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Abstract: In this paper, we deal with the existence, uniqueness, and finite time blow-up of the solution
to the degenerate nonlinear parabolic problem: u, = (f’umu‘f)‘f [+ uf for 0 < é <a, 0<7<T,
u(€,0) = up(é) for0 < ¢é <a,and u(0,7) = 0 = u(a,7) for 0 < v < I', where u, (£) is a positive
function and 1 (0) = 0 = ug(a). In addition, we prove that u exists globally if a is small through
constructing a global-exist upper solution, and u, blows up in a finite time.
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1. Introduction

Let I € (0, c0], r be a nonnegative constant less than 1, a and m be positive constants, and p be
a positive constant greater than 1. We study the following degenerate nonlinear parabolic first initial-
boundary value problem:

T

-z (g u"ug), +u” in (0,a) x (0,T), (1.1)

u(€,0)=uy(€) on [0,a], u(0,7)=0=u(a,7v) forre (0,1, (1.2)

where u, (f) is a positive function in (0, @) such that uo” &) € C2+"( ) for some @ € (0,1) and
up (0) = 0 = ug (a).

Problems (1.1)—(1.2) describe the creeping gravity flow of a power-law liquid on a rigid horizontal
surface. The solution u is the thickness of the current and r represents the Cartesian symmetry, see [5].
It also explains the radial spreading of an axisymmetric current with & and u"*!/ (m + 1) corresponding
respectively to the radial coordinate and the integral of velocity profile of the current, see [7]. If u
represents the temperature, then it can be interpreted as a nonlinear heat conduction problem with u™
being the thermal diffusivity, see [12, pp. 73-74]. When m = 0 and r = 0.5, it exemplifies heat transfer
into one face of a flat cylinder with a small ratio of depth to diameter, see [2, 15]. Problems (1.1)—(1.2)
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can illustrate population dynamics when r = 0, see [6]. (1.1) is a degenerate equation because the
thermal diffusivity u” — O when ¢ — O or € — a.

Leté =ax,t=a*m+ 1)t,T=a*m+1)T,D =(0,1),Q=Dx(0,T),D =[0,1],Q = Dx[0,T),
oD = {0, 1}, and 0Q2 = ([) X {O}) U (0D % (0,T)). Then, the problems (1.1)—(1.2) are transformed into
the degenerate nonlinear parabolic problem below,

1
u,=m+1)— &x'u"u,), +a*(m+ Du’ inQ, (1.3)
xr

u(x,0) =ug(x) onD, u(0,1) =0=u(l,z) fort (0, 7). (1.4)

When r = 0 and uy (x) > 0 on D, the multi-dimensional version of the problems (1.3)—(1.4) have
been studied by [4,8,11,13,14]. Let u; be the first eigenvalue of the following Sturm-Liouville problem,

" +up=0inD, ¢(0)=0=¢(1).

When p = m + 1, Sacks [13] proved that if a> (m + 1) > u,, the solution blows up in a finite time. If
a*(m + 1) <y, (that is, the domain size is sufficiently small), the problems (1.3)—(1.4) have a global
solution (also see [14]). In the case of p > m + 1, the solution may or may not exist for all time which
depends on the initial condition u, see [8,11,13]. Galaktionov [4] proved that the problems (1.3)—(1.4)
have a global solution if p < m + 1.

This paper is organized as follows. In section 2, we prove the existence and uniqueness of the
classical solution of the problems (1.1)—(1.2). In section 3, we show that u blows up in a finite time
when p > m + 1. Then, we prove that there is a global solution when a is sufficiently small. Different
from [13], our method does not require additional conditions on p and m. In section 4, we prove that
u; blows up in a finite time when u is unbounded.

2. Existence and uniqueness of the solution

We assume that the initial data u (x) satisfies the condition below,

d2 (MO)m+1 . rd(uo)m+l

73 —————+@ m+ D) 20in D. (2.1)

1/(m+1
We note that u, = [Kx sin (7r(1 —x)? /2)] fom ), where K is a positive constant, satisfies (2.1) and

uy (x) = 0 on 6D. Let v = u™*!, the problems (1.3)—(1.4) become
Vi = (m 4 1)y [vm v @ms | ing, 2.2)
X

v(x,0) =vy(x) onD,v(0,0)=0=v(l,7) fort€(0,T), (2.3)

where v (x) = ug“l (x). To prove the existence of a solution, Chan and Chan [1] consider the following
nonlinear parabolic problem with & being a small positive number less than 1,

Ve = (m+ DV ok Dy k@ e+ D in @,
X
Ve (x,0) =vo(x) +eonD, v, (0,t) =e=v.(1,¢) fort € (0, T).
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They prove that v, € C (Q) N C*ael*+@/2 (D % [0, T)), and the sequence of solutions: {v,} converges

tov € C(Q) N CHal+a/2(D x [0,T)) when & — 0. They also show that v > 0 in D x [0,T) and
v(x,1) > vo(x) on D x [0,T). Using these results, they prove that the problems (1.3)-(1.4) have a
solution u € C(Q) N C**1**/2(Dx [0,T)), u > 0 in D x [0,T), and u (x.) > up (x) on D x [0, T).
By (2.1), they show that u, > 0 and v, > 0 in D X [0, T). Further, they prove that u is unbounded in
D x(0,T)if T < oo. For ease of reference, let us state their Theorem 2.8 below.

Theorem 2.1. Problems (1.3)—(1.4) have a solution u € C (Q) N C**@+a2(Dx [0,T)). If T < oo,
then u is unbounded in D x (0, T).

Let Lv = v™*Dy /[ (m + 1) — v, — rv,/x and B(x,?) be a bounded function on Q. Here is a
comparison theorem.

Lemma 2.2. Suppose that y and s € C (Q) N C>' (Q), and

Ly—pBy>Ls—BsinQ, y>sondQ. 2.4)

Then, y > s on Q.

Proof. If not, let us assume that s > y somewhere, say, (X,7) € Q. By the continuity of s and y over
Q, there exists an interval (a;, a,) C D such that X € (a;,a»), s (a1, H)—y (a1, 1) = 0, s (az, H)—y (ar,7) = 0,
s(x,0) > y(x,1) for x € (a;,ay), and s < yin [a;, a,] X [0, ). Then,

a2
[ (7m0 =y ) x> o 25)

ai

Let ¢ (x) and A be the first eigenfunction and eigenvalue of the following Sturm-Liouville problem,
(XW) +AxXw=0inD,w(a;) =0 = w(a).

By Theorem 3.1.2 of Pao [9, p. 97], ¢ (x) exists and A > 0. Further, ¢ (x) > 0 in (a;,a,). Let y be a
positive real number to be determined. By the above equation, we have

f fa2 (s —y) AxX pe”"dxdt = — f faz (s—y) (xrab’)/ e"dxdt. (2.6)
0 aj 0 ai

Using integration by parts, ¢ (a;) > 0, and ¢’ (a,) < 0, we have

f faz (s—y) (xr(;')' e"dxdt > f faz [(s—y), x"], de”dxdt.
0 Ja; 0 Ja;

X [yl/(m+1) _ Sl/(m+l)], —,er (y _ S) > —x (sxx _ yxx) _ rxr—l (Sx _ yx) - _ [(S _ y)x xr]x )

By (2.4), we get

From this, we have

7 n , 7 a; _ r ) _
f f (s—y) (x’&') e’dxdt > - f f [yl/(m”) - sl/('”“)]tx’(pewddef f By — s)x"pe” dxdr.
0 Jay 0 Jay 0 Ja
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By (2.6), we obtain

7 2
_f f (s — y) AxX' e dxdt
0 ap
7 @ _ r ar -
_f f [yl/(m+1) _ sl/(m+1)]t Xr(ﬁeytdxdt + f f lg(y _ S) xr¢e)’fdxdt
0 a 0 ap

2 _
- _ f [yl/(m+1) (x,7) — g/ m+1) (x, f)] xrg)eyfdx

ap

a2
+ f [yl/(m+1) (x,0) — g1/ m+1) (x, 0)] xrédx
ai

f ) 3 an
" f f [yl/(m+1) _ Sl/(m+1)] 7xrq~5e7'tdxdt + f f By —s) xrée”’dxdt.
0 Ja 0 Ja;

The above expression is equivalent to

7 az a
f f B - /~l (s —y) X" e dxdt + f [sl/(m“) (x, 0) — y!/0m+D (, O)] X' pdx

f f l/(m+1) l/(m+1)] yx ¢e7tdxdt

Zf [ 1/(m+1) (x, f) yl/(m+1)(x f)]x ¢eytdx

ai

By the mean value theorem, there exists an  between s!/*1 and y!/"+1 guch that

fovt' fZ [Sl/(m+1) _ yl/(m+1)] [(m +1) (,3 _ /~l) " '}’] xrﬁzeytdxdt

2
+ f |10 (x, 0) = 31D (x, 0) | pelx

ai

a) _
> f [Sl/(m+1) (x,7) — yl/(m+1) (x, f)] xr&eytdx.

ap
By the Gronwall inequality (cf. Walter [16, pp. 14—15]),
ar B
f [sl/(m+1) (x,7) — yl/(m+1) (x, f)] xr(zeytdx

ap

a
Sf [ l/(m+1)(x 0) — yl/(m+1)(x O) xgbdx

ap

f (m+1) ﬁ A)g + y] ef [on+D(B-2)¢"+y]dt g |
As S is bounded, we choose y such thaty > (m + 1) (;1 —ﬁ) ™. Byy> sin[aj,ay] X [0,7), we have

| |
[ icnogmmnioleacicso

ai

Since x"¢e’” > 0 in (a,, a,), the above inequality contradicts (2.5). Therefore, y > sin Q. Asy > s on
0Q, y > s on Q. The proof is complete. O
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Let Ly = v™/™*Dy, | (m + 1) — y,, — ry,/x. Based on a similar computation of Lemma 2.2, we have
the following result.
Lemma 2.3. Suppose that y and s € C (Q) N C>'(Q), and

Ly—By>Ls—BsinQ, y>sondQ.

Then, y > s on Q.
By Theorem 2.1 and Lemma 2.2, we obtain the result of the existence and uniqueness of solution.
Theorem 2.4. Problems (1.3)—(1.4) and (2.2)—(2.3) have the unique classical solution.

3. Blow-up of the solution and global existence

Instead of using condition (2.1), let us assume that 1 satisfies the inequality below in the following

two sections:
d2 (uo)m+1 .\ rd(uo)m+l

dx? x dx
Then, by (1.3) and u € C (Q) N CHe1+e2 (D % [0, T)), we have u, (x,0) > 0 (v, (x,0) > 0) in D. We
want to prove that v, (x,7) > 0 in D for ¢ > 0. To achieve it, we have the following two results.
Lemma 3.1. v (x,1) > v (x) in Q.
Proof. From (3.1), we obtain

+a®(m+1)(up)” > 0in D. (3.1)

d>vy rdvy 1 .
W + ;E+a (m+ 1)vg/(m+ ) > 0in D.

As stated in section 2, we have v (x, 1) > vy (x) on D x [0, T). Subtract the above inequality from (2.2),
it gives

y Dy > (m+ 1) [(v V) + = (v = Vo) + @ (m + 1) (vp/met) — vg/(’"”))]
X
> 0n+ D] 0= )+ S0 =)
X

Further, we know that v (x,1) = vy(x) = 0 on D x (0,T) and v(x,0) = vy (x) on D. Suppose that
v(X, 1) = vy (X) for some X € D and ¢ > 0. Then, the set

{t :v(x,1) = vy (x) for some x € D and ¢ > 0}

is non-empty. Let 7 denote its infimum. Suppose that 7 > 0. Then, v(X,7) = vy (%) and v (x,1) >
vo in D X (0,7). Therefore, (v(X,7) — vy (%)), < 0. From section 2, we have v, (%,7) > 0. Thus,
(v(X,7) —vo (%)), = 0. Further, v(x,7) — vy (x) attains its local minimum at (%,7). This implies that
(v(X, 1) —vo (%), =0and (v(X,7) —vo (X)),, > 0. Since v(X,7) > 0, we have

0= v D (%, 7) v, (£,0) > (m+ D | (v (% 7) = vo (D)., + )—: v (%) = vo (B),| > 0.

It leads to a contradiction. If 7 = 0, we have v (x,0) = vy (x) on D and v (x,7) > vy (x) for t > 0 in D.
Hence, v (x, t) > vy (x) in Q. O
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Let 4 be a small positive real number and g (x,7) = v(x,t+ h). Further, g is the solution of the
following problem:

—m/(m+1)

q g = (m+ D)|qu+ —qu + @ (m+ 1) g" ™| in O, (3.2)
X

q(x,0)=v(x,h) onD, g(0,1) =0=¢g(1,t) fort € (0,T). (3.3)

We follow a similar calculation of Lemma 3.1 to obtain the corollary below.

Corollary 3.2. g (x,1) > v(x, 1) in Q.

Having these two results, we prove v, being positive in the domain.

Lemma 3.3. v, > 0 in Q.

Proof. From the result of section 2, v, > 0 in D X [0, T). Let us assume that v, (0, w) = 0 for some
(p, w) € Q. Then, there exists a neighborhood (as, a4) X (t1,1;) C Q such that (p, w) € (as,ay) X (t1, ).
We differentiate (2.2) with respect to ¢ to obtain

W), =

m r
V)2 + (m+ DV )+ = (v), + a2 pytPTm DDy, (3.4)
m+1) X

Since v > 0 in (a3, ag) X (t1, 1), it gives
r .
W) = (m+ DV )+ ~ ), a’ vV Dy i (a3, a4) X (1, 1)

By the strong maximum principle (cf. Protter and Weinberger [10, pp. 168—169]), v; = 0 in (a3, a4) X
(t1,12). This contradicts Corollary 3.2 that v is strictly increasing in ¢ in Q. Therefore, v, > 0 in
(as,aq) X (1, 1). Since (p, w) 1s arbitrary in Q, v, > 0 in Q. O

To study the blow-up of the solution u, we let z!/!'=" = x. By a direct computation,

R
Ve = Ve i
_ _ a2 2r/(1-r) _ _ <
Vae=(1-1r)z Ve—r(-=r) i

Then, the problems (2.2)—(2.3) are transformed into

v, = (m+ 1)y™m+D [(1 —r)? z‘zr/(l_’)vZZ +a®(m+1) v”/('"+1)] in Q, 3.5
v(z,0) =vo(2) on D, v(0,1) =0 =v(1,7) fort € (0, 7). (3.6)
Let -
F (t) — (m + 1) f ZZr/(l—r)v(p+l)/(m+l)dZ. (37)
p+1l Jo

Since v > 0in D x [0,T), F (¢) > 0 over [0, T). We modify Lemma 4.3 of Deng, Duan and Xie [3] to
obtain the result below.
Lemma 3.4. If p>m+ 1, then

p+1

(F' ()’ < %

FOF" ().
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Proof. By a direct computation, the derivative of F () is given by
1
F'(t)=(m+1) f 2=y o=l Dy, gz, (3.8)
0

By v;(x,0) > 0 in D and Lemma 3.3 v, > 0 in Q, we have F’ (f) > 0 over [0,T). By (3.5), (3.8) is
rewritten as

1
F' (1) = (m+ 1) f (1= 7 ves + @ (m 4+ 1) 2Dy /e g,
0
Differentiating F”’ (¢) with respect to ¢ and by (3.5), we have
1 1
F// (l_) — pf V(p_2m_1)/(m+l)Z2r/(l_r) (vt)2 dZ + (m + 1)2 (1 _ r)Zf Vp/(m+l)vZthZ
0 0
1
+a (m+ szf ZZr/(l—r)v[2p—(m+1)]/(m+1)vtdz‘
0
Using integration by parts and p > m + 1, we obtain
1 1

F (1) = pf Yp=2m=D /1) 20/(A=r) (N2 4 2 (m + l)zpf ZZr/(l—r)v[Zp—(nH1)]/(m+l)vtdz

0 0

1 1
+(1=r’pm+ 1)(% - 1)f yP/m =2y (b2 dz+ p(m+ 1) (1 - r)zf pPImED=1y, y dz.
m 0 0

By (3.5), the above expression becomes
1 1
F’ (1) = pf Pp=2m=1)/(m+1) ,2r/(1-r) (v,)2 dz + a® (m + szf ZZr/(l—r)v[Zp—(m+1)]/(m+1)vtdZ
0 0

1
+(1-r’pm+1) (ﬁ - 1)f yPImD=2y, (v )2 dy
0
v—m/(m+l)Z2r/(l—r)vt
(m+1)

1
+pf pP D=1y, G+ 1)
0

—a®(m+ 1)Z2r/(1_r)vp/(m+l)] dz

1 1
=2p f pp=2m=0/Gme D) 20/A=0) (N2 g7 4 (1 = 1) p(m + 1) (ﬁ - 1) f pPIm D=2y, (y )2 dz.
0 0

By assumption p > m + 1, it yields
1
F// (l) > zpf Z2}’/(l—r)v(p—2m—1)/(m+1) (Vt)2 dZ (39)
0

By (3.8) and the Cauchy-Schwartz inequality, we obtain

2

1
(F/ (t))2 — (m + 1)2 f er/(l_r)V(p_m)/(m+l)V,dZ]
0

1 1
< (m + 1)2f Z2r/(1—r)v(p+1)/(m+l)dzf Z2r/(1—r)v(p—lm—l)/(m+1) (Vt)z dZ.
0 0
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Then, by (3.7) and (3.9), we have

(F @y <2 !
p

FOF"(1). (3.10)

This completes the proof. O
Lemma 3.5. If p > m + 1, then the solution u blows up somewhere on D in a finite time T.
Proof. By a direct computation,

2
& 0o (g = P

dr? p+1

_ipl F—(3p+1)/(p+1) (F/)2 + F—ZP/(PH)F"]
p

_ 2p(p - I)F_(3p+1)/(p+1) [(F,)z Pt IFF”] .
(p+1)? 2
By (3.10), p > 1, and F > O over [0, T'), we have
d2

ﬁF—(P—l)/(PH) (l‘) <0.

We integrate the above inequality over (0, ) to get
( F-=D/(p+1) (z))' _ ( F-=D/(p+1) (0))’ <0.

Equivalently,

( F-(p=D/(p+1) (t))’ < _p_: F~2P/%P*D(0) F’ (0).
p

Then, we integrate this inequality over (0, ) to obtain
-1
F~(P=D/(p+D) ) < _i " 1F—2l7/(17+1) (0)F’ (0) ¢ + F~(p=D/(p+]) (0).

Since F (0) > 0, F’ (0) > 0, and p > 1, the right side of the above inequality is a decreasing function in ¢
and is equal to zero in a finite time. Therefore, there exists some finite T such that F~*=D/+D(T) = 0,
Hence, F (T) = oco. It implies that v(z,f) — oo when t — T for some z € D. Thus, u (x,t) blows up
somewhere on D in a finite time 7. O

Now, we prove that u exists globally if a is sufficiently small. This can be achieved through
constructing a global-exist upper solution of the problems (2.2)—(2.3). In this proof, we do not have
additional conditions on p and m.

Theorem 3.6. If a is small enough, then u exists globally.

Proof. It suffices to prove that v(x, t) exists globally. Let V (x) = kx'~" (1 — x) where k is a positive
constant. Then, V (x) € C (D) N C? (D). We choose k such that V (x) > v, (x). Clearly, V (x) = 0 at
x =0 and x = 1. The expression of V, and V,, is below

V.= k[(l -nNx" " -Q2-r) xl_’] ,
V., = k[—r(l B R (IS § [ x-’] .
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By a direct computation,
Vi + 2V, +a® (m + 1) yP/om+D
X
= k[—r(l -)x - -NA-Nx"+rd-Nx"" =r2- r)x_’]

m+1
£ (m+ DRI 517 (1 - x)]”/ (D

=—kQ-rx"+d (m+1)kP/mD [xl—r (- x)]P/(mH) ‘

If a is sufficiently small, then V,+rV,/x+a* (m + 1) V?/*) <0 (= V,). ByLemma 2.2, V (x) > v (x, 1)
on D x [0, o). Therefore, v exists globally which implies u exists globally. O

4. Blow-up of i,

In this section, we want to prove that &, tends to infinity if # blows up. From Lemma 3.3, v, > 0 in
Q. Let J (x,1) = v, (x,1) — ev (x, ) where g is a small positive number. Then, J = 0 on dD X [0,T). Let
t; € (0, T). We choose ¢ such that J (x,#;) > 0 on D.

Lemmad.l.If p>m+1,thenJ >00n DX [t3,T).

Proof. By a direct computation, J; = v, — &v;, J, = vy, — €V, and J, = Vi — EVyy. From (3.4), we
have

-
Vi = v )P+ (m+ 1)y [Jxx +evg + = +ev,)+ azpv(”_m_l)/('”“)v,] .
x

+1
By Lemma 3.3, J, + ev, = v, and (2.2), we have

—m/(m+1)

J, + &v, > (m+ 1)y (Jxx + ZJx) + (m+ 1)y g [v—
X

v, —a* (m + 1) yP/mD
m+1

+a* (m+ 1) pyP VD (7 gy
Simplifying the above inequality and by p > m + 1, it gives
Ji > (m+ 1)y (Jxx + £J) +a (m+ 1) pyP VT 4 e@® (m+ 1) [p — (m + 1] pPrm/emh
> (m+ 1)y (Jxx + i]x) + @ (m+ 1) pyP-D/omD

By Lemma 2.3, we have J > 0 on D X [, T). O

Our main result below is immediately followed by Lemma 3.5 and Lemma 4.1.
Theorem 4.2. If p > m + 1 and u is unbounded somewhere on D in a finite time T, then u, blows
up atT.

5. Conclusion
In this paper, we prove the existence and uniqueness of the solution of a degenerate nonlinear
parabolic problem. This solution blows up in a finite time if p > m + 1. Then, we show that u, blows

up somewhere in the domain in a finite time.
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