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1. Introduction

The conformable derivative of differential functions f(7) is given by the formula

o 4df(®)
DY£() = ll a_’
f@® I
which has applications in physical sciences and engineering ( see [1]and [2]). We know that a critique
of the conformable derivative is that, also conformable at the limit

lim D" f(1) = 2.

and it is not conformable at the limit
lir% Df() # f(2).
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Definition 1.1. Conformable differential operator. Let a€[0,1]. A differential operator D* is
conformable if and only if 9° is the identity operator and D' is the classical differential operator.
Specifically, D is conformable if and only if for differentable function f = f(z),

d
Df(t) = f(t) and D'f(t) = O =F®.

Anderson et al. [2] also noted that in control theory, a proportional-derivative controller for controller
output u at time ¢ with two tuning parameters has the algorithm

d
u(t) = k,E(1) + KdEE(I)’

where «,, is the proportional gain, k; is the derivative gain, and E is the error between the state variable
and the process variable (also see [6]).

It is the aim of the present paper to define a “complex conformable derivative of order
a; a € [0,00)” that satisfies the conformable differential operator criteria and then derive its
differential calculus properties as well as its geometric properties in the field of geometric function
theory. We note that all the previous definitions of conformable differential operators dealt with
a € (0, ) while our definition (given in the next section) is for a € [0, o).

2. Complex conformable derivative (CCD)

We shall start with the definition of complex conformable derivative. Let A* be the class of complex
valued functions that are analytic in the complex open unit disk U := {z = re?? : |z] < 1, 0 <6 < 27} and
A be the subclass of A* consisting of analytic functions f that are normalized by f(0) = f/(0) -1 = 0.

Definition 2.1. For non-negative real numbers « let [[a]] be the integer part of @. For f € A", we
define a new complex conformable derivative D f of order a in U by

Df(z) = Da—[[aﬂ(@[[aﬂf(z))
_ ki(a = [[a]],2)
ki(a = [[a]l,2) + ko(a — [[a]], 2)
ko(a — [[a]], 2)

k(@ — [[all, 2) + kol — [[@]], 2)
where for v = a — [[@]] € [0, 1),

Df(z) = f(2)

v _ K1 (Va Z) KO(V7 Z) ’
D@ = K1(v,2) + kg(v, 2) f@)+ K1(v,2) + kg(v, 2) @f @)

D'f(2) =21 @), ..,
D[[a]]f(z) =D (@[[tl]]—lf(z)) ,

(Dua”f(z)) 2.1)

D (2))),

the functions «y, o : [0, 1] X U — U are analytic in U so that x;(v,2) # — «o(v, 2),

lir%/q(v,z) =1, lin}/q(v,z) =0, x(rz)#0, V¥zeU, ve(0,1),
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and
lirréko(v, 7) =0, linll k(v,2) =1, k(rv,20) #0, YzeUvre(0,1).

We note that if @ assumes only non-negative integer values, that is if @ — [[@]] = 0, then we have the
Salagean differential operator [8]. In the following lemma we present the differential calculus (linearity
rule, product rule, quotient rule and constant function rule) properties for our newly defined complex
conformable derivative.

Lemma 2.2. Let a € [0, ), v = a—[[a]], k1, ko : [0, 11XU — U be given by Definition 2.1 and assume
that the functions f and g are differentiable as needed. Then the complex conformable differential D*
given by (2.1) satisfies the following calculus of operation rules.

(i) Linearity Rule:
DNaf(z) + bg(2)] = aD " f(2) + bDg(z), a, b €R,;
(ii) Product Rule:
N (Hel]
Z)”[f(z)g(z)] — Z( . )(f([[a]]—k)(Z)Da—[[a]]g(k)(z))
k=0

(]

+ kz_; ([[Z]])(g(k>(z)1)a—[[a]] lllali-b (z))

_ k1(v,2) Ea]:] ([[a]])(f([[“]]_k)(z)g(k)(z))-

K1(r,2) + ko(v,2) &4\ k

(iii) Quotient Rule:

PNz
82D’ Z,E[i’g](—l)k(“‘,:frl)M
(f(Z)) g (2)
Z)(l —
g(2) (8(2))?
: . [ FQ)g (Z)]([[am
[Zl[c[(])](_l)k([[kl]l 1) ¢“(2) D’g(2)
- (8(2))?
([le]D
e ([W)[f@)gk(z)]
Kk1(v,2) k=0 kel g4()
k1(v,2) + ko (v, 2) 8(2)

(iv) Constant Function Rule: If K is a constant function, then

Kki(a,z)
DK =3 «(a,2) + ko(a,2)
0

if a0, 1)
if ae[l,c).
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Proof. (1) First consider the case @ € [0, 1). Then @ — [[@]] = @ — 0 = @ € [0, 1) and so by Definition
2.1 it follows that

Dlaf(@) + bg] = Ki(a Kzl)(i’/fo)(a z) (af(z) ’ bg(z)) T (@ I:;(i’/i))(a z) (Z[af(Z) " bg(z)]’)
_ K1 (a’ Z) K1 (a/’ Z)
B (/q (a,2) + ko, 2) f(z)) * b(lq(a, 2) + Kko(a, Z)g(Z))
Ko, 2) , ,
@)@ [a(zf'(2)) + b (z8'(2))]
3 ki(a@,z) ki(a,z)
i T E e S oo p i)
K()(a’, Z) (Zf’(Z)) b KO(a/’ Z) (Zg/(z))

aKl (CY, Z) + KO(Q’ Z) K (a,, Z) + K()(Cl, Z)

=a[( @D py) K@D (Zf’(z))]

ki(a,z) + ko(@, 2) ki(a,z) + ko(@, 2)
( ki(a,2) . ) " Ko(a, 2)

ki@, z) + Ko(@, 2) ki@, z) + Ko(@, 2)

+b

(Zg’(z))]

=aD"f(z) + bDg(2).

Next, consider the case a € [1, o). Since [[@]] is the integer part of a, it follows from the Definition
2.1 that

DM af(z) + bg(z)] = aDV f(2) + bD1"g(2).

Once again, according to Definition 2.1, we obtain

D[af(z) + bg(2)] = DD af(z) + bg(2)1}
— gye-liel] {aZ)“"” f(z) + bDlleN g(z)}
= gD llell {D[[w]]f(z)} + pp-llel] {Z)[[a]]g(z)}
= aD"f(z) + bD"g(z).

(i1) For a € [0, 00) set v = a — [[a]]€[0, 1). First we will show that

D@g@)] = FOD 8@ + gD f@) - — D rye)

K1 (V, Z) + KO(V9 Z)

The product rule for the differentiable functions f and g in conjunction with the definition of the
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operator D" yield
D@8 = —0 D e+ — 2D e

S ) Tk T 0.2 + ko(r.2) 8

= f—S0D ey 0D (e 421 0)
K11, 2) + ko(v, 2) kK17, 2) + ko(v, 2)
_ K1 (V’ Z) Ko (V’ Z) ’ ]
=@ [/q 00+ 0000 G+ e @)
ki1(v,2) Kko(V, 2) N
+8@ [/q 0000 @ T o +rmn & )]
_ K1 (V, Z)
k1(v,2) + ko(v, 2) f2)g)

- fOD8() + gD f(D) - —D_ pye,

K1 (V’ Z) + KO(V7 Z)

Since [[a]] is the integer part of a,, from Definition 2.1, where D!l*! f(z) = D (Z)[[“]H f (z)), it follows
that

(]

D f@g@] = ) ([[Z]])f(“"”_k)(z)g(k)(Z)-

k=0
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Now, from what we proved for D"[f(z)g(z)] and DU £(2)g(z)], we obtain

D[f(2)8(2)] = O 1DV f£(2)g(2)1)

(o]
_ gy {Z ([[Z]]) f(““”"‘)(z)g(")(z)}

B [[o]] [[e]]
B k

)DV {f([[a]]—k)(z)g(k)(z)}

N ([[a]]

L )(f([[w]]—k)(z)z)vg(k)(z) + g(k)(Z)DVf([[d]]—k)(Z)

k=0
K1 (V, Z)

_ f([[a]]—k)(z)g(k)(z))

K1(v,2) + ko(v, 2)

[[a]]

_ Z ([[a]])( f([[a]]—k)(z)z)vg(k)(z)) + % ([[“]])(gac)(z)z)v fq[a]]—k)(Z))
k=0 k k

k=0

k1(v,z) e ([[a]])( f <[[a]]—k)(z)g(k)(z)).

(i11) First we will show that

@) g@Df(2) - [()Dg(2) k1(v,2) f(@)
P _ 2.2
(g(z)) @)  0n2) 1 1072 80) (@2

where a € [0, ) and v = a — [[a]] € [0, 1). Now by the quotient rule for the differentiable functions f
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and g and the definition for the operator O it follows that

o (f(z)) k1(v, )

8@ «ki(v,2)+ko(v,2) \g2)

k1(v,2) (f(z))

KI(V 2) + ko(v,2) \ g(2)

f@ ) Kko(V, 2)

ki1(v,2) + ko(v, 2)

Kko(v, 2) (Zg(z)f (2) - f(2)8' @)

(8(2))?

Kl(V 2) + ko1, 2)

k1(v,2) (f(z))

KI(V 2) + ko(v, 2) \ g(2)

ko(v, 2)
K1 (V7 Z) + KO(Va Z)

8(2) (z
+

f’(z)) - f@ (z

K1 (V, Z) + KO(Va Z)

(8(2))?

xK1(v,2)

(@) f(2) -

+ K] (V’ Z) + KO(V7 Z) Ki (V’ Z) + KO(V’ Z)

(g(2))*

ki1 (v, 2) (f (z))

T (n2) + ko 2) \3@)

k1 (v, 2)
+ g(Z) (Kl (v, 2) + ko (v, Z)f(Z) " K1(7,2) + ko(v, 2)
(8(2))?
ki1(v,2)

f(z)(

Z
K2+ ko K 2) + Ko 2)

(8(2))?

_8@D'f(@) _ f@)D'gR)

(8(2))? (8(2))? k1 (v, 2) + ko(v, 2)
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Next, from the Definition 2.1, where D9l £(z) = D (DI £(2)), it follows that

@ f(Z)) _ a/—[[a/]]( [lel] [f(Z)]) _ v( [lel] [f(Z)])
DN —| =D D — (=D |D —
(g(z) 8(2) 8(2)

([[e]D
Z[[a]](_l)k([[anﬂ)[f(z)gk(z)]
. k=0 k+1 ¢(2)
8(2)
) n [ F@g (Z)]([[a]])
som s P25
) (@)
) . [ e (Z)]([[a]])
[z,i[(%](—nk(“klﬁ S|P
) (2(2))?
([Ted1)
ol - 1yl [f (Z)gk(Z)]
K1(v,2) =0 ! 8@
k1(v, 2) + Kko(v, 2) 8(2)
(iv) For a€[0, 1) and for the constant function K we get
— Ki(@, z) Ko, z) " Ki(@, z)
DK = ki(a, 2) + ko(a, 2) k(a, 2) + ko, 2) (k)] = ki (a, 2) + ko, 2)

For a€[1, c0), Definition 2.1 yields

DY = Pe-llell (Z)[[a]]K) — Z)a—[[a]](o) =0.

3. Geometric properties of CCD

We shall need the following basic definitions throughout this paper. A function g € A* is said
to be univalent in U if it never takes the same value twice; that is, if z;#2z, in U then g(z;)#g(z;) or
equivalently, if g(z;) = g(z2) then z; = z,. Without loss of generality, we can use A in place of A*
for our univalent functions. This is because if g(z) = by + b1z + byz*> + ... € A* and is univalent in U
then the transformation function f(z) = % € A is also univalent in U. Note that the univalency of
the function g guarantees that b; # 0 (e.g., see Goodman [4], Chapter 2). We let S denote the class
of such functions f € A that are univalent in U. A function f € S is said to be starlike with respect

to origin in U if the linear segment joining the origin to every other point of f(z : |z] = r < 1) lies
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entirely in f(z : |zl = r < 1). In more picturesque language, the requirement is that every point of
f(z : |zl = r < 1) be visible from the origin. A function f € S is said to be convex in U if the linear
segment joining any two points of f(z : |z| = r < 1) lies entirely in f(z : |zl = r < 1). In other words,
a function f € S is said to be convex in U if it is starlike with respect to each and every of its points.
We denote the class of function f € & that are starlike with respect to origin by &* and convex in U
by C. Closely related to the classes S* and C is the class P of all functions ¢ analytic in U and having
positive real part in U with ¢(0) = 1. In fact f € S* if and only if zf"(z)/f(z) € £ and f € C if and only
if 1 +2zf"(2)/f'(z) € P. In general, for € € [0, 1) we let P(e) consist of functions ¢ analytic in U with
#(0) = 1 so that R(¢(z)) > € for all z € U. Note that P(e;) C P(e;) Cc P(0) =P for0 < € < ¢ (e.g., see
Duren [3] or Goodman [4]). For functions f and g in A we say that f is subordinate to g, denoted by
f < g, if there exists a Schwarz function w with w(0) = 0 and |w(z)| < 1 so that f(z) = g(w(z)) for all
z € U (see [3], [4] or [7]). Evidently f(z) < g(z) is equivalent to f(0) = g(0) and f(U) c g(U). Finally,
for P(A, B) being the class of functions p(z) = (1 + Aw(z))/(1 + Bw(z)) < (1 + Az)/(1 + Bz) where w
is the Schwarz function and -1 < B < A < 1 we have P(A, B) C P(t—g) (e.g., see Janowski [5]).

In this section we explore the conditions on the complex conformable derivative D% yielding
interesting geometric properties in relation to functions with positive real part.

Theorem 3.1. For fixed € € (0, 1) and « € [0, c0) set k(e — [[a]],2) = 1= ki(a — [[@]], 2). Then

D‘”Zf(z) D"”f(z)
D(H—lf(Z) € P - Daf(z)
Proof. For ko(a — [[@]],2) = = ki(a — [[a]], 2), by Definition 2.1 we have

DF(z) = (1 - ¢) (D[[a]]f(z)) + ez (@[[w]]f(z))' ’
D f(2) = 2 (D1 f(2)) + e (DI f(2)"

eP.

and

1244

D2 f(2) = 2(DIf(D) + (1 + 2002 (DI f () + e (DI f(2)

Observe that R (%) > 0 if and only if

(1 +e)z (z)[[a]]f(z))" + ez (D[["]]f(z))m
R+ - — > 0
(Dllell f(2))" + ez (DU f(z))

Or equivalently, if and only if
oy 0@ )
(1 - 9 (DI £() + ez (DN )]

The inequality 3.1 in conjunction with the definition of convex functions yield that (1 —¢€) (Z)[["” f (z)) +

(3.1)

’
€2 (Z)[[“” f (z)) is convex. Since every convex function is also starlike, it follows that

[0 (@17) + (@) | o
(1= &) (DIf(2) + e (DI f(2)) ’
The inequality 3.2 holds if and only if R (z;;}{;)z) ) > 0 and this completes the proof. O
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Our second theorem determines the best possible necessary condition to be imposed on the operator
DUl for [D £(2)]/[2(D" £(2))] to be of positive real part.

Theorem 3.2. For fixed € € (0, 1) and a € [0, o) set ki (a—[[a]], 2) = 1= ko(a@—[[]], 2). IO f(yeC
then
Da+lf(z)

Z(DUN f(z))
Proof. Applying the differential operator rule (2.1) to D! f(z) = D (D f(z)) yields

€ P(e).

D f(z) = peliel (@[[anﬂ f(z))
— -l (4 { [@[[an f(z)]} _ pye-liell {z [@[[an f(z)]’}

_ «e = [[el], z) o
= el + @ Tl ¢
we oy (D" r@) + (0" )]}

ki(a — [[a]],2) + ko(a — [[a]], 2)
ki(a — [[a]], Z) [[e]] ’

" xi(a - [[all.2) + ko(@ — [, 2) (2"l
ko(a — [[e]], z)

ki@ — [[e]],2) + ko@ — [[a]],2)

(@ —[[a]],2) o ”
Kol all,z ) {Z [D[[ ]]f(Z)] }

ki(a = [[a]], 2) + ko(a = [[a]], z

— . [plen )] kol — [[@]],2) > [eial] 2o 1
=[] + e T e e © 2O

(3.3)

{Z [D[[w]]f(z)]'}

Dividing both sides of the Eq. 3.3 by z (Z)[[“” f (z))l and using the relation

ki(a —[[a]l,2) =

€ kol - [[e]l.2)
— €

we obtain

D f(7) z (@[[an f(z))”
— 4+ (l-)————.
2 (Dl f(2)) (D1 f(2))

On the other hand, from the convexity of DIl! f(z) it follows that

%{Hw}w

(Dl f(z))
DaJrlf(Z)
" {Z(@“"”f(z))'} &

AIMS Mathematics Volume 4, Issue 6, 1582—-1595.
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3.1. The Briot-Bouquet differential equation

A class of complex differential equations is a collection of differential equations whose results are
expressions of a complex variable. Assembling integrals contains special paths to income, which yields
singularities and branch points of the equation must study. Existence and uniqueness theorems include
the utility of majorants and minorants (or subordination and superordination concepts) (see [7]). Study
of rational first ODEs in the complex domain implies the discovery of new transcendental special
functions which are now known as Briot-Bouquet differential transcendent

(@) _ h(z), h(0) = f(0), A € [0, 1].
f(2)

Many applications of these equations in the geometric function theory have newly performed in [7].
Our aim is to generalize this type of equation by using the conformable operator and establish its
solutions by using the subordination relations. By using the conformable differential operator (3.3),
we have the conformable Briot-Bouquet differential equation

2D f(2))
D f(2)
The subordination conditions and distortion bounds for a class of complex conformable derivative are
given in the next theorem. A trivial solution of (3.4) is given when A = 1. Therefore, our study is

delivered for the case, f € A and A4 = 0.
Next result shows the behavior of the solution of (3.4).

Af@)+ (1 =24

Af@) + (1= 2 ) =h(). h(0) = f(0), z€ U. (3.4)

Theorem 3.3. For f € A, a € [0, o) and h is univalent convex in U if

2D fR))
(Z)"—f(z)) < ]’Z(Z), z€eU (35)
" . Bl - 1
Df(z) < zeXp(j(; ‘ d),

where w is a Schwarz function in U. Furthermore,

1 _ _ 1 _
|z exp (f %dﬂ) < |D“f(z)‘ < |zlexp (‘fo }%di]).

0

Proof. The subordination condition 3.5 means that there exists a Schwarz function w so that

(Z(Daf(Z))/

Difg )@ el

This implies that
((D”f (z))’) 1 Mo@) -1
D f(z) '

Z Z
Integrating both sides of the above equations yields

Df@) _ f hw(&) - 1
0

lo

dé. (3.6)

AIMS Mathematics Volume 4, Issue 6, 1582—-1595.
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Again, by subordination, we get

hw(@)) -1
3

In addition, we note that the function /(z) maps the disk O < |z] < < 1 onto a region which is convex
and symmetric with respect to the real axis, that is

h(-nlzl) < R(h(w®2))) < h(nlz), 1€ (0,11, 1z # 7,

which yields the following inequalities:

h(=mn) < h(-nlz]), h(@xlz]) < k()

1 1 1
f h(w(-nlz])) -1 dn s%( f h(wm) — 1 dn) < f h(w(nlz])) — 1 dn.
0 n 0 n 0 n

By using the above relations and Eq. (3.6), we conclude that

1 1
h(w(— -1 “ h -1
f (w(=nlz])) dn < log 'D f (z)’ < f (w(7lz])) dn.
0 n 2 0 d
This equivalence to the inequality
1 1
hw(-nlz)) -1 D f(2) h(w(nlz)) -1
exp(f dn) < '—‘ < exp( —dn).
0 n Z 0 n
This completes the proof. O

D f(2) < zexp(f: df)

and

4. Examples

Our first example uses the quotient rule given by Lemma 2.2.

Example 4.1. Let a € [0, 1). Now for D¢ (%_Z) let f(z) = zand g(z) = 1 — z and apply the quotient
rule (2.2) to get

ki (@,2)
R Z(l o (ft,z)+Kz(a,z)Z) _z(l-e€2)
D = 5 = > 4.1)
l-z (1-2) (1-2)

If € —» 1 then D* (%_Z) is convex and € — 0 then D* (%_Z) is starlike.

In the following example we demonstrate Definition 2.1 for the given analytic functions «(a —
[[@], z) and ko(a — [[a@], 7) operating on the convex function f(z) = log(l%z).

% 1-v
Example 4.2. For o € [0,00) and v = a — [[a]] let k,(v.2) = (1 — v) (1) and ko(v.2) = v(£) .
Then, according to Definition 2.1, the complex conformable derivative D f is given by

1 14z v 14z 1-v
D f(z) = ( V)V( 1—2) — (D[[(x]]f(z)) + v ( I—VZ — (D[[a]]f(z))
- (F) +v (i) =-w(i) +v(%)

AIMS Mathematics Volume 4, Issue 6, 1582—-1595.
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If we choose a € [1,2) then for the function f(z) = log(l%z) that is convex in U the complex
conformable derivative D f is be given by

D (f(2) =

v(i%) ( z )

(1-272)

—) (1+z) ( 1 )

+
a —v><1—t§> ()TN o) ()T
If v—0 then D* (log(%_z)) is convex and if v—1 then D* (log( Z)) is starlike. For v € (0, 1) let us, for

example, choose @ = 1.3 then the complex conformable derivative D' (log(l—_z)) becomes

0 i 1) - 07(1)" () 03(1)" .
310 _ +
g 1-z2 O7(1+z)0"+03(1+z) T\l -z 07(1+z)0' +(03(1_Z)07 (1-2)?

7 104 7957 134114

= — 4+ Z+
10 125 6250 78125

In the next example we show that the required convexity condition for D! £(z) is the best possible
condition for Theorem 3.2 to hold and this convexity condition cannot be replaced by the larger class
of starlike functions.

Example 4.3. (i) For a € [0, ) and € € [0, 1) we let

1 £ kol [[all.2).
— €

Then the convex function D' f(z) = % yields

ki(a = [la]l,2) =

D) 1+(1-26)
@@y T 1-z
(i) For @ € [0, ) and € € [0, 1) we let i (a — [[a]], 2) = 1% «o(@ — [[a]], 2).
Then for n = 2,3, ..., the convex binomial D f(z) = z + Lz"yields

Pl -2¢,-1) C P(e),

D f(2) o 1 4 Mlgre n-l 650(”(1 - e)+e’1) cPo),
z (Dllell f(z)) 1+ 1z n n
But for the starlike binomial
DIVf@z) = z + %zi
we get
D™'f(z)  1+(3-2e)7 ¢ P,

Z(DUfR)y 142

5. Conclusion
In conclusion, it is worth it to note that the nature of the complex conformable derivatives and their
applications is a yet to be fully explored territory and it is expected that the present paper triggers the

future research on this topic.
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