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Abstract: In this paper, using only the Stormer theorem and its generalizations on Pell’s equation
and fundamental properties of Lehmer sequence and the associated Lehmer sequence, we discuss the
Diophantine equations x> — Dy?> = —1 and x*> — Dy?> = 4. We obtain the relation between a positive
integer solution (x, y) of the Diophantine equation x> — Dy? = —1 and its fundamental solution if there
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there is exactly two prime divisors of y not dividing D.
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1. Introduction

Throughout our paper, we let Z, N denote the sets of integers and positive integers respectively. We
recall that the minimal positive solution of Diophantine equation

x> —=Dy*=C,Ce{-1,4} (1.1)

is one of all positive integer solutions (x, y) such that x +y VD is the smallest. One can easily find that
the condition is equivalent to saying that (x, y) is a positive integer solutions of (1.1) such that x and y
are the smallest. If C = —1, then such a solution is also called the fundamental solution of (1.1).

Stormer had ever obtained an important property on Pell’s equation, called Stormer theory and
stated it as follow

Theorem 1.1. (Stormer theorem [1]) Let D be a positive nonsquare integer. Let (xy, y,) be a positive
integer solution of Pell equation
x> — Dy* = +1. (1.2)

If every prime factor of y, divides D, then x, + y; VD is the fundamental solution.
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Consider the Diophantine equation
kx> - Iy* =1, (1.3)

where k > 1,/ are relatively prime positive integers such that k/ is not square. Qi Sun, Pingzhi yuan
obtained the similar result with Stormer theorem.

Theorem 1.2. [10] Let (x,y) be a positive integer solution of Diophantine equation (1.3).
(i) If every prime factor x divides k, then

xVk+yVi=e
or
x\/%+y\/2:83,

and x = 3°x;,3* +3 = 4kxf, 3 [x1, s €N, 2|s, where € = x; Vk + Vi V1 is the minimal positive solution
of equation (1.3).
(ii) If every prime factor of y divides I, then

xVk+yVi=e
or
xVk+yVi=¢,
andy = 3Syl,3s -3 = 4ly%,3 /{yl, sEN,2 /{S.
Using the method of [10], Jiagui Luo proved the following

Theorem 1.3. [3] Let (x,y) be a positive integer solution of Diophantine equation
kx* - Iy* =2, (1.4)

where k, | are odd positive integers such that kl is not square.
(i) If every prime factor of x divides k, then

xVk+yVi=e

or

xVk +y VI iy £ y
V2 V2©
and x = 3°x;,3°+3 = 2kx%, where & = x; Vk + y, V1 is the minimal positive solution of equation (1.4),
s € N,
(ii) If every prime factor of y divides [, then

x\/%+y\ﬁ:8

or

VeVl 2
V2 V2©

andy = 3%,,3* =3 = 2ly},s € N.
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Theorem 1.4. [3] Let (x,y) be a positive integer solution of Diophantine equation
kx* — Iy* = 4, (1.5)

where k, | are odd positive integers such that kl is not square.

(i) If every prime factor of x divides k, then x Vk + y VI = & is the minimal solution of equation (1.5)
except for the case (k,l,x,y) = (5,1,5,11).

(ii) If every prime factor of y divides I, then x Vk + y VI = € is the minimal solution of equation (1.5).

Remark From the proofs of Theorem 1.2, 1.3, 1.4 in [3, 10], one can easily find that the above
Theorems are also true if every prime divisor of x divides one of k and x;, so are done if every prime
divisor of y divides one of / and y,.

In 2011, Luo, Togbe and Yuan obtained the following

Theorem 1.5. [S] Let D be a positive nonsquare integer such that the Diophantine equation
x> — Dy’ =4, (1.6)

is solvable in odd integers x and y. Let (x, y) be a positive integer solution of Pell equation (1.6) with
y = p"Y', where p is a prime not dividing D and n € N. If every prime factor of y' divides D, then
@ = %or (%)2 or (%)3 except for the case (x,y, D) = (123,55,5), where x; + y; VD = & is the
minimal positive solution of (1.6).

In this paper, we prove the following

Theorem 1.6. Let D be a positive nonsquare integer. Let (x, y) be a positive integer solution of Pell
equation
x> = Dy* = —1, (1.7)

withy = p"y', where p is a prime not dividing D and n € N. If every prime factor of y' divides D, then
x+yVD = g or &1, where x, + y1 VD = ¢ is the fundamental solution of (1.7) and q is an odd prime
which is not equal to p.

n ,n

Theorem 1.7. Let (x, y) be a positive integer solution of Pell equation with 'y = p\' p,*y’, where both
p1 and p, are primes not dividing D with p, < p, and ny,n, € N. If every prime divisor of y' divides
D, then x + y\D = & or & or &”, where x| + yi VD = ¢ is the fundamental solution of (1.7) and q is
an odd prime which is not equal to p, and p».

Theorem 1.8. Let (x, y) be a positive integer solution of Pell equation (1.6) with'y = p\' p’y’, where
both p, and p, are primes not dividing D with p; < p, and n;,n, € N. If every prime factor of y’
divides D, then # = £ or (£)? or (£)° or (£)* or (£)° or (£)1, where x; + y, VD = & is the minimal
solution of (1.6), q is an odd prime different from p, and p,.

We organize this paper as follows. In Section 2, we present some lemmas which are needed in the
proofs of our main results. Consequently, in Sections 3 to 5, we give the proofs of Theorem 1.6 to 1.8
respectively.
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2. Lemmas

In this section, we present some lemmas that will be used later.

Lemma 2.1. [10] All positive integer solutions of equation (1.7) are given by
x+y\/5: (x1 +y \/5)”,11 eN,2 In.

Lemma 2.2. [3] All positive integer solutions of equation (1.6) are given by

+yvVD + D
al z‘/_:(xl ;lv_)”,neNﬂ,{n.

Let R > 0, Q be nonzero coprime integers with R —40Q > 0. Let @ and 8 be the two roots of the
trinomial x> — VRx + Q. The Lehmer sequence {P,(R, Q)} and the associated Lehmer sequence
{0.(R, Q)} with parameters R and Q are defined as follows:

) (@ =B @-B). 2,
P = PR, Q) = { (@ — B - B, 2In
and /
. (@B @+, 2 n,
Qn—Qn(R,Q)—{ o "

For simplicity, in this paper we denote (@ — p)/(a — B%) and (@ — B")/(a — B) by P,, and P,
respectively. Lehmer sequences and associated Lehmer sequences have many interesting properties
and often raise in the study of exponential Diophantine equations. It is not difficult to see that P,

and Q, are both positive integers for all positive integers n. The details can be seen in the references
(2,8, 11].

Lemma 2.3. [2] Let m, n be positive integers and d = gcd(m, n). We have

1. gcd(P,, P,) = P,.

2. gcd(Qn, On) = Qu if m/d and n/d are odd, and 1 or 2 otherwise.
3. ged(Pyy, Q) = Qg if m/d is even, and 1 or 2 otherwise.

4. Let p be an odd prime. If p*|(a — B)?, then ord,(P,) = ord,(n).
5. For odd integers r and d, we have gcd(P,.4, Py)|r.

Lemma 2.4. [2, 4] If 2|P,, then we have
I. R=4k,Q =2l+1,n=2h, or

2. R=2k,Q=2l+1,n=4h,or
3 R=4k+1,0=2l+1,n=3h.

Lemma 2.5. [6] Assume that R and Q are all odd. If Q,, = ku?, k|n, thenn = 1,3, 5. IfQ, = 2ku?, kin,
then n = 3.

Lemma 2.6. [7] Let D be a positive nonsquare integer. Let (x, y) be a positive integer solution of Pell
equation

¥ =Dy’ =1, 2.1)
withy = p"y’, where p is a prime not dividing D and n € N. If every prime divisor of y' divides D, then
x+yVD = g or & or &, where x| + y; VD = ¢ is the fundamental solution of (2.1).
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Lemma 2.7. [12] The Diophantine equation
X"=y'=1,mmneNm>1,n>1 2.2)

has only the positive integer solution (x,y, m,n) = (3,2,2,3).

Lemma 2.8. [9] Let (x,y) be a positive integer solution of Diophantine equation (1.7). If every prime
divisor of y divides y,, then x + yND = &, where € = x; + y, VD is the fundamental solution of
equation (1.7).

3. Proof of Theorem 1.6

By Lemma 2.1 we know that
x+yVD = (x; +y, VD)" 3.1)

for some odd integer m. If m = 1, there is nothing to do. Hence we may restrict ourself to m > 1. Let
a=Xx;+y \/5,,8 = X1 — vD and define

xt+yt\/5:(x] +y; \/B)’,teN.

We write m = m;q’, where ¢ is a prime factor of m, gcd(m,,q) = 1,r € N. By Lemma 2.8 we have
p dos not divide y;. We contend that p divides P,. For otherwise every prime factor of y, = y P,
divides D by the assumption. It follows from Theorem 1.1 that ¢ = 1. This leads to a contradiction.
By Lemma 2.3 we know that gcd(P,,,, P;) = Pgcd(m,,q9 = P1 = 1. This implies that every prime factor
of y,,, = y1 Py, divides D because of y,,, [y, =y = p"y’. Thus we obtain m; = 1 again by Theorem 1.1.
Therefore, we have m = ¢'. It is obvious that g # p since

(g-1)/2 q
P, = 2 (Dy?y,
‘ Z:(; (2r+1)x1 Dy)
If » > 1, then
(g—1D/2 q
P,, = =2r=1(Dy2y 3.2
= 2 (2r+ 1)xq (DY) (3:2)

By Lemma 2.3, we know that gcd(P,, P, ,)lg. Therefore we have p does not divide P, ,, and thus every
prime factor P of P,, divides D. Then we get from (3.2) that quxg_l, hence P = q. If ¢ > 3, we
contend that P,, = g. Otherwise we find from (3.2) that qzqug_l which is impossible. In another
point, if g > 3, then we have

(g-1)/2

_ q q-2r-1 2\F
Py = ; (Zr + l)xq (Dy,)" > gq.
This leads to a contradiction. So we obtain that ¢ = 3, whence 3|D. Since xf] — Dyf] = —1, we get

—1 = (-1|3) = 1, which is impossible. It follows that » = 1. This completes the proof of Theorem 1.6.
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4. Proof of Theorem 1.7

By Lemma 2.1 we know that

x+yVD = (x; +y, VD)" 4.1)

for some odd integer m. It is enough to prove the result for the case m > 1 and p; /lyi, p2» /ly1 by
Theorem 1.6 and Lemma 2.8. Let @ = x; + y; \/5,,3 =X - VD and define

xt+yt\/5:(x1+y1\/5)’,teN.

We write m = m;q", where q is a prime divisor of m, gcd(m;,q) = 1,r € N.

We first prove that m; = 1. Otherwise m; > 1, we get from Theorem 1.1 that p,|P,,, p»|P, or
P2|Pum,, p1|P,. Without loss of generality, we assume that py|P,,,, p»|P,. Then we get from Lemma 2.3
that gcd(Py,,, Py) = Pgcam,,g) = P1 = 1. Therefore we get from Theorem 1.6 that ¢" = g # p, and that
my = p is an odd prime other than p;. So m = pq and

Y PPy = Ypg = 11PgPpg = y1PpPy,. (4.2)
Let P be an arbitrary prime factor of P,. Itis easy to see that P # p; because of p,|P, and gcd(P,, P,) =
Poca(p.g) = P1 = 1. If P # p,, then we have P|D by assumption. Hence we get from

(g-1)/2
P, = qz XY (Dy?y (4.3)
4 2r+ 1)1 !

that quxle. It follows that P = ¢, whereas ¢* does not divide P,,. Conversely, if g|D, we can easily get
from (4.3) that ord,(P,) = 1. We have shown that P, = ¢*p),, where 1 = 1 or 0 depending ¢|D or g /D
and ¢ < n,. Let Q be an arbitrary prime factor of P, , different from p, and p,. Then we have Q|D by
assumption. Hence we get from

i 1))c?,‘”‘l(Dyf,)’ (4.4)

(g-1/2
Pyp= Z (
that qux;%l. This implies that Q = ¢, whereas ¢* does not divide P, ,. Conversely, if g|D, we can also
get from (4.4) that ord, (P, ,) = 1. Similarly we can prove that P, = p*p{, where u = 1 or 0 depending
pIlD or p [D and s < n;. A prime number P which is not equal to p; and p, divides P, , if and only if
P = p and p|D with the property ord,(P,,) = 1. On the other hand, by Lemma 2.3(4),(5), we know
that ged(Py ,,, Pp)lq, gcd(P, 4, P,)|p and

_ _J 0 q#p1, B [ 0 p#py,
ordy, (Pyp) = ord, (q) = { 1 q=pi. ordy,(Ppg4) = ord,,(p) = { 1 p=p
Therefore we get from (4.2) that
q # p,p # pPy=qpy.qD, Py, = pp|', P, = pp\',pID, P, , = qp5’ (4.5)
or
q# p,,p# pPy=qpy.qD, P,y =p\',P,=p\'.p ID,P,, = qpy’ (4.6)
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or
q# p.p # p2, Py =py'.q ID, Ppg = pp\'. Py = pp', pID, Py = Py’ (4.7)

or
q# p,,p#* pnPy=py.q ID,Ppy=p}',P,=p}",p ID,P,, = p (4.8)

or
q# p1.p=paPy=qpy " qID. Py, g = pap)'. Py, = p', Py, = qpy; (4.9)

or
q# p1,p=psPy=py.q ID,Ppy = pap's Py, = P Popy = D5 (4.10)

or
q=p1.p# PPy = py.Ppy = pp)'. Py = pp)'~ pID. Py, , = p1p5 (4.11)

or
q=pi,p# PPy =Py Py =Py Py =p " p ID, Py = pipy (4.12)

or
4= PP =3Py =Py Pprp = 2PV Py = P17 Py, = DD (4.13)

Each of equation (4.5), (4.6), (4.7) and (4.8) implies that P, = P, ,, which is impossible. If p; > p,,
then we get from (4.9) that

Ypr = Ppoyi = pi'yi 2 piyi.x;, = Dy;, — 1> pi(Dy} — 1) = pix}.

Hence
(g-1)/2

0 q —2r— r
C]p22 = PLI’PZ = Z (2}" + l)xgzz I(Dyfyz) >
r=0

(g=D/2

q —2r—1 2NF ny—1 n
D1 Z:(; (2r+ l)xi’ (D))" = piPy = pigpy’ > qp5’,

which is impossible. If p; < p,, then we get from (4.9) that
— — 21 2 _ 2 2 _ 2
Yq = Poyr = qpy’ " y1 2 payi, x; = Dy, — 1 > pa(Dyy — 1) = paxy.
Hence

(p2—1)/2
papy =Py = (

P2 pr—2r—1 2\r
£i \or+ 1)xq (Dyy)' >

(p2—-1)/2 D
—2r—l r n
P § (2r .\ l)x’l’z (Dy})" = paPy, = pap's
r=0

which is also impossible. Similarly we can prove that equations (4.10), (4.11) and (4.12) cannot
satisfied. For (4.13), without loss of generality, we assume that p; > p,. Then we have that

Ypo = Ppoy1i = Py > piyi, o, = Dy — 1> pi(Dy; — 1) = pixi.
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Hence
(p1—-1)/2

n p r—
p1p22 = PPI’PZ = Z (2',3_1 1) A I(Dypz) >
r=0

(p1=1/2
2 Pp L A N 2 m-1 n
P Z:(; (2r+‘ l)%‘f1 (Dy1)" = piPp, = pipy" > pipy’s
which is impossible. Therefore m; = 1,m = ¢" as desired.
We now prove r < 2. Otherwise r > 2, then we must have p;|P, p,|P, by Theorem 1.6 and

(g=D/2

q 2r—1
Pyp = Z; (2r+1) - (Dy ). (4.14)

Since ged(P, 2, Pp2)lg, hence p; AP, ., p> AP, . And thus every prime factor P of P, divides D.
Then we get from (4.14) that quxzz_ ' andso P = g. If ¢ > 3, we contend that P, » = q. Otherwise we
find from (4.14) that qzquZ; " which is impossible. In another point, if ¢ > 3, then we have

(g-1)/2

q 2r—1
Pq’q2:;(2r+1)q (Dy)>q

This leads to a contradiction. So we obtain that ¢ = 3, whence 3|D. Since xé - Dyé = —1, we get
—1 = (=1/3) = 1, which is impossible. Thus r < 2 as desired. The proof of Theorem 1.7 is complete.
5. Proof of Theorem 1.8

It is enough to prove the result for the case of p; not dividing y; and p, not dividing y; by the
Remark of Theorem 1.4 and Theorem 1.6. By Lemma 2.2, we know that

x+yVD X1ty VD
>
for some positive integer m. If m = 1, there is nothing to do. Hence we may restrict ourself to m > 1.
Leta = & +y P g =1 D and define

t
wes B (0B oy

)y (5.1

2 2
Case 1: We assume 2|m. We write m = 2m;. From (5.1) we get

x+yVD _ (m + Y VD

2
2 2 )

Hence
X Ym, = P|'P5Y (5.2)

Since x;, — Dy, = 4, we have that gcd(x,,,ym,) = 1 or 2. If ged(x,,,ym) = 1, then we have
either x,,, = pi',ym = P52y, Or X, = P3*,ym, = p|'y’. It follows that y,, satisfies the condition of
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Theorem 1.5. Therefore we obtain that m; = 1 or 2 or 3, whence m = 2 or 4 or 6. If gcd(x,,,, ym,) = 2,
then we have either
Xy = 2" Y = 2P0y (5.3)

or
Xy = 2P50, Yy =271 (5.4)

From (5.3), we get that Q,,, = 2'. This implies that m; = 3 by Lemma 2.5. So we get that x[2" " = x3,
which is impossible since x; is an odd greater than 1. From (5.4), we get that m; = 3 by Lemma 2.4
and Theorem 1.5, whence m = 6. The result is true.

Case 2: Now we assume 2 does not divide m. We write m = mq", where ¢q is a prime factor of
m, gcd(my, q) = 1,r € N. We divide the proof into three cases.

We first prove that m; = 1. Otherwise m; > 1, by Theorem 1.4 we get that p|P,,, p»|P, or
D2|Pu,, p1|P,. Without loss of generality, we assume that p;|P,,,, p»|P,. Then by Lemma 2.3, we have
gcd(Py,, Py) = Pocaom,qy) = P1 = 1. Hence we have that p, does not divide P, and that p; does
not divide P,. So both y,, = P, y; and y,, = P,y satisfy the condition of Theorem 1.5. We have
m =m;q" = 15,D = 5. But a simple calculation shows that y = y;s =2%-5-11-31-61. Thus we have
now shown that m; = 1.

We now prove that r = 1 and gcd(q, p1p2) = 1 when g > 3. We claim ged(g, p;p>) = 1. Otherwise
without loss generality, we may assume p; = gly, = P, ,-1y,-1. Since

(g-1)/2

J=

so we have pllyqr-l(Dy;,_l/4)L51. It follows that p;ly,-i. Continue this step. We will get that

pllyl(Dy% /4)%, and so pily;, which contradicts with the beginning assumption. Hence
ged(q, pip2) = 1, as desired. If r > 1, then we have p|P,, p»|P, by Theorem 1.5. By Lemma 2.3, we
know that ged(P,-1 4, P,)lg"". It follows that p; does not divide P,-1, and p, does not divide P-1 .
Hence every prime factor of P, , divides D. Since (Qg -1 4, P,-1,) 18 a positive integer solution of
Pell equation x;X> — Dy.Y* = 4 and its minimal positive solution is (1,1), we have Py, = 1 by
Theorem 1.4, which is impossible. Thus we have now shown that r = 1.

Finally we prove that r = 1 and 3 does not divide p;p, when g = 3. It is easy to prove that 3 does
not divide p; p, similarly as above. If r > 1, then by Lemma 2.4 we have

2" p™y = y3 =y P31 3P3, py = 2, py = p,2|Ps.

According to Lemma 2.3, we have gcd(Psr-1 3, P5)[3!. It follows that 2 does not divide P31 5. Thus
we have that p|P5-1 3 by Theorem 1.4. If p|Ps, then we have that p = 3|P; = Dy% + 3, whence 3|D,
which contradicts with the assumption. And so we have p does not divide P;. If P is an odd prime
divisor of Ps, then we have P|D. Hence P|P; = Dyf + 3, and so P = 3. Thus we have either

P3;=Dy; +3=2",3 |D (5.5)

or
P; = Dy} +3 =2"3"3|D. (5.6)
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(5.5) leads that x> = Dy? + 4 = 2™ + 1. It follows that (x;,n;,y1, D) = (3,3,1,5) by Lemma 2.7.
By a simple calculation we get that yo = 2° - 17 - 19. This leads to a contradiction. (5.6) leads that
x; = Dy} +4 = 23" + 1. It is easy to see either 2 does not divide n; or 2 does not divide 7. If
2 does not divide n; and 2 does not divide ¢, then by x% = 23" + 1 and Theorem 1.1 we get that
(x1,n1,t,y1,D) = (5,3,1,1,21). By a simple calculation we get that yo = 2% - 32. 37 - 109. This also
leads to a contradiction. If 2 does not divide n; and 2 divides ¢, then by xf =2"3"+ 1 and Lemma 2.6
we get

4235 V2=342V2 (5.7)
or .

X +27737V2 = (3+2V2)? (5.8)
or B

X +27737V2 = (3+2V2)°%. (5.9)

It is easy to see neither (5.7) nor (5.9) is true. From (5.8), we get that (x, ny,¢,y1, D) = (17,5,2,1,285).
By a simple calculation we get that yy = 2° - 33 - 1621 - 4861. Hence we know that the case 2 does not
divide n; and 2 divides 7 are impossible. If 2 divides n; and 2 does not divide 7, then by x? = 2"3" + 1
and Lemma 2.6 we get we get

X +2737V3=2+13 (5.10)

or
X1 +2737 V3 =2+ V3)? (5.11)

or
X +2737 V3 =2+ V3) (5.12)
It is easy to see neither (5.10) nor (5.12) 1is true. From (5.11), we get that

(x1,n1,1,y1,D) = (7,4,1,1,45). By a simple calculation we get that yo = 2*-32.17-19 - 107. Hence
we have shown that 2 divide n; and 2 does not divide ¢ are also impossible. Therefore r = 1, as
desired. This finishes the proof of Theorem 1.8.
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