AIMS Mathematics, 4(6): 1596-1609.
ATIMS Mathematics DOI:10.3934/math.2019.6.1596
%5 Received: 09 July 2019

o Accepted: 04 September 2019
http://www.aimspress.com/journal/Math Published: 14 October 2019

Research article

Fractional differential equations with coupled slit-strips type integral
boundary conditions

Bashir Ahmad'-*, P. Karthikeyan’ and K. Buvaneswari’

! Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of
Mathematics, Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi
Arabia

2 Department of Mathematics, Sri Vasavi College, Erode, TN, India

3 Department of Mathematics, Sona College of Technology, Salem, TN, India

* Correspondence: Email: bashirahmad_qau@yahoo.com.

Abstract: In this article, we discuss the existence of solutions for coupled hybrid fractional differential
equations supplemented with coupled slit-strips type boundary conditions. We make use of the standard
tools of fixed point theory to obtain the desired results, which are well-illustrated with examples.

Keywords: Caputo fractional derivative; hybrid system; integral boundary conditions; existence;
fixed point
Mathematics Subject Classification: 34A08, 34B10, 34B15

1. Introduction

Widespread applications of fractional calculus significantly contributed to the popularity of the
subject. Fractional order operators are nonlocal in nature and give rise to more realistice and
informative mathematical modeling of many real world phenomena, in contrast to their integer-order
counterparts, for instance, see [13,21,31].

Nonlinear fractional order boundary value problems appear in a variety of fields such as applied
mathematics, physical sciences, engineering, control theory, etc. Several aspects of these problems,
such as existence, uniqueness and stability, have been explored in recent studies [5-7,14,22,24,26,28,
32].

Coupled nonlinear fractional differential equations find their applications in various applied and
technical problems such as disease models [8, 10, 29], ecological models [18], synchronization of
chaotic systems [11, 33], nonlocal thermoelasticity [30], etc. Hybrid fractional differential equations
also received significant attention in the recent years, for example, see [2,3,9,15-17,19,20,23].
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The concept of slits-strips conditions introduced by Ahmad et al. in [1] is a new idea and has useful
applications in imaging via strip-detectors [25] and acoustics [27].
In [1], the authors investigated the following strips-slit problem:

‘DPx(t) = fi(t,x(1)), n—1 < p<n, te[0,1]
x(0) =0, x'(0) =0, x”(0) =0, .... x"2(0) = 0,

1
x(€) = a fnx(s)ds+a2f x(s)ds, 0 <np<é<é <1,

0 &
where D? denotes the Caputo fractional derivative of order p, f; is a given continuous function and
ap,ar € R.
In 2017, Ahmad et al. [4] studied a coupled system of nonlinear fractional differential equations

‘Dx(t) = fi(t, x(2), (1)), t€ [0,1], 1 <a <2,
‘DPy(1) = falt, x(1), (1)), 1 €[0,1], 1 <B <2,

supplemented with the coupled and uncoupled boundary conditions of the form:

7 1
x(0) =0, x(a;) =d, f y(s)ds + a’zf yis)ds, 0 <np<a <& <1,
0 &1

n 1

v(0) =0, y(a;) =d; f x(s)ds + dzf x(s)ds, 0 <np<a; <& <1,
0 3

and

7 1
x(0) =0, x(a;) =d, f x(s)ds + dzf x(s)ds, 0<n<a <& <1,
0 &

7 1
y(0) =0, y(a;) =d; f y(s)ds + dzf y(s)yds, 0 <n<a <& <1,
0 ¢
where D and °D? denote the Caputo fractional derivatives of orders « and 8 respectively, fi, f> :
[0,1] X R X R — R are given continuous functions and d;, d, are real constants.
In this article, motivated by aforementioned works, we introduce and study the following hybrid
nonlinear fractional differential equations:

DY [u(t) = hy(t, u(?), v(1))] = 0:(t, u(®),v(2)), t € [0,1], 1 <y <2,

D [0(1) = ha(t, (D), ()] = 62,4, v (D), 1€ 10,1, 1 <6 <2, (b
equipped with coupled slit-strips-type integral boundary conditions:
u(0) = 0, um) = w; [ v(s)ds + w, f; W(s)ds, 0 <& <n<é <1, W2

v(0) =0, v(n) = w; f(fl u(s)ds + w, ffl u(s)yds, 0 <é <n<é& <1,

where D7, <D’ denote the Caputo fractional derivatives of orders y and § respectively, 6;, h; : [0, 1] x
R X R — R are given continuous functions with #,;(0, u(0),v(0)) = 0, i = 1,2 and w;, w, are real
constants.

We arrange the rest of the paper as follows. In section 2, we present some definitions and obtain an
auxiliary result, while section 3 contains the main results for the problems (1.1) and (1.2). Section 4 is
devoted to the illustrative examples for the derived results.

AIMS Mathematics Volume 4, Issue 6, 1596-1609.



1598

2. An auxiliary lemma

Let us first recall some related definitions [21].

Definition 2.1. For a locally integrable real-valued function g, : [a, ) — R, we define the Riemann-
Liouwville fractional integral of order o > 0 as

!

g1(7)
(o) Jo 1=

I7g,(t) = dr, o >0,

where I is the Euler’s gamma function.

Definition 2.2. The Caputo derivative of order o for an n-times continuously differentiable function
g1 : [0,00) — R is defined by

1 t
D7g (1) = oo fo(t —0) " e(mdr, n-1<o<n n=[o]+1

where [07] is the integer part of a real number.

Lemma 2.1. For y;, ®; € C([0, 1],R) with x;(0) = 0,i = 1,2, the following linear system of equations:

DY [u(®) = x1(] = Di(1), t€[0,1], 1 <y <2,

DO [W(t) — x2 (D] = Dy(1), t€[0,1], 1 <6 <2, 2.1y

equipped with coupled slit-strips-type integral boundary conditions (1.2), is equivalent to the integral
equations:

1 s o1
o=l [ ([ o
o—1 _ -1
+cu2j;2 (f (s F(;)) @y (7)dt +)(z(s))ds_f (ﬂr(S)) 1(s)ds—)(l(n)}
(G
+A{w1 f (f T) O (t)dt +X1(S))ds

v-1 5—1
o f ( f (s F(;)) 1<r>dr+xl(s>)ds— f (”F(g)) @2(S)ds—)(2(77)}]

y—1
f ¢ F(S)) 1 (s)ds + 1 (1), 22)

B t S1 S (S _ T)é—l
V(f) = 772 A2 [A{(,Ul f(), (L Té)@z(‘[’)d?’ +)(1(s))ds

1 S (s — T)é—l " (- T)V‘l
von [ (J) S o= [0 s

€1 s (S _ T)y—l )
+ 77{601 j: ( ; —F(y) O (1)dt + x2(s) |ds
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y—1
o f ( f (Sr(;)) 1(T)dT+)(z(S))ds— f (”m) Qz(S)ds—)(z(n)}]

([ )6 1
f o) ———Dy(s5)ds + xa (1), (2.3)

where it is assumed that

1
A= (@& + (1 - 8)) # 0. (2.4)

Proof. Solving the fractional differential equations in (2.1), we get

! (f _ S)'y—l
u(t) = co+cit + —— O (s)ds + x1(t) (2.5)
0 I'(y)
and
(1) = ¢y + Cat + tﬂ@()d + (1) (2.6)
i) =0C+C3 . o) 208)as + x2\i), .

where ¢, ¢y, 3, c3 € R are arbitrary constants.
Using the conditions u#(0) = 0 and v(0) = 0 in (2.5) and (2.6), we find that ¢y = 0 and ¢, = 0. Thus
(2.5) and (2.6) become

Tt — sy

u(t) = cit + ; T}/)Cbl(s)ds + x1(0), 2.7)
t (f _ S)(S—l

v(t) = c3t + | Wdh(s)ds + x2(1), (2.8)

Making use of the coupled slit-strips-type integral boundary conditions given by (1.2) in (2.7) and (2.8)
together with the notation (2.4), we obtain a system of equations:

Sl S _ 5—1 5 |
o [ ([ el i [ [ S oo

U p ~ A s
0 F( ) 1(S) S_Xl(n)) =C1n — Acs, ( ) )
1 _ -1 1 s -l
wlf( O * (s F(T)) 1(T)dT+X1(S))ds+w2f§2( 0 %@1(7)d1+)(1(s))ds
ol
f s r((si ©2)ds = xal) = e3n = Acy. (2.10)

Solving the systems (2.9)—(2.10) for ¢, and c3, we find that

ot 1 S (s —1)!
1 = m[n{wlf ( | W@z(?’)d?’ +)(2(s))ds

! N (S - T)é_l 7 (77 _ S)y—l
' wzf,sz ( o Ty A0 +X2(s))ds T Ty PR 1(’7)}
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1 1
+A{a)1 f, ( f (s - (;))y D, (1)dt + Xl(s))ds+w2 f ( f (s - (T))y O, (1)dr + Xl(s))ds

Y
f ("F(;)) CDz(S)dS—Xz(n)}]

and

_ ! (s —7)°!
e ([
6-1 o
+ sz (f (s r(d)) O, (1)dt +)(1(S))ds - f (n 0 )) @, (s)ds —)(2(7])}

y-1 v—1
+ 77{601 f (f (s F(:/)) O (t)dt +/\/2(s))ds + a)gf (f (s F(T)) O (1)dr +)(2(s))ds

o—1
f ("r(g cDZ(s)ds—)a(n)}]

Inserting the values of ¢; and ¢; in (2.7) and (2.8) leads to the integral equations (2.2) and (2.3). By
direct computation, one can obtain the converse of the lemma. The proof is finished. O

3. Main results

Let W = {W(r) : w(t) € C([0, 1])} be a Banach space equipped with the norm ||Ww|| = max{|Ww(?)|,
t € [0, 1]}, Then the product space (‘W x W, ||(u, v)||) endowed with the norm ||(u, v)|| = [lul| + ||V,
(u,v) € W x W is also a Banach space.

We need the following assumptions to derive the main results.
(A1) Let 6,6, : [0,1] X R? — R be continuous and bounded functions and there exists constants m;, 1

such that, for all € [0, 1] and x;,y; € R,i =1, 2,

612, x1, x2) — 612, y1, y2)| < mylx; — yi| + malxz — yal,
6:(1, X1, X2) = 61(,y1,y2)| < nylxy — yil + nalxy — yol.

(A2) For continuous and bounded functions 4;, i=1, 2, there exist real constants y;, 8;, o; > 0 such that,
for all x;,y; € R, |hi(t, x,y)| < y; for all (¢, x,y) € [0, 1] X R xR and

|71 (2, x1, x2) — by (2, y1, y2)| < Bilxi = yil + Balxa — yal,
|ho (2, X1, X2) — ho(2, Y1, y2)| < o1lx1 — yil + 02]x0 = yal.
(A3) sup 6,(£,0,0) = N; < oo and sup 6,(¢,0,0) = N, < oco.

1€[0,1] 1€[0,1]
(A4) For the sake of computational convenience, we set

1 1 y+1 é'_.y+] _ y+1
M, = |t Al + Al |,
Fy+ 1D |7 =A|[T(y+1) 'y +2) ['(y +2)
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1 6+1 1-— 5+1 776
= A ,
M= [nl 1|r(5+2) e 2'r(5+2)+| TG +D
1 i’+1 _ ;/4_] ]7)/
= — - @ A ,
Mo |ﬁ—AHPW”H7+D+”W”ny+m**'Hy+n
1 1 o+1 §5+1 1 — o+l
M, = b [ Al [+ Al 2|
TG+1) P -A|TE+ 1) I +2) TG +2)

N; = |772—+A2| [lwiléite + lwalpa(1 = &) + ] + A [lwiliér + pilwal(1 = &) + po] + s
1
Ny = 2 = A [[Allwiln €y + lwal (X = E)pr + pa] + Inl [lwr|uaéy + |wal(1 = )z + pr] + pa,
1
Ns = A2 [Mlwilér + lwaln(1 = &) + [Al],
I |
No = = A [AIE wi] + |Allwal(1 = &) + 7] + 1,
1
N7 = ——= [IAI + 7llwilér + Inllw2l(1 = &) + |wal + |A]],
7> — A?|
and

My =min {1 = (M + Mok = (Mg + Moy,
1= (M + M3k, — (M, + Mmz}, kA, >0,i=1,2. (3.1)
(AS) My + Ms)(my +my) + (Mo + Ma)(ny + np) + (Ns + Ng)(oy + 02) + (N7 + Ng)(B1 + B2) < 1.

In view of Lemma 2.1, we define an operator 7~ : WX W — W x W associated with the problems
(1.1) and (1.2) as follows:

| T1(u,v)(0)
where

6-1
T1(u,v)(t) = [ { f (f (s F(ci)) 6> (t, u(t), v(1))dt + hy(s, u(s), v(s))ds

(s—1)°!
+ wy f ( f o) —————0 (7, u(7), v(7))dT + hy (s, u(s), V(S))ds

To- e
B o T 1(s, u(s), v(s))ds — hi(n, u(n), v(n))

(s -7y
+ AL w; (f ) ———01(t, u(r), v(t))dt + hi(s, u(s), v(s)|ds

1
+w2f (f (SF(T))V 01(T,M(T),V(T))d‘l'+h1(s,u(s),v(s))ds

el
QUL @mm&me—mmmmme

I'(6)
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"t — sy
['(y)

1 s _ -1
[A{wl f ( (s—7) O (t, u(t), v(1))dt + h(s, u(s), v(s))ds
0 0

6,(s, u(s), v(s))ds + hy(t, u(t), v(t))

and

To(u, v)(1) =

2 - A? I'(0)

([ e, dr+h d
+ a)zf ( | W L (T, u(T), v(T))dT + hi(s, u(s), v(s)) Ry
(-1

o) 61 (s, u(s), v(s))ds — ha(n, M(n),V(n))}

{ [ )
+ 174 W f 61 (T, u(t), v(T))dt + hy(s, u(s), v(s) |ds
0 o T

_ 1
+ W f ( f (s T)y 0, (7, u(7), W(T))dT + ho(s. u(s), v(s))ds

(- s)°! 0 ds— h
r'®) h(s, u(s), v(s))ds — hi(n, u(n), v(n))
(t sy~
) O:(s, u(s), v(s)ds + ho(t, u(t), v(1)).

Theorem 3.1. Assume that conditions (Al) to (AS) are satisfied. Then there exists a unique solution
for the problems (1.1) and (1.2) on [0, 1].

Proof. In the first step, we establish that 7B, C B,, where B, = {(u,v) € WX W : ||(u,v)|| < r}is a
closed ball with
My + M)N1 + (My + MyHON> + Nap
T 1= [My + M)y + mo) + (Mo + My (g + no) + N3(B1 + B2)]

and the operator 7 : W x W — W x W is defined by (3.2). For (u,v) € B, and ¢ € [0, 1], it follows
by (A1) that

r=>

101 (2, u(), v(D)| < 161 (2, u(?), (1)) — 61(¢,0, 0)] < mylull + mo||v]].
Similarly one can find that |05(z, u(t), v(t))| < ny|lul| + nz||v||. Then we have

71 (u, v)(@)]

[ [{I If(f(s O (e ) v + D <><>|)d
ze[Ol] In> — A?| @ %0 2T, ulT), W(7))lat 2(s, u(s), v(s)||ds

oo dr +|h d
+|wz|f ( @) —————6:(7, u(7), v(T)ldT + |ho (s, u(s), v(s)| |ds
" (n— sy

161 (s, u(s), v(s)lds + |hi(n, u(n), V(n))l}
0 ['(y)

&1 s (S _ T)V—l
+ Al lwi] f |01 (7, u(7), v(D)ldT + |h (s, u(s), v(s)||ds
0 0 I'(y)
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vyl
+ |l f ( RSl |01(r,u(f),v(r)>|dr+|h1<s,u<s),v<s>|)ds

I'(y)
(n— )"
f ) ————16:(s, u(s), v(s)lds + |ha(n, u(n), v(m)|
)

) 161 (s, u(s), v(s))lds + | (z, M(t),V(t))I]

el
< Azl{| | f ( (Sr(é)) (n1||u||+nz||v||+N2)dr+,uz)ds

el
+ o f ( (m)) I(n1||u||+nzIIVI|+Nz)dT+uz)ds

M(m llull + malVll + Ny dt +
0 1—«(7) 1 2 1 1
1 S (S _ T)y—l
+ AR low | T (myllull + mol Il + N1) dt + g |ds
(s— )77
+|wz|f f To) (myllull + mo|vll + N dt + py )ds
+f (n—(n [[ul| + na||vI| + N>) ds +
) 1 2 2 M2
-1
E r(s); Gl + mal V) + N1) s + g
§6+1 1 §6+1 776
=P - M["' g PGy 2 ARG S 1)](”1”“” ¥ vl + Ao
1 ny+1 §7+1 1 — g+1
[In — A2|(F(y D +[Allw 1|F( " IAIIwzlr(yJr 2)) T+ 1)] ([ [uel] + mo|lvI[ + N7)
+ 7 ?A2| (lwiluaér + lwalua(l = &) + ur) + 1A (lwi|uiér + lwa|ui (1 = &) + o) + g

< (le’ll + M]I’I’ll + le’lg + M1m2) r+ MzNZ + M1N1 + N3.
Analogously, one can find that
|7—2(l/t, V)(t)l < (M4I’l1 + M3m1 + M4I’l2 + M3m2) r+ M4N2 + M3N1 + N4.

From the foregoing estimates for 7 and 7, we obtain ||7 (u, v)(?)|| < r.
Next, for (uy, vy), (uz,v) € W x Wandr € [0, 1], we get

|71 (U, v2)(2) = T (ur, vi)(0)

1 5-1
< | 2 [ {l 1|(f (f (S F(;)) |92(T, 1/[2(7'), VZ(T))—92(7"[,{1(7'),‘)1(7-))' )dT

+ |ha(s, uz(s), v2(s)) = ha(s, w1 (), vi(s))] dS)

AIMS Mathematics Volume 4, Issue 6, 1596-1609.
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+lw |(fl(fs(s_ﬂ6_l 1051, 12(7), vo(T)) — Oo(T, 11 (7) V(T))|)dT
2 . 0 1—,(6) 200, 1) s V2 200, U] s V1

+ 1o (s, ua(s), va(s)) — ha((s, uy (), vi(s))l ds)

(s
+f 101 (7, u2(7), v2 (7)) — O1(7, u1 (7), vi(7))l dss
0 L'(y)

+ |hi (7, ua (), vo (i) — hi(n, uy (), vi(m)| }

G 1 § (s — T)y_l
+ |A] lel( ( f 101 (7, ua (1), va(7)) — 01(7, u1 (1), vi (7)) )dT
0 0 I'(y)

+ |71 (s, uz(5), v2(s)) = hi(s, w1 (s), vi(s))] dS)

1 S (S _ T)yfl
+ |w;| f f 161 (7, ua (1), va (1)) — 01 (7, u1 (1), vi(7))| |dT
& 0 ['(y)

+ |hi (s, uz(s), v2(5)) = hi(s, ur (), vi(s))l dS)

Ui (77 _ S)(S—]
’ f Ty 1@ a0 v2(7) = 61T a (D), o) s
0

+ ha(n, ua (), v2 (1)) — ha(ny, uy (1), vi(m)| ds}]

-5
' fo r) ('91“’ a(5), 2(5)) = 015, 1 (5), V1 (5) )ds
+ |y (1, ua(0), va (1)) = hy (2, us (£), vi (D))

1 (15+] 1 — n(5+1 776
< + +|A
=2 =AY [""“"r(a 2 Tl TG

y+1 _er+l

1 777+1 1 2
+ + |Allwr | —— + |Al|ws| —2—
(W—M[r(wl) Mol 7y *+ 1Allel 7255

X (nilluy — wi|| + nallva = vill)

+

T(y + 1)) X (mylluy — wy|| + mallvy — vil)

1
+ m[(nlwdfl + nwa|(1 = &) + [AD(o1lluz — usll + o2llva = vill)

+ (7 + [Allw &1 + |Allwa|(1 = &) + DBilluz = wi[| + Ballva = vlll)]

< My (myllup — ugll + nollve — vill) + My (myllun — wy || + ma|lva — vill)
+ N5 (oilluy — wi|| + o2l[va = vill) + N6 (Billua — will + Ballva — vil)
= (Myny + Mymy + Nsoy + NeB) llua — u || + (Many + Mymy + Nsoma) [[va — vill)

AIMS Mathematics Volume 4, Issue 6, 1596-1609.
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which implies that

T 1 (2, v2) (@) = T1(ur, vi)OIl
< (Mong + Mimy + Nsoy + Nefi + Many + Mimy + Nsoa + NeBo) (llua — wy|| + [[va = vill) . (3.3)

Likewise, we have

T2 (u2, v2)(#) — T2y, vi) (D
< (Muny + Msmy + Neory + N7y + Many + Msmy + Neoa + NoBo) (lua — ugll + v = vill) . (3.4)

From (3.3) and (3.4), we deduce that

17 (uz, vo)(8) = T (uy, vi)(@)]
< [My + Ma)(my + mo) + (Mo + Ma)(ny + o) + (N7 + Ng)(Bi + B2) + (Ns + Ne)(oy + 02)]

X (|l = uyll + |[va = vil]) s

which shows that 7~ is a contraction by the assumption (A5) and hence it has a unique fixed point by
Banach fixed point theorem. This leads to the conclusion that there exists a unique solution for the
problems (1.1) and (1.2) on [0, 1]. The proof is complete. O

Now, we discuss the existence of solutions for the problems (1.1) and (1.2) by means of Leray-
Schauder alternative ( [12], p. 4).

Theorem 3.2. Assume that there exists real constants ko > 0, 1y > 0 and k;, A; > 0, i = 1,2 such that,
foranyu; e R, i=1,2

161 (2, w1, )] < ko + Kyl | + Kalual, 162(2, ur, un)| < Ao + yluy| + Aaluy).
In addition,
My + Mk + (M + MDA < 1, (M + Mk, + (M + M)A, < 1,

where M;, i = 1,2,3,4 are given in (A4). Then the problems (1.1) and (1.2) have at least one solution
on [0, 1].

Proof. The proof consists of two steps. First we show that the operator 7 : W X W — W x W
defined by (3.2) is completely continuous. Observe that continuity of the operator 7~ follows from that
of 8, and 6#,. Consider a bounded set Q ¢ W x W so that we can find positive constants /; and [, such
that |0, (¢, u(t), v(?))| < [ and |6,(¢, u(t), v(¢))| < I, for every (u,v) € Q. Hence, for any (u,v) € Q, we
find that

1 é‘;(l5+l 1 _§g+l né
T1(u,v)(@)| < + +|A
710 v)@) |n2—A2|[’7|‘”1|r(5+2) Ml TG 1)]2
1 ]]7 ¥+1 1 - ;+1 1
+ +|A +|A + [
{|n2—A2| o+ MR Sy el T R e |

1
+ _|772 _ A2|{77 [|w1|§1/12 + |(U2|,uz(1 - é:z) +[.11] + Uy + |A| [/11§1|0.)1| +y1|a)2|(1 — 62) +IL[2] } + U

AIMS Mathematics Volume 4, Issue 6, 1596-1609.
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= lez + M]ll + Nz

Thus we deduce that ||[77(u, v)|| < Myl + Mil; + N5. In a similar fashion, it can be found that
|72(u, v)I| < Myl + Msly + Ny. Hence, it follows from the foregoing inequalities that 7 and 7 are
uniformly bounded and hence the operator 7 is uniformly bounded. In order to show that 7 is
equicontinuous, we take 0 < r; < r, < 1. Then, for any (u, v) € €, we obtain

71 ((r2), v(r2)) = T (ulry), vir))|

b ! L "2

<ty 2= == ds v s | a7
7'2—7'1 5+1 _ g+] 775
A !
T - |{[' gy MolrG T2 ] 'r(5+1)]2
ny+1 i""l 7+1
A I, + N3 ¢,
M T i ToT ) 2|F()/+2) Ty+|' " 3}

|T2(u(r2), v(r2)) — Ta(u(ry), v(ry))|
/
r((s)f (rz—s)‘“ (r — )—]ds+—2 (ry — 5)° 'ds

F(é) I
o+1 1 - 6+1 : 5+1
+ Morl=2— + o T L/ A
| 2 — | I'6+2) I'o+ 2) I'o+1)

7 §y+l 1 - é‘_,y+1
[| lF( ey + 1w 1| Ty +2) + nlw 2| e )]1+N4},

which imply that the operator 7 (u,v) is equicontinuous. In view of the foregoing arguments, we
deduce that operator 7 (i, v) is completely continuous.

Next, we consider a set P = {(u,v) € W x W : (u,v) = AT (u,v), 0 < A < 1} and show that
it is bounded. Let us take (u,v) € # and ¢ € [0, 1]. Then it follows from u(f) = A7 (u,v)(t) and
v(t) = AT (u, v)(1), together with the given assumptions that

laell < My (ko + Fallull + KalIvll) + Mo (Ao + illull + Aalvll) + N,
Il < Ms (Ko + Falludl + Rallvll) + Ma (o + Qullall + Aallvl) + Na,
which lead to
lall + IVl < [(My + Ma)ko + (Mo + Ma)do + Ni + N
+ [My+ M)y + (Mo + M)l + [ My + MaYka + (Mo + M) vl
Thus
(M] + Mg)i(o + (M2 + M4)/~lg + N3+ Ny
My ’

where M is defined by (3.1). Consequently the set # is bounded. Hence, it follows by Leray-Schauder
alternative ( [12], p. 4) that the operator 7 has at least one fixed point. Therefore, the problems (1.1)
and (1.2) have at least one solution on [0, 1]. This finishes the proof. O

G, VI <
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4. Examples

Example 4.1. Consider a coupled boundary value problem of fractional differential equations with
slit-strips-type conditions given by

cN3/2 _ sin #|u(?)| ) _ b 2 () §

b (”(t) 2+ 36" T T T T T

cS/4 __sintv(?)] I |cosu(r) i 3

b (V(t) 22+ o)) - 391+ [cosun] T 28 O+ 7 @D

1/5 1

u(0) =0, u(l) = f v(s)ds + f v(s)ds,
2 0 4/5
1 1/5 1

v(0) =0, v(—) = f u(s)ds +f u(s)ds. 4.2)
2 0 4/5

Herey = %, 0= i, w; = 1 wr, =1, 77 2, & = %, & = %. From the given data, we find that A = —0.11,
my = 5]—6, my = =, ny = 39, = 28, M =~ 1.44716, M, ~ 0.51905, M; ~ 0.4046, M, ~ 2.51887,
Ns =~ 294238, Ng =~ 7.3223, N7 ~ 5.6164, Ng ~ 5.2206, and (M; + M3)(m; + my) + (My + My)(ny +
m) + (N5 + Ng)(oy + 02) + (N7 + Ng)(B1 + 52) ~ 0.8030305 < 1.

Clearly all the conditions of Theorem 3.1 are satisfied. In consequence, the conclusion of Theorem 3.1
applies to the problems (4.1)—(4.2).

N

Example 4.2. We consider the problems (4.1)—(4.2) with

01t u(),v(t)) == + %tanu(l) + %v(r) O,(t, u(t),v(t)) = % + ésinu(t) + %v(r). 4.3)

Observe that

101(, 1, v)| < ko + ki Jul + ka[vl, 102(2, u,v)| < Ao + ylul + Ao

with ko = % k = % ky = /~1 A =1 = % Furthermore,

»|N
L

M, + Mk + My + M)A, =~ 0.432507777 < 1, (M, + M3ky + (Ms + M)A, ~ 0.269030756 < 1.

Thus all the conditions of Theorem 3.2 hold true and hence there exists at least one solution for the
problems (4.1)—(4.2) with 0,(t, u,v) and 0,(t, u,v) given by (4.3).
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