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1. Introduction

Many phenomena in physics, engineering and other subjects can be described by nonlinear partial
differential equations. In order to well understand various nonlinear phenomena in nature, the exact
solutions for the nonlinear partial differential equations has to be studied. Finding effective methods
to solve and analyse these equations has been an interesting subject in the field of differential
equations. Sometimes, It is difficult to express various wave solutions of nonlinear partial differential
equations explicitly in terms of elementary functions. In many cases it is possible to find and prove
the existence of traveling wave solutions by the qualitative theory of differential equations and
dynamical systems. From the physical point of view, traveling waves usually describe transition
processes. Such as solitons and propagation with a finite speed, and thus they give more insight into
the physical aspects of the problems. In order to obtain the traveling wave solutions of nonlinear
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partial differential equations, several powerful approaches to finding the exact solutions have been
proposed, such as Backlund transformation method in [1], Darboux transformation [2-6], Hirota’s
method [7-9], the Fokas method [10], exp-function method in [11, 12], tanh-sech method in [13],
hyperbolic function method in [14], first integral method in [15, 16], homogeneous balance principle
in [17], Lie symmetry analysis method in [18, 19] and the references therein [20-22]. Lie group
theory plays an important role in studying the solutions of differential equations, for example,
see [23-29]. In [25], Lie symmetry analysis is performed on the fifth-order KdV types of equations
which arise in modelling many physical phenomena, and the exact analytic solutions are obtained.

In this paper, we consider a class of KdV-Burgers-Kuramoto (KdV-BK) type equation with arbitrary
power nonlinearity,

Uy + upux + QUi +:8Mxxx Tt Ylyyxx = 0, (11)

where @,8,y # 0 and p # 0 are real constants. It contains dispersive terms u,,, Uy, and u,,,, and
also the nonlinear term u”u,. Here the choice of p = 1 leads equation (1.1) to the KdV-Burgers-
Kuramoto(KBK) equation

Uy + Ully + QU + Bllyyy + Yl = 0. (1.2)

Equation (1.1) is referred to as the generalized KdV-Burgers-Kuramoto(KBK) equation. In [30],
equation (1.1) was used for explanation of the origin of persistent wave propagation through medium
of reaction-diffusion type. In [31, 32], the motion of a viscous incompressible flowing down an
inclined plane is studied by the application of equation (1.1). Mathematical model for consideration
dissipative waves in plasma physics by means of equation (1.1) was presented in [33]. The equation
(1.2) is simultaneously involved in nonlinearity, dissipation, dispersion and instability, and is
suggested by Kuramoto [34, 35]. The KBK equation is a classical nonlinear partial differential
equation, which effectively describes the turbulent motion and other unstable motions. It is well
known that there are many works to deal with equation (1.2) in recent years, see [34,35], [36-39] and
the references therein. For example, In [36,37], The travelling wave periodic solutions of equation
(1.2) were considered and obtained.

In this paper, we are mainly interested in equation (1.1). The rest of the paper is organized as
follows. In section 2, Lie symmetries for (1.1) are found by differentiating the symmetry condition,
and the partial differential equation has traveling wave solutions in this sense is shown. In section 3,
the existence of traveling wave solutions of the equation is presented by analysing the corresponding
autonomous system. Under the certain parametric conditions, the non-trivial infinitesimal generator
of Lie groups admitted by deduced ordinary differential equation is obtained through analysing the
determining system in section 4. Based on the Lie symmetry theory, a class of traveling wave solutions
of (1.1) is presented by solving the invariant surface condition equation under the certain parametric
conditions in section 5. Section 6 is conclusions.

2. Lie symmetry to the KdV-Burgers-Kuramoto type equation

In this section, we consider Lie symmetry to equation (1.1). Based on Lie symmetry analysis
theory [19], the generator X of Lie symmetry admitted by (1.1) has the expression

X =&(x,0)0, + 1(x,1)0, + n(x, t,u)d,,
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where n(x, t,u) = g(x, Hu+h(x, t), and £(x, 1), 1(x,1), g(x,t), h(x,t)are function need to be determined.
The surface u = u(x, t) is invariant, provided that
n—&u,—tu, =0, (2.1

when u = u(x, ). (2.1) is called the invariant surface condition. The linearized symmetry condition is
as follows:
X¥A =0, (2.2)

when A = 0, where

1
A= Uyyxx T ;(ut + upux + QUi +ﬁuxxx),

X(4) — é‘ax + Tat + T]au + nxaux + ntaut + nxxauxx + nxxxauxxx + nxxxxa

Uxxxx?

and
77x =1+ (nu - ‘fx)ux = Txly,
n =0+ e = TOu — Sy,
77” =Mt (znux - fxx)ux = Taxlly + (nu - ng)uxx - 2Txuxt’
Uxxx = Mxx T (377uxx - fxxx)ux — Trxxlls + (377ux - 3§xx)”xx - 3Txxuxt + (nu - 3§x)uxxx - 3Txutxx’
nxxxx = Nxxxx T (4nuxxx - ‘fxxxx)ux — TxxxxUs + (677uxx - 4§xxx)uxx - 4Txxxutx

+(47]ux - 6§xx)uxxx - 6Txxutxx + (nu - 4§x)uxxxx - 4Txutxxx-
(2.3)

Substituting (2.3) into (2.2), one can have

(gu + Mpul™"uy + [(gatt + hy) + (g = Eux — Tty Jul+

a’[(gxxu + hxx) + (2gx - é:xx)ux = Taxlly + (g - zgx)uxx - 2Txuxt]

+:3[gxxxu + hxxx + (3gxx - é:xxx)ux = Trxxlly + (3gx - 3§xx)uxx - STxxuxt + (g - Sé:x)uxxx - 3Txutxx]
+7[gxxxxu + hxxxx + (4g xxx gxxxx)ux — TxxxxUs + (6gxx - 4§ xxx)uxx - 4Txxxutx

+(4gx - 6§xx)uxxx - 6Txxutxx + (g - 4§x)uxxxx - 4Txutxxx] + 81 + ht + (g - Tt)ut - gtux =0.
2.4)

The linearized symmetry condition gives us a systematic approach to finding Lie point symmetries.
We can obtain u,,,, from the restriction A = 0 and substitute u,,,, into (2.4). According to their
dependence on derivative of u, we can get a linear system of determining equation for &, 7 g, h:

7. =0;

-3B7, — 6y71,, =0;

ﬁ(g - 3§x) + 7(4gx - 6§xx) _IB(g - 45}:) =0;

—ZQ’TX - SﬁTxx - 47Txxx = O,

7(6gxx - 4§xxx) +ﬁ(3gx - 3§xx) + G’(g - 26)6) - a(g - 4'§:x) =0;
—Y Txxxx _ﬁTxxx — QT + 8 — T4 — (g - 4§x) =0;

7(4gxxx - é‘:xxxx) +:8(3gxx - é‘:xxx) + a’(zgx - é‘:xx) - é:t = 0, (25)
pg+(g—&)—(g—4£0)=0;

hp = 0;

8x = 0;

hy =0;

@G xx +ﬁgxxx + Y8xxxx T &t = 0,
ahy + Bhyyy + Yhyxor + b = 0.
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We solve the first equation of (2.5) to obtain
T =A(1),

where A(?) is an arbitrary function.
Owing to p # 0, the ninth equation of (2.5) yields

h =0,

and the tenth equation of (2.5) yields
g = B,

where B(t) is an arbitrary function. The twelfth equation of (2.5) tells us

B(1) = 3,
where cj is an arbitrary constant. So,
§=0C3
From the eighth equation of (2.5), we have
¢ 1
= —=DPC3.
319 3

The sixth equation of (2.5) gives us the result

4

T = —5p63-

Substituting the expression of &, into the third equation of (2.5) yields ¢3 = 0. Thus, g = 0,&, =0, 7, =
0. The fifth equation of (2.5) is satisfied apparently. One can get & = 0 from the seventh equation of
(2.5). So, the generator of Lie symmetry is

X =0, + c20,,

where ¢y, ¢, are arbitrary constants.
The derived above generator X implies that (1.1) has a invariant solution in the form

u=ulv), v=x-—ct,
where c is an arbitrary constant.

3. The analysis of the traveling wave solutions of the KdV-Burgers-Kuramoto type equation

Substituting the traveling wave solution of the form u = u(v), v = x — ct into (1.1), we can get the
traveling wave solution equation as follows,
—cu' +u'u +au” +Bu” +yu® = 0. (3.1)
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For (3.1) with p # —1, performing the integration once, one has the following traveling wave solutions
equation

up+l
—cu+ 1 +au +pu’ +yu" =k, (3.2)
) ) . du dR )
where k is an integration constant. Let R = " w = P k =0, (3.2) can be rewritten as
v v
u' =R
R =w
1 il 3.3)
"= —(cu - —aR - .
w y(cu PP aR — Bw)

As we know, a solitary wave solution of (1.1) corresponds to a heteroclinic orbit of system (3.3). We
will prove that the heteroclinic orbit of system (3.3) does exist when the parametric conditions are
satisfied correspondingly.

For convenience, we consider p being a positive integer. When p is an even number and (p+1)c > 0,
(3.3) has three equilibrium points

uy =(0,0,0), uy; = (£4(1 + p)c,0,0).

When p is an odd number, (3.3) has two equilibrium points

u; =(0,0,0), u; = ({/(1 + p)c,0,0).

The coefficient matrix A; of the linearization system of (3.3) about the equilibrium point u] is

0 1 0
{0 O 1
A= c a B
Y Y Y
Then, the characteristic equation for A; is
AO=2+ P ZC (3.4)
Y Y Y

Similarly, one can get the coeflicient matrix A, of the linearization system of (3.3) about the equilibrium
points u; . The matrix is

0 1 0
0 0 1
A2 = pc a
Y Y Y
Then, the characteristic equation for A, is
A =P+Er e a2 (3.5)
Y Y Y

We have the following result for (3.3).
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Theorem 3.1. If a,f8,y and c are of same sign, p is a positive integer and pcy — af8 < 0, then the
equilibrium point A; of (3.3) has a one-dimensional unstable manifold and the equilibrium point A, 3
(or A) of (3.3) has a three-dimensional stable manifold.
Proof. The proof is based on Argument Principle. For proving the equilibrium point A; of (3.3)
possessing a one-dimensional unstable manifold, one needs to prove the characteristic equation (3.4)
has only one root in the right half complex plane, and for proving the equilibrium point A, 3 (or A;)
of (3.3) possessing a three-dimensional stable manifold, one needs to prove the characteristic equation
(3.5) has three roots in the left half complex plane.

Let us to consider fi(A) firstly. Since fi(4) is analytic in complex plane, the number of roots in the
right half complex plane is

1
— lim Acarg fi(2), (3.6)
27T R—eo

. ; 7 T . . ThT B R. . . .
where C is composed of I : 7 = Re®, ) <6< > a straight line (Ri, —Ri) is on the imaginary axis
and Acarg f1(z) denotes the total change quantity in the argument of f;(z) along C. Apparently, (3.6)
equals

. .
2 Am Ararg fi(2) + 5 im Agrarg fi(2).

The first part of the above formula is

| 1 A
— limg_o Arpargz’ + — limg o Argarg(l + )
T 2 Z

= — limg_e Arparg(R*e®”)
T

>
The second part of that formula is

1 . .
5 Mim Az—arg fi(iy),

where fi(iy) = (—'Ljy2 - E) + (gy - y%)i, and £,(0) = _ . Because B,v and ¢ are of same sign,
Y Y Y Y

b > 0, £50.50 Re(fi(iy)) < 0 and f(0) < 0, the image f,(iy) only lies on the left complex plane.
Y

Y
For |R| — oo, fi(iy) has the asymptotic behavior,

Re(fi(iy)) ~ —éyz <0, Im(£(iy)) ~ =",

So,
1 _ S |
ﬂly_{g Amarg(fl(ly)) = . = 5
The number of roots of f;(1) = 0 in the right half complex plane is 1. Therefore, the equilibrium point
A of (3.3) has a one-dimensional unstable manifold.
Similarly, we consider the number of roots of f,(1) = 0 in the left half complex plane. Since f,(1)

is analytic in complex plane, the number of roots in the left half complex plane is

T _
2

1 .
— lim Acarg f>(2), (3.7)
2T R0
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) 0 3n ) LT . . .
where C is composed of [, : z=Re", - <60 < > a straight line (—Ri, Ri) on the imaginary axis

V4
2
and Acargf,(z) denotes the total change quantity in the argument of f,(z) along C. Apparently, (3.7)
equals

1 . |
- dim Aryarg fo(2) + o lim Asarg f(2).

The first part of the above formula is

li A sy li A 1 §Z2 i %Z i %
— limg_, Ar argz’ + — limg_,oo Ararg(l + ———
o TR rarg o TR rearg( 2 )

= — limg_e Arparg(R*e*”)

%71

>

The second part of that formula is

. :
5= lim A arg (i),

. C a X C
where f,(iy) = (—g)’z + %) + (;y ~y)iand f£,(0) = %
We first compute the quantity A_. gyarg(f(iy)). Note that

Re(f:(iy)) = —éy2 + 2 iy = Sy -y
Y Y Y

.. . . . . C
it is obvious that as y increases from —oo to 0, Re( f>(iy)) increases monotonously from —co to p_, and

20 | .
Im(f>(iy)) decreases monotonously from +oo to —3—a/ 31 afterwards increases monotonously to 0.
Y Y

a [pc
Owing to \/j > % from the assumption pcy — @ff < 0, as y increases from —co to 0, the image
Y

f>(iy) starts in second quadrant of complex plane, intersects the minus Re-axis, passes through the
third quadrant, intersects the Im-axis at a certain point, passes through the forth quadrant and finally

3
ends up the point (K, 0) of the positive Re-axis. So, A_wparg(fa(iy)) = g Similarly, we can get
Y

3
A+oyarg(fo(iy)) = Eﬂ Therefore, The number of roots of f,(1) = 0 in the left half complex plane is

3. Therefore, the equilibrium point A, 3 (or A,) of (3.3) has a three-dimensional stable manifold. This
completes the proof.

The local trajectory in the neighborhood of these equilibrium points of (3.3) are shown in Figures
1 and 2. In Figure 1, we let « = 710,8 = 200,y = 170,p = 4,c¢ = 1, and the initial value is
(0.000001, —0.000001, —0.000001). In Figure 2, we let @ = 710,58 = 200,y = 170,p = 4,c = 1,
and the initial value is (-=0.000001, 0.000001, 0.000001). In these Figures, there are the images in
coordinate plane (¢, u), (¢, R), (¢, w), (u, R), (u, w), (R, w) and in coordinate space (u, R, w), which show
that the equilibrium point (0, 0, 0) is unstable and the equilibrium points (£ 4/(p + 1)c, 0, 0) is stable.
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Figure 1. The local trajectory.
a =1710,8 =200,y = 170, p = 4, ¢ = 1, and the initial value is (0.000001, —0.000001, —0.000001)

Figure 2. The local trajectory.
a =710, =200,y =170, p = 4,c = 1, and the initial value is (—0.000001, 0.000001, 0.000001)

Theorem 3.2. When «, 3,7, ¢ are of same sign, p is a positive integer and pcy — 8 < 0, (3.3) has
potentially a heteroclinic orbit .

Proof. Owing to Theorem 3.1, the sum of the dimension of the unstable manifold W“(A) and the
stable manifold W*(A,3) is four. The dimension of the phase plane of (3.3) is three. Therefore, these
two manifolds potentially intersect in R* along one-dimension curve, which is a heteroclinic orbit of
(3.3).

As we know, the heteroclinic orbit of (3.3) corresponds a traveling wave solution of (1.1). Motivated
by the above results, we will consider to obtain traveling wave solutions of (1.1) by using Lie symmetry
method.
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4. Lie symmetry to the traveling wave solutions equation
In the section, we consider to search for Lie symmetries admitted by (3.2).

4.1 p+-1

0 0
We suppose that V' = &(x, y)a— + n(x, y)a— is the infinitesimal generator of Lie symmetry admitted
X

by (3.2). Here, for convenience, symbols y and x are in place of u and v, respectively.
Therefore,
VO = &g + g + 1005
120y, Y Vg + 01000, Y Vg

is the 3th-extended infinitesimal generator, where

nV(x,y,5) =1+ —E)Y — Y7,
ﬂ(z)(X, y, y’, y”) = Mx + (277xy - fxx)y’ + (77yy - 2§xy)y,2 - ":f:yyy,3
+(77y - fo - 3§yy’)y”’ (4 1)

7](3)()6, Vs )”,)’”,)’”') = Naxx + (3nxxy - é:xxx)yl + 3(nxyy - Zé:xx)f)y’z
+(nyyy - 3§xyy)y/3 - 'fyyyyl4 + 3(77xy - é:xx + (ley - 3§xy)y’ - z'fyyy/z)y”
_3§yy”2 + (ny _ 3§x _ 4§yy,)y”,~

The linearized symmetry condition

VO = fOun, Yy =0, ¥ = fOuy, "), (4.2)
Pt c k « B ) )
where f(x,y,y",y") = — + —y+ — — —y — —=y”. Plugging (4.1) to (4.2) and replacing y"” by
o ylp+) vy oy
f(x,y,Y,y"), This yields
Y o o« , ,
1 =+ 1+ On = £y — & ?)
ﬁ ’ / / ’ 1’
+;(77xx + (277xy - é:xx)y + (nyy - zé:xy)y 2 - é:yyy 3 + (ny - 2§x - 3§yy )y )
4.3)

Fxxx + (377xxy - é:xxx)yl + 3(nxyy - zé:xxy)y/z + (nyyy - 3§xyy)yl3 - é‘:yyyy,4
+3(77xy - fxx + (nyy - 3§xy)yl - 2§yyy/2)y/, - 3‘§yy“2

prl c k «a
v =36~ 462 Gy D0 P

yp+D) v vy vy Y

Both ¢ and 7 are independent of y’ and y”, After setting the coefficients of the powers (y')'(y”)/(i, j =
0,1,2,3,4) in (4.3) to zero, one can get the determining equations system,

&y =0, “4.4)
- gfyy + Ny = 380y =0, (4.5)
4
2 §<nyy ~26,)+ 301, = 2 + S8, = 0. (4.6)
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& = 0, “4.7)
4
— 3'[—35}, + 3(77yy - 3§xy) + ﬁfy =0, 4.8)
Y Y
&y = 0, 4.9)
f;(ny 26 4 3y — £0) — §<ny 36 =0, (.10)
C =+ P n = )+ Gy — 0 = L, - 360 = 0, (4.11)
Y Y Y
4 p+1 k
1= S S Bty 3602+ Sy 5 <o (4.12)
Y v v Y (p+ly v ¥y
The equation (4.7) gives
£ = £(x). (4.13)
After putting (4.13) into equation (4.8) yields
N = ai(x)y + ax(x), (4.14)

where a;(x) and a,(x) are functions of x. Equation (4.4), (4.5), (4.6) and (4.9) are satisfied by (4.13)
and (4.14). Substituting (4.13) and (4.14) into (4.10), (4.11) and (4.12), we have the system

BE + 3yay(x) = 3y&" =0,
20¢" + 2fa) (x) = & + 3yai(x) —y&" = 0,

4
(ar(x)y + cu(x))(y; 54 %(a’l(x)y T a)(x) + g(a'{(x)y Fa() + (@ Wy+al () (4.15)

pt+ k
4 +£y+—):O.
(ptDy v vy

+(ai(x) = 3¢)(-

The third equation of (4.15) is a polynomial of y with degree p + 1 which is zero if and only if each
variable coeflicient is set to zero,

pa;(x)+3& =0, (4.16)
ax(x) =0, 4.17)
ady(x) + Bay (x) + ya'(x) = 3c£’ =0, (4.18)
(aj(x) = 3&)k = 0. (4.19)
So the above set of differential equations of a;(x) and a,(x) can be solved according to the following
two cases,
Casel: k=0

Substituting & derived from (4.16) into the first equation of (4.15), under the condition p # —3, one

Bpx
al(_x) = C1€3(yp + 37)
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and
Bpx

= _%83(719 +3y),

where c; is an integration constant. Substituting & and a;(x) into the second equation of (4.15), one
can get a parametric condition

B29 + p)p +36%(6 + p)3 + p) — 18ay(3 + p)* = 0. (4.20)
The other parametric condition can be obtained by pulling a,(x) to (4.18) and it is
B 4p* +9p) + 9aBy(3 + p)* +27c¢y*(3 + p)’ = 0. (4.21)
Integrating & and using a;(x), a;(x), we have
Brx

£ = _%”)m(p +3) 4o,

and
Bpx

n=ce3YP+3)y

where c¢; is an arbitrary constant. The infinitesimal generator

; Bpx Bpx

+

X = [_—CW(Z )837(17 +3) 40,10, + c;e3V(P + 3)y(9y. (4.22)
If p = =3, we can get a;(x) and &'(x) being all zeros form substituting &’ into the first equation of

(4.15). So, &€ = ¢,n = 0, where c is an arbitrary constant. The infinitesimal generator is X = cd,.
Case2: k #0,
In this case, from (4.16) and (4.19), we can have a;(x) = 0,&(x) = 0. Furthermore, (4.15) and
(4.18) hold. We can obtain

E=c,n=0,
where c is an arbitrary constant. The infinitesimal generator is X = ¢d,.

4.2. p=-1

For equation (3.1) with p = —1, performing the integration once, one has
—cu+Inu+au +Bu” +yu" =k, (4.23)

Similarly, we can obtain the system satisfied by generators of the Lie group admitted by (4.23) by the
linearized symmetry condition (4.2).
Thus, we can get
ai(x) =0, a&x(x) =0, £ =,

where c is an arbitrary constant. In this case, the infinitesimal generator of Lie symmetry is X = cd.
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Therefore, we can have the following result about the Lie symmetries admitted by (3.2).

Theorem 4.1.

Casel.p#—-1,p#-3and k =0.

when (4.20) and (4.21) are satisfied, (3.2) accepts Lie symmetry with the infinitesimal generator
(4.22).

Case2. p#—-1,p#-3and k # 0.

(3.2) accepts Lie symmetry with the infinitesimal generator X = ca—, where ¢ is an arbitrary
X
constant.

Case3. p=—-lorp=-3.

(3.2) accepts Lie symmetry with the infinitesimal generator is X = ca—, where c is an arbitrary
X
constant.

5. The invariant solutions of the KdV-Burgers-Kuramoto type equation

In the section, we consider to obtain the traveling wave solutions of the KdV-Burgers-Kuramoto
type equation under the parametric conditions in Section 4 using the invariant curve condition

Q=n-y&=0. (5.1
If the infinitesimal generator of Lie symmetry admitted by (3.2) is
X = cd,,
then
Q=yc=0,
that is, a trivial solution y = constant is obtained. The trivial solution has no new useful meaning. So,
we consider the following case.

Under the parameter conditions of (4.20) and (4.21), the infinitesimal generator is (4.22). Inserting
&(x) and n(x, y) of (4.22) into (5.1), one has

’_ Y
y_

. Bpx '
Q2o HG — ¥(p+3)
c

After solving the above equation, we can have

¢, y(p+3) s 3

y =c3l— enn|"r, (5.2)
C1 B
. . . . . . er 1 1 . ¢l _ B
where c3 is an integration constant. Using the identity ;7= = ; tanh x + 5 and choosing 7 = 3

we obtain the invariant solutions of (1.1),

_ B rann BPE= <D
u(x,t) = c3(x 3+ 3)) [tanh(—6y(p " 3)) + 1]»,

< w

where cj is an arbitrary constant.
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When p =1, (1.1) becomes (1.2), the parametric conditions (4.20) and (4.21) change to
476 = 144ay (5.3)

and
138° + 144aBy + 1728¢y* = 0. (5.4)

Substituting (5.3) into (5.4) yields the condition
SaB +47yc = 0. (5.5)

Accordingly, under the conditions (5.3) and (5.5), one can get a traveling wave solution of (1.2),

B B(x — ct)

u(x,t) = 03(i§)3[tanh Y™ + 17,

where c; is an arbitrary constant. After using the identity sech’t = 1 — tanh?1, the traveling wave
solution can be turn to

)3(tanh’8(x—_Ct)+1).

a )3sech2ﬁ(x —cD_ B 3sech2'8(x —c1) B(x = ct) B
24y

1) = T3es (2 P =D (2 tanh +dey (2
ulx, 1) = ¥3e(3 2, Talg) pa,  wh T el

The solution is be equivalent to that in the existing literatures, for example [35,39].
When p = 2, the parametric conditions (4.20) and (4.21) change to

718% = 225y (5.6)

and
348° + 22508y + 27 x 5°cy* = 0. (5.7)

Substituting (5.6) into (5.7) yields the condition
Taf + 639yc = 0. (5.8)

Accordingly, under the conditions (5.6) and (5.8), one can get traveling wave solutions of (1.2)

B )3 [tanh 2B(x —ct) +175.

10y =30y

u(x, 1) = cs(

where c; is an arbitrary constant. The solution is a new solution of (1.1) compared with the results
in [40].

6. Conclusions

In this paper, we consider the solutions of a KdV-Burgers-Kuramoto type equation with an arbitrary
power nonlinearity u”u,. Firstly, we present the condition of the existence of traveling wave solutions of
the equation based on the qualitative theory of differential equations. Then, with p (p # —1, p # —-3)
being an arbitrary constant, when k = 0, and the corresponding parametric conditions (4.20) and
(4.21) are satisfied, we derive the invariant solutions of the KdV-Burgers-Kuramoto equation by solving
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the determining system and the invariant curve condition equation. When p = 2, the KdV-Burgers-
Kuramoto equation with the nonlinearity term u?u, is the equation in [40]. Compared with the results
in [40], a new solution is obtained.

For the case y = 0 in (1.1), the KdV-Burgers-Kuramoto type equation with an arbitrary power
nonlinearity can be turn to the KdV-Burgers type equation. One can not directly get the traveling wave
solutions from the traveling wave solutions of (1.1) with ¥ = 0 because the equation has singular
points. Thus, the dynamical properties and the qualitative analysis to the traveling wave solutions
equation have to be studied. These will be investigated in our future work.
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