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1. Introduction

Fractional differential equations constitute an interesting area of research in view of their extensive
applications in a variety of fields such as economics, financial issues, disease models, physical and
chemical processes, etc. For theoretical and applications details of the subject, see the monographs
[6,12, 16, 19,23, 24,26] and the papers [1,4,7,13,25,29,30]. An important factor accounting for
the popularity of the topic is the nonlocal nature of fractional order differential and integral operators,
which provides insight into the past history of the phenomena. On the other hand, this aspect was
missing in the models based on the tools of classical (integer order) calculus.

The Langevin equation (proposed by Langevin in 1908) is an important equation of mathematical
physics, which can describe the evolution of physical phenomena in fluctuating environments [9].
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For some new developments on the fractional Langevin equation, see, for example, [3, 22, 28] and
references cited therein.

In the literature there are many papers dealing with boundary value problems for fractional Langevin
equation of the form:

‘DP(ED" + Dz(t) = (1, 2(1), 1 € [a, D],

equipped with different kinds of boundary conditions, such as Dirichlet boundary conditions [2],
nonlocal conditions [27], etc. Moreover, the fractional derivatives involved in Langevin equation are
both Caputo type or Riemann-Liouville type or Hadamard type.

In the present paper we introduce a new nonlocal-terminal value problem for Langevin equation
containing both Riemann-Liouville and Caputo type fractional derivatives and variable coefficient,
supplemented with nonlocal-terminal fractional integro-differential conditions. In precise terms, we
consider the following problem:

{ RLpIC D + A()x(t) = f(t, x(2)), t<€[0,T],
x(€) =aD'x(n), xT)=pI'x((), 0<&nl<T,

where ®:D4 denotes the Riemann-Liouville fractional derivative of order g € (0, 1), D", D" denote
the Caputo fractional derivatives of orders r and v respectively, 0 < r < 1,0 < v < r, I” is the
Riemann-Liouville fractional integral of order p > 0, 4 € C(R*,R), f: [0,T] X R — Rand o, € R.

Concerning the motivation for the equation considered in (1.1), we refer the reader to the
applications of such equations in physical phenomena exhibiting anomalous diffusion [15] and the
height loss over time of the granular material contained in a silo [21]. The nonlocal conditions
involved in the problem (1.1) are flux-integral type boundary conditions, which appear in several
applications of diffusion processes and computational fluid dynamics (CFD) studies of blood flow
problems, for instance, see [5].

The existence and uniqueness results for the problem (1.1), based on modern methods of
functional analysis (fixed point theorems due to Banach, Krasnoselskii and nonlinear alternative of
Leray-Schauder type), are obtained in Section 3. In Section 4 we extend our study to the multivalued
analogue of the problem (1.1), that is, we investigate the following multivalued problem:

(1.1)

{ REDICD" + A(0)x(r) € F(t, x(t)), t€[0,T],
(1.2)

X =aD'x(m), oT)=pI'xQ), 0<&nE<T,

where F : [0,T] X R — P(R) is a multi-valued map, (P(R) is the family of all nonempty subsets of R)
and all other constants are as in problem (1.1).

We derive the existence results for the problem (1.2) with the aid of standard fixed point theorems
for multivalued maps. In case of convex valued right-hand side of the inclusion, we use
Leray-Schauder nonlinear alternative for multi-valued maps. In case of non-convex valued right hand
side of the inclusion, we apply a fixed point theorem for multivalued contractions due to Covitz and
Nadler. Examples illustrating the obtained results are presented in Section 5. Some basic concepts of
fractional calculus, multivalued analysis and fixed point theory are outlined in Section 2. We also
prove a basic result associated with the linear variant of the problem (1.1) in this section. Section 6
contains some interesting observations and a short discussion for the case when Caputo and
Riemann-Liouville fractional derivatives are interchanged in the fractional Langevin equation in (1.1).
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2. Preliminaries

Let us recall some basic concepts of fractional calculus, multivalued analysis and state fixed point
results related to our work.

2.1. Fractional Calculus

In this subsection, we recall some basic concepts of fractional calculus [16,24] and present known
results needed in our forthcoming analysis.

Definition 2.1. The Riemann-Liouville fractional derivative of order g for a function f : (0,00) —» R
is defined by

"DIf(r) =

(dit) (t—95)" 7" f(s)ds, ¢>0, n=][q]+1,

I'(n—-gq) 0+

where [q] denotes the integer part of the real number q, provided the right-hand side is pointwise
defined on (0, 00).

Definition 2.2. The Riemann-Liouville fractional integral of order q for a function f : (0,00) — R is
defined by

1 t
1f(0) = —f (t— )" f(s)ds,  q>0,
F(C]) 0+
provided the right-hand side is pointwise defined on (0, 00).
Definition 2.3. The Caputo derivative of fractional order q for a n-times derivative function

f 1 (0,00) = R is defined as

“Dif(r) =

' n—q-1 d ! _
-0 0+(t—s) a (%) f(s)ds, g>0, n=[q]+1.

Lemma 2.1 If a + f > 1, then the equation (I"FPu)(t) = (I""Pu)®),1 € [a,b] is satisfied for u e
L'([a,b],R),0 <a < b < co.

Lemma 2.2. Let B > a. Then the equation (D*IPu)(t) = (IPu)(t),t € [a,b] is satisfied for u €
C([a,b],R).

Lemma 2.3. Letn = [a] + 1] if @ € N and n = a if « € N. Then the following relations hold:
(i) fork €{0,1,2,...,n— 1}, D*t* = 0;

(ii) if B > n then D*F~" = %tﬁ—a—l;
S 7:) N
i) 17674 = s,

Lemma 2.4. (see [16]) Let g > 0. Then fory € C(0,T) N L(0, T) holds
RL 1 (RLqu) 1) = YO + 197 + ot 4 e 4 ey,

wherec; € R, i=1,2,...,nandn—-1<gqg <n.
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Lemma 2.5. (see [16]) Let g > 0. Then fory € C(0,T) N L(0, T) holds
RLpq (Cqu) (1) = y(E) + co+ 1t + o> + -+ + Cu ',

wherec; € R, i=0,1,2,...,n—1andn = [q] + 1.
Lemma 2.6. Let A := AI' — B # 0andy € C([0,T],R). Then the linear problem

{ RLpa(CD" + A()x(t) = y(1), 0<t<T,
2.1
x(é) = aD'x(), x(T)=pI'x), &n,{€(0,7),
is equivalent to the integral equation
x() = I"y() - I'(A(0)x())
+ (@I y () = al ™ (Axm) — 177 y(E) + I'(AE)X(E)))
FLM(BITPYE) — BIP(AOX(Q) — 17y (T) + I AT)XT))),
where
A — r(q) é‘_-q-H'—l —a F(q) q+r—v—l’
F(1g+r) I'lg+r—v)
B — (q) q+r—1 _ﬁ r(q q+r+p—1
I'(g+7) I'(g+7r+Dp) , (2.2)
F ZI_ﬁr?%w)gp, B 0
_ —q +r-1 _ 7 _ _—q +r—1 -
Y e R T N

Proof. Firstly, we apply the Riemann-Liouville fractional integral of order ¢ to both sides of
equation in (2.1), and then use Lemma 2.5 to obtain

ED"x(t) + AO)x(t) = I99(f) + ¢, 197", (2.3)
where ¢; € R. Applying Riemann-Liouville fractional integral of order r to both sides of (2.3), we get

F(Q) tq+r—l +c

x(1) = 17"y(@) = I'(A()x(D) + ¢ fq+7) 2,

2.4)
where ¢, € R.
From (2.4), we have

r(q) tq+r—v—1

CD"x(t) = I"""y(t) — I'(A(D)x(1)) + Clm ’

I'(g) -1 1
IPx(t) = 177 Py(t) — IPT (A1) x(t — 1" .
x(1) () ( ()x())+clf(q+r+p) +C2F(1+P)

Using the above expressions in the fractional nonlocal-terminal conditions of the problem (2.1), we
find that

1
er = x[D(@1 7y = al ™ Axm) - 17¥() + I'(AE)X(E))
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~(BI"*PY(&) = BI"(ADX(L)) = I7"Y(T) + I"(AT)X(TY)) |
1

e = AT = BT AX) = I7HT) + I'(AT)XTY))
—B(ad""™y() — ™ (Ax() — I77y(&) + I'(AE)x(©)))].

Substituting the values of ¢; and ¢, into equation (2.4) we have

x(t) = I"y(0) = I'(AD)x(1))

r
NP (;qi 3 ! [F(alq”‘”y(n) — al"™(Am)x() — Iy (E) + I'(AE)x(©)))

(177 () = BIPT(AOX(Q) = 177 ¥(T) + I'(AT)X(T)))|
1
+[A(BIT V(@) = BIPTAQ)XE) — 177V + IAD)ATY))

=B(al""™y(p) — ol (Amx() = 177y () + I'(AE)x(£))) |

Ar(q) tq+r—l _ E %
I'(g+r) A

(1™ ~"y(m) = al™ (Ax(p) - I 3(E) + T AE)X(E))

r A
+[_ @ g1 A
Al'(g+r) A

(BI"*73(Q) = BI" (UOX(E) — " ¥(T) + (AT,

= I7y() - I'(AB)x(0) + [T

X

which yields the required solution. By direct computation we can prove the converse. This ends the

proof.

Remark 2.1. In Lemma 2.6, note that the conditions A # 0 corresponds to non-resonance case.

O

Corollary 2.1. (Special case: A(t) = A=constant) Let A # 0 and y € C([0,T],R). Then the unique

solution of the linear problem
RLDUCD" + D)x(r) = y(t), t€[0,T],
{ x(€) = @ “D'x(y). x(T)=BI'xQ). £0.0€(0,T),
is given by
x(0) = 1Y) = AW + L)l ) = Al x(n) = 17y (E) + AT x(©))
FWO(BIT V) = BAI X(E) = 17 Y(T) + AU'(T)).

3. Existence results for the problem (1.1)

(2.5)

In order to transform the problem (1.1) into a fixed point problem, we introduce an operator A :

C — C by Lemma 2.6 as follows:
(Ax)) = 17" f(s, x()(t) = I'(A)x(1)) + /h(l)(al T f (s, x(8))()
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—al"” QAx(m) ~ 17 f (5, x())(E) + I'(UE)x(€))

+ﬂz(t)(,31 TP (s, X())(Q) = BITPAUDRE) = I f (s, x())(T)

+I"(A(T)X(T))),

(3.1)

where C is the Banach space of continuous functions from [0, 7] to R equipped with the norm ||x|| =
Sup,c(o.r) 1X(2)|. Evidently the existence of solutions for the problem (1.1) is related to the existence of

fixed points for the operator ‘A.

For computational convenience, we use the notations:

Ta+r _ nq+r—v é:q+r
d = —— + A4{la] +
I'lg+r+1) I'g+r—-v+1) T(@+r+1)
_ q+r+p Ta+r
T [ —
I'g+r+p+1) F(q+r+1)

®, = IAMD|+ 4 (jll ™10 + I'AE))
+ oI + IIAT)),

where
. I'(q) -1
A = (1 r T + 18|,
= max |4,(1)] = IAI[| e 1BI]
1 I'(g) -1
A= A T+ |A]|.
> = max 110 = | e Al

Remark 3.1. In the special case of constant function A(t) = A, ®, becomes

— . m £
= oD + /lllzll(lotl Tr—v+l) * L'(r+ 1))
. é<«r+p Tr
+/12|/l|(|,3|r( +p+ 1) F(r + 1)).

(3.2)

(3.3)

(3.4)

We are now in a position to give our first existence and uniqueness result, which relies on the

contraction mapping principle due to Banach.
Theorem 3.1. Let f : [0,T] X R — R be a continuous function. Assume that:
(H,) there exists a positive constant L such that
lf(t, %) = f&, I < Lix =y, 1 € [0, T], x,y € R.
If
LD+, <1,

(3.5)

where ® and ®, are respectively given by (3.2) and (3.3), then the nonlocal-terminal value problem

(1.1) has a unique solution on [0, T].
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Proof. The hypothesis of contraction mapping principle will be verified in two steps. In the first
step, we show that AB, C B,, where A is the operator defined by (3.1), B, = {x € C : ||x]| < r},
r> MO - LO — 07!, SUpcio.ry 1f(£,0)] = M < oo. For any x € B,, and taking into account
assumption (H,), we obtain

I < sup {I971f(s, X()I(0)
t€[0,T]

HA O£ (s, (NN + 77| (s, X()IE))
HAOI[ BT P1£ (5, X(NIE) + 71 £ (5, X(NI(T))
+IAOXO] + O led 1A x)] + IAE X
Ha OB P1A XD + AT ||

sup {177 (| £ (s, x(s)) = f(s, )| + £ (s, 0))(®)

1€[0,T]

HU Ol (s, x()) = £, 0) + £ (s, 0)))(m)
+17 (| f (s, X(5)) = £(5,0)| + |f (5, 0D(@)]
OB ( £ (s, x(5)) = f(s5, 0)] + (5, 0))(&)
+17 (£ (s, X(5)) = £(5, 00l + |f (5, (T
+IMA@XO] + O led 1A x )] + TAEX(@) |
Ha OB P1A XD + AT ||

IA

q+r _ nq+r—v é_-q+r
< Lr+ M) =———+41 +
< (& ){F(q+r+1) 1['“'r(q+r—v+1) Tq+r+1)
_ §q+r+p Ta+r
+4 +
2[Iﬁll“(q+r+p+1) I'(g+r+1)

+|IXI|{IrI/1(T)I + 4llellA)] + MA@

+ LB P+ AT
= (Lr+ M)® + r®,
<

which implies that AB, C B,. In the next step, it will be shown that the operator A given by (3.1) is a
contraction. For ¢ € [0, T'] and for x,y € C, we have

| Ax(r) — FAy(D)
< IIf(s, x(8)) = £ YD)
HALOI[JAT £ (s, () + 1771 f (5, x(5)) = f(5, Y(DIE)]
HA OB £ (s, x(5)) = F(5, YN + I £ (5, x(5)) = f(5, (NIT)]
+ 1A (x(t) = y@)] + I OId ™ 1A () = ym)| + T'IAE)(x() = Y]
HAOIBI A (Q) = YO + MATY(T) = y(D)]
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Ta+r _ nq+r—v é‘;q+r
< Lx =y e + 4|l +
I'g+r+1) I'g+r—-v+1) TI(g+r+1)
_ q+r+p Tatr
| B— }

Tq+r+p+1) Lg+r+1)
+lx - yll{lrl/l(T)l + il + I AEN + LB + I’I/l(T)I]}
= (LD + Dyllx -yl
which leads to ||[Ax—Ay|| < (LO + D,)||x—y||. As LO+ D, < 1, therefore A is a contraction. Since the
hypothesis of Banach contraction mapping principle is satisfied, therefore we deduce by its conclusion

that the operator A has a unique fixed point, which corresponds to a unique solution of the problem
(1.1). The proof is completed. O

Next, we prove an existence result for the problem (1.1) by using Krasnoselskii fixed point theorem
[18].

Theorem 3.2. Assume that f : [0,T] X R — R is a continuous function satisfying the assumptions:

(Hy) 1f(2, )l < 6(), V(1 x) € [0, TI X R, § € C([0, T, RY) with [|6]] = sup;ejo ry [6(0)]-
(Hy) @, < 1, where @, is given by (3.3).

Then the nonlocal-terminal value problem (1.1) has at least one solution on [0, T].

Proof. Let us select a positive number 7 such that 7 > [|6]|®(1 — ®,)~! and define operators A; and A,
onBr={xeC:||x|| <7} as

(A@) = 177 f(s, %)) + L O] £, X)) = 17 f (5, X())(E)
+ L (O|BIT (s, X)) = I (s, x()(T)], ¢ €[0,T],
(Fox)(®) = ~I'AOxXWD) + 40| = ™ (Am)x() + I'(AE)X(E))|

+ (0| = BI™P(AUNX) + I'(AT)XT))|, 1€ [0,T).

Observe that Ax = A x + A, x. For x,y € By, we have

q+r _ n4+r—V é—“l”
Apx+ Tyl < lolf s———— + 1 +
I+ Aol < 1ol * Al 5 g e )
évq+r+p Ta+r

”z[wr(q Trap+l) Tq+re 1)]}
+||y||{1’|/l(T)| + i [lall™A@)| + I'AE)N
+ LB IO + AT

= ||0]|® + [|x]|D,

< r

This shows that A;x + A,y € Br. With the aid of the assumption (H,), it is easy to show that A, is a
contraction. Further the operator (A; is continuous in view of continuity of f. Further A; is uniformly
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bounded on B> as
lA x| < [16]|D.

Next, we prove the compactness of the operator A;. Let us set sup, ¢ rixz. |/ & X)| = f < co and take
t1,t, € [0, T] with ¢; < t,. Then we have

|(?l1_x)(t2) — (A1) (1)

f " 1 1 f . 1
< t — ) —(t) — )T ds| + th—8)"'d
< F(q+r)“f0[(2 7L = (11 - 5)7 s F(q+r)"[l(2 ™ ds|

g+r-1 _ g+r-1 +r—y +r
Sl N VRN R L
|A| I'g+nt T@+r—-v+1) T(g+r+1)
|tg+r—l _ t(11+r—1| F(q) [ é«q+r+p Tq+r ]
+ +
|A| I'g+nt T'(g+r+p+1) T(@+r+1)
.7 q+r q+f
< — (|1t =+ 2(1 — 1)
s F(q+r+l)[|2 1 | (2 1) ]
g+r-1 _ g+r-1 +r—y +r
T 1, o Ty [|a| n’ N & ]
|A| I'g+nt T@+r—-v+1) T(g+r+1)
|tg+r—l _ t;]+r—l| F(q) [ {q+r+p Tq+r ]
+ + ,
|A| I'g+nt T'(g+r+p+1) T(g+r+1)

which tends to zero as t, — #; independent of x. Thus, A; is equicontinuous. So A, is relatively
compact on By. Hence, by the Arzeld-Ascoli theorem, A; is compact on B;. Thus the operators A;
and A, satisfy the hypothesis of Krasnoselskii fixed point theorem [18]. Hence it follows by the
conclusion of Krasnoselskii fixed point theorem [18] that the operator A(= A; + A,) has a fixed point,
which corresponds to a solution of the problem (1.1) on [0, 7']. The proof is completed. O

In the following result, we prove the existence of solutions for the problem (1.1) by means of Leray-
Schauder nonlinear alternative [14].

Theorem 3.3. Let f : [0,T] X R — R be a continuous function satisfying the conditions:

(H3) there exist a continuous nondecreasing functions ¢ : [0,00) — (0,00) and a function
¢ € C([0, T],R") such that | f(t, x)| < ¢(OW(|x|) for each (t,x) € [0, T] X R;
(H,) there exists a constant N > 0 such that
(1 -0)N
O[|glly(N)

where ®© and @, are respectively given by (3.2) and (3.3).

>1, ®,<1,

Then there exists at least one solution for the nonlocal-terminal value problem (1.1) on [0, T].

Proof. We verify the hypothesis of Leray-Schauder nonlinear alternative [14] in several steps. Let us
first show that the operator (A, defined by (3.1), maps bounded sets (balls) into bounded sets in C. For
a positive number R, let Bx = {x € C : ||x]| < R} be a bounded ball in C. Then, for ¢ € [0, T], we have

A < 171 f (s, x()I(@)
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+4 17| £ (s, X()I() + 17| f (5, X(s)I(E)
+ o IBI 71 £ (5, X(NIQ) + I £ (5, X(NI(T))
+IADXO)] + A [l A x| + I'IAE)E)]
+ LB IO + TAT)X(T)]]
o - o
< ¢<r>w<||x||){m + 1 ['“'nq D T 1)]
gorop gor
+22[w'r(q +§r o+ r(qi r+ 1)]}
AT + A Ll IAG)] + I'IAE)]
+ LB LA + IAT)]}.

In view of (3.2) and (3.3), the above inequality takes the form:

A < @liglly(R) + RD,.

Secondly, we show that A maps bounded sets into equicontinuous sets of C. Let vy, v, € [0, T] with
v1 < v, and x € Bg. Then we have

[(AX)(v2) = (A
< IS, x()(v2) = fs, x() (DD

+|1_,| |V§+r_1 _ Vrll+r—1| r(q) nq+r—v .\ é;q+r
|A| I'(g+r) I'g+r—-v+1) TI(g+r+1)
. |v(2]+r—l _ v(1]+r—l | r(q) |ﬁ| {q+r+p . Tq+r
|A| I'g+n| T'(g+r+p+1) TI(g+r+1)
V] S Yot Y2 | V2 Y2 |
) (62 = 5) F(r)(VI ) ]/l(S)X(S)ds + : 2 r(:)) A($)x(s)ds
| g+r—1 _ V?H’—ll F(q)
I I'V|A I'|a
+[[] Al T +0) [l ™A + I'AE)]]
|V62]+r—1 Vc]]+r 1 | r(q)
UBIP1AD] + I A(THI]
A Tgen Pl
IR gor  or o ger
< F(q+r+ 1)[|t2 tz | +2(t2 tl) ]
+|1_,| |Vg+r—1 _ Vrll+r—1| r(q) nq+r—v .\ é;q+r
|A| I'(g+r) I'g+r—-v+1) TI(g+r+1)
. |v(2]+r—l _ v(1]+r—l | r(q) |ﬁ| {q+r+p . Ta+r
|A| I'g+n| T'(g+r+p+1) TI(g+r+1)
V1 -1 Y2 | V2 Y2 |
) (62 = 5) F(r)(VI ) ]/l(S)X(S)ds + : 2 r(:)) A($)x(s)ds
lvgﬂ"—l _ V?H’—ll l_,(q)
I I'V|A I'|a
+[[] Al T+ [l ™A + I'|AE)]]
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+r—1 +r—1
|qr qu (

vy =V I'(q) . r
A T AT+ AL

Obviously the right hand side of the above inequality tends to zero independently of x € Bg as v, — v;.
Therefore it follows by the Arzela-Ascoli theorem that ¥ : C — C is completely continuous.

In order to complete the hypothesis of the Leray-Schauder nonlinear alternative [14], it will be
shown that the set of all solutions to the equation x = Ax is bounded for 6 € [0, 1]. For that, let x be
a solution of x = Ax for 6 € [0, 1]. Then, for ¢ € [0, T], we apply the strategy used in the first step to
obtain

llxll < Dllgpllyr(llxll) + llxl|D,,
where ® and ®, are respectively given by (3.2) and (3.3). Consequently, we have

(- @Il _
Dlgly (i ~

By the condition (H,4), we can find a positive number N such that ||x|| # N. Introduce a set
U={xeC:|x|| <N}, (3.6)

and observe that the operator A : U — C is continuous and completely continuous. With this choice
of U, we cannot find x € dU satisfying the relation x = 0 Ax for some 6 € (0, 1). Therefore, it follows
by nonlinear alternative of Leray-Schauder type [14] that the operator A has a fixed point in U. Thus
there exists a solution of the problem (1.1) on [0, T']. The proof is complete. m|

4. Multi-valued case

We begin this section with the definition of a solution for the multi-valued problem (1.2).

Definition 4.1. A function x € C([0, T, R) is said to be a solution of the problem (1.2) if there exists a
function v € LY([0, T],R) with v(t) € F(t,x) a.e. on [0, T] such that x(¢) = A°D"x(n)), x(T) = ul?x({)
and

X = I7v(s)() - I'(A@0x(0)
+ (0] @IT W) @) = el Axm) — 177 W($)(E) + I'(AE)x(E)]
+ (0[BT P(s)(Q) = BI"P(AHX() = I v($)(T) + I'(AT)(T)) -

4.1. The upper semicontinuous case

Our first result, dealing with the convex-valued F, is based on Leray-Schauder nonlinear alternative
for multi-valued maps.

Definition 4.2. A multivalued map F : [0, T] xR — P(R) is said to be Carathéodory if (i) t — F(t, x)
is measurable for each x € R and (ii) x — F(t, x) is upper semicontinuous for almost all t € [0, T].
Further a Carathéodory function F is called L'-Carathéodory if (iii) for each p > 0, there exists
@, € LY([0, T1,R") such that ||F(t, x)|| = sup{[v| : v € F(t,x)} < @o(t) for all x € R with ||x]| < p and for
ae. te[0,T].
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Theorem 4.1. Assume that:

AD F : [0,T] xR — P, MR) is L'-Carathéodory, where Pepe®R) = {Y € PR)
Yiscompactandconvex};

(A,) there exist a continuous nondecreasing function Q : [0,00) — (0,00) and a function
P e C(0,T],R*") such that
IF (2, 0)llp = supilyl : y € F(¢, )} < P(YQIx) for each (1, x) € [0,T] x R;

(A3) there exists a constant M > 0 such that

1-d )M
% >1, ®;<1,
O||P||Q(M)
where © and @, are respectively given by (3.2) and (3.3).
Then the nonlocal-terminal value problem (1.2) has at least one solution on [0, T].

Proof. Firstly, we transform the problem (1.2) into a fixed point problem by defining a multi-valued
map: N : C([0,T],R) = P(C([0,T],R)) as

heC(0,T],R) :

177 (s)(1) = I'(A(D)x(1)
+ (0]l v(s$)() = @l ™ (Ax(p) — 177 v()(@)
NO=Y iy = |+ Q@)
+ (0| BITTV($)(E) = BITP(AQX(E)) — 17 v(s)(T)
+I"(A(T)X(T))),
forv e Sg,.

It is clear that fixed points of N are solutions of problem (1.2). So we need to verify that the operator
N satisfies all the conditions of Leray-Schauder nonlinear alternative [14]. This will be done in several
steps.

Step 1. N(x) is convex for each x € C([0, T],R).
Indeed, if h, h, belongs to N(x), then there exist vi, v, € S g, such that, for each ¢ € [0, T], we have
Bty = 17v(s)(0) = IADxX(D)
+ 1)@ vil)() — " A = 17V $)(E) + I'(AE)x(E))|
+LO[BITT V) = BIPAQXD) — I vi(s)(T) + I'(AT)KT))),
i=1,2.Let0 <0< 1. Then, for each ¢t € [0, T], we have
(081 + (1= Ohal()) = 1[6v1(5) + (1 = D)D) = I'(ADx(1)
+4 (t)[wlq”_v[@Vl(S) + (1 = Ova(9)1() — ol (Am)x(m))
—I7 O (5) + (1 = O)va()](E) + [’(/l(f)x(f))]
+/lz(t)[ﬁ1"+’+” [6vi(s) + (1 = O)wa()]() — BI"™P (A X(D))
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=IOV (s) + (1 = O)va($)I(T) + 1 ’(ﬂ(T)X(T))]-
Since F has convex values (S r, is convex), therefore, 6h; + (1 — 0)h, € N(x).

Step 2. N(x) maps bounded sets (balls) into bounded sets in C([0, T],R).

For a positive number r, let B, = {x € C([0,T],R) : ||x]| < r} be a bounded ball in C([0, T], R).
Then, for each h € N(x), x € B,, there exists v € S g, such that

h(6) = I7v(s)(0) = I"(A0)x(0))
+ (0] @I™ W (s)@p) = el AEm) — 177 W($)(E) + IM(AE)x(E)))
+2(O|BITTV($)(Q) = B (AN = I v($)(T) + I'(AT)X(T)) |-

In view of (H,), for each ¢ € [0, T'], we have

A < 7N + L led I (s)| ) + 1771 £ (s, x(s)I(E) |

+ BT () + I ()]
+MADXO] + [l G| + I'AE)E)]
+ DB IAOX)] + TAT)(T)]

q+r B ntry IS
< P@ —+ 4 +
- ()Q(llxll){F(q+r+ 1) l[lallﬂ(q+r—v+ 1) T(g+r+1)
_ q+r+p Ta+r
| Jpl—E +
I'g+r+p+1) T(g+r+1)

AT + A Tled 1G] + I'IA@)])
+LLBIIAQ)] + ')},

which yields
Al < DIPIQ(r) + rD,.
Step 3. N(x) maps bounded sets into equicontinuous sets of C([0, T],R).

Let x be any element in B, and & € N(x). Then there exists a function v € S, such that, for each
t € [0, T] we have

h(t) = I""v(s)(®) = I'(A(0)x(1))
+/11(t)[a1q+’_VV(S)(l7) —al"™ (Amx(m) = 177 (s)(@) + 1 ’(ﬁ(f)X(f))]
+/12(t)[ﬂ1q+’+” v(s)() = BI™P(AUR(E) = 1T v(s)(T) + 1 r(/l(T)X(T))]-

Letty, 70 € [0,T], 71 < 73. Then

|h(12) — h(Ty)|
< I7(w(s)(v2) = v()(v)))
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q+r—1 g+r—1

L A N R 1 C) Y
|A| I'g+n| T(g+r—-v+1) T(@+r+1)
+|Vg+r—l _ v(1]+r—1| r(q) |B| évq+r+p s Ta+r
|A| I'g+n| T'g+r+p+1) TI(g+r+1)
V1 _ -1 _ o1 V2 _ o1
] [ = 5) - (r)(v‘ ) x(s)ds + ' —(VZF (:)) A(s)x(s)ds
Ivg+r—l _ Viﬁr_ll F(C]) . .
+[I] Al g+ r)[lall A + I'AE)]]
|V§+r—l _ V(];+r—1| r(q) " .
+ Al g+ r)[lﬁll PIAOI + I AT
IPI|O(r) o ogir r
< m“fg — 17+ 2(t, — 1)™]
gt T e
|A| I'g+n| T(@+r—-v+1) T(@+r+1)
|Vg+r—l _ v(1]+r—1| r(q) évq+r+p s Tq+r
|A| I'g+n| T'g+r+p+1) TI(g+r+1)
V1 _ -1 _ o1 V2 _ o1
0 [z = 5) - (r)(v‘ L )x(s)ds + fl %ﬂ(s)x(s)ds
Ivg+r—l _ Viﬁr_ll l_,(q) . .
+[I] Al g+ r)[lall A + I'AE)]]
|V§+r—l _ v(];+r—1| r(q) " .
+ Al g+ r)[lﬁll PIAOI + I A(T)1].

The right hand of the above inequality tends to zero independently of x € B, as v; — v,.
Combining the outcome of Steps 1-3 with Arzela-Ascoli theorem, we deduce that
N :C(0,T],R) = P(C([0,T],R)) is completely continuous.

In order to prove that the operator N is u.s.c., it is enough to establish that it has a closed graph by
Proposition 1.2 in [11], as it is already shown to be completely continuous. This is done in the next
step.

Step 4. N has a closed graph.

Let x, — x., h, € N(x,) and h, — h,. We need to show that s, € N(x.). Now h, € N(x,) implies
that there exists v, € S, such that, for each ¢ € [0, T'],

ho(t) = ITv(s)(0) — I"(A(1)x (1))
+ (Ol T v, (5)(7) — @A) = 17 v ()(E) + I'(AE)x(E)))
+/12(t)[,31 TPY()(E) = BI™P(AUX(E) = I vu(s)(T) + 1 ’(ﬂ(T)X(T))}
Therefore, we must show that there exists v, € S g, such that, for each t € [0, T],

h() = 17"v(s)(®) - I'(AD)x(1))
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+/11(t)[a1‘”’_vv*(S)(n) — al"™(Ax(m) — 17" v ()(E) + 1 r(/l(f)X@))]
+/12(t)[,31"+’+” V. ()() = BI"P(AUDX()) = IT" v (s)NT) + T ’(ﬂ(T)X(T))]-
Consider the continuous linear operator @ : L'([0, T],R) — C([0, T],R) given by
v OW)(®) = ITv(s)() - I'(A)x(1))
+ (O]l W) @) = el Ax@m) = 177 W($)E) + I'(AE)x(E)))
+ LBV — BIPADRD) = 17 v(s)T) + I (AT)X(T)))
Observe that ||h,(f) — h.(?)]| = 0 as n — oo. So it follows from by a closed graph result obtained in [20]
that ® o S, is a closed graph operator. Moreover, we have h, € O(S ). Since x, — x,, therefore we
have
h(t) = I7"v(s)(t) = I'(At)x(1))
+ (0] @I v()() — ™ (A)x() = 17V ()(E) + I'(AE)X(E))|
+LMO[BITT V() = BIPAQXD) — I (s)(T) + AT,

for some v, € S g,

Step 5. We show there exists an open set 'V C C([0,T],R) with x ¢ ON(x) for any 6 € (0, 1) and all
x € 0YV.

Let @ € (0,1) and x € ON(x). Then there exists v € L'([0,T],R) with v € S, such that, for
t € [0, T], we have

x(t)y = O0Iv(s)(1) — OI"(A(1)x(1))
+0, (0| T v($)() — @l (A)x () = 177 V($)(E) + OI'(AE)x ()]
FOL(O|BIT V() — BI™PAQX(L) = 17" W(s)(T) + I'(AT)(T)))-
Using the computations done in Step 2, for each ¢ € [0, T], we get
lx(@)] < DIPIQIxI) + [|lx[Da,

which can alternatively be written as
(1 - DIkl _

O[IPQdIx) —
In view of (Aj3), there exists M such that ||x|| # M. Let us define a set

V={xeC(0, T,R) : ||x]| < M}.

The operator N : YV - P(C([0,T], R)) is a compact multi-valued map, u.s.c. with convex closed
values. With the given choice of V, it is not possible to find x € 9V satisfying x € ON(x) for some
6 € (0,1). In consequence, we deduce by the nonlinear alternative of Leray-Schauder type [14] that
the operator N has a fixed point x € V, which corresponds to a solution of the problem (1.2). This
completes the proof. O
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4.2. The Lipschitz case

Let (X, d) be a metric space induced from the normed space (X; ||-||). Consider H, : P(X)XP(X) —
R U {oo} defined by H,(A, B) = max{sup,., d(a, B), sup,.gz d(A, b)}, where d(A, b) = inf,e4 d(a; b) and
d(a, B) = inf,cp d(a; b). Then (P, (X), H;) is a metric space (see [17]), where P, (X) = {Y € P(X) :
Y is bounded and closed},

Now we present our existence result for the problem (1.2) with a non-convex valued right hand side
by applying a fixed point theorem for multivalued maps due to Covitz and Nadler [10]: “If N : X —
P.(X) is a contraction, then FixN # 0, where P(X) = {Y € P(X) : Y is closed}”.

Theorem 4.2. Assume that the following conditions hold:

(Ag) F : [0,T] X R — P, (R) is such that F(-,x) : [0,T] = P.,(R) is measurable for each x € R,
where P.,(R) = {Y € P(R) : Y is compact);

(As) Hy(F(t,x), F(t,x)) < o(t)|x — x| for almost all t € [0,T] and x,x € R with o € C([0,T],R") and
d(0, F(1,0)) < o(t) for almost all t € [0, T].

Then the nonlocal-terminal value problem (1.2) has at least one solution on [0, T] if
Dlloll + @, < 1,

where ® and ©, are respectively given by (3.2) and (3.3).

Proof. Once it is shown that the operator N : C([0,T],R) — P(C([0,T],R)), defined in the
beginning of the proof of Theorem 4.1, satisfies the assumptions of Covitz and Nadler fixed point
theorem [10], we are done. We establish in two steps.

Step I. N(x) is nonempty and closed for every v € S p,.

Observe that the set-valued map F(-, x(-)) admits a measurable selection v : [0,7] — R as it is
measurable by the measurable selection theorem (e.g., [8, Theorem III.6]). Moreover, by the
assumption (As), we have

V(D] < o()(1 + [x(D)),
that is, v € L'([0, T],R) and hence F is integrably bounded. Therefore, S ., # 0.
Next we show that N(x) is closed for each x € C([0, T'], R). Let {u,},-0 € N(x) be such that u,, — u
asn — oo in C([0, T],R). Then u € C([0, T], R) and there exists v, € S ., such that, foreach ¢ € [0, T],
u() = 17 ()(@) = I'(A()x())
+ (O, (5)(7) = AR = 17 v ()(E) + I'(AE)x(©)))

+/lz(t)[,31 TTPYu()(Q) = BITPADR(E) = 1 vi(s)(T) + 1 r(/l(T)X(T))}

As F has compact values, we pass onto a subsequence (if necessary) to obtain that v, converges to
vin L1([0,T],R). Thus v € S 1, and for each ¢ € [0, T], we have

u,(t) — v(1)
= I7v(s)(1) = I'(A(H)x(1))
LA O[T () - " AMXM) = 7 ($)(E) + IAEXE)]
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+/12(t)[ﬁlq”+”V(S)(é ) = BI™PAUX() = 1T v(s)(T) + Ir(ﬂ(T)X(T))]-
Hence u € N(x).
Step II. We show that there exists 0 < 8 < 1 (6 = ®||o]| + @,) such that
Hy(N(x), N(%)) < ||x — x| foreach x,X e C([0,T],R).

Let x,x € C([0,T],R) and h; € N(x). Then there exists v{(f) € F(t, x(t)) such that, for each
te]0,T],

m() = 1""vi($)(0) - I'(Ax(D)
+ (O] @I vy (5)() = e AMx(p) = 177 vy ()(E) + I'(AE)X(E))|
+ 20| BITT v (5)(Q) = BI"P(AQX(E)) = 17 vi(s)T) + I'(AT)X(T))].

By (As), we have
Hy(F (1, x), F(1, X)) < o()|x(2) — X()].

So, there exists w(t) € F(¢, X(t)) such that
vi(0) = wl < 0()Ix() = X(0)], 7€ [0,T].
Define U : [0,T] — P(R) by
U®) = {weR: (1) —wl <o@lx(®) - XD}

As the multivalued operator U(¢) N F(t, x(¢)) is measurable (see Proposition III.4 [8]), there exists a
function v,(¢) which is a measurable selection for U. So v,(f) € F(t, X(¢)) and for each ¢ € [0, T], we
have [vi(#) — v2()] < 0()|x(7) — x(?)].

For each t € [0, T'], let us define

() = 1""vy(s)(t) = I'(AD)x(1))
+ (O]l va(5)(m) — " (Ax(p) — 177 va(5)(E) + I'(AE)X(E))|

+/12(t)[ﬁ1 TPYA$)(Q) = BITPAUDR(E)) = 1 va(s)(T) + 1 ’(ﬂ(T)X(T))]~

In consequence, we get

1 () — ha(2)]

IA

I |va(s) = vi()I@) + I"(AD)Ix(1) — X(D)])
+/11(t)[|a|1"”_VIVz(S) = V(&I + eI (AGIx(p) — X())

Ha(s5) = vi()IE) + I AE)I(E) ~ X(f)l)]
+/12(t)[|ﬁ|1"+’+” v2(s) = vi()IQ) + 1B (AU = XD

o (s) = vi(OIT) + I’(/l(T)x(T))]
(@lloll + @)llx — |-

IA
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Hence
1Ay = hall < (Dlloll + D)Ilx — Xl

Analogously, interchanging the roles of x and x, we obtain
Hy(N(x), N(x)) < (Dlloll + @)llx — |-

Therefore, N is a contraction in view of the given condition((®||o|| + ®,) < 1). Hence it follows by the
conclusion of Covitz and Nadler fixed point theorem [10] that N has a fixed point x, which corresponds
to a solution of (1.2). The proof is complete. O

S. Examples

Consider the following nonlocal-terminal value problem

5.1

FLD?3(CD + £212)x() = f(t, x(1)). 1€ [0, 1],
x(2/3) =5D"2x(1/3), x(1) =4 1'x(4/5).

Here g = 2/3,r = 3/4,& = 2/3,7 = 1/3,v = 1/2,a = 5,8 = 4,{ = 4/5,p = 1,T = 1. Using the
given data in (2.2), we find that A ~ =5.739178, B ~ —1.616533,1" ~ —1.915888, and A ~ 12.612155.
From (3.4), we have 4; ~ 0.360215 and 1, ~ 0.576166. Inserting the given values in (3.2) and (3.3),
we obtain ® ~ 2.538503 and ®, ~ 0.502890.

In order to illustrate Theorem 3.1, we take

f@t,x) = (L/2)(tan™" x + |x|(1 + |x)™") + VA + 3, (5.2)

in (5.1), where L is to be fixed later. Obviously |f(z,x) — f(¢,y)| < Llx —y|, t € [0,1], x,y € R and
LD + @, < 1 is satisfied for L < 0.195828. Thus all the assumptions of Theorem 3.1 are satisfied.
Hence, by the conclusion of Theorem 3.1, the problem (5.1) with f(z, x) given by (5.2) has a unique
solution on [0, 1].

Also the conclusion of Theorem 3.2 applies to the problem (5.1) with f(z, x) given by (5.2) as
lf(t, x)| < [r+2+ Vt* + 3] = 6(¢), where L = 4.

For the illustration of Theorem 3.3, let us take

2

e . 1
\/ﬁ(SlﬂX'F E), (53)

and note that [f(z, x)| < ¢()Y(|x|), where ¢(f) = e"z/ V* + 100, and ¥(|x]) = (Jx| + 1/10). So the
assumption (H3) holds. Moreover, there exists N > 0.1043536 satisfying (H,). Thus all the conditions
of Theorem 3.3 are satisfied and consequently the problem (5.1) with f(z, x) given by (5.3) has at least
one solution on [0, 1].

Now we illustrate Theorem 4.2 by considering the following multivalued problem:

ft,x) =

{ RLDPR(CDY + 212)x(1) € F(1,x), 1€ [0, 1],
(5.4)

x(2/3) =5D"2x(1/3), x(1) =4 I'x(4/5),
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where
e’ x+tanl(x) 1

, + —.
19 +1 (t+4)2 15
Clearly Hy(F(1,x), F(t, %)) < o(f)lx — X, where o(1) = 735 Also d(0, F(1,0)) < o(r) for almost all
t € [0,1] and D|lo|| + @, ~ 0.820203 < 1. As the hypothesis of Theorem 4.2 is satisfied, therefore we
conclude that the multivalued problem (5.4) has at least one solution on [0, 1].

F(t,x) =

6. Conclusions

We have studied a new nonlocal-terminal value problem consisting of Langevin equation with
variable coefficient involving both Riemann-Liouville and Caputo fractional derivatives, and equipped
with nonlocal-terminal fractional integro-differential conditions. The results presented in this paper
are new and enrich the existing literature on boundary value problems of Langevin equation.

As an analogue of the problem (1.1), we interchange the role of Riemann-Liouville and Caputo
fractional derivatives in the Langevin equation given by (1.1) and consider the following nonlocal
boundary value problem:

{ CD"REDT + A()x(t) = f(t, x(1)), t<€[0,T],
(6.1)

x(0)=0, x(T)=p1"x), £<(0,T).

As argued in the proof of Lemma 2.6, the solution of the Langevin equation in (6.1) can be written as

x(t) = 177 f(¢, x(2)) — [1(A()x()) + ¢; F(qti D + ot (6.2)

Using the condition x(0) = 0 in (6.2) implies that ¢, = 0. Inserting the value of ¢; in (6.2) and then
using the resulting expression for x(¢) in the condition x(7) = B I”x({), we find that

1
e1 = GBI Q) = BIP AN
—I"F(T, X(T)) + FAT)AT))), (6.3)

where T -,
Q= __Fe # 0.
I'A+q) I(g+p+1
Thus the solution of the problem (6.1) is

x(t) = I™f(s, x()(0) = (A0)x(1))

1 +rt +
T B D) = BITADNO)

—I"9f(T, X(T)) + CAUT)X(T))).

One can notice that the solution (6.2) becomes unbounded at ¢t = 0 in view of the values of g € (0, 1),
in contrast to the problem (1.1). So we impose the condition x(0) = O to ensure the boundedness of
the solution of the Langevin equation in (6.1). It is equivalent to saying that the problem (1.1) is now
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well-posed one. The existence results for the problem (6.1), analogue to the ones for (1.1), can be
obtained in a similar manner.

Special cases. We can obtain several new results as special cases of the work presented in this
paper by fixing the values of parameters involved in the problem at hand, which are listed below.

e By taking @ = 0, our results correspond to the ones for nonlocal-terminal fractional integral
conditions: x(¢) = 0,x(T) =B I"x((), &, € (0, 7).

e The results of this paper reduce to the ones with boundary conditions of the form:
X&) =aD"x(n), x(T) =0, &n € (0,T) by fixing 5 = 0.

e Letting @ = 0,8 = 0 in the results of this paper, we obtain the ones associated with the nonlocal-
terminal conditions: x(¢) = 0, x(T) = 0.
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