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1. Introduction

We introduce and study a coupled system of nonlinear third-order ordinary differential equations on
an arbitrary domain:

u'”(t) = f(t, u(t), v(t), w(t)), t € [a,b],
V(1) = g(t, u(f), v(t), w()), t € [a, b, (1.1)
W (1) = h(t, u(t), v(£), w()), 1 € [a, b],
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supplemented with nonlocal multi-point anti-periodic type coupled boundary conditions of the form:

u(a) + u(b) = Za,v(n,) w'(@)+ v/ (b) = Z,Bzv (), w'(@)+u"(b) = Zynv (),
J=1 n=1

m

V@) +v(b) = Z Sewie). V(@) +v/(b) = ) pgw'(ng). V(@) +v"(b) = Z ' ). (1.2)
g=1

m m

w(@) +w(b) = Z EuQne), w'(a) +w'(b) = Z Lo (1), W@+ (B) = Y Kk (1a),

d=1

where f,g, and h : [a,b] x R? — R are given continuous functions, a <1, <1, < --- < 1, <
b, and «;, Bi, Vn, O¢, Pg> Or, &, {p, and kg € R* (j,I,n,e,q,r,k,p andd =1,2,...,m).

Boundary value problems arise in the mathematical modeling of several real world phenomena
occurring in diverse disciplines such as fluid mechanics, mathematical physics, etc. [1]. The available
literature on the topic deals with the existence and uniqueness of solutions, analytic and numerical
methods, stability properties of solutions, etc., for instance, see [2—5]. Classical boundary conditions
cannot cater the complexities of the physical and chemical processes occurring within the specified
domain. In order to resolve this issue, the concept of nonlocal boundary conditions was introduced. The
details on theoretical development of nonlocal boundary value problems can be found in the articles
[6-10] and the references cited therein. For some recent works on the topic, we refer the reader to the
articles [11-16] and the references cited therein.

Nonlinear third-order ordinary differential equations appear in the study of many applied and
technical problems. In [2], third-order nonlinear boundary value problems associated with
nano-boundary layer fluid flow over stretching-surfaces were investigated. Systems of third order
nonlinear ordinary differential equations are involved in the study of magnetohydrodynamic flow of
second-grade nanofluid over a nonlinear stretching-sheet [17] and in the analysis of magneto Maxwell
nano-material by a surface of variable thickness [18]. In heat conduction problems, the boundary
conditions of the form (1.2) help to accommodate the nonuniformities occurring at nonlocal positions
on the heat sources (finite many segments separated by points of discontinuity). Moreover, the
conditions (1.2) are also helpful in modeling finitely many edge-scattering problems. For engineering
applications, see [19-21]. It is expected that the results presented in this work will help establish the
theoretical aspects of nonlinear coupled systems occurring in the aforementioned applications.

The main objective of the present paper is to establish the existence theory for the problems (1.1)
and (1.2). We arrange the rest of the paper as follows. In Section 2, we present an auxiliary lemma,
while the main results for the given problem are presented in Section 3. The paper concludes with
some interesting observations.

2. An auxiliary lemma

The following lemma plays a key role in the study of the problems (1.1) and (1.2).

Lemma 2.1. Let fi,g1,h € Cla,b]. Then the solution of the following linear system of differential
equations:

u”' (@) = i@, v (@® =g1(0), w0 =h@), 1€ lab], 2.1
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subject to the boundary conditions (1.2) is equivalent to the system of integral equations:

t ([ _ S)Z 1 b )
u(t) = f S fis)ds + X{ ~ f [2A1(0 = 5 + Gi()(b - ) + Pi(1)|fi(s)ds

b m
- f (A1) (b = 97 + Ga(d)(b = ) + Po(D)|g1(s)ds

=1

b b— 2
_f [AlS 11( 3 $) + G3(l’)(b - S) + P3(t)]]’l1(S)dS

1d TIn
+P5(1) Zxd f fis)ds)+Po( 7 f 21(s)ds)

n=

3

m 7]p
+P0)( D o f hi(s)ds) + Gx(1) Z{,, (1p = $)fi(5)ds) (2.2)
r=1 p=1
+Gi(o( DB f (1 - $)g1(s)ds +Gz<t)(zpq f (114 = $)hi (5)ds)
=1 a
S Uk—S)2 S i 2
ensu( [ P sds) + 20, (2 [ = i)
k=1 -1 a
AL @ Z f (e = P (s)ds)},
j=1 =1 a

f e )2 1 b b — 2
o = [ STeds (- [ [ASTS 4 G0k - 9 + Pao]Acsids
b
- f [2A1(6 = 5 + G5()(b - 5) + Ps(1)[g1(5)ds

b m
- f [Alzée( — )2 + Ge(1)(b — 5) + Pe(t) |l (s)ds

e=

+Ps(t)( D ka f Fi(s)ds) + Pat)( D v f g1(s)ds)
d=1 1

n=

n 1y m Tp
P50 Y, [ )+ Gao( 4y [ = 1) 23)
r=1 p=1 a
m m T]q
+G(1) Z,Bz f (1 = $)g1()ds) + G50 D pg | (1 = Hhi(s)ds)
=1 g=1 a

oy ng [ =2 cos) ¢ Aisi Za, [ D g1(s)ds)
e=1
+2A1(Zée f (7 = 87 (s)ds)),
e=1 a

AIMS Mathematics Volume 4, Issue 6, 1634—-1663.



1637

t 2 1 b m b— 2
w(r) = f ¢ zs) hl(s)ds+X{— f A & 2” + G1(O(b - 5) + P1(0)|fi(s)ds
a a k=1

b b— 2

- [ [nsuB5E + Guow - 9+ P feicons
b

_ f [2A1(b — )2+ Go(t)(b — 5) + Pg(t)]hl(s)ds

0 Y | ")+ P Y [ eioas)
1 a

=1 n=

3
3

p
o Yo [ mds)+ Gl Y ¢, f (np = $)fi()ds) (2.4)
r=1 p=1 a
m m nq
G0 D B f (m = $)81(5)ds) + Gs()( D, pq f (g = )1 (5)ds)
=1 q:l

3

an( Y [ - i) +A1 Za, [ o= s2econs)
k=1
m Y
+A1S 13 Z&e f (’76 ) 1(s)ds)},

e=

where

Gi(1) = (8 = Bi)(u1 +4Q(0), G2(t) = (8 = B)(kz +2Q(1) Zﬁz),
=1
G3(1) = (8 = B)(u3 + S6€2(1), Gu(1) = (8 — B)(us + S5Q(D)),

Gs(1) = (8 = B1)(us + 4Q1)), Go(1) = (8 = B1) (1o + 2€2(1) qu),
g=1

G7(1) = (8 = Bi)(u7 +2Q(1) Z {p)s Gs(®) = (8 — By)(us + S7Q(1)), (2.5)
p=1

Go(t) = (8 — By)(uo + 4Qt)), P1(t) = Ly + A1Q(1) + 2As(t — a)’,
(t— a)2

Pz(l‘) =1L, + AzQ(t) + Az([ - Cl) Z Vs P3(t) =I5+ A3Q(t) +S1A,

n=1

(t — a)?

P4(l) =L, + A7Q(l) + S3A2 y P5(I) = L5 + AgQ(I) + 2A2(f - Cl)z,

Po(t) = L + AgQ(t) + As(t — a)? Z oy, P7(0) = Ly + AsQ() + As(t — a)? Z Ky,
r=1 d=1
(t — a)?

Pg(l) =ILg+ A5Q(l) + SHA,
Q1) = (8 = B3)(t — a),

, Po(1) = Lo + AgQt) + 2A5(t — a)?,
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r=1 n=1 n=1 d=1 ’ r=1 d=1
542(;/51)(;&1) SS—(ZIO-r)(;ﬁI), 562(;[31)(21/%)
= = r= = = g=
=55 ah se=(Sal S 5= (S S0 ”
=1 p=1 p=1 g=1 d=1 g=1
= (S S su=(SalSe) se=(SalSe)
n=1 g=1 e=1 j=1 k=1 e=1
_ m m m (77] _ a)2
Su=(D,&)(D ) Er = Zam Q). Ex= ) e,
k=1 j=1 Jj=1
Es = Z,Bz(m @), Ey = Za (1. - a). Es = Zé B gy oyt -,
gq=1
=Y am-a. B= Y & . 2 Z 5m, - ),
k=1 k=1

= -2(b- a)[s +S6 Zm:Kd

d=1

Ay =-(b—a)[$2S6 +8 Zyn

n=

] + A4S ¢Eo + 4S1E; + 4S ,Eq,

ms "Ms

| +286Eo( Y ) + 16E;5 + 252E4( Y B1).
n=1 =1

As=—4(b-a)[Se+S1+Ss5|+S1S6Ey + 8E5( ) o)) + 8Eq Z
r=1 =

3

Ay=-(b-a)8 dZm;Kd )+ 8( Zm;g,, +S3S7]+16E9+2S3E3(Z§)+ZS4E6(Zm;{,,),
= = =

m

p=
As=—4(b-a)S, + Zyn(ng +89)+8Eo( D ya) +8Es( D 4,) + $287Es,
=1 n=1 =1

n=1 p
Ag=-2b-a)8+S (Z )+ Ss( Z £p)] + 48 1 Eo + 4E5( Z o) Z {p) +4S7Eq,
p=1 p=1 r=1 p=1
Ay =—4(b—a)[Ss+ 55+ So| +S355E5 + 8Eq( Zm:Kd ) + 8Es( Zmlpq 2.7)
d=1 q=1

M=
M=

Ag = —2(b — CZ)[S + Sg( ’)/n) + Sz( pq)] + 4SgE3 + 452E6 +4S 10E9,

1

S
1l
—_
=
Il

3

Ms

Ay = —(b— a)[slsg +8( ) o)+ 8

r=1

pq)| + 28 s s Zm:a, + 16Eg + 25, Eg(zm:p),
1

1 q=

N
Il
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Jl = E1A7

J, = E\Ag

Jy = EjAg —

Jy = E4Ay —
J5 = E4A5

J6 = E4A6

J7 = E7A1

Jg = E7A2

J9 = E7A3

— Ag(b —a) + (8 — Bo)(EsS, — 2(b — a)?),

—As(b—a) + (8 - B)(2Es ) vu—S»

—A(b—a) + (8 = B)(S3E, — 2(b — a)?),

~ Ax(b—a)+ (8= B)(4E> = ) yulb - a)),

n=1
(b— )?
)

As(b—a) + (8- By) ZEZ

(b— a)z)’

Ar(b—a)+ 8~ B2)(2Es ) ky =37

d=1

(2.8)

~ Ao(b - a) + (8 = By)(4Es = ) 0(b — a)’),

r=1
m

— Alb—a)+ (8 - BY(4Es = ) k(b — a)?),

d=1

(b -ay
)

n=1

— As(b —a) + (8 = Bo)(S 1 Es — 2(b — a)?),

3

py = 4S5E — (b - )16 + 2(Zm: a))Ss+251( D 4)| +4S 1k

j=1 p=1

3

m

+4E( Zmlg,, Zm:aj, w2 = 16E, = (b - a)[8( > 1) +8( > aj) +S1187]
p=1 j=1 =1

+2E,S - Za, +281Eo( ) B)), p3 = 8E

&‘

~4(b - a)[Se+ S+ (D oy

g=1

pa = SsSE =4 - a)[S 1o+ S5+ () &)
p=1

ps = 48 12y = 2(b - a)[8 + S 1o D i) + S
=1

Ms

/1622(
1

N
1l

M=

/1722(

=
I
—_

ps = 38 3Es —4b - a)[S 15+ ( DB
=1

AIMS Mathematics

pq)SIZEl —(b—a)[S6512 +8 pq)+8
q 1

§p)513E4 —(b- a)[58513 + 8 ka
=1

= ]:]

(5535

=1 q=1

m
2.}
=1

J

3

Ms

CYJ) +S6S11E7,

.
1l
—_

2.9)

Ms
s
s

8.)| + 8Es(

e=1 e
m

(D 6)| +481Ea+4E:( >
=1

e=1 =

Zm“ae + 16E, +2(

= e=1 e
+2S8E1 ka +16E7

2 =1
fk) +S7] + 8E1(Z )+ 8E7(

1 k=1 =1

56) + 8E4( gp),

1

(3:5),

e=

3
I
=
I

SN

3

Ms

8.)S 6 Er,

1l
—

3

m

,31)

M:

>~
Il
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m

po =4S 13Ey = 2(b = a)[8 + S15( D pg) + Se( D &)+ 4E1( D ) D &) +4SEr,
q=1

g=1 k=1 k=1

Ly =4J, + 781 +2J4ZC¥]-, L,=4J, + J5S 11 +2J5Zaj,
=1 =1

L3 :4J3+J9S11 +2J626¥j, Ly :4J4+J1512+2J7256,

j=1 e=1

Ls = 4.]5 + LS+ 2J8 Z 0., Lg = 4J6 + J3Slz + 2.]9 Z Oc, (210)

e=1 e=1

L7 = 4.]7 + J4Sl3 + 2.]1 thk, LS = 4-]8 + J5513 + 2]226‘},
k=1 k=1

Lg = 4.]9 + J6SI3 + 2]3 ka,

k=1
and it is assumed that
A=(@8-B)@B-B)8—B3) #0, (2.11)
= A/B=B3), Aa=A/B=B), B =(D ) D k) D)
r:l d= n=1

(2.12)

Bz=<iz:p><

p=1 =1 g=1

Ngb
=
M
S
®
|
||M§
b?s
\Q
Qs "
9”

Proof. We know that the general solution of the linear differential equations (2.1) can be written as

Y WY

u(t) = co + 1t — a) + ey 2") ; f ¢ zs) fis)ds, 2.13)
(t — a) "(t—s)?

V() = c3 + c4(t — a) + c5 > + f > g1(s)ds, (2.14)
_ 2 t _ 2

W(t) = c6 + rlt — a) + cg 2“) ; f @ zs) hy(s)ds. 2.15)

where ¢c; € R, i = 1,..., 8 are arbitrary real constants. Using the boundary conditions (1.2) in (2.13),
(2.14) and (2.15), we obtain

— = N —a)y
20+ (b —a)ey + L 2“)2(:2— Za, cs - Z%(m )64—(2%‘(77]261) Jes

Jj= J=1

— )2 j
f Gt f1<s)ds+2 f ’ (”’ D e (s, 2.16)

2e1+ (b= a)er = ( ) Br)es = (D Bilm — @))cs
=1
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b m Ul
- [ e-9neds+ Y5 [ ai-onas @17
a =1 a

m b m n
26 = () v)es = - f fis)ds + > v, f " gi(s)ds, (2.18)
a n=1 a

n=1

2c3 + (b —a)es + _a) cs — Zmlée )6 — (Zm:@(ne ))er - Zmlde(ne —a)2
= e=1

e=1

e=1
b b — 2 )2
_ _fa ( zs) gl(s)ds+;5efa (”ezs) h(s)ds, (2.19)

2¢4 + (b - a)es — qu ¢ - qumq—a))

g=1

f (b — $)g1(s)ds + Z P4 f (1 — $)hi(s)ds. (2.20)

2¢5 — (Zm: (T,)Cg = —f gi1(s)ds + Z O',f hi(s)ds, (2.21)
a —1 a

r=1

_(;‘fk co — ka(ﬂk—a) ¢ — ka(ﬂk—a)2)02+zc6+(b a)es + (b—2a)2 .

m

b o2 K (n, —
- - f b 2S) h(s)ds + ) & n ("kz . f(syds, (2.22)
a k=1

a

§p)C1 - (Z &p(np — a))Cz +2¢7 + (b —a)cy

1 p=1

b m p
- f (b= s+ > & | (1, = $)fi(s)ds, (2.23)
a pzl

a

M=

2

S|
Il

m b m 7ld

—(de)c2 +20g = — f hi(s)ds + de f Fi(s)ds. (2.24)
d=1 a d=1 a

Solving (2.18), (2.21) and (2.24) for ¢, ¢s and cg, together with the notations S, 5, and S5 given by
(2.6), we get

Cr =

b m b b
~4 [ nds=2Y ) [ eas=si [ mes
a n=1 a a

+SI(ZKdLndﬁ(s)ds)+4(Zm1'ynj; gl(s)ds +2 Zn::yn Zm; j; (s)ds

n=1
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b b u b
es = 8—181{_S3faf1(s)ds_4\[1 g1<s>ds—2(zar)fahl<s)ds

r=1
m

+2(Zm:0',)(zmlkd fﬂd fl(s)ds) + S3(Z;yn Lnngl(s)ds) +4(Zm:crr ‘fam hl(s)ds)},

r=1 d=1 a = r=1

1 n b b b
¢ = gT Bl{—Z defl(s)ds—52f gl(s)ds—4fa hi(s)ds

m

de f fi()ds) +2 Kd Z)/n f " gl(s)ds)+sz(zm:ar f mhl(s)ds)}.

r=1

Inserting the values of ¢;, ¢s and c¢g in (2.17), (2.20) and (2.23), and using (2.6), we obtain

8- B

n b
20-(;,31)@ = { j; [(b_s)(g_Bl)+S3E3—4(b—a)]f1(s)ds

S

|45 - 26 - a)( Zm]yn )|g1()ds
n=1

2E3 O'r 1(b (1) I(S)dS

ﬁ .
’_‘ IIME

=+

S1(b - a)|fi(s)ds

Kq

-

N M S

—+

o
1 a

an 3E3 4(b - a) g1(s)ds

[4E3 - 200 = a)( D7) |1 (5)ds])
n=1

r

+

M=

11
B f (1 - $)g1(s)ds,
1

~
Il

2ci— (D pg)er = ! f 2E4( ) k) = S3(b - a)|fi(s)ds
a d=1

q=1
b
[(b — )8 = By) + S1Es — 4(b - a)|gi(s)ds

[4156 —2(b - a)( Zml ar)]hl(s)ds
r=1

+

| |

Ky f " [4E6 - 20— a)( D o) | i(9)ds
a r=1

n m
+ )’nf [2E6 Kd S3(b— a) gi1(s)ds
a d=

1

I
—_

n

(2.25)

(2.26)
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m r m yn

+> 0o, f ' [$2E6 = 46 - @)|i(s)ds}+ > p, | 1y = (),

r=1 q=1 a

_(ng)cﬁzw = 8—181 f 4E, — 22@ (b= a)|fi(s)ds
1 a d=1

f 2Ey Z)’n Sa(b - Cl) g1(s)ds

S

[(b s)8 — B)) + S Eg — 4(b — a)] [(s)ds

fb
+ ) K f S 1B - 4(b — a)| fi(s)ds (2.27)
d=1
+Zy,,f 4Ey = 2( > ka)(b - @)|gi(s)ds
n=1 d=1
m 1 m
+ Y o f 2Eo( > va) = Sa(b - @)| i (s)ds)
r=1 a n=1
DN f (1 — ) fi(s)ds.

1

S
Il

Solving the systems (2.25) — (2.27) for ¢y, ¢4 and ¢; together with the notations (2.7) we find that

b ’ \
o = Ail{_fa [4(8—Bl)(b_s)+A1]f1(s)ds_[l [2(8—31)(b—s)(1:21181)

b mn 1d
+Az]g1(s)ds — f [S6(8 = BB = 5) + As|lu(s)ds + A3 D xq f fils)ds
a d=1 a

A Y [Ces 4 Yo, [ s
n=1 a r=1 a
m 7p m 71
#Se® =B 2,4 | Oy = Dfis)ds) + 48 =B 2B | (m=i(5)ds)
=1 =1

p a
28 -5 qu [ = mas),

1

b b
o = - f |58 = B)(b — ) + Aq | fi(s)ds - f 48 = B)(b — 5) + Ag[g1(s)ds

b m m 7d
- f 20 p)B = BO(® = ) + Ao |l (s)ds + Ag ) ka f fi(s)ds
a g=1 d=1 a
w47y, f " aiods 4y o, f " (s
n=1 a r=1 a
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2680 Y (D6 [ - 95100
q=1 p=1 a

+$58 - B)( D B f " - 9)81(5)ds) + 468 - B)( D P "1y = ) (5)ds)),
=1 a g=1 a

1

b m b
¢ = A_l{_f [2(2(,,)(8—31)(1)—s)+A4]f](s)ds—f S8 = B)(b - 5)
a p=1 a

b m 1d
+As)g1(s)ds — f |48 = BB — ) + Ag|i(s)ds + A ) k4 f fi(s)ds
a d=1 a

oyl s + 45 ) o | s+ 36 -8(D ¢ [ = 951(5)ds)
n=1 a r=1 a p=1 a
28-80Y 6D [ - moias)
p= =1 a

w528 B)(Y oy [ 1y = Oi(ds))

q=1 “

Substituting the values of ¢y, ¢z, ¢4, ¢5, ¢7 and cg in (2.16),(2.19) and (2.22), together with the
notations (2.6) and (2.8) yields

m 1 b b — 2

200 (D) = -{ = [ MO+ (@ = Bob - 9)SiE1 -4 - a) + 4] is)ds

- ]
b ! m

- f (8 = B - 9)(4E, -2 Z,Bz(b — @) + Jo]gi(s)ds

[ 16 B0 9CE Y - 846+ ]y

q=1
d
+J3 Z de SHi(s)ds +.J, Z nf g1(s)ds + J Z crrf hi(s)ds
n=1 a
+(8 - By)( Z - " 1y - )[2E1 D pg = So(b - @)|fi(s)ds) (2.28)
p=1 g=1

8- B)( Y m(m = 9|51 - 406 - g1 ()ds)
=1

a

+8 - B))( qu f "= 948 =2 ) Bi - a)(syds)
=1

m ; a2
Ay Z f R )g1<s)ds)},

AIMS Mathematics Volume 4, Issue 6, 1634—-1663.
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m b m
2e5 = (D 6e)ce = Ail{ - f (8 = B)(® - $)(2E, Z} £y~ S5(b— @) + Jy | fi(s)ds
p=

e=1

Pr (b—s)
- f | AL 5 +(B=B)(b = 9))(SsEs = 4(b - @) + Js|g1(s)ds

b m
- [ 8= B0 = )@ -2Y 6 - a) + elmisras

q=1
m

Tld m Tn m T
+J62Kd fl(S)dS+J4Z7’nf gi1(s)ds + JSZO-rf hi(s)ds
“ n=1 a r=1 a

d=1
+8-B)( D¢ f ", - [4E = 2) oyt - )] i) (229)
p=1 “ q=1

+8-B)( D B - |2k, D4 = Ss(b - @)gi(s)ds)
=1

a p:1

=B Dpy [y o[Seks - 406 - ]m(s)ds)
=1

a

=
+A1(iée f " - S)zhl(s)ds)},
e=1 a

m b m
~( D &)eo +2c6 = Ail{ - f (8 = BB = 9)4E1 =2 )" ,(b — @) + J|fi(s)ds
k=1 a p=1

b m
- f (8 = BO(b = $)QRE; Y Bi = Ssb - @) + Js|gi(s)ds
a =1

b (b _ S)Z
_ f A, 5+ (8= B)(b ~ 9)(SEr 46~ a) + Jo|m(s)ds

n d 1 n 1 1l
+Jy Z de fi(s)ds + J; Z YV f g1(s)ds + Jg Z o, f hi(s)ds (2.30)
d=1 n=1 a r=1 a

a

+8-B)( D ¢ " 1, - $)|S6E7 — 4(b - a)|fi(s)ds)
p=1 “

+8-8)( DB " - 9[aE -2 D40 - a)|gi(s)ds)
=1 a p=1

880D oy [ = 9[2E: Y = Setb - @)i(o)ds)
q=1 a =1

m

+A1(; b [ P o))

B 2
Next, solving the system of Eqgs (2.28) — (2.30) for ¢y, c3 and ¢4 together with the notations (2.9),
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we obtain

Cop =

Ccy =

Ce =

AIMS Mathematics

1

b
A= f [281(b = 8 + 118 = B)(b = 5) + Li | fi(s)ds

b m
_f (A )b = 9 + 18~ B — 5) + Lo gi(s)ds
=1

a

b b — 2
f[A $1 02 4 (8 = BB~ ) + L] (5)ds

11d
+15 Z Ky f fi(s)ds + L, Z YV f gi1(s)ds + L, Z o, f hi(s)ds

m

+15(8 = B) Zzp " 1y - 9)i(5)ds) + (8 - B Zﬁl (m—s)gms)ds)
p=1

T (Uk - 5)?

+ﬂ2(8—Bl>(qu "1y - 9io)ds) + Aisu( D & fi(s)ds)
k=1 a

a

m

m 7le
I Y 2 f (1 = $)°g1(5)ds) + Ay Za, > 6. f (7 = $)*hi(5)ds)}.

j=1 e=1 a

1 (b—-s)
- f [A1S 1275 + (8 = B)(b = 5) + Lu] fi(s)ds

b
- [ A= 57 st - Bio - 5+ Ll s1ds

f A(Zé)(b—@ + 168 = BI)(b — 5) + Ls | (5)ds

11d
+L62de fl(s)dS+L4Z7’nf gl(S)dS+Lssz hi(s)ds

+116(8 = B1) Z (np—S)ﬁ(S)dS)+u4(8 By) Z (nz—S)gl(S)dS)

m

+us8 = B)( > py (m,—s)hl(s)ds )+ A (Zé) ka f (= ) fi(5)dls)

q=

1
+A1512(Za]f ("f_ )gl(s)ds )+ 2A, Zaf (7 = $)*hi(5)ds)}.

J=1

b m
- [A(Z £)(b = 9 + (8 = B)(b - 5) + Ly | i ()ds

—
\S]
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n 1d n 1 n 1l
+1Lg Z Ky f fi(s)ds + Ly Z YV f gi1(s)ds + Lg Z o, f hi(s)ds
d=1 a n=1 a r=1 a

+us(8 = B)( D¢, " (= AS) + (8 = B Zﬁl - 9g1(5)ds)
p=1 “ I= a
+15(8 = By)( qu "q<nq — ) (s)ds) + 24 Z &

- m B )2
+A (ng) ajf o )gl(s)ds)+A so(Yo [ ("ezs) hu(s)ds)).

Inserting the values of ¢; (i = 1,...,

" 9?

a

fils)ds)

e=1 a

and (2.4). The converse follows by direct computation. This completes the proof.

3. Main results

Let us introduce the space X =

8) in (2.13), (2.14) and (2.15), we get the solutions (2.2), (2.3)

O

{u(H)lu(t) € C([a, b))} equipped with norm ||u|| = sup{|u(?)|, ¢ € [a, b]}.

Obviously (X, ||.]]) is a Banach space and consequently, the product space (X X X X X, ||(u, v, w)|]) is a
Banach space with norm |[|(, v, w)|| = |lull + |[V|| + [[wl| for (u,v,w) € X3. In view of Lemma 2.1, we
transform the problems (1.1) and (1.2) into an equivalent fixed point problem as

(u,v,w) = H(u,v,w),

where H : X* — X3 is defined by

AIMS Mathematics

7_{(”9 v, W)(t) = (7_{1 (I/l, v, W)(t)’ 7_{2(1/‘, v, W)(t)’ 7’{3(”, v, W)(t))9

7‘(1 (u, v, w)(¥)
f O s + - f b 2818 = 5 + Gi(O)(b = 5) + P(0)|f(s)ds
a 2 A a l l 1

b m
- f (A1) ajb = 5 + Ga()(b - 5) + Pr(0)[g(s)ds

a ]=1

b Y
f A5 & 25) +G3(0)(b — 5) + Ps(0) [i(s)ds

m m

+P3(0( ) k4 f F($)ds) + Pi(0) Z f 3(s)ds)
d=1

a

3
3

+Py0)( ) o f h(s)ds) + Gs(r) Z f (1, — )f(5)ds)
1

p:

+Gi(0( D B f (m = $)8()ds) + Ga(r) qu f (g = $)h(s)ds)
=1

r=

3

3.1

(3.2)

(3.3)
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m

Mk _
+ALS ka (M« )f( )ds + 2A, Za/jf (mj—s) g(s)ds)

en Y Yo [ - o)

j=1 e=1
Ho(u, v, w)(1)
L (t— 5)?_ 1 b b — s)? 7
= j; : 2S) g(s)ds + X{ B fa [Alslz( ZS) OB -9+ P4(t)]f(s)ds

b
- f |21 = 577 + Gs(0)(b - ) + Ps(1)[g(s)ds

f Ay Z 5.(b — s)* + Gg(t)(b — 5) + P6(t)]A(s)ds

e Yk [ Fas)+ Pl Y [ gors (34
d=1 a n=1

+P5(z)(za, f h(s)ds) + Ge(0) Zg,, f — 5)f(s)ds)
r=1 a p=1

Ms

+Ga(0( ) B f (7 — $)8(s)ds) + Gs(1) Z f (14 = $)h(s)ds)
[ =1 a

+A i @(if f (7 — s f(5)ds)

e=1 k=1

+A1512(Zajfm ("’; )A( )ds) + 24, Za f (17 — )h(s)ds)],
=1 a

Hs(u, v, w)(1)
’ a2 1 b m b— 2 —
_ f - zs) h(s)ds+X{_fa [Alkz;fk( ZS) +Grl)(b = 5) + P10 f()ds

1l
—_

_ b[A s, =9 b~ 5) + Ps(0)[§(5)d
) DT 8 s s(1)[g(s)ds
b

_ f [21\1(]9 — )2+ Go(t)(b — 5) + Pg(z)]ﬁ(s)ds

+Po() ZK f(s)ds )+ Po(t) Z f 3(s)ds) (3.5)

1 —

+Pg(t)(20', f " h(s)ds) + Go(r)( Z f (1, — )f(s)ds)
r=1 a p=1

ﬁf (m—s)g(s)ds s(f) quf (nq—s)h(s)ds)
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3

Ms

+G(1)(

~
1l

1



1649

m

an( Y [ - R fios) + a0 ) & e f (15— $P()ds)
k=1

k=1

m

S (e, " ('79 1 = V5 s )\
e=1 a

F(5) = f(s,u(5), v(s), w(s)), B(s) = g(s, u(s), v(s), w(s)), h(s) = h(s, u(s), v(s), w(s)).

In order to establish the main results, we need the following assumptions:

(N1) (Linear growth conditions) There exist real constants m;,m;,m; > 0, (i = 1,2,3) and my >
0, my > 0, my > 0 such that ¥ u, v, w € R, we have

|f(t, u, v, w)| < my + mylul + my|v| + ms|wl,
lg(t, u, v,w)| < mg + my|ul + ms|v| + ms|wl,
\h(t, u, v, w)| < mg + my|u| + my|v] + ms|wl.

(N3) (Sub-growth conditions) There exist nonnegative functions ¢(¢), ¥(t) and x(¢) € L(a,b) and ¢; >
0,0<A4,<1,(=1,...,9) such that V¥ u,v,w € R, we have

|f (@t u, v, )| < @) + € lul" + &V + &|wl®,
tLu,v,w)| < yl(t) + e4uﬁ4 + € s+ e6w16,

g

(e, u, v, W)l < x(@) + elul" + e + elw|®.

(N3) (Lipschitz conditions) For all t € [a, b] and u;,v;,w; € R, i = 1,2 there exist £; > 0 (i = 1,2, 3)
such that
Lf (@t ur, vi,wi) = f(t, uz, va, wo)l < E(luy = ua| + [vi = val + Wi = wr)),

lg(t, uy, vi, wi) — 8(t, uz, vo, wo)| < Oo(luy — ua] + [vi = val + [wy — wa),

|h(t, ur, vi,wi) = h(t, uz, vo, wo)l < G(luy — ua| + [vi = val + [wy —wa).
For the sake of computational convenience, we set
@1:A1+A4+A7, @2:A2+A5+Ag, @3:A3+A6+A9, (36)

where

PV Ul L R SRS | P S ) R PO

6 3|18 — Bs| — 2 |A] 2
m m _ 2
FL1(b = @)+ T3( D Kkalna = @) + Os Z zp—‘l))], (3.7)
d=1 =1
Y« (b - a)?
Ay m[(b - a)3 + 2(77] - a) ] |A| [Q 3 + Tz(b - Cl)
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m

F0( D vam = @) + O n— ) )]
n=1

2

Ms

Bi

[

Il
—_

_ 1 (b - 0)3 S - (b - a)
Ay = ggmglSu ;a, 2 0tne = )] v 05
- (nq_a)z
+T3(b — a) + Tof Z o= ) + Qo Y 5|
=1 g=1
1 (b A QIRVAC (b-ay
A = geglSes 26 ka(nk a)’)| + IAI[Q =
+‘r4<b—a>+T6(ZKd<nd @) + ng("” )
d=1
(b—a)® 1 o (- a) (b-a)
As = 6“ +3|8_B3|[2(b a)’ +512(Z:; i~ )]+|A|[Q5 2“
tsb -+ 0 Y v - ) + 04 Y A I
n=1 =1
i . L, (b-ay
B = 5 1B3|[<b @+ 20 = a)')| + 75 Q65 + Yelb - @
s Zm(m ~)+05( > p @)],
g=1
S (b - a) (b=a)
A = 3|8k_13k3|[ S+ 20— ) )]+W[Q7 T+ 1i(b - a)
S (7710_‘1)2
+T9(ZKd(Tld Cl) + Qo pr
d=1 p=1
1 (b 01)3 . S (b - a)?
M= gl (2.4) ;a’(m )]+ yle
m m 2
#0043y - ) + (34 man)
=1 I=
3 m _ N2
8 = O 6a) 3R Bl[z(b s Y0 a) |A|[Q9(b 2a)
e=1
o (O —a)2
Ot -+ 1 Yot - ) + (Y0,
r=1 g=1
Qi = maXepqp) |Gi(?), and V; = maxepqp [P, G=1,..., 9). Also, we set

0= mm{l - (@1]”11 + ®2ﬁ11 + @3%1), 1- (@11’)12 + @2]’712 + @3%2),

1 — (®ym3 + O,z + O3m3)},

where m;, m;, m; are given in (N;).

AIMS Mathematics

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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3.1. Existence results

Firstly, we apply Leray-Schauder alternative [22] to prove the existence of solutions for the
problems (1.1) and (1.2).

Lemma 3.1. (Leray-Schauder alternative). Let Y be a Banach space, and T : Y — M be a completely
continuous operator (i.e., a map restricted to any bounded set in Y is compact). Let 2(T) = {x € Y :
x = ¢T(x) for some 0 < ¢ < 1}. Then either the set Z(T) is unbounded, or T has at least one fixed
point.

Theorem 3.1. Assume that the condition (N) holds and that
®1m1 + @21’711 + @3%1 <1, ®1m2 + @21’712 + @3%2 <1 and ®1m3 + @21’713 + @3%3 <1, (317)

where O, O, and Os are given by (3.6). Then there exists at least one solution for the problem (1.1)
and (1.2) on |a, b].

Proof. First of all, we show that the operator H : X° — X° defined by (3.2) is completely
continuous. Notice that H;, H, and H; are continuous in view of continuity of the functions f, g and
h. So the operator H is continuous. Let ® C X* be a bounded set. Then there exist positive constants

s> 0 and ;, such that FO = £t u@), v, w®) < of, Ol = gt u(t), v(t),w®)| < o, and
|h(t)| = |h(t, u(t), v(t), w(®))| < on, Y(u,v,w) € ®. Then, for any (u,v,w) € @, we obtain

|H (u, v, w)(@)|

R L 1 b 5 -~
f(s)ds + X{ - f [2A1(0 = 5 + Gi()(b - ) + Pi(1)|f(s)ds

b m
- f (A1) (b = 97 + Ga()(b = ) + Po(D)[g(5)ds
a =1

_ f ’ A5 & ;S)Z + Ga()(b - 5) + Ps(0)[(s)ds

+P3<r>(§;xd f "’ F(s)ds) + Pr(o)( e f nn?(s)ds)

2o Yo [ Hss) a0 Y [ - s
G Y5 [ - 558s) + oo Y [ - C5s)

q=1 “

=1
m Tk a2
+A1511(Z§kf (nk 2 f( )d +2A1

Ms

S
Il

Ms

1

~
Il
—_

S|
1l

lMg

<n,- ~ )°g(s)ds)

k=1 =
+A i aj(zm: O, f”e(ne - s)zﬁ(s)ds)}'
j=1 e=1 a
— )3 m N3
< of 222 +3|8i83|[2(b—a)3+Sn(;§kwn
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ﬁ[Q1 (b _2a)2 FL1(b - @)+ T dﬁ ka(a — @) + 05 p: gpM)]}
{j;ﬂ = |[(b a)* +2(n; - a)’| + | AI[Q b 2“)2 +Ta(b - a)
(Yo =)+ 0 35|
ol g[S = +(}§ml% 25(17@—41) )
+m[Qs(b_2a)z FUs(b—a)+ s Zar(nr—m ( @)}}

< 07A1 + 042 + 0nAs,

which implies that
[H e, v, | < 07A1 + 0,00 + 043,

where we have used the notations (3.7), (3.8) and (3.9). In a similar manner, it can be shown that
[Ho(u, v, Wl < 07A4 + 0gAs + 044,

and
1H:(u, v, Wl < 07A7 + 0,4 + 0no,

where A; (i = 4,...,9) are given by (3.10) — (3.15). In consequence, we get
[H @, v, Wl < 0701 + 0,0 + 0403,

where ©;, ©, and 05 are given by (3.6). From the foregoing arguments, it follows that the operator H

is uniformly bounded. Next, we prove that H is equicontinuous. Fora <t < 7 < b, and (u,v,w) € ©
we have

|?{1 (Lt, v, W)(T) - 7-(l (Ll, v, W)(t)l

< ‘f (=9 (- s)z]f(s)ds .\ f (r - S)zf(s)ds
f = t)(?g(b _Bz; A )+ o Bl)(T = )| f(s)ds
f el ® lzlaf)l I+ ﬁ—f) + é” G - OfEds
[l BZ)< -9+ )+ s - Offds
+de f [ =0+ s = )| Fsds
+gn fa”" [i_ll(T -+ ® _231)(72 - tz)E(s)ds
AIMS Mathematics
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m A m .
+Za,f [A—Zl(‘r—t)+ é"_—lByl) ~ ) [is)ds

= pzm; o | " 1y - 9F(s)ds)
sl 2,8 f(m ~ E(s)ds)
+?82_7L£)1 (r=1) qi f (1, ~ $V(s)ds)|
< oC = L %'(r a0y - - ay|] + IE(ST le[(b a)(205 + o, Z,Bl + ;th )
+0,S 6 ,,Z’: L 5 a)z) + 204 gﬁz(m — a)’) + ou( ;ﬁz) ;pq(nq - ay’)]
+ (T| x l’) (6 - oyl + ol + 0us) + oA > katrns - )

d=1

+oelAul( Z Yaltn = @) + oilAal( Z a1, - )|

(T2 - tz) 1 1 m
B e e Z Yo+ 50081) + 50,51( D kil - @)
d=1

m

+20, Zn(nn @) + o Z Zm:m(nr a))]
1

n=1 r=
- 0 mdependent of (u,v,wye®ast—1t— 0.

Similarly, it can be established that

|7{2(u9 v, W)(T) - 7_{2(1"’ v, W)(t)l

— 73 - m
< g[(T 3f) +l"(‘r—a)3_(t—a)3“+ |§T_ Bt;[(b—a)z(lngS+2Qg+thZ;pq)
e o) 260 - )+ 05 Zﬁz(’”— D) 1 20, qu(nq a7
=1 p=1
+(T|A_1 | ) |6 = @)(o/1A7] + oglAs| + nlAol) + olAsl( D kalna — @)

d=1
+04lA1] Zyn(nn @)+ aildsl( Y on, - @)
n=1 r=1

(T*-1)

o ng3+2gg+tha, +gf(za,) de(nd_a))
d=1
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S5 ( Z Yalln — @)) + 201 Z o - )|
n=1 r=1

— 0 independent of (u,v,w) e Past -t — 0,
and

[H(u, v, w)(T) = Ha(u, v, w)(D)]

A3
< h[(T t) '(T ay’ - (t —a)3|] + |5(3 )|[(b a)* QfZ§p+ 1QgS7 +2gh)
m N2
+20 Zz,,(np - a)? +gg(24p Z&(m ay’) +0iS7 qu a)
p=1 p=1 =1 =1
+(T|A_1 f 2] - a)(os1Adl + 04lAs] + orlAel) + oAl > s =)
+oelul( Z Va0t = @) + alAsl( Y on, - @)
r=1
(T2 _ l2) m

(b —a)or D ki+ QgSz +204) + 20/ D kalra - @)
d=1 d=1

+05( D ka)( Z Yalll — @) + Eghsz( D o - )|
d=1 n=1 r=1
— 0 independent of (u,v,w) e ®ast -1t — 0.

In view of the foregoing steps, the Arzela-Ascoli theorem applies and hence the operator H is
completely  continuous. Finally, it  will be  verified that the set
E = {(u,v,w) € X|u,v,w) = ¢H(u,v,w),0 < ¢ < 1} is bounded. Let (u,v,w) € ZE. Then
(u,v,w) = ¢H(u,v,w) and for any ¢ € [a, b], we have

I/l(t) = 907'[1(1/!, v, W)(Z)’ V(t) = ‘107’[2(1’[, v, W)(t)a W(t) = @7’(3(”, v, W)(t)
Thus, we get

|ua(2)]

IA

Ar(mo + mylull + ma VIl + malIwl]) + Ao(mg + fmllull + ol VI] + ms|lwl])

+A3(mog + my |lull + ma| VI + mslIwll)

IA

Almo + Azﬁ’lo + A3ﬁ0 + (A1m1 + Azﬁ’ll + Agﬁl)”u”
+H(A1my + Aoy + Asio)|VI| + (Ayms + Aging + Asms)||wll,

lv(®)]

IA

Ay(mo + my|[ul] + ma||| + mslwll) + As(img + mgllull + mo||vI| + ms|iwl])

+Aq(1mo + myllull + ma|[vI| + nsllwll)

IA

A4m0 + Asﬁ’to + A@ﬁo + (A4I’I’L] + Asﬁ’tl + Aeﬁl)lluII
+(Aymy + Asing + Aeimp)|IVI| + (Aymz + Asing + Aginnz)|wl],
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and

Wl < Agmg + Asing + Aoy + (Agmy + Aginy + Agmy)||u|

+(A7my + Agimy + Agmip)|IVI| + (Agms + Aging + Agins)|w.
Therefore, we can deduce that

lleell + VIl + Wl < Oymg + Oaintg + O3mig + (Oymy + Oty + O3y )||u|

+(@1my + Oarty + O3my)|VI| + (O1m3 + Oaintz + O3 )|[wl.
Using (3.17) together with the value of ® given by (3.16), we find that

®1m0 + @21’7’10 + @351\()
@ b

(e, v, Wl <

which shows that the set = is bounded. Hence, by Lemma 3.1, the operator H has at least one fixed
point. Therefore, the problems (1.1) and (1.2) have at least one solution on [a,b]. This completes the
proof. O

Secondly, we apply the sub-growth condition (V,) under Schauder’s fixed point theorem to show
the existence of solutions for the problems (1.1) and (1.2).

Theorem 3.2. Assume that (N,) holds. Then there exists at least one solution for the problems (1.1)
and (1.2) on [a, b].

Proof. Define a set I' in the Banach space X° as follows I = {(u, v, w) € X° : ||(u, v, w)|| < x}, where

x > max(120[gll, 120, 1205lll, (120,6) ™7, (120,6) ™%, (120,&) 5,
(12®2E4)ﬁ,(12®2€5)"1”5,(12(9266)@,(12®3€7)ﬁ,(12®368)ﬁ,(12@)369)%}

Firstly, we prove that H : I' — I. For that, we consider
[H, (u, v, w)(@)]
C(r— s~ 1 i ) —
f S [(s)ds + X{ - f 2815 = 9)° + G1(O)(b - ) + P1(1)] F(5)ds

b m
- f (A1) aj(b = 5 + Ga()(b - 5) + Pr(0)[@(s)ds

J=1

_fb[/\s =5 | Gyao - )+ P3(0)[h(s)d
n— 3 $ 3 $)as

+P30( ) & f F(s)ds) + Py (1) Z f 3(s)ds)
1 n=1 a

d= =

3
3

P Yo, f s)ds) + G0 Y6 [ 1y = 9703

p=1

—_—

r=
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m 7q

+Gy(1) Z,Bz (UI—S)§(S)dS)+G2(l)(Z (n, — h(s)ds)
a g=1 a

m m

1k )2
ensu( Y [ B Fioas) )J+2m( R 0y - 770005
k=1 a

+A Zm: a/j( i 0, (ne - s)fh\(s)ds)”
=1 e=1 a

< (6 + @lul™ + eI™ + WP )A; + (W) + &lu™ + eyl + el )A;

+r(@) + @lul" + &l + elwl)As,
which, on taking the norm

A A A
[H v, wll < (¢+alul" + el + elw™)A,
+(y + @lu™ + eslvl™ + ehwl'*)A,
[

+(X + &lulV + v + €9|W|/19)A3,

where we have used the notations (3.7) — (3.9). Analogously, we have

[Ha, v, Wl < (¢ +elul" + ™ + &l )As
+(0 + @lul™ + €™ + el )As
+(x + @lul” + &V + elwl)As,

and

[H v, Wl < (¢ + alul" + el™ + elwl™)A;

+(y + ealul™ + sl + eglwl*)As

+(x + Elul” + &Vl + lwl)As,

where A; (i = 4,...,9) are given by (3.10) — (3.15). Consequently,

[Haw v wll < (¢+alul" + ehl™ + &w™)o,

+(¥ + @lul™ + &sh1™ + elw*)0,

+()( + elulV + el + 69|W|/19)®3 < x,
where ©;, ©®, and ®; are given by (3.6). Therefore, we conclude that H : I' — I, where
Hi(u, v, w)(t), Hr(u,v,w)(t) and Hs(u, v, w)(t) are continuous on [a, b].

As in Theorem 3.1, one can show that the operator H is completely continuous. So, by Schauder’s
fixed point theorem, there exists a solution for the problems (1.1) and (1.2) on [a, b]. |
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3.2. Existence of a unique solution

Here we apply Banach’s contraction mapping principle to show the existence of a unique solution
for the problems (1.1) and (1.2).

Theorem 3.3. Assume that (N3) holds. In addition, we suppose that
@161 + @252 + @353 < 1, (318)

where ©1, ®, and Os are given by (3.6). Then the problems (1.1) and (1.2) have a unique solution on
[a, b].
Proof. Let us set sup,,, 1/(2,0,0,0)| = M, sup,,, 18(,0,0,0)| = My, sup,g, ) 12(2,0,0, 0)] =
M3, and show that HB, C B, where B, = {(u,v,w) € X? : ||(u, v, w)|| < ¢} with
@ M] + ®2M2 + ®3M3
SZ 1010+ 0:6 + 050

For any (u,v,w) € B, t € [a,b], we find that

£ (s, u(s), v(s), w(s))| £ (s, u(s), v(s), w(s)) = f(s,0,0,0) + f(s,0,0,0)|
|f (s, u(s), v(s), w(s)) = f(5,0,0,0)[ +|f(s,0,0,0)|
Collludl + I+ NwlD + My < Gl v, wll + My < 6 + M.

IA I

IA

In a similar manner, we have
lg(s, u(s), v(s), w(s)| < ag + My, |h(s, u(s), v(s), w(s)| < {35 + M;.
Then, for (u,v,w) € B, we obtain
|H 1 (u, v, w)(©)|
t (l' _ S)Z . 1 b s -
= ' f S [(s)ds + X{ - f 2815 = 9° + G1(O(b - ) + P1(1)] F(5)ds

b m
- f (A1) b= 5 + Ga()(b - 5) + Pr(0)[g(s)ds

J=1

_ b[AS (b_s)2+G(t)(b— )+ P3(0)|h(s)d
) . 3 § 3 s)as

+P3(l‘)( Ky f(s)ds + Py(1) Z?’nf g(s)ds)

I
fﬂ

h(s)ds) + Gs(t) ng f <np—s>f<s)ds)

-1
+A1S11(Z§k f’” L ; i JT(S)dS) + 2A1(Za’jf .(77]' - S)2§(S)ds>
a =1 a
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IA

<

+A Z cyj( 0, 77g(ne — s)zﬁ(s)ds)}‘
j=1 e=1 a
(s + M2 _6“)3 + g ! gl20- " + Sn(;ko)]
+ﬁ[QI¥ +Yi(b—a) + ‘rg(; ka(a — @)
m 2 m )
+0( D6 ]} s + Mz){jé’:_l o= a7 + 20~ a7
p=1
—a)? m
|i—|[Q2 O ro—ay+ v Z; ¥l ~ @)
m N2 —_ 3
w0 Y p 2“) )|} + G + M) 3= B3|[Su(b 2")

+( Z o) Z S.(ne — a)’)| + ﬁ[Qg @ ;a)z +Y3(b - a)

- 5 (- @)
1o ) o= ) + 0o 3 o)
r=1

gq=1
(Lig + M)A + (65 + M>)A; + ({36 + M3)As,

which, on taking the norm for 7 € [a, b], yields

|H (e, v, W < (€16 + M)A + (66 + M)Ay + (G35 + M3)As.

Similarly, we can find that

and

where A; (i = 1,.

1H(u, v, W)l < (€15 + M)As + (626 + My)As + (36 + M3)Ag,

[HG @, v, Wl < (6is + M)A7 + (66 + My)Ag + (636 + M3)Ao,
.., 9) are defined in (3.7) — (3.15). In consequence, it follows that

lH w, v, w)ll < (€is + M1)O; + (b6 + M7)O; + (£36 + M3)05 < .

Next we show that the operator H is a contraction. For (uy, v, w;), (u2,v2, w») € X°, we have

[ Hi Gy, v, wi)(@) = Hi (1, va, wo)(0)|

T(t—s)?
< f > ‘f(S, ui (), vi(s), wi(s)) — f(s, ua(s), va(s), Wz(S))‘dS

1 b
+W{ f [2IA1|(b— ) +|G(D|b - s) + |P1(t)|]

X‘f(s’ l/tl(S), Vl(S), Wl(S)) - f(S9 MZ(S)a VQ(S), WZ(S))‘dS

AIMS Mathematics
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<

AIMS Mathematics

b m
+ f (1A D @b = * +1G20I(b — 5) + P20
a j=1

X5, 11(5), v1(5), wi(5)) = (5, 1r(s), va(s), was)|ds

b 2
(b-s)
+f [|A1|511 >

X|s, 11 (), w1 (), wi(5)) = B(s, 12(), (), wals))|ds

+P3(2) de f
aro( Yo [
el o [

m np
HG0I( Y. 4 f (1 = )| (5. 11(5), v1(8), wi(5)) = f(5, 12(8), va(5), wa(s))|ds)

HGII( D

m g
HG0I( Y py f (nq—s)jh(s,ul(s>,v1(s),wl<s>)—h(s,uz(s>,vz<s>,wZ(s))\ds)

+1G3(I(b = 5) + P30

F(,101(8),v1(5), w1() = (5, 102(5), v2(s), wa(s)|ds)

85, 11(5), Vi(5), i(5)) = 85, 1(5), va(s), wa()|ds)

(s, 1 (), vi(8), Wi () = (s, (), va(s), wa(s))|ds)

=
N} p)
=
~
=
I
9
—
oQ
~
<]
<
~
[
~—
=
~
19
~—~
—
ta
~
~
oQ
~
)
<
)
—~
)
~
<
)
—~
1)
~—
N
—~
1)
~
—~
U
)

j=1
ALY (D6 f (e = 5|, w1 (5), vi(), wi(5)) = h(s, 1(s), va(s), wals))|ds))

j=1 e=1

b - a)} 1

s = el + I = vl + o = wa{C 2+ 20—

o, (7 —a)3 (b - a)’ N

;& ‘ IAI[Ql . +‘r1<b—a)+‘r3(;xd(nd—a))
+0s( ig(””_ )2] }+ Gy = o] + vy = val + Iwy = wal) 210 b -ay

=i 318 - Byl

(b - ay’

+207; - a)’| + W[QZ

(35

+ a6 = a) + To( ) 7u 1 - @)
n=1
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1
3|8 — Bs|

Z% Zé(ne— |Al[Q% + 30— a) + 0o Y o, - @)

r=1

(b -a)’
2

+03(Jur — uo| + [vi = val + [wy — W2|){ [511

< (51A1 + szz + GA3) (g — ua| + [vi — val + [wy — wal),
which implies that
||7‘{1(M1, v, wi) = Hi(uz, va, Wz)” < (OA + OAy + GA)(Juy — up] + [vi = ol + [wp — wal),

where A; A, and Aj; are given by (3.7), (3.8) and (3.9) respectively. In a similar fashion, one can find
that

||7‘[2(M1, vi, wi) — Ha(uz, vo, Wz)” < (O1Ag + OAs + GAs)(Juy — un| + [vi = val + [wy — wal),
and
[ H3 a1, vi,w1) = Hauz, va, w)|| < (G1A7 + LoAg + CAg) [y — o] + vy = val + Wy = wa),
where A;, (i =4,...,9) are given by (3.10) — (3.15). Thus we have
IH (1, v, wi) = Huz, va, wo)|| < (©161 + ©aly + O33)(lluy — ol + vy = vall + [wr = wall),  (3.19)

where ©®;, ®, and ®; are given by (3.6). By the assumption (3.18) it follows from (3.19) that the
operator H is a contraction. Thus, by Banach contraction mapping principle, we deduce that the
operator H has a fixed point, which corresponds to a unique solution of the problems (1.1) and (1.2)
on [a, b]. O

3.3. Examples

Example 3.1. Consider the following coupled system of third-order ordinary differential equations

My e MOE 3 G, e 13

T S Vrraa 204+ o) 342 YT ey T

77 _ e_(t_l) 1 . h"(t)l3

V0= s 78 M Set wop T ar @ eI (520
PO wOv@)

YO = T e T ey <
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supplemented to the following boundary conditions

4 4 4
u() +u3) = Y ap@n), W)+ @)=Y B, w'1)+u'(3)= >y, (),
j=1 I=1 n=1

4 4 4
V(1) +v3) = > w(ne), VD +VB) = D pw (), V(D) V' B) = Y ow’ (), (321)
e=1 g=1 r=1

4

4 4
W) +w3) = > Gumo. WD+ wE) = D Gua) w1+ w' @)= > k),
k=1 p:l

d=1
where
a=1,b=3m=4mn =4/3, 1 =5/3, 53 =2, n, =7/3, ay = 1/4, an = 1/2, a3
3/4, ay =1, B =0.2, B, =8/15, B3 = 13/15, B4, = 6/5, y; = 1/8, y, =9/40, y; = 13/40, vy, =
17/40, 51 = 2/11, (52 = 3/11, (53 = 4/11, 54 = 5/11, P1 = 1/6, P2 = 7/24, P3 = 5/12, P4
13/24, oy = 1/9, 02 =2/9, 03 =1/3, 04 =4/9, & = 1/7, & =2/7, & =3/7, & =4/7,
2/15, & =1/3, &3 =8/15, {4y =11/15, ky =1/3, kb =4/9, k3 =5/9, k4 = 2/3.
By direct substitution, we get By ~ 2.444444 # 8, B, ~ 6.875556 # 8, B3 ~ 4.545452 # 8, and A =
21.580256 (A is given by (2.11)). Also, Ay = 21.294227, A, =~ 22.603176, A; =~ 11.800813, A4 =
7.983258, As ~ 12.996835, Ag =~ 8.497948, A7 =~ 10.977544, Ag ~ 14.165941 and Ay ~ 12.745457
(A; (i = 1,...,9) are defined in (3.7) — (3.15)). Furthermore we obtain ©; ~ 40.255029, @, =
49.765952 and ®5 ~ 33.044218 (O, O, and O5 are given by (3.6)). Evidently,

1 1 1 1
ta s Vs < =T ANnA T oo ’
|f(t, u, v, w)| T 204||M|| + 114||V||+ 98||W||

1 1 1 1
ta s Vs S =+ + = + 50 ’
lg(t, u, v, w) 192 114||M|| 96||V|| 128||W||

|h(t, u, v, w)| < % + ﬁllull + %IIWII.
Clearly, my = 1/31, my = 1/204, my, = 1/114, m3 = 1/98, my = 1/192, m; = 1/114, m, =
1/96, m3 = 1/128, and my = 1/50, m; = 1/198, m, = 0, m3 = 1/810. Using (3.17), we find that
®1m1+®2m1+®3ﬁ1 ~ 0.800762 < 1, ®1m2+®2ﬁ12+®3nA12 ~ 0.871509 < 1 and®1m3+®2ﬁ13+®3ﬁ3 x
0.840357 < 1. Also, from (3.16) we obtain ® = 0.128491. Hence, all the conditions of Theorem 3.1
are satisfied and consequently the problems (3.20) and (3.21) has at least one solution on [1, 3].

Example 3.2. Consider the following system

" _ 3 -1 |W| —(=1)

(1) = —9(t3+72)(tan () + (1) + 1+|Wl)+e , te[l,3],

(8 = —— sin(2mu) + ———— sin(v(B) + - + ——w(t), 1 € [1,3] 32
VD = g SN+ 5 g SV S gl e LSl (3:22)
w3 v(o) N )

W (r)_22 999+90t(u(t)+ 1+|v(t)|+tan (w(t)))+cos(t 1, te[l1,3],

subject to the coupled boundary conditions (3.21). It is easy to see that £, = 1/219,{, = 1/305 and
t; = 1/242 as

1
|f(t ur, vi,wi) = f(2,up, v, wr)| < m(ml —up| + [vi — va| + [wy — wal),
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1
lg(t, uy, vi,wi) — g(t, uz, va, wr)| < ﬁ(lul —up| + [vy — val + [wy — wa),

1
|h(t, up, vi,wi) — h(t, up, va, wp)| < @(Wl —up| + [vi — va| + [wy — wa).

Using the values obtained in Example 3.1, we find that ©,{; + O,{, + O3(3 ~ 0.483526 < 1, where
®,, O, and O3 are given by (3.6). Therefore, by Theorem 3.3, the system (3.22) equipped with the
boundary conditions (3.21) has a unique solution on [1, 3].

4. Conclusions

In this paper, we discussed the existence and uniqueness of solutions for a coupled system of
nonlinear third order ordinary differential equations supplemented with nonlocal multi-point
anti-periodic type boundary conditions on an arbitrary domain with the aid of modern fixed point
theorems. Our results are new and enrich the literature on third-order boundary value problems. As a
special case, our results correspond to the ones for an anti-periodic boundary value problem of
nonlinear third order ordinary differential equations by fixing all

A =P1=YV=0,=pg=0,=& =, =ks=0in(1.2).
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