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1. Introduction

It is being known that the Hermite-Hadamard inequality [6, 7] for a convex function v : I — R on

an interval [ is

1 2

v (a1 + 612) < f V(2)dz < M, (1.1)
2 a) —ay Jg 2

for all a,a, € I with a; < a,. Inequality (1.1) is then revised for several generalized convex functions.
For more precise data see [1,3,9,10, 14,16].

Definition 1.1 ([8]). Let s € (0, 1]. A function v : I C Ry — Ry, where Ry = [0, 00), is called s-convex
in the second sense, if

Vrai+(1=ray) <r’v(a)+ (1 -r) VY (ay), (1.2)
for all a;,a, € I and r € [0, 1].

Dragomir et al. [4] proved following inequality for s-convex functions.
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Theorem 1.1 ([4]). Let s € (0,1) and v : Ry — Ry is s-convex in the second sense. Let a;,a, € [0, 00),
a; < ap. If v € Lilay, ay), then

e
251y (“‘ JZ’ az) <— f v(2)dz < —v(alz I lv(‘”). (13)
2 —ar Jg

In 1995, Dragomir et al. [5] defined following class of functions.

Definition 1.2 ( [5]). A mapping Vv : I — R belongs to the class P(]), if it is non-negative and satisfy
the following inequality:

Y (ra; + (1 = ray) < Y(ay) + V(ay), (1.4)
forall a;,a, € I and r € [0, 1].

Theorem 1.2 ( [S5]). Let v € P(I), a;,a, € I and v € Li|a;, a,], then

(a1 + ap

) < 2 f 2 V(2)dz < 2(Y(ay) + V(ay)). (1.5)
2 a) —dy

ai

Fractional Hermite-Hadamard inequalities for the Riemann-Liouville, the Hadamard fractional
integrals, the conformable, new conformable fractional integrals and the Katugampola fractional
integrals have been studied. For examples see [2, 11, 15, 17-19]. Liu et al. [13] established
Hermite-Hadamard type inequalities for i-Riemann-Liouville fractional integrals via convex
functions.

Definition 1.3 ( [12,21]). Let (a;,ax)(—o0 < a; < a, < o) be a finite or infinite real interval and
B > 0. Let ¥(x) is an increasing and positive monotone function on (a;, a,] with continuous derivative
on (a;,a,). Then the left and right-sided y-Riemann-Liouville fractional integrals of a function v with
respect to ¢ on [ay, a,] are defined by

B _
Ly Y () = r(ﬁ)fl//(Z)(lﬂ(t) Y)Y v (2)dz,

By -1 f " _ -1
LoV () = e ) W (@) — (@) v (2)dz,
respectively; with Gamma function I'(:).

Lemma 1.1 ( [13]). Let v : [aj;,a] — R be a differentiable mapping, for 0 < a, < a,, and
v € Lilay,ay]). Let Y(x) is an increasing and positive monotone function on (a,, a,], with continuous
derivative '(x) on (ay, ay) and B € (0, 1). Then the following equality for fractional integral holds:

v(a1)+v<a2> r@+1 ]
= 3 —ap L OV @) + I, (v o u)w T (@)

l(llz) (1 6)
fw (W) - a1 = (a2 = ¥(R)Y1(V 0 Y)W (2)dz.
2(612 - al)ﬁ

Yar)
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Lemma 1.2 ( [13]). Let v : [ai;,a;] — R be a differentiable mapping, for 0 < a; < a,, and
v € Lilay,as]). Let Yy(x) is an increasing and positive monotone function on (a,, a,|, with continuous
derivative '(x) on (ay, ay) and B € (0, 1). Then the following equality for fractional integral holds:

F(B + 1) B: _ B: _ a +ap
S a i (Y o @) + I (o @] - v(“5%)
v~ (az)
= f k(vl ° W(Z)W(Z)dz (1.7)
v(ar)

1 vl (@)

e [(W(2) — a1) = (a2 — W(@)P1Y o Y)W (2)dz,
2(ay - al)B var)

where

%’ Y (%) <z<y Ha)

-1 @) <z <y (452),

In this paper, we studied some inequalities for functions belonging to P(I) and s-convex functions
in second sense via ¥-Riemann-Liouville fractional integrals.

2. Inequalities for s-convex functions

First we establish the Hermite-Hadamard inequality via ¥-Riemann-Liouville fractional integrals.

Theorem 2.1. Let v : [a;,a,] — R be a positive function, for 0 < a; < a,, and v € Li[a;,a,]. Let
4

Y(z) is an increasing and positive monotone function on (ay, a,], with continuous derivative y'(z) on

(ay,as). Let Y is s-convex function, then following inequalities for fractional integral hold:

2s—1 v (Cl] + az)

2
rG+1) ) | )
S S L O W @) I (o) @) o

B Y(ay) + V(ay)

< (Im +BBB, s + D)(f)’

where B is Beta function defined as B(a,, a,) = fol 71711 = ) ldz.

Proof. Since V is s-convex, we have

v(u ;— v) < v(u);\/(v).

Letu=ray+( -r)ayandv = ra, + (1 — r)a;, we get

2% v (“‘ ; “2) < v(ra; + (1 = Nax) + Y(rar + (1 = Pay). 2.2)

AIMS Mathematics Volume 4, Issue 5, 1403-1415.



1406

Multiplying by ##~! on both sides of inequality (2.2), and then integrating with respect to r over [0, 1],
implies

28 (Cll +ap
— Y
B

Now consider,

1 1
< f PN (ray + (1 = Pa)dr + f AN (ray + (L= Dapdr. (2.3)
0 0

rg+1)
2(a, —a)P

I+ fw'1<az> , ) e )
_2(az—a1)ﬂr(ﬁ)[ @) ¥ (@@ = (@YY o ¥)(2)dz

v (az)
+ f " W'(Z)(l//(Z)—m)ﬂ_l(VOl//)(z)dz]
¥ a

v~ (a2) _ p-1
_ g[f (02 '/’(Z)) v W) Y (Z) 2.4)

yl@) \ 2= a a = 1

v (az) _ -1
+f (lﬂ(z) a1) Y(¢())w(z) ]

yl@) \ G2~

B 1 1

3 f Y(ra; + (1 — r)ay)dr + f Y(ra, + (1 — r)al)dr]
0 0

S 25_1 v ((11 + (12)
- 2 b

by using (2.3). Thus first inequality of (2.1) is proved.
For next, we again use s-convexity of Vv, that is,

s I oW @) + 1Y (v o) (@)

V(ra; + (1 = ray) <r’ v (a) + (1 -r) v (ap),
and
V(ray + (1 —ra) <’ v (a) + (1 —r)’ v (ay).
By adding
Vrai+ (1 =ra) +Vv@a+ (1 —ra) <@ + (1 =-r)(V(a) + V(ay)). (2.5)
Multiplying by ##~! on both sides of inequality (2.5), and then integrating with respect to r over [0, 1],
implies
fol PNy (ray + (1 = Pay)dr + fol PN (ray + (1 = ray)dr
(/,% + B(B, s + 1)) (v(ay) + v(a2)).
By multiplying § on both sides of above inequality we get,

B +1) ) | )
2as = (Y 0 @)+ T o)y @)

B V(ap) + v(a)
< (m +ﬂB(ﬁ, s + 1)) (f) .
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Hence the proof is completed. O

Remark 2.1. Under the similar assumptions of Theorem 2.1.

1. For s = 1, we get Theorem 2.1 in [13].

2. For y(z) = z, we get Theorem 3 in [20].

3. For y(z) = zand B = 1, the inequality (2.1) becomes inequality (1.3).

4. For y(z) = zand B = s = 1, the inequality (2.1) becomes inequality (1.1).

For the next two results we use Lemma 1.1 and Lemma 1.2, respectively.

Theorem 2.2. Let v : [a;,a;] — R be a differentiable mapping, for 0 < a, < a,. Let Y(2) is an
increasing and positive monotone function on (a,, a,], with continuous derivative ¥'(z) on (a,, a,) and
B € (0,1). If| V' |7 is s-convex for some fixed s € (0,1) and q > 1, then the following inequality for
fractional integral holds:

V(ay) + V(ay) rB+1) 4 B 5 i
' T B —ap L (Y O WWT @)+ I (v o u)w T @)))

2 () 26
,8+1( 2ﬁ) (2.6)

2B+s _ 4 , , 1
X {Bé(m,ﬁn) = Bigiign t m} (I @)+ v (a)|")7,

ay —ap
<

-2

where B, is incomplete Beta function defined as:
B,(ai,a,) = f 271 =22z, ue(0,1).
0

Proof. First note that, for every z € (y~'(a;), "' (a,)), we have a; < ¥(z) < a,. Letr = %ﬁ(f) then we
have ¥(z) = ra; + (1 — r)a,. Applying Lemma 1.1 and s-convexity of | v |, we obtain

'V(al) +V(@) T+

(202 s (Y W @) + 0% (v o)y (@)]

2 2(a, —ay)P Yl an+
v (@)

< — W (2) — a1}’ — (@ — Yy @YV 0 Y)(2)ldy(2)

2a, —ar ) yay)

a) — d !
=— f I(1=rf =AY (ra; + (1 = Pay)ldr

B 0 (2.7)
<& 5 o f I(1=rf = AIIFIV (@) + (1= )| Y (@)l]dr
0

_ % ; 4 [foz[a - =AY (@) + (1 =P Y (@)dr

1
+ﬁ [ = (A =PIl Y (@) + (1= 1)l Y/ (a2)l]dr|.

Since 1

3 1
frs(l—r)ﬂdr:frﬂ(l—r)sdr:Bl(s+1,ﬁ+1),
0 ! 8
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3 1
frﬂ(l—r)sclr:f rP(1=rPdr=Bi(B+1,5s+1),
0 ! :

> ! 1
B :f 1 — rPedr = :
fo T (A= rf*dr T B+ s+ 1)

and

2 ! 1 1
L—-rf*dr= | P#dr= — :
fo( i fz "TBys+l 2PrBrstl)

By substituting above integral values in (2.7) and after some simplification we get the required
inequality (2.6) for g = 1.

Now consider the case when ¢ > 1. Again using Lemma 1.1, power mean inequality and the
s-convexity of | V' |9 on [ay,a,], we get

r 1 : :
'V(al) +V(@)  T@E+1) [P (v o)W (@) + Ii’f(az)_(v oY)~ (an)]

2 2(612 - d])ﬁ v an+
v (a2)
S0 W@ — a1’ — (a2 = @YV o Y)(@)ldy(z)
2(a, —a))f yl(ay)
_ 1
=L > 4 f (1 =7 =PV (ra; + (1 = r)ay)ldr
0
_ I =5 :
=L > 4 (f I(1=ry - rﬂ|dr) (f (1 =r¥ =PV (ra; + (1 - r)a2)|"dr)
0 0
| el (2.8)
-2 a (f |(1—r)5—r3|dr)
2 0
I 7
X (f A= rf =PI Y @) + (1 =)V (az)lq]dr)
0
_e-af 2 (17
2 |B+1 28
W+ — ] “., g .
XAB11peny — Bigesen t Brs+ Do (1Y (@)l +1v (@) .
This completes the proof. m|

Remark 2.2. Under the similar assumptions of Theorem 2.2.
1. For s = 1 and q = 1, we get Theorem 3.4 in [13].
2. For y(z) = z, we get Theorem 4 in [20].

Theorem 2.3. Let v : [a;,a;] — R be a differentiable mapping, for 0 < a, < a,. Let Y(2) is an
increasing and positive monotone function on (a,, a,], with continuous derivative '(z) on (a,, a,) and
B € (0,1). If| V' | is s-convex for some fixed s € (0,1), then the following inequality for fractional

AIMS Mathematics Volume 4, Issue 5, 1403-1415.
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integral holds:

F(ﬂ + 1) By ° -1 _ a +ap
S o ) + 15 (v o @] - v (15 2)
< Yl (e 09
_ 2,B+s -1
= 5 - {Bé(m,ﬁﬂ) = Bigiign t m} (1Y (@)l +1Y (al).
Proof. From Lemma 1.2 and the s-convexity of | V' |, we have
F(ﬁ + 1) ,Bl// ﬁ w _ al + (12
S S O 0 @) + 152 v o ] - v (15 2)
~ap)
- | f KV 0 )@ (Q)dz
Yar)
v~ (a2)
t o f [(W(2) — a1 = (a2 — @Y1V o Y)W (2)dz
2(az —a1) Jyan) (2.10)
W (az)
<| f KV 0w (2)dz
l//_l(al)
v (a2)
f [(W(2) — a1 = (a2 = YY1V o )W (2)dz
2((12 - al)ﬁ Y(ay)
= H| + H,,
where
W (az)
= [ ke new @
Yl (ar)
1 v az)
H, .= ‘— f [(Y(2) — a1 = (a2 = @1V o Y)W (2)dz,
2(a — ar) v lay)
and k is defined as in Lemma 1.2. Note that
H, = M’ (2.11)
2
and from Theorem 2.2 for the case ¢ = 1, we have
_ 2ﬁ+s -1
Hy < == {B;ml,ﬁm Bipr s m} (I @)l +1v @) 2.12)
Hence by using (2.11) and (2.12) in (2.10), we get (2.9). O

Remark 2.3. By taking s = 1 in (2.9), we get inequality (9) in [13].

AIMS Mathematics Volume 4, Issue 5, 1403-1415.
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3. Inequalities for class of non-negative functions P(/)

First we establish the Hermite-Hadamard inequality via ¥-Riemann-Liouville fractional integrals.

Theorem 3.1. Let v : [ay,a;] — R be a positive function, for 0 < a; < a,, and v € Li[a;,a,]. Let
W(z) is an increasing and positive monotone function on (ay, a,], with continuous derivative y'(z) on
(ay,ay). Let v € P(1) is, then following inequalities for fractional integral hold:

1 a) + ar

2 v( 2 )
r+1) B

© 2ar - 611)ﬁ[1‘” @+

< [Y(ap) + v(az)].

(Vo) @) + I (Vo) (@)] G-

Proof. Since the function v belongs to the class P(/), we have

\% (MTH) < v(u) + v().

Letu =ra; + (1 —r)ay and u = ra, + (1 — r)a;, we get

v (“1 : "2) < V(ray + (1 = Pax) + V(ras + (1 = Pay). (3.2)

Multiplying by r*~! on both sides of inequality (2.2), and then integrating with respect to r over [0, 1],
implies

1 (d] + ap
— Y
3\ 72

Now consider,

! 1
< %[f Py (ray + (1 = ray)dr +f PV (ray + (1 = Pay)dr|. (3.3)
0 0

TG+D
2ar —ayyf V@

I+ fw'1<a2> , ) e )
_2(az—a1)ﬂr(,8)[ v ¥ (@@ = (@YY o ¥)(2)dz

vl (a2)
+ f " l//(Z)(l//(Z)—m)ﬂ_l(VOl//)(z)dz]
v (ay

:ﬁ[ f ‘”_'(””(az—t/f(z))ﬁ : LG (3.4)
a

2 v (ay) 2 —ap a — 1

v (az) _ -1
+f (w(z) a1) Y(lﬁ())l//(Z) ]

Yay) ay —d;

(Vo)W @) + I0Y (v o)y @)

1
[f Y(ra; + (1 — r)ay)dr + f V(ra, + (1 — r)a])dr]
0
a) + ap
Z3 ( 2 )

AIMS Mathematics Volume 4, Issue 5, 1403-1415.
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by using (3.3). Thus first inequality of (3.1) is proved.
For next, again using the property of v € P(I), that is,

Y(ra; + (1 = r)ay) < v(aq) + V(ay),

and
Y(ra, + (1 — r)ay) < Y(ay) + V(ay).

By adding
Y (ray+ (1 =ray) + v(ra, + (1 = r)ay) <2(v(a;) + Y(ay)). 3.5

Multiplying by *~! on both sides of inequality (3.5), and then integrating with respect to r over [0, 1],
implies

1 1
%[f Py (ray + (1 - r)az)dr+f PPV (ray + (1 = ray)dr
0 0

< é(v(al) + V(ay)).

That is,
rB+1) 75 )
S~ oV @) + I (e )y )]
< [V(a) + v(az)l.
This completes the proof. 0

Remark 3.1. By taking B = 1 and ¥(z) = zin (3.1), we get inequality 3.2 of Theorem 3.1 in [5].

Theorem 3.2. Let v : [a;,a;] — R be a differentiable mapping, for 0 < a; < a,. Let Y(2) is an
increasing and positive monotone function on (a,, a,], with continuous derivative ¥'(z) on (a,, a,) and
B (0,1). If| V' | € P(I), then the following inequality for fractional integral holds:

V@) + V(@) T@B+1) )
' 2 " 2ay - al)ﬂ[ st Y © VY (@) + fw (Y O 1(a1))]‘

w—a | 2 (3.6)
< 5 m (1 - ﬁ) (Y @)l +1v (al).
Proof. Again using Lemma 1.1 and the property of | V" | on [ay, a;], we get
via) +v(a) T(B+1) .
T S o 0w ) + T (o @)
1 v~ (a2)
<o f (W(2) = ar)’ = (a2 = @YV 0 Y)(@d(2)
2a, —ar ) v (ay)
1
=24 f (=P = 1Y (ray + (1 = Pay)ldr (3.7)
0

ay — a ! ’ ’
<@ fo (L= 1P = 11V (@) + V' (@)lldr

2 (1
7il-3)

AIMS Mathematics Volume 4, Issue 5, 1403-1415.
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Since

: ! 1 1
L(l_rfdr:férﬁdr:ﬁ+l_(,8+1)2ﬁ+1’

3 1 1
fo Wdr:£(1—rfdr=—(ﬁ+l)zﬂ+l.

This completes the proof. O

Theorem 3.3. Let v : [a;,a;] — R be a differentiable mapping, for 0 < a; < a,. Let Y(2) is an
increasing and positive monotone function on (a,, a,], with continuous derivative ¥'(z) on (a,, a,) and
B €(0,1). If| Y'| € P(I), then the following inequality for fractional integral holds:

rg+1) -1 a, + a
S S (Y 0 @) + 152 v o @] - v (15 2) -
Y(a)—Vv(a) a—ai| 2 1 .
< 3 + 2 |5+l (1 2ﬁ) (Vv @)l +1v (a)l).
Proof. From Lemma 1.2 and the property of | V" | on [a;, a;], we have
TE+D sv (o uiw-! By o (-] (i ta
S S (Y 0 ) + 152 v o ] - v (1)
V()
| [ ke ewaw oz
Y N(ar)
1 v~ (a2)
+t f [(W(2) — a1 = (a2 = @Y1V o Y)W (2)dz
2(a; — a1 Jy1ay) 3.9)
W (az)
< f KV 0 9)W ()dz
Y~ ay)
v (a2)
f [(W(2) — a1 — (a2 — @Y1V o Y)W (2)dz
2(612 - al)ﬁ Yay)
= Hy + Hy,
where
W (az)
me=| [ kY o |
Yl (ay)
()
Hei= [3—— f (W) - a1 — (@ — p@PIY 0 W)W (),
2(612 -a) Yay)
and k is defined as in Lemma 1.2. Note that
py = Yo=Y a0
and from Theorem 3.2, we have
- 2 1
H, < = 7 @ Brl (1 - ?) (1Y (@)l +1v (a)). (3.11)
Hence by using (3.10) and (3.11) in (3.9), we get (3.8). O

AIMS Mathematics Volume 4, Issue 5, 1403-1415.
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4. Application to special means

Consider the following special means of real numbers a;, a, such that a; # a,.

(1). The arithmetic mean
+
A= Aa,a) = 1=,

(2). The p-logarithmic mean

p+l _ p+l
a, 1

(p+ Dlaz = a)

Lp:Lp(al,az):( J , peR\{-1,0}.

Proposition 4.1. Leta;,a, € R*, a; <a; and 0 < s < 1, then

a —a

2

s—1  _s—1

Aa], a5) - Li(ar, a0)| < ai',a

§225 + 5
(s+ D)(s+2)2¢

Proof. Apply Theorem 2.2 with v = z%, ¥(z) = zand 8 = g = 1, we get the required result.

Proposition 4.2. Let a;,a, € R*, a; <a, and 0 < s < 1, then

s(s2°+ 1)
(s + D)(s+2)25!

2 —ap

2

a
Li(ar,a2) — A'(a, )| < A(a], a5) —

Proof. Apply Theorem 2.3 with v = z*, Y(z) = zand 5 = ¢ = 1, we get the required result.

Proposition 4.3. Let a;,a; € R*, a; < a,, then

2 2
a, — a

Aa}, @3) - Ly(ay, a)| <

Proof. Apply Theorem 3.2 with v = 72, ¥/(z) = z and 8 = 1, we get the required resul.

Proposition 4.4. Let a;,a, € R*, a; < a,, then

)
a, — a

2

L1, @) — A%(ay, a)| < Aa, a3) -
Proof. Apply Theorem 3.3 with v = 72, y(z) = zand 8 = 1, we get the required result.
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