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Abstract: We study nonlinear problems for a parabolic equation with unknown source functions.
One of the problems is a system which contains the boundary value problem of the first kind and the
equation for a time dependence of the sought source function. In the other problem the corresponding
system is distinguished by boundary conditions. For these nonlinear systems, conditions of unique
solvability in a class of smooth functions are obtained on the basis of the Rothe method. The proposed
approach involves the proof of a priori estimates in the difference-continuous analogs of Holder
spaces for the corresponding differential-difference nonlinear systems that approximate the original
systems by the Rothe method. The considered nonlinear parabolic problems essentially differ from
usual boundary value problems but have not only the theoretical interest. The present investigation is
connected with the mathematical modeling of nonstationary filtration processes in porous media.
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1. Introduction

The goal of the work is to investigate nonlinear parabolic problems that arise in the mathematical
modeling of some nonstationary filtration processes in underground hydrodynamics. These models are
formulated as a system that involves a boundary value problem for a quasilinear parabolic equation
with an unknown source function and, moreover, an additional relationship for a time dependence
of this sought function. Justification of the corresponding mathematical statements is an important
task since such statements essentially differ from usual boundary value problems (see the well known
monographs [1, 2]). Our main aim is to obtain conditions for existence and uniqueness of their smooth
solutions. Investigation of such conditions is carried out by using the Rothe method and a priori
estimates in the difference-continuous analogs of Holder spaces for the corresponding differential-
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difference nonlinear system that approximates the original system. The approach that is proposed
in the present work allows one to avoid additional assumptions of the smoothness of the input data,
which have usually been imposed by the Rothe method (see, e.g., [1]). Thus, the faithful character of
differential relations between the input data and the solution in the chosen function spaces is determined
for each of the considered nonlinear parabolic problems.

This article is organized as follows. Beforehand, in section 2 we present some definitions of the
function spaces that are used in our analysis. In particular, the difference-continuous analogs of Holder
classes are determined for the grid functions. In section 3, we analyze the nonlinear parabolic problem
with the boundary conditions of the first kind. In order to obtain the unique solvability result, the proof
of the corresponding a priori estimates is split into several stages. In section 4 the similar analysis
is carried out for the nonlinear parabolic problem with the boundary conditions of the second kind.
Section 5 contains an example of some mathematical models of filtration processes in underground
fluid mechanics. Such models arise in exploitation of oil-gas fields in the case of cracked porous
media. Finally, a short conclusion in section 6 summarizes the results of this work.

2. Basic designations

In our work we use standard definitions for the function spaces from [1]. In particular, the Holder
class H***'*2(Q) (0 < A < 1) is determined as the space of functions u(x, f) continuous on the closed
set @ ={0 < x < 1,0 <t < T} together with their derivatives u,,, u, which satisfy the Holder condition
as functions of x, ¢ with the corresponding exponents A and A/2. The space O'[0, T] is determined as
the set of continuous functions having the bounded derivative for 0 < ¢ < T.

For a convenient presentation, the following designation is also used.

H"“Y>(D) is the space of functions which are continuous for (x,t,u) € D = Q x [-M,, M,] together
with their derivatives with respect to x, u and, moreover, satisfy the Holder condition as functions of ¢
with the exponent 1/2.

Moreover, in connection with application of the Rothe method we use analogs of the Holder classes
in the case of the grid functions & = (ug,...,U,,...,uy) defined on the grid w, = {t,} = {nt,n =
O,N,7 = TN~'} and in the case of the grid-continuous functions (x) = (uy(x), ..., u(x), ..., uy(x))
defined on the set QT ={0 <x < [,t, € w;}. Justasin [3] these analogs are determined in the following
way.

H**(@,) is the difference analog of the space H'*Y/2[0, T] (see [1]) for the functions & having a

finite norm
1+4/2
@

/2

|ia] = max |u,| + max |u,;| + (i;)- ",
0<n<N 1<n<N Wr

1 TG A2 -1/2
;= Wy —up_)t , n=1,N, <”?>w/ = max {lu,; — u,illt, — tu|"V?).
v 1<n<n’<N

Hf’ﬂ/ 2(@T) is the difference-continuous analog of the space H*" 2(Q) (see [1]) for the functions @i(x)
continuous in x for (x,t,) € Q, and having a finite norm

Y = max i (0] + @Y S+ @0y
T (X,1n)€Q- =T =T
@y s = sup () = (e = 2,
i (6t 1) EQy
@y = sup () = e Ol = 12,

() (x.1)E€Q;
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H1+A, 2 (Q,) is the difference-continuous analog of the space H 1+ (Q) (see [1]) for the functions

fi(x) continuous in x together with their derivatives with respect to x for (x, f,) € Q, and having a finite
norm

li(x >|i” = max [u, (0l + i + (a0, 2
(€0, £’
where l’/\lx(X) = (MOX(X)» ey unx(x)’ e uNx(x))'

HP*"2(0 ) is the difference-continuous analog of the space H2*!'*4/2(Q) for the functions #i(x)
continuous in x together with their derivatives i,,(x) and ii;(x) for (x,1,) € Q. and having a finite norm

liu(x >|2” T2 = max u,(0)] + max u,. ()] + |uxx<x)|” A2 4 |ut<x>|” A2
(x, t,l)eQT (x, t,,)eQT
where
ﬁxx(x) = (MOxx(x)a ey unxx(x)’ ey uNxx(x))a
ﬁ;(X) = (M]}(X), ceey l/ln;(X), ey MN;(X)),
Ui () = (U(X) =ty ()7 m = 1, N.

3. Unique solvability of a nonlinear parabolic problem with the boundary conditions of the first
kind
3.1. The statement for a quasilinear parabolic equation with an unknown source function

We formula_te the present statement as a system for determination of the functions {u(x, t), p(x, 1)}
in the domain Q = {0 < x < [,0 < ¢ < T} that satisfy the boundary value problem of the first kind

cx,t,wu, — Lu = f(x,t)p(x,1), (x,t)€ Q, (1)
u(x, He=o = w(@), ulx,d,==v(e), 0<t<T, )
u(x, =0 = @(x), 0<x<I, 3)

and the additional relationship
pix, 1) = x(Op(x, ) +y(x, t,u), (6,0 €Q, px,Dl=o=p’(x), 0<x<l, 4
where a uniformly elliptic operator Lu has the form
Lu = (a(x,t,wu,), — b(x,t, uu, — d(x, t, u)u.

All the input data in equation (1), boundary conditions (2), initial condition (3), and in relationship (4)
are the known functions of their arguments; a@ > amyin > 0, ¢ > cpin > 0, @min, Cmin = const > 0.

3.2. Conditions of unique solvability in the Holder spaces

The result for unique definition of the smooth solution {u(x, 7), p(x, t)} of systems (1)—(4) is supplied
by the following theorem.

Theorem 3.1. Let the following conditions be satisfied.
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1. For (x,t) € Q and any u, |u| < oo, the input data of the boundary value problems (1)—(3) are
uniformly bounded functions of their arguments, where the coefficient a(x,t,u) — together with
the derivatives a,(x,t,u) and a,(x,t,u), moreover, 0 < apn < a(x,t,u) < Apax, 0 < Cpin <
c(x,t,u) < Cmax-

2. For (x,t,u) € D = @ X [-My, My] (where My > max(x’t)ealul, M, is the constant from the
maximum principle for boundary value problems (1)—(3)) the functions a(x,t,u), a,(x,t,u),
a,(x,t,u), b(x,t,u), and d(x,t,u) have the uniformly bounded derivatives with respect to u and
Holder continuous in x and t with the corresponding exponents A and A/2; moreover, the
functions c(x,t,u) and f(x,t) are in H"Y*'(D) and H*'*(Q), respectively.

3. The functions w(t) and v(t) are in H'*Y2[0, T, the functions ¢(x) and p°(x) are in H***[0, [] and
C'[0,1], respectively, maxo<<i |P"(X)] < Py MAXo<r<t [P < Pl oo Ponas Ptnax = €ONSE > 0;
there hold the matching conditions

c(x,0, 0w, — Leply=0,4=0 = f(x, 0)p°(X)]1=05 )

c(x,0,0)v, = Lplrzp =0 = f(x,0)p°(X)] =i (6)

4. The function x(t) is in C[0, T], maxo<<7 Y()| < Xmax» Xmax = const > 0, the function y(x, t,u) is
uniformly bounded for (x,t) € Q, |u| < oo, and is continuous for (x,t,u) € D together with the
derivatives with respect to x and u,

ly(x, £, u)] £ Ymax,  Max |y (x, 6, )] < Vymax, Max |y,(x, 1, u)| < Vimax.
(x,t,u)eD (x,t,u)eD

Ymax> Yxmax> Yumax = const > 0.

Then there exists a unique solution {u(x,t), p(x,t)} of the nonlinear systems (1)—(4) which has
properties
u(x,t) € H*1200),  u(x, r)%”’l”/2 <M, M =const>0,

p(x,1) € HY?(Q), |p(x, t)%m <M, M =const>0.

In order to prove Theorem 3.1 and to establish the existence of the smooth solution with the
matching conditions (5) and (6) we approximate this system using the discretization procedure of the
Rothe method on the uniform grid w, = {t,} € [0, T'] with time-step T = TN~':

Cnlly; — (anunx)x + bnunx + dnun = ﬁlpm ()C, tn) € Q‘r = {0 <x< l} X Wr, (7)
unlx:O = Wy, Mnlx:l = Vn, 0< L <T, (8)

up(x) = p(x), 0<x</, )

Pni = Xn-1Pn-1 + Yn-1, (X, trz) € QTa pn(x)|n=0 = po(x)’ 0 <x< L. (10)

The approximating system can be formulated as follows: Find {u,(x), p,(x)} — approximate values of
the functions u(x, t) and p(x, t) for t = t, — satisfying conditions (7)—-(10) in which a,, b,, c,, and d, are
the values of the corresponding coeflicients at the point (x, t,,, u,); f, = f(x,1,), w, = w(t,), v, = v(t,),
Xn-1 = X(t-1), and y,_1 = y(x,t,-1, U,—1). In system (7)—(10) the following designations are also used:
Uy = (ua(x) — un—l(x))T_l’ Upx = dun(x)/dx’ Pri = (pn(x) - pn—l(x))T_l'
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The proof of solvability of systems (1)—(4) by the Rothe method involves several stages.

Stage 1. Investigation of the differential-difference boundary value problems (7)—(9) in the
difference-continuous Holder space Hz” o 2(Q ) under assumption that p,(x) is the known function.
The aim of this stage is to prove unique solvability of problems (7)—(9) and to drive the corresponding
a priori estimates for the solution u,(x) (independent of x, 7, n).

Stage 2. The proof of existence and uniqueness of the solution {u,(x), p,(x)} to the differential-
difference systems (7)—(10) in the corresponding function spaces by using the results of stage 1.

Stage 3. The passage to the limit as time-step 7 goes to 0 (i.e., n — o0) in conditions (7)—(10) by
using the compactness of the set {u,(x), p,(x)} thanks to the estimates obtained at stage 2. The aim of
this last stage is to show that original systems (1)—(4) have at least one solution in the corresponding
Holder spaces.

3.3. A priori estimates in the difference-continuous Holder spaces

Passing to these stages we show the proof in details only if the justification of the Rothe method
must take into account specific properties of systems (1)—(4). Otherwise, we only sketch the proof
referring to the known results.

The conditions of unique solvability of problems (7)—(9) in H; (Q,) are formulated by the
next lemma under assumption that p,(x) in the differential-difference equation (7) is the given source
function in H*Y*(Q.) with Ip(x)l/1 A2 < M, M = const > 0.

244,144/2

Lemma 3.1. Assume that the conditions 1-3 of Theorem 3.1 hold and let p,(x) be a function with the
above-mentioned properties. Then the differential-difference boundary value problems (7)—(9) has a
unique solution u,(x) in the domain Q, (for any sufficiently small time-step T of the grid w.) and the
following estimates are valid

max |u,(x)| < My, max |u,(x)| < M,
(x,1,)€0; (x,10)EQ;

A" < My, ()i < My, (ol < My, (1)

where M; > 0 (i = 0,4) are positive constants independent of x, T, and n.

The conclusion of Lemma 3.1 is based on results of Theorem 4.3.3 [3] about unique solvability of
the differential-difference boundary value problems of the first kind in the Holder class H2*"'*"2(Q,).
The proof of this theorem is supplied by the Leray-Schauder principle on the existence of the fixed
points of the completely continuous transforms. The following remarks must be added.

Remark 3.1. For the present problems (7)—(9) the constant M, from the maximum principle has
the form

MO = { mmfmaxpmde + maX(Wmax’ Vmax ‘Pmdx)} eXP(Kl T)

Ki > (1 + &)duuxCri,, &> 0is arbitrary, 7 <710 =¢kK;". (12)

min?

In order to derive the estimate of the maximum principle auxiliary functions are used
+ - -1
1, (%) = £y ()1 + Ki7)™ + i frnax Pmaxtn + MAX(Winax, Vinaxs Pmax)-
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Remark 3.2. In order to obtain the estimate max ., \cp. lu,(x)| < M, for problems (7)—(9), we
apply the discrete analog of the known technique [4]. This approach allows one to avoid differentiating
equation (7) with respect to x and hence does not require additional smoothness of the input data.
Namely, we apply the odd extension of the function u,(x) into domains Q; = {-/ < x < 0} X w, and
Q7 = {l < x < 2} X w, with the next introduction of an additional space variable z and a function
W,(x,z) = u,(x) — u,(z). For this function the estimate |W,(x,z)| < M;|x — z| is derived that leads
to the desired estimate max, o |t (x)] < My in (11). The constant M; depends on values M,
maXo<y<; |@x(X)], maxXo<,<7 [W,(1)|, maxo<,<7 [v/(?)| (for details see Lemma 4.3.5 from [3]).

Passing to stage 2 we consider systems (7)—(10) in order to find {u,(x), p,(x)}. The values of p,(x)
are beforehand unknown and simultaneously determined with u,(x). This requires additional
reasonings for proving the solvability of systems (7)—(10).

Lemma 3.2. Assume that the input data of systems (1)—(4) satisfy the hypotheses of Theorem 3.1. Then
in the domain Q. for any time-step T < 7o (1o > 0 is the constant defined by estimate (12)) there exists
a unique solution {u,(x), p,(x)} of the differential-difference systems (7)—(10) having the properties

un(x) € H2(Q)),  pu(x) € HM(Q,),
ma)& |pn(x)| S pmax’ ma)& |an(x)| S pxmax’ ma)i |pnf(x)| S p;max, (13)
(xX1n)€Q- (x,10)EQ, (x10)EQ,
where
Pmax = (p?nax + T7max) eXP(T)( max)»

Pxmax = {Pgmax + T(7xmax + 7L¢maxM1)} eXp(TXmax),
Prmax = Xmax(Pova + T Vi) €XP(T X max) + Vmax.-

Proof of Lemma 3.2. Starting with the initial conditions for #, = 0, we assume that for each of
time layers #; (j = 1,n — 1) the solutions {u;(x), p;(x)} are found and the corresponding estimates are
established. The conditions of Theorem 3.1 concerning the functions p°(x), y(x,1,u) and x(f) allow
one to conclude that for 0 < x </, ¢ = t,, there hold from (10)

|pn(x)| < (1 + TXmax)|pn—l(x)| + TYmax

n—1

< (1 + T/\/max)"p?nax + Z(l + TXmax)'iTymax,
=0

max P20 < (P + T¥max) €XP(T X max)-
X,1)€0;

Moreover, from (10) it is not difficult to obtain

an(x) = (1 + T/\/n—l)pn—lx(x) + T(?’n—lx + yn—luun—lx(x))a

n—1

1Pi ] < (0 Thmae) D + D (1 + DT e + Vumax M),
Jj=0

(m?% |an(x)| < {Pgmax + T('yxmax + yumale)} exp(T)(max)-
X, In)€Q
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Next we note from (10) that

max |pni(x)| < XmaxPmax T Ymax
(xatn)EQ-r

< Xmax(Phrax + T¥max) €XP(T ¥ max) + Yima-
Thus, for t = 1, estimates (13) are received since we assume that the corresponding estimates for ¢;
(j =1,n—1) are already known.

As a result of (13) the grid-continuous source function p,(x), which is determined from (10) by
using the given values of p,_;(x) and u,_(x), belongs to Hf’ﬂ/ 2(@T) with the norm Iﬁ(x)lgf/ <M,
where M < ppax + Prmax + Prmax- Lhis claim easily follows from the definition of the norm in the
Holder class HT“/ 2(@T).

By Lemma 3.1 this means that the differential-difference boundary value problem of the first kind
(7)—(9) with such a source function p,(x) has a unique solution u,(x) in HEH’HM 2(@T) for which
bounds (11) hold. Thus Lemma 3.2 is proved.

Remark 3.3. We have already indicated in Remarks 3.1 and 3.2 that the constants M, and M, in
estimates (11) for |u,(x)| and |u,.(x)| depend of the value of p.. This means that the present estimates
can be derived as soon as the estimate for |p,(x)| is established.

Passing to stage 3 we note that the uniform estimates (11), (13) (independent of x, 7, and n) mean
the compactness of the set {u,(x), p,(x)} in the corresponding spaces. By taking the limit as 7 goes to 0
(i.e., as n — o0) in conditions (7)—(10), we can show in a standard way that the original problem (1)—(4)
has at least one solution {u(x, 1), p(x, )} such that u(x, 1) € H***"*V2(Q), p(x, 1) € H*"'*(Q).

Thus the proof of the solvability in the Holder spaces of nonlinear boundary value problem (1)—(4)
by the Rothe method is completed.

3.4. Proof of uniqueness of the solution {u(x, t), p(x, 1)}

In order to finish the proof of Theorem 3.1, it remains to show that the solution of problems (1)—(4)
is unique in the class of smooth functions

SUp |u, Uy, Uy, u| < 00, sup |p, py, pil < o0.
(x,0)e0 (x,HeQ

Assume that for t € [0,7°], 0 < ° < T, the uniqueness is already proved. Let us show the
uniqueness result for ¢ € [2,£° + At], where At > O is a sufficiently small but bounded time interval
that allows us exhaust all the segment [0, 7] by a fixed number of steps. We will use a contradiction
argument. Assume that for r € [1°, 1 + At] there exist two solutions of systems (1)—(4) {u(x, 1), p(x, 1)}
and {u(x, 1), p(x, 1)}. It is easily seen from (4) that in the domain éto ={0<x<L®<t<®+At) the
differences

nCx, 1) = ulx, 1) —u(x,1), {(x, 0= px,1)—px,1)

satisfy the following relationship

Gi(x, 1) = x(OL(x, 1) + yu(x, 1, Wn(x, 1).
By taking into account that p(x, 1°) = p(x, 1°), i.e., £(x,1°) = 0 for 0 < x < [, we obtain

t t

L(x,t) = f Y@ (x,7)dT + f vu(x, T, u(x, T))n(x, 1) dr.

10 19
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Hence in Q0 = {0 < x < [,#° <t < 1° + Ar} there holds

max |{(x, )| < At ¥max max |{(x,1)] + Aty,max max [n(x, 1)l. (14)
(xN€0p (€00 (x.N€0p

Moreover, thanks to (1)—(3) n(x, t) and {(x, t) satisfy the relationships

C(x9 t, u)nt - (a(-x9 ta u)nx)x + ﬂonx + ﬂl’] = f(x9 t)g(-x, t)a (-x5 t) € QIO,
Mo =0, 7l =0, 2<t<®+As
nx, ) =0, 0<x<I,

where the coefficients Ay and A, depend in the corresponding way on the derivatives a, d,,, a,u, by,
¢y, and d,, at the point (x,#,o0u + (1 — o)u) (0 < o < 1). Moreover, A, and A, depend on u(x,?) and
the derivatives u,(x, 1), u,(x, 1), and u;(x, t).

All the input data of this linear boundary value problem of the first kind are uniformly bounded in
the domain Q, as functions of (x, ). This allows one to apply the maximum principle that leads to the

following estimate

max [n(x,1)| < K, max [{(x,7)|, K, = const> 0. (15)
(x0eQ (x)e0p

From (14) by taking into account this estimate we obtain

max |{(x, )| < At (¥max + K2Yumax) max [{(x, 7).
(x,D€Q 0 (x,D€Q 0

Choosing then At > 0 such that

At(/\/maX+K27umaX)§ 1 —u, 0</l< 1,

we output the following relationship

max |{(x, 1) < (1 —u) max |{(x, 1),
(xN€0,0 (x)e00

i.e., max, g, |{(x,1)| = 0. Thanks to (15) we can conclude from here that max, )5, In(x, 0| = 0.
Thus, the uniqueness result is completely proved for ¢ € [{%, 1 + At].
By repeating the analogous arguments for ¢ € [t!,2] (t! = ©* + At, 2 = t' + Ap), t € [, ], etc., up
to the final time 7', we drive the uniqueness result for problems (1)—(4) on all the segment [0, T].
Thus, there exists a unique solution {u(x, t), p(x, )} of the nonlinear systems (1)—(4) in the class of
smooth functions. Theorem 3.1 is completely proved.

3.5. Error estimates of the Rothe method for the boundary conditions of the first kind

Our next aim is to show that the Rothe method is applicable for construction of approximate
solutions of the present nonlinear system. It is necessary to estimate the differences

Wy(x) = up(x) — u(x, ), é:n(x) = pn(x) - P(X’ In),

where {u(x,t,), p(x,t,)} solves the original problems (1)—(4) for t = ¢,, {u,(x), p,(x)} solves the
approximating systems (7)—(10).

AIMS Mathematics Volume 4, Issue 5, 1508-1522.



1516

Theorem 3.2. Assume that the input data satisfy the conditions of Theorem 3.1. Then for any
sufficiently small time-step T of the grid w, there hold the error estimates for the Rothe method

max |w,(x)| < K3(Y +¢), max [§,(x)] < Ky(¥ +¢), (16)
(x.1n)EQ; (x1n)EQ;
where ¥ = max .o Y,.(x), ¥ = max ., o Un(x), ¥, (x) is the discretization error for the differential-
difference boundary value problems (7)—(9) and ,(x) is the discretization error for equation (10), K
and K, are positive constants independent of x, t, T, and n.

The proof repeats—with the corresponding modification—the above proof of the uniqueness result
in Theorem 3.1. We only note that estimates (16) are shown step by step for the bounded time intervals
[0, tay 1, [nys ta, 1, [2n), tny ], €tC., up to the final time ty = T. Existence of such estimates allows one to
apply the Rothe method for approximate solving the nonlinear problems (1)-(4) with the unknown
source function. The solution {u(x, ), p(x, )} can be obtained as the limit of the solution {u,(x), p,(x)}
of the approximating systems (7)—(10) as the time-step 7 of the grid w, goes to 0.

4. The nonlinear parabolic problem with the boundary conditions of the second kind

4.1. The statement and conditions of unique solvability in the Holder spaces

Now we consider the nonlinear parabolic problem which is distinguished by the boundary
conditions from system (1)—(4)

a(x, Dlx=0 = g(0),  alx, Duyle= = q(1), 0<r<T. A7)

Here and in what follows we assume that the coefficient a has the form a = a(x, t). Conditions of unique
solvability of such a nonlinear parabolic problem with an unknown source function are established by
the following theorem.

Theorem 4.1. Let the following conditions be satisfied.

1. For (x,f) € Q and any u, |u| < oo, the input data of the corresponding problem for equation (1)
with the boundary conditions (17) are uniformly bounded functions of their arguments, where the
coefficient a(x,t) — together with the derivatives a,(x, t) and a,(x,t);, moreover, a,(x,t) and f(x,t)
are in HYV2(Q), there hold

0 < Amin < a(-x’ t) < Amax 0 < Cmin < C(X, f, I/t) < Cmax>

2. For (x,t,u) € D = @ X [-My, My] (My > 0O is the constant Jfrom the maximum principle for
boundary value problem (1), (17),(3)) the functions b(x,t,u) and d(x, t,u) are Holder continuous
in x, t with the corresponding exponents A and 1/2 and have the uniformly bounded derivatives
with respect to u; the function c(x,t,u) is in H"Y>'(D).

3. The functions ¢(x), g(t), and q(t) are in H**[0,1] and O'[0,T], respectively; there hold the
matching conditions a(x, 0),|-0 = g(0), a(x, 0)¢.|=; = q(0).

4. The functions p°(x) and x(t) are in C'[0, 1] and C[0, T], respectively,

0 0 0 0
max |p(x)] < max |p,(x)| < max |y (1) <
O<xs] |p (€9] [ Prmax> 0<x<l |px( )| < Pxmax> 0<i<T I/\/( )| = X'maxo
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where p°., P° w0 Xmax = const > 0; the function y(x,t,u) is uniformly bounded for (x,t) € 0,
lu| < oo, and is continuous for (x,t,u) € D together with the derivatives with respect to x and u,

ly(e 8, W] < Ymax,  Max [y (6L £ Vemae Max [v,(6, 5wl < Yy maxs
(x,t,u)eD (x,t,u)eD

where Ymax, ¥ ymax Yumax = const > 0.

Then the present nonlinear parabolic problem has a unique solution {u(x, t), p(x, t)} which satisfies
the conditions

u(x, 1) € H**"V2(Q),  p(x,1) € HY(Q),
lu(x, t)%”’“m <M, |p(x, t)%m <M, M, M= const> 0.

This solution is the limit of the solution {u,(x), p,(x)} of the corresponding differential-difference
nonlinear system that approximates the original system by the Rothe method.

4.2. The scheme of proof of Theorem 4.1

Claims of Theorem 4.1 are proved by analogy with the proof of the corresponding claims of
Theorem 3.1. Namely, solvability of the original nonlinear system with the boundary conditions (17)
is established with the help of the differential-difference approximation of this system, which is is
distinguished from (7)—(10) by the boundary conditions

anunxlx:O = &n> an”nx'x:l = qn,» 0< L, <T, (18)

where a, = a(x, 1,), g, = g(t,), and g, = q(t,).

Investigation of the present approximation involves several stages similar to ones in section 3. In
the corresponding stage 1 we take into account specific properties of conditions (18) and establish
unique solvability in HFAHY 2(@T) of the differential-difference boundary value problem of the second
kind under assumption that the source function p,(x) in equation (7) is given. Moreover, p,(x) is in

L2 A . A 1,4/2 AL A
H*2(0.) with |p(x)| QT/ < M, M = const > 0, max, , )5 [Pn(X)] £ Pmax, Pmax = const > 0.

Lemma 4.1. Assume that the conditions 1-3 of Theorem 4.1 hold and let p,(x) be a functon with the
above-mentioned properties. Then for any sufficiently small time-step T of the grid w, there exists one
and only one solution of the differential-difference boundary value problem with conditions (18) which
belongs to the class H-**'"*Y*(Q.) and satisfies the estimates

max |u,(x)| < My, max |u,.(x)| < M,
(x,t”)EQT (X,tn)eQ‘r

~ A2 _ 37 ~ A2 _ 37 ~ 2+4,1+4/2 _ Jr
A < My, I < My, AR < My, (19)

where Mi > 0 (i = 0,4) are positive constants independent of x, T, and n.

The conclusion of Lemma 4.1 is based on results of Theorem 1 from [5] which we apply by the
corresponding way to problem (7), (18), (9). Note that this theorem about unique solvability of the
differential-difference boundary value problem of the second kind in the Holder class Hf”’lu/ 2(QT) is

proved by the Leray-Schauder principle on the existence of the fixed points of the completely
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141
continuous transforms. In order to apply this principle, a priori estimates in HTIM’ > (Q,) for u,(x)
must be derived. For the present nonlinear problem we make the following remarks.

Remark 4.1. For problem (7), (18), (9) the constant M|, from the maximum principle has the form

— )
My = K¢T exp(KsT) + K7l(1 + 4_1) , (20)

in which K5, K¢, and K are positive constants,

-1
min’

Cr_n%n{fmaxpmax + 2I(7ama)< + K7l(axmax + bmax + (1 + %)dmax)},

-1 -1 -1 -1, -1
K7 2 max(l ‘pmaXal amingmax,l amemax)-

i
Y

(1 + &)dmaxc} , T <19 = K, & > 0is arbitrary,

x
\%

In order to derive the estimate of the maximum principle auxiliary functions are used (for details
see Lemma 1 from [5])

e = (1+ Ks) " {u,(x) £ Ky (x — é)z + Kyl} + Ket,.

Remark 4.2. In order to obtain the estimate max, , 5 |t (x)| < M, for problem (7), (18), (9), we
apply the approach proposed in [5]. This approach allows one to avoid differentiating equation (7) with
respect to x and hence does not require additional smoothness of the input data. Here we only sketch
the proof, for details see Lemma 2 from [5]. A substitution is carried out

() = u,(x) — XYL+ (x = DR, (x,t,) € O,
lﬂg = &n (Zlanlx:O)_l s l//fq =dqn (2lan|x:l)_] , n= I»_N,

that reduces the boundary conditions at x = 0 and x = / to homogeneous ones

Dn(X) = (%) = 2207, + 2(x = DY, pe(O)izo = 0, V(X)]ozy = O.

n°

Next we use even extension of the function #,(x) into domains Q; = {—/ < x < 0} X w, and Qf =
{l < x < 2l} X w, with the next introduction of an additional space variable z and a function W,(x, z) =
9,(x) — 9,(z). The main aim is to obtain the estimate |W,(x, z)] < M,|x — z| that leads to the estimate of
the derivative ,,(x), i.e., to the desired estimate for u,,(x) in (19).

The constant M, depends on values M,, Pmax> Prmax> maxs dmax- We especially note that M, is
independent of the derivative p,.(x) in Q, thanks to the proposed approach.

The next stage in proof of Theorem 4.1 is to consider the corresponding approximate system with
boundary conditions (18) for determination of {u,(x), p,(x)}.

Lemma 4.2. Assume that the input data satisfy the hypotheses of Theorem 4.1. Then in the domain Q.
for any time-step T < 1 (19 > 0 is the constant defined by estimate (20)) there exists a unique solution
{u,(x), p.(x)} of the present differential-difference system having the properties

2+ A1+/2 /A 2A20A
uy(x) € HFYY2(Q)),  pau(x) € H*(Q,),
mMax |p, ()] < pmax,  MAX [P(X)] < Prmax,  MAX (0] < Promas 1)
(4.1)€0, (x.1)€0, (41)€0,
where Pmax, Pymaxs Prmax Fe positive constants independent of x, T, and n.
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The proof of Lemma 4.2 repeats the above proof of Lemma 3.2 with the corresponding use of a
priori estimates of Lemma 4.1. The values of constants in estimates (21) are determined by analogy
with ones in Lemma 3.2. These estimates mean that the grid-continuous source function p,(x), which
is determined from (10) by using the given values of p,_;(x) and u,_(x), belongs to Hf’ﬂ/ 2(@T) with the
norm | ﬁ(x)lgf/ ’< M where M < DPmax + Pymax T Prmax- Hence by Lemma 4.1 the differential-difference
boundary value problem of the second kind corresponding to this source function p,(x) has a unique
solution u,(x) in H-**'**2(Q.) for which bounds (19) hold.

Remark 4.3. In Remarks 4.1 and 4.2 it is indicated that the constants M, and M, in estimates (19)
for |u,(x)| and |u,,(x)| depend of the value p.x. This means that the present estimates can be obtained
as soon as the estimate for |p,(x)| < pmax 1S established.

As a result of the uniform estimates (19), (21) (independent of x, 7, and n) the set {u,(x), p.(x)}
i1s compact in the corresponding spaces. Passing to the last stage 3 we take the limit as 7 goes to 0
(i.e., as n — o0) in conditions (7), (18), (9), and (10). This allows one to show in a standard way that
the original problem with the boundary conditions of the second kind (17) has at least one solution
{u(x, 1), p(x, 1)} such that u(x, 1) € H**"*2(Q), p(x,t) € H*>(Q). Thus the solvability in the Holder
spaces of the present nonlinear boundary value problem is proved.

In order to complete the proof of Theorem 4.1, it remains to show the uniqueness of the solution
{u(x, 1), p(x,1)} in the class of smooth functions. The present result is established by analogy with the
corresponding result in Theorem 3.1 step by step for the bounded time intervals that allows us exhaust
all the segment [0, 7] by a fixed number of steps. By a contradiction argument we assume that for
t € [1%,1° + At] there exist two solutions {u(x, 1), p(x, 1)} and {u(x, 1), p(x, f)}. The corresponding linear
boundary value problem for the differences n(x, ) = u(x,t) — u(x, 1), {(x,t) = p(x,t) — p(x,t) has the
form in the domain Qo ={0<x<LP<t<t+Ar}

c(x, t,w)n, — (a(x, ) + Aone + A = f(x,0){(x,1), (x,1) € Op,
(l(.x, t)nx|x:0 = 0’ a(xa t)ﬂx'x:l = O» to <t< to + Ata
nx,°)=0, 0<x<l,

where all the input data are uniformly bounded in the domain Qo as functions of (x, #) thanks to the
established estimates. This allows one to apply the maximum principle that leads to the following
estimate [1]

max [n(x,1)| < KgAt max |{(x,1), Kg = const> 0.
(x,N€Q,0 (x,N€Q)0

Moreover,

max |{(x, )] < At Ymax max [{(x, )] + A1y, n, max |n(x, 1l
(x.Ne0p (x.N€00 (x€0,p

By repeating the corresponding reasonings in the proof of Theorem 3.1 we obtain choosing At from
the condition
At (Ymax + KeVymax) <1 -, O<pu<l,

that max ., g, Il(x, )] = 0, max, g, [n(x,t)] = 0. Thus, the uniqueness result is proved for ¢t €
[#°,° + At]. By repeating the analogous arguments step by step for the next bounded time intervals we
drive the uniqueness result on all the segment [0, T'].

Thus, Theorem 4.1 on unique solvability of the nonlinear parabolic problem with the boundary
conditions of the second kind is completely proved.

AIMS Mathematics Volume 4, Issue 5, 1508-1522.



1520

4.3. Error estimates of the Rothe method for the boundary conditions of the second kind

In order to show that the Rothe method allows one to obtain approximate solutions for the
considered nonlinear system, it is necessary to estimate the differences

Wn(X) = up(X) = u(x, 1), Ea(X) = pu(X) = p(x, 1),

where {u(x,t,), p(x,t,)} solves the original problem with the boundary conditions (17) for t = #,,
{u,(x), p.(x)} solves the approximating system with conditions (18).

Theorem 4.2. Let the conditions of Theorem 4.1 be satisfied. Then for any sufficiently small time-step
T of the grid w, there hold the error estimates for the Rothe method

max |w,(x)| < Ko(¥ +¢), max [§,(x0)] < Kio(Y +¢), (22)
(x.1n)EQ; (x.1n)EQ;
where ¥ = max . .5 Y. (x), v = mMax, , 5 Ua(x), W.(x) is the discretization error for the

differential-difference boundary value problem with conditions (18) and ,(x) is the discretization
error for equation (10), K9 and K,y are positive constants independent of x, t, T, and n.

This theorem is analogous to Theorem 3.2. Estimates (22) are derived step by step for the bounded
time intervals up to the final time #y = 7. From (22) it follows that the solution {u(x, 1), p(x, t)} can
be obtained as the limit of the solution {u,(x), p,(x)} of the corresponding approximate system as the
time-step 7 of the grid w, goes to 0.

5. Mathematical models of some filtration processes

The nonlinear parabolic problems that are investigated in sections 3, 4 have the wide applications.
In particular, such statements are motivated by the needs of the modeling and control of nonstationary
filtration processes in underground hydrodynamics. Below as an example we show a mathematical
model that arises in exploitation of oil-gas fields in the case of cracked porous media (see, e.g., [6, 7]).

The present statement is connected with nonstationary filtration of liquid to vertical bore-hole in a
circular stratum—to find the pressure distribution in cracked blocks that satisfies the relationships in
the cylindrical coordinate system (r, 1):

Borty = 1 k() + 7 (p— ), ()€ Q =ty <r<rm0<t<Th  (23)
I/t(l", t)|r=rbh = Uph, u(r, t)lr:rfc = Ufc, 0<t< T, (24)

prbpl = _ﬂ_la,(p - M), (ra t) € Q’ (25)

M(}’, t)'t:() = (,0(1’), p(r’ t)lt:() = QO(’”), Vph <r< rfc- (26)

Here u(r, 1) is the pressure in the cracks, p(r, t) is the pressure in the porous blocks, 3., and ,,, are the
corresponding coefficients of elastic capacity, 7y, is the radius of the bore-hole, 7. is the radius of the
feed contour, u,, and uy. are the pressure corresponding to these boundaries, ¢(r) is the initial pressure
distribution in the stratum, u is the liquid viscosity, « is the parameter of liquid shift between the blocks
and the cracks, k represents the permeability of the stratum.
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It is known that filtration properties of cracked porous stratums depend of changes of the pressure.
Mathematical statements that are considered in section 3 for a quasilinear parabolic equation, allow
one to take into account this dependence. In particular, the coefficient k in (23) has the form k(u).

Besides (24) the boundary conditions in systems (23)—(26) can be given in the other form, in
particular, of the second kind

2mHu ™ (k)r )=y, = (O, 27xHp ™ (kru,)l,,,, =0, 0<1<T,
or of the mixed kind
2nHp ™ (ki) —p,, = q(0),  u(r,Dlery, = e, 0<t<T,

where H is the tickness of the stratum, g(¢) is the debit.
All these models can be considered as concrete examples of the nonlinear parabolic problems that
are investigated in sections 3, 4. The pressure p(r,t) in the porous blocks plays the role of sought

source function in equation (23). The corresponding equation for a time dependence of p(r, ¢) has the
form (25).

6. Conclusion

In this work the nonlinear parabolic problems with an unknown source function are investigated.
They are formulated as a system that involves a boundary value problem for a quasilinear parabolic
equation and, moreover, an additional relationship for a time dependence of this sought function. Our
main aim is to justify such problems in a class of smooth functions taking into account their essential
distinction from usual boundary value problems. The following results of our analysis can be
formulated—conditions of unique solvability in the Holder spaces are proved for the corresponding
nonlinear system with the boundary conditions both of the first and second kind.

To this end, a priori estimates in the corresponding spaces are established for the nonlinear
differential-difference system that approximates the original system by the Rothe method. Thanks to
these estimates in the differential-continuous analogs of Holder classes we avoid additional
assumptions of the smoothness of the input data (which have usually been imposed by the Rothe
method). Thus, the proposed approach allows one to determine the faithful character of differential
relations for the nonlinear parabolic problems of the considered type. These results are similar to the
ones obtained in [1] for the boundary value problems in the case of quasilinear parabolic equations
with the given right-hand side.

The error estimates established in the work for the Rothe method show that this method provides
the approximate solutions for the present nonlinear parabolic problems. As an example of important
applications, a model of nonstationary filtration in the cracked porous stratum is represented.
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