
Katugampola revealed a new fractional integration operator which generalizes both
Riemann-Liouville and Hadamard fractional integration operators. This integration operator also
holds semigroup property (see [6,7]) and is defined as the following statement.

Definition 5. Let [a,b] C R be a finite interval. Then, the left and right-side Katugampola fractional
integrals of order (o > 0) of f € X’ (a, b) are defined by

pra pl—a/ X tp—l
nro=fo | e

and

I-a b -1
o *
I f(x) = f (1) dt
= M@ J, (- xP)l_"f
with a < x < b and p > 0 if the integral exists.

Theorem 2. [7] Let « > 0 and p > 0. Then for x > a,

1. lirrll PIDF(x) = J f(x)
p—
2. li%l+ IS f(x) = T30, f(x).
pP—

Similar results also hold for right-sided operators.

Erdélyi et al. deeply involved in hypergeometric functions which Whittaker discovered in 1904 and
gave the definition of it in [4] as:

1 1
2Fi(a,b;c;2) = 60 f A -0 -zt c>b >0, |7 < 1 (1.4)
s U 0

Throughout the paper the notation Yy (a,p;a,x,b) will be used in the meaning of following
statement.

Yi(a,pia,x,b) = [;f_();) [ —a”)" + (b = x)7] (1.5)
<x+11“ 1
LD p @+ 1 o),

where I is Euler Gamma function, i.e., I' (@) = fooo e 'udu.
Alomari et al. proved the following lemma in 2010 in [2] to obtain new Ostrowski-type results.

Lemma 1. Let f : [ ¢ R — R be a differentiable mapping on I° where a,b € I with a < b. If
f’" € L|a,b), then the following equality holds

1 b
f(x)—mf f@dt (1.6)

 x-a” (T, (b
= 5. fotf(tx+(1—t)a)dt— 5

2 1
%) f tf (tx + (1 = ) b)dt
—

for each x € [a, b].
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Set proved the next lemma in 2012 which helps to obtain Ostrowski-type inequalities for Riemann-
Liouville fractional integrals in [13].

Lemma 2. Let f : [a,b] — R, be a differentiable mapping on (a,b) with a < b. If f’ € L|a,b], then
for all x € [a, b] and a > 0 the following identity holds

fx) TC@+1)

L =@+ (b= 7] = — == [ f (@) + T3 f ()] (1.7)
_ a+1 1 _ a+1 1

Mf t"f’(tx+(l—t)a)dt—uf ©F (tx+ (1= 1) b)dt
b— 0 b—a 0

where T is Euler Gamma function.

To see more studies involving Ostrowski-type inequalities, one can see references [1,3, 12]. Also
in [2] and [5], Ostrowski-type inequalities using integer order integrals and in [13], Ostrowski-type
inequalities using Riemann-Liouville integral operator were obtained. On the other hand, the findings
in this study were obtained using Katugampola fractional integration operator, which gives more
general results than inequalities using integer order integral or Riemann-Liouville fractional integral
operator.

In this paper, a new lemma including Katugampola fractional integral has been proved inspired by
Lemma 2. Then with the help of some properties and inequalities like Holder and power mean, new
Ostrowski-type inequalities are proved. It is seen that results are supported by the literature.

2. Main results

Lemma 3. Let f : I C (0,00) — R be a differentiable mapping on I° where a,b € I with a < b. If
f' € L|a,b], then for all x € [a, b] the following identity holds

Yi(a,p;a,x,b) = dt

(o — @yt e f ([ + (1= 1) ap]%)
b—a fo‘

(tx0 + (1 — £ ar) 7
(b — )] fl @ f ([ + (1= 1) b))
b—-a 0 (tx? + (1 — 1) bﬂ)l_%

dt 2.1

where a > 0, p > 0.
Proof. By integrating by parts, the following statement is obtained
v (I + (1 -1 a)r)
I] = f T dt
0 (tx+(1-ta)7

1
_ PW f;”—lf([zxf’+(1—t)ap]$)dt.
0

XP — aP XP — aP

With changing the variable u = [tx” + (1 — 1) ap]f% , it is easy to get

pf(x)  ap f‘(up—a’))a_1 puw”!

xP — aP XxXP — aP xP — aP XxXP — apf (l/t) dl/t

11:
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_ pfx) ap’ !
= - (xp _ ap)a+1 L (I/tp _ ap)l—af(u) du

xP — af
_ ) apT (a) N
B xXP — af B (xp _ Clp)a+1p1—0 pIx—f (a)
a/+11—* 1
_ P p T ;1) I f(a). 02

xXP — af (xP — ar)

In the same way, integrating by parts /; can be revealed as

v ([ + (1= 0 )7)
L = f dt
0

(tx0 + (1 =) b)) 7
1
prO) __ap ft“-lf([rxp+(1—t)bp]i)dt.
0

X —bP  xP—br

With same change of variable, it can be seen that

X _ h\a—1 -1
L = pf(x)  ap f(u” b‘) pu’ £ du
b

xXP—bP  xP—bP XxP — bP xP — b

pf (x) ap’ b
_ + - xp)a+1 j;: - Mp)l_af(u) du

be — 37
2
T
_pf Lo (@) I £ ()
bP—xr (b — x)* pla
pf(x)  p*'T+1),,
bt ey O 2.3)

Multiplying (2.2) with % and (2.3) with (—%) and summing them side by side, the
following calculations can be performed.

dt

(¥ — @)™ fl ([ + (1= 1) ap]%)
0

b-a (txr + (1 — D) ar)' 7

(bF — 2Py fl e f (1 + (1 - z)bp]é)dt
b-a Jo (w+1-nbe)
_ AW —a) p"T(a+]) Iy f(a)
B b-a - b-a
PFOW =) pmIT @+ 1) P15 ()
b-a b-a '

With rearranging the last statement

P (@ + 1)

b [PIf (@) + P, f ()]

b-a
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(¥ — o)™ f f (lx + (1= 1) aﬂ]é)d
= —dt
b-a Jo (w+A-nar)7

(b — )™ f @ f ([ex + (1= 1) b))
0

—dt
b-a (txe + (1 —1)b?)' >

is obtained, which completes the proof. O
Remark 1. Under necessary conditions of Lemma 3 with choosing p = 1, we get Lemma 2 which is
proven in [13].

Remark 2. By choosing @ = 1 in Remark 1, it is easy to obtain Lemma 1 which is proven in [2].
Theorem 3. Let f : I C (0,00) — R be a differentiable mapping on I° and a,b € I with a < b such

that f' € Lla,b). If |f'| is p—convex on I and |f’ (x)| £ M for all x € [a, Z%a) (ifZ%a < b, otherwise
x € [a, b]), then the following inequality holds

a+1 a+1
7, @ pia x| < M5 m@+uw+M@f;}*mmhww (2.4)
where
Al=r -1 0
R(/l) = a+22F1(a/+2’pT;a,+3;1_%)

S )

A7 [(a+2)2F1(a+1, Lo+ 2; 15

- AP
(@+D@+2)| —(a+1) 2F1(a/+2, ’%1; a+ 3; l—f—p)}

and p > I, @ > 0, 4 € {a,b}, 2F: (., .;.;.) is hypergeometric function and Y, (@, p;a, x, b) is as
defined in (1.4).

Proof. By using Lemma 3 and properties of modulus, it can be written

(Xp _ ap)a/+1 fl [l
Y , P54, ’b <
Yy (@, psa,x,b)| ma s

£l + (1= na)s)
(tx + (1 = ) ar) s

wer (el o on)
+ 1
0o (tw+A-0b)

dt

dt.
b—a

By means of p—convexity of |f’|, following computations can be performed

IA

dt

(o —a’)™! fl [t I+ A =nlf @l
0

Y b ; b ,b
1 g 2) b-a (b + (1= 1))

Jw—ﬁw”fwﬂwwm+u—nwwmm
b-—a Jo  (w+A-0b)

_ (xp _ ap)(r+l

h b—-a
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QL e+ @ + (1= ae)i~ dr
@ fy (=) (1 + (1 =y ar)~ dr
+(bp _ xp)a+1
b-a
OOl 7 e + (1= 1) by dn
X 1 1 .
+IF O f, (7= ) e + (1= ) b2y d

With necessary computations, it is easy to see that

X —af a+1
Y (@.psa,x,b)| < % {Iff IR (@) +1f (@S (a)}
b — xP a+1
Nlink bl {If OIRD) +1f (DS (B)}

b—a

By using boundedness of f” (x), that is, |f’ (x)| < M, it is easy to see

a+1 a+1
o k@ +S @)+ MO0 (R ) +5 0)

|Yf(a/,p;a,x,b)|SM P

which completes the proof. O

Remark 3. By choosing p = 1 in Theorem 3, it reduces to Theorem 7 with s = 1 in [13] where we used
the fact that ,F (x, 0; y; z) = 1.

Theorem 4. Let f : I  (0,00) — R be a differentiable mapping on I° and a,b € I with a < b such
that f' € Lla,b). If |f'|" is p—convex on I and |f’ (x)| < M for all x € I —{a, b}, then the following
inequality holds

Q=

M 1 1 1
|¥r (@, psa, %, b)| < -— (aq " 1) [ =)™ K7 (@) + (7 — )" K7 ()]

where

0 (xr(l—p)+p _ /lr(l—p)ﬁo)

=) (r(1-p)+p)

=1, r# p’%l and Y (@, p; a, x,b) is as defined in (1.4).

KQ) =
andp >0, >0, 1 € {a, b}, r > 1,%+§
Proof. With the help of Lemma 3 and properties of modulus, one can write

|Yf (a,p;a,x, b)|
& — )] fl @ ([ + (1= 1)) )
t

0

- b-a (tx + (1= ar) 7

b — oy f e |f (e + (1= 1) b7 )
+ —dt.
b-a Jo (w+1-1br)r
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By using Holder inequality, it can be written as

|Yf (a,p;a, x, b)|

(xp _ap)a'+l 1 Y
< ﬁ(fo (@ + (1 =)y dt)
1
x(f 1 th)
0
(bp _ xp)a/+l 1 l)_] - lr
Jrﬁ(fO ((tx"+(1 — 1) b)i ) dt)
RY
dt) .

1
x(f 1%
0

From the p—convexity of | f’|? and |f” (x)| < M, it follows that

L
-

<=

£ (i + (1 =na))

£ (i + (1 =0 b'))

xp _ ap a+1
|Yf (a,p;a,x, b)| < %Ki (a)
1 1 ;
x(f T () dt+f "1 (1= f (@ dt)
0 0
P a+1
RUES L
1 1 ;
X (f 1 (0| dt + f (1 =-0|f b)) dt)
0 0
& — )™ 1 1 g
< —— K7 (a)| M + M9
b-a aq+?2 (g + 1) (ag +2)
2P a+1 7
+MK% b) [ M7 1 + Ma 1 !
b-a aq+?2 (g +1)(ag +2)
1
M 1\
_ ( ) [ =)™ K7 (@) + 0 — )™ K7 (b)]
b-—al\ag+1
which completes the proof. O

Theorem 5. Let f : I C (0,00) — R be a differentiable mapping on I° ancll a,b e lI with a < b such
that f' € Lla,b). If |f'|? is p—convex on I and |f’ (x)| < M for all x € [a, 25a) (if 2ra < b, otherwise
x € [a, b]), then the following inequality holds

M 1 1
Y (@piaxb)| < ;= (& =a)" L' @ (R(@) +S @)
—d
M
b (=) L1 (b)(R(b) + S (b))1
—da
where
AP -1 x°
RW = ——aFi|a+2 ’)T; a+3: 1—5)
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A7
(a+D(a+2)

(@+2) oF (a+1, & a+2; 1- %)

S
@ —(oz+1)2F1(0z+2, '%;a+3;l—ﬁp—p)

Al-r ~1 X
L) zFl(cx+1,p—;a+2;1——)
a+1 P AP

andp > 1,a>0,q>1,4¢€{a,b},,Fi(,.;.;.) is hypergeometric function and Y, (@, p; a, x,b) is as
defined in (1.4).

Proof. Making use of Lemma 3 and properties of absolute value, it can be seen that

|Yf (a,p;a,x, b)|

w— eyt L (e + (=D a))
= Th-a fo (tx0 + (1 - Dar)' 7
W — oyt el (e + - 00|
T h—a fo (tx0 + (1 = 1) b?)' 7

Then, making use of Power-Mean inequality, the following computations can be performed

dt

dt.

0 _ o\t 1 ] 1_5
¥y (@.pra.x.b)| < % (f 2 + (1 =0)a)e ! d;)
- 0

1

q q
m)

1

th) .

£ (i + (1= na))

1
x(f £ + (1 =)y
0

_ a+1 1 .
M it (f (0 + (1 = ) )5 dt)
b_a 0

1=-1
q

£ (i + (1 =)

1
x(f £ + (1= )PP
0

Hence |f’| is chosen as p—convex on [
(xp _ ap)a/+l Ll_i (a)
b-a
1
S fet e ea-ney i ora
+ (=) @+ (L= 0@y U @) dr
+(bp _ xp)a/+l Ll_% (b)
b—a

[ [ 0+ (L= o) | (ol di ]q
X i . .
+ (= e @ + A= by | (b)) dt

|Yf (a,p;a,x, b)| <

With necessary computations, it can be easily seen that

(X —a*)* L4 (a

. L1 P R@ + 1 @IS @)

|Yf (a,p;a,x, b)| =
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N (bp _ xp)(l+1 Ll—é (b)
b —

1
(f I R (B) +1f (D) S (b))
With using boundedness of |f” (x)|, it can be written that

M(xp _ ap)a+l Ll—% (a)
b—a

N M(bp _ xp)(1/+1 L1_§ (b)
b—-a

(R(a) + S (a))

|Yf (a,p;a, x, b)| <

(R (b) + S (b))i .

So the proof is completed. O

Remark 4. By choosing p = 1 in Theorem 5, it reduces to Theorem 9 with s = 1 in [13] where we used
the fact that ,F (x, 0; y; z) = 1.

3. Applications to special means

Let us recall the following means for two positive real numbers.
(1) The arithmetic mean:

+b
A=Ab) =222 4.b>0: abeR,
(2) The logarithmic mean:
b—a
L=Lab)=——; a,b>0; a,beR.
Inb-1na

Proposition 1. Let 0 < a < b and % < 2¢a. Then the following inequality holds

D) @
‘4A (a,b)In(A(a,b)) — Z%Ll (a(" ), p® )) + 24 (a, b)‘

(b2 - az)
< |M|—2
< M 5
where M = max {|Inq|, In b|}.

Proof. The proof follows from Theorem 3 on applyinga = 1,p =2, x = % and f (x) = —In x which
is p—convex on (0, co) for p > 1. O
Proposition 2. Let 0 < a < b and % < 2va. Then the following inequality holds
b* - a?

2a?

[4A~" (a,b) - 4L7" (a,b)| <

Proof. The proof is immediate from Theorem 3 on applying o = 1,p = 2, x = ”zib and f(x) = x2
which is p—convex on (0, o). O
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4. Conclusion

In this study, new lemma and theorems are put forward to obtain new upper bounds for Ostrowski-
type inequalities including Katugampola fractional operator. Researchers can obtain new lemmas and
theorems by using similar method used in this study or use the obtained results in many fields of
science.
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