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1. Introduction

Nowadays the fractional differential equations (FDEs) are powerful tools representing many
problems in various fields such as viscoelasticity, control engineering, diffusion processes, signal
processing and electromagnetism.

Recently many researchers are interested in research on fuzzy fractional differential
equations(FFDEs). In one of the earliest papers, Agarwal et al. [1] considered a fractional differential
equation of order @ € with uncertainty and introduced the concept of solution for proposed equations.
Arshad and Lupulescu [2] presented the existence and uniqueness of solution for fractional
differential equations with uncertainty using the concept of solution in means of [1]. Next, Khastan et
al. [3] proved the existence result of solution for nonlinear fuzzy fractional differential equations with
the Riemann-Liouville derivative by Schauder fixed-point theorem. Allahviranloo et al. [4] proved
that uncertain fractional differential equation is equivalent to integral equation under
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Riemann-Liouville H-differentiability and obtained the explicit solution in case of the fuzzy linear
fractional differential equations. Salahshour et al. [5] studied the analytical methods to solve the
FFDE under the fuzzy Caputo fractional differentiability.

Abdollahi et al. introduced the linear fuzzy Caputo-Fabrizio fractional differential equation with
initial value problems and presented the general form of their solutions under generalized Hukuhara
differentiability in [6] and H. V. Ngo et al. proved that the fractional fuzzy differential equation is not
equal to the fractional fuzzy integral equation in general in [7]. Salahshour et al. [8] introduced that
the solutions of FFDEs of order 0 < < 1 are obtained by fuzzy Laplace transforms under
Riemann-Liouville H-differentiability. Chehlabi and Allahviranloo [9] investigated the concreted
solutions for fuzzy linear fractional differential equations of order 0 < @ < 1 under Riemann-Liouville
H-differentiability by using fractional hyperbolic functions and extended the results obtained in [8].
Also Arqub et al. introduced the exact and the numerical solutions of various fuzzy differential
equations based on the reproducing kernel Hilbert space method under strongly generalized
differentiability [10-12].

Generally, the most of the FFDEs have no known exact solution. Thus the researches of approximate
and numerical solutions of the FFDEs are important. Mazandarani and Vahidian Kamyad [13] obtained
a fuzzy approximate solution to solve FFDEs with the Caputo-type fuzzy fractional derivative based on
Hukuhara difference and strongly generalized fuzzy differentiability by using modified fractional Euler
method. Also the operational matrix methods based on orthogonal polynomials have been proposed to
solve FFDEs [14-18].

Based on above considerations, we are going to obtain the representation of solutions of the initial
value problems of fuzzy linear multi-term in-homogeneous fractional differential equations with
continuous variable coeflicients.

The paper is organized as follows. In Section 2, we introduced some definitions and properties for
fuzzy calculus and proposed basic results of our paper. The representation of solution of proposed
problem is described in Section 3. The examples are presented to illustrate our result in Section 4.
Finally, the conclusion is summarized in Section 5.

2. Preliminaries and basic results

We denote the set of all fuzzy numbers on R by Rg. A fuzzy number is a mapping u : R — [0, 1]
with the following properties:
(1) u is normal, i.e., xg € R u(xp) = 1,
(1) u is a convex fuzzy subset, 1.e., u(Ax + (1 — A)y) > min{u(x), u(y)},¥x,y € R V4 € [0, 1],
(iii) u is upper semi-continuous on R,
(iv) The set supp(u) is compact in R (where supp(u) := {x € Ru(x) > 0}).
Then Rg is called the space of fuzzy numbers.
We denote the r-level form of the fuzzy number u € Rg by [u]” := [u(r), ux(r)],0<r<1.
Let’s u,v € Rg. The distance d : Rg X Rgp — R, is defined by

d(u,v) := SE)I?] max{|u;(r) — vi(r)l, [uz(r) — va(r)l}.

We introduce following notations to understand our paper.
C() is the set of all continuous real functions on /.
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CF (1) is the set of all continuous fuzzy-valued functions on 1.

ACF (1) is the set of all absolutely continuous fuzzy-valued functions on 1.

LF (1) is the space of all Lebesque integrable fuzzy-valued functions on I, where I = [0, L] and without
losing generality, we promise that L = 1.

Definition 2.1. [4] Let x,y € Rg. If there exists z € Rg such that x = y & z, then z is called the H-
difference of x and y, and it is denoted by z = xSyy.

Definition 2.2. [8] Let f : I — Rg and fix xy € (0, 1).

We say that f is (1)-differentiable at xo, if for all 2 > O sufficiently near to 0, f(xo + h)eyf(xo),
f(x0)en f(xo — h) and the relation

. Jo+menf(xo) . f(x0)Ouf(xo—h)

m = m

hlL0+ h hlLO* h

exists. Then the limit is defined by DV f(xo).
Definition 2.3. [4] Let f € LF(I). The fuzzy Riemann-Liouville integral of fuzzy-valued function f is
defined as follow

1 X
W = f (x = sV f(s)ds, x € (0. 1],
0

where 0 < v < 1.
Definition 2.4. [4,7] Let f : I — Rg, 0 < 8 < 1. We say that f is fuzzy Riemann-Liouville H-
differentiable of order g if

~ v B
1P f(x) = % f(s)ds, x € (0,1]
0

is (1)-differentiable. Then fuzzy Riemann-Liouville H-derivative of order S of function f is denoted
RLDf, f(0) == DVIP f(x) .

Definition 2.5. Let f : I —» Rg, 0 < 8 < 1. We say that f is fuzzy Caputo-type differentiable of order
B if H-difference f(x)ey f(0) exists and I(l);ﬁ (f(x)en f(0)) € ACF(I) satisfies. Then fuzzy Caputo-type
derivative of order g of function f is denoted by

(D, ) = "D, (f(x)enf0)), x € (0,11,

We consider initial value problem of fuzzy multi-term fractional differential equation as

‘DEy(x) = f(x,y(x),“ Dl y(x)), x € I, o
¥(0) = y0,¥0 € Rp. .

Definition 2.6. Let y : I — Rg. y is called the solution of Eq. (2.1) if y is to be “Dg, y(x), “Dg V(x) €
CF(I) and satisfies Eq. (2.1).
Now let consider as follows

‘D, y(x) = 2(x),x € 1,

2.2
3(0) = 0,0 € Re. 22)

Theorem 2.1. Let f of Eq. (2.1) be a continuous function with respect to every variable. If y(x) is the

AIMS Mathematics Volume 4, Issue 3, 613-625.



616

solution of Eq. (2.1), the fuzzy-valued function z(x) which is constructed by z(x) := “Dg, y(x) is the
solution in C* (1) of fuzzy integral equation as follows

_ O
2(x) = f(x,y0® @ ‘Of - S)l_wds, I),"z2(x), x € 1. (2.3)

Conversely if z(x) is the solution in CF(I) of fuzzy integral equation (2.3), y(x) which is constructed by

X

2(s) s
(@) ) (x— )™

y(x) =y @

is the solution of Eq. (2.1).
Let use the following distance structure in CF (1)

Yu,v e CH(I), d"(u,v) := max d(u(z), v(1)).
(CF(I),d") is a complete metric space. For any k, let consider distance as
Yu,v e CF (D), d;(u,v) = max e~ d(u(t), v(?)).
Then the distance d; is equal to the distance d*. Namely

AM,m > 0;Vu,v € CF(I),md,t(u,v) <d'(u,v) < Md,(u,v).

Theorem 2.2. Assume that the function in Eq. (2.3) is continuous in its all variables and especially,
for Yy, y2, 21,22 € Rg and f satisfies the following condition

d(f(x,y1,21), f(x,¥2,22)) < Ly - d(y1,y2) + Ly - d(z1, 22).

Then the fuzzy integral equation (2.3) has the unique solution.
3. Main result

We consider the representation of solution of initial value problem for fuzzy linear multi-term
fractional differential equation with continuous variable coeflicient as

‘Dg,y(x) = a(x)CD€+y(x) dbx)yx)dgkx),xel,0<B<a<l,

+.

3.1
3(0) = yo, 30 € Ry, G-

where a,b € C(I), g € CF(I).
First we will obtain the representation of solution for corresponding fuzzy integral equation (2.3).
If z(x) := “Dj, y(x), the following relations satisfy

y(x) = yo @ I, 2(x).

AIMS Mathematics Volume 4, Issue 3, 613-625.



617

Then we have

‘DY y(x) = D IS, 2(x) = I§.P2(x).

2(x) = a(IL2(x) ® b(x)(yo @ I, 2(x)) ® g(x)

a—B o (3.2)
= a(x)1),”z(x) ® b(x)Ij, z(x) ® g(x) & b(x)yj.

Now let define the operator L by
(L2)(x) := a0, 2(x) ® b()I], 2(x), x€ 1.

From a, b € C(I), it is obvious that L : C*(I) — C¥(I). By using the operator L, the integral equation
(3.2) can be expressed as

2(x) = (Lz)(x) ® g(x) & b(x)yo.

Let 2(x) := g(x) @ b(x)yy. Then the integral equation (3.2) is denoted by
z2(x) = (L7)(x) ® g(x). (3.3)
Also let denote the operator 7oL as
(JeyL)z := z6yLz,
where the operator 7 is identity operator. From Eq. (3.3), we have

2(0)0n(L2)(x) = §(x),

(Z ey L)z(x) = 8(x). (3.4)

Lemma 3.1. Let a, b, ¢, d € Rg. The following relations are satisfied
(1) If (a ® b)oyb exists, then (a ® b)oyb = a.
2) If (a® b)oy(c ® d), (acyc) and (boyd) exist, then

(Cl ® b)@H(C ® d) = (aeyc) ©® (b@Hd)

Proof. First we prove (1). Now let E := (a ® b)eyb. Then we get
E®b=aob.
Also for Vr € [0, 1], we have [E]" = [E",E"],[a]” = [a",a’] and [b]" = [b", b ]. Therefore following

relations holds
[E®b] =[adb],

[EL+b",E, +D.]1=[a_+D",a, + D],
E +b =ad +b",

{ E'+b, =d, +1,
E’ =a’,

{ E. =a..
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Namely E = a.
We prove (2). Let E := (a® b)ey(c ®d), F := (aSyc) ® (boyd). As E® (c ® d) = a ® b stands, for
Vr e [0, 1], we get
[Ef+c  +d E" +c . +d]=[a +Db",a. +b],
E'+c +d =a +b",
{ E +c +d, =ad_ +D.

Therefore

[ A— r r_ L r
E =d, +b - —d,.

In the one hand, let F := (a©yc) ® (boyd), G := aSyc. Because G @ ¢ = a stands, we have

{Eiza’_+bi—cr_—di,

[G” +c,G, +c]=[a,ad,],
G =da -c"
_ —_ .
G,=a -,
{ Fr=a —-c +b —d,
[ A r r r r
Fr=a, -c, +b, -d..

Therefore the proof is completed. O
If z € CF(I) is the solution of the fuzzy integral equation (3.3) and D(Z6yL) is the domain of the

operator 7&yL , we can think the following Lemma.

Lemma 3.2. If z € D(L) is the solution of the integral equation (3.3) and

Vk e {0,---},L*g € D(L).
Then the following relations are satisfied
(1) Yk € N, L*z € D(ToyL),
(2) X Lz € D(Zeyl),
k=0

where D(L) is the domain of the operator L.
Proof. First we prove (1). Because z € D(L) is the solution of the integral equation (3.3), the following
relations are satisfied

z(x) = (Lz2)(x) @ g(x),

Lz(x) = (L*2)(x) & Lg(x),

Lz(x)en(L*z)(x) = Lg(x),

(ZenL)Lz(x) = Lg(x). (3.5)
Consequently we have Lz € D(J©yL). Similarity we can prove
Vk €N, L'ze D(Ioyl).
Next let prove (2). By the assumption of z, we get
2(x) @ Lz(x) = (L2)(x) © §(x) ® (L*2)(x) ® L§(x).
Also the following relation is satisfied
2(0) @ Lz(x) = (L2)(x) ® (L*2)(x) ® 8(x) © LZ(x)
= L(z(x) ® Lz(x)) ® &(x) © Lg(x).
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Therefore we have
(z(x) ® Lz(x))opL(z(x) ® Lz(x)) = §(x) ® Lg(x),

(ZopL)(z(x) ® Lz(x)) = g(x) ® Lg(x),
z2(x) ® Lz(x) € D(J6gL).

In the same way, we can prove Y. L*z € D(IoyL). O
k=0
For z € D(I6eyL), we can know that

TeuLyo ) L'x(x) = ) L'z(euLo ) Lax) = ) L'x(xen ), L'z
k=0 k=0 k=0 k=0 k=0

=@xX)®Lz(x)® - & L"z(x))ou(Lz(x) ® - - & L™ ' z(x)).

where the symbol o means that the operator (Z&yL) is applied to Z L*z(x).

Because z € D(JoyL), z(x)oyLz(x) exists. Also applying the operator L to the both of Eq. (3.4), we
get
L(ZTenL)z(x) = L§(x).

Similarity, we can obtain
L'(z(x)8nLz(x)) = L"2(x)OuL" ' 2(x).

On the other hand, from (2) of Lemma 3.1, we get
z2(x) = (2(0on0) & (Lz(x)onLz(x)) = (z(x) ® Lz(x))On(0 & Lz(x))
= (z(x) ® Lz(x))on(Lz(x) ® 0) = (I o L)z(x) & Lz(x)

= (I oy L)z(x) ® (I 6 L)Lz(x) ® L*z(x)
= (I en L)(z(x) ® Lz(x)) & L*z(x)

={eyl)o Z Lfz(x) @ L™ 'z(x).
k=0

Namely
(IoyL) o Z Lro(x) = 2oL 7(x). (3.6)

Let estimate d;((A), Lz) for Yk > 0. Since
d;(0,Lz) = max e Md(0, Lz(1)) = max e d(0, a(t) I} 2(t) ® b(1)IZ, 2(1))
< max e {d(0, a1 2(1) + d(©. b5, 2(1)]
= max e {la(o)l - d(©. I, P2(6)) + 1b(2)] - d(O. I§, (1))}
kt

d(0, 1%, z(9) < 1%,d(0, 2(1)) < e—d*(O 2)
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and
M
50, 2),

d0, I, z(1) < =

we have X A A
di(0,Lz) < maxe™ {la@]- d©, ;7" z0) + b)) - d(©, Ig, (1)

» ekt oA ekt A
< max e {|a(r)| %02 + b)) =i O, z)}

ka—ﬁ

= {”a(t)“C(l) : @

1 A
+16Ollca) - —}dZ(O, 2).

If there is a positive number k. satisfying

1 1
= ||a(t . + ||b(¢ =<1,
w = |la@®llcq) P lb@llca 7

*

then we have
d; (0, Lz) < wd; (0, 2).

Therefore A ) A
d; (0, L?z) < wd; (0, Lz) < w?d; (0,2),

(0 X 37
d; (0,L"z) < w'd; (0, 2). 7

Now let denote as
S (x) := z(x)ey L 2(x).

Then we get
S(x)® L™ z(x) = z(x).

Therefore
d(z(x)er L™ 2(x), 2(x)) = d(S (x), S (x) ® L""'2(x)) = d(0, L"'z(x)).

From Eq. (3.7), we have
d; (zeyL"'z,2) = d; (0,L"'2) < w*'d; (0,2).

Namely
lim dj (zoyL"*'z,2) = 0.

Consequently from Eq. (3.6), we hold

(Tenl) o ) L'z(x) = 2(x).
k=0
Similarity from Eq. (3.4), Since
> L TeuLyz(x) = )| Fg(),
k=0 k=0
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we get
20 = > Le). (3.8)
k=0

The following Theorem gives the representation of solution for the proposed problem (3.1).
Theorem 3.1. If Vk € {0,1,---},L¥¢ € D(L) holds, the initial value problem (3.1) has the
representation of the solution as follows

hai k
¥() = 30 @ I§,8(0) & I, (b()y0) @ Y 1§, (@I @ bOIL,) §(x).
k=1
Proof. Eq. (3.8) can be rewritten as
N - A N - a— a k .
W) =308 Y LEw) =30 & Y @I’ & b, 2).
k=1 k=1

Therefore we obtain

YO = 0@ [0 =y S LR S D @I © b 30x)
k=1

ad k
=50 @ I§,8(0 & ) I5. (a0’ @ b(0Ig,) 2(x)
k=1

= 30 I{, (00 ® b)) & D 15, (I @ bIE,) §(x)
k=1

= 30 ® 13,800 ® I3, (b)Y © D 15, (@I & b1, 3.
k=1

The proof is completed. O

4. Examples

We consider the analytical representation of solution for the fuzzy fractional differential equation
as following
‘Dg,y(x) =10 y(x), x €1,
¥(0) = yo,¥0 € Rr.
By using Theorem 3.3, we get g(x) := Ayo, (L2)(x) := A7, z(x), x € I. Therefore the conditions of
Theorem 3.1 are satisfied.
Corollary 4.1. The initial value problem (4.1) have the solution as follows
in case of A > 0,

4.1

Y(xX) = Eq(Ax%) © yo,

in case of 1 <0,
Y(X) = Ezq 1 (12X°) © yo ® Ax" Eg 041 (2%*) O .
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Proof. In case of 4 > 0, we get

y(x) =y®I;, (10y)) & Z I(‘)"+(/llg+)k/1 ® Yo
=1

=y @, Aoy ® ) 1'(15)"" o
k=1

@ X(k+ Da

x (o]
— /l /lk+1
Yo® r(a+1)®y0@; Tkt Dar1) 2%

o0 " e+ D
=yo® y A o}
Yo kZ:;A TG+ Das 1) 0

(o)

(Ax)*
= —_— = E(l A @ .
;F(ka+1)®y0 (Ax*) © yo
Also in case of 1 < 0, we have

YO =30 @15, (10y) @ ) I5.(U5,) (10 y0)
k=1

=y @13, 1oy @ ) A5 oy
k=1

© Yo ® [ AZk(l&)Zkl) ©yo ® ( I ) 1) ©yo
k=1 k=1

a

_*
T(a+1)

- v @ i P x2ka oy ® A x“ O v @ i 2k x(@k+Da o
P4 Teke+ D) Y T+ T 4T T@k+ Dar )

*© o x2ka © - x(2k+1)a
=y®| ) AT |Oy®| ) 1 o)
Yo ; Fka+ D) ""\&” T@k+DatD)

s (ﬂxa)Zk R (/lxa)Zk
= 7 Ax?
(kZ_; TQka+ 1)) 070 kz_(; TCkata+t D)o
= E2q 1 (12X*) © yo ® AX* Epg 041 (A2X*) © yo.

=yo®A

O
Next we consider the representation of solution for initial value problem of the non-homogeneous
fuzzy fractional differential equation with constant coefficient as following

‘Dy,y(x) = 10 y(x) + g(x), x € 1,
y(0) = yo, Yo € Re.

Let’s denote g(x) := g(x) ® Ay, (Lz)(x) := Al z(x), x € I in order to use Theorem 3.1.

Corollary 4.2. If Vk € {0,1,---},L*g € D(L), then initial value problem (4.2) have the solution as

follows

in case of 1 > 0,

(4.2)

Y1) = Eo(Ax") O yo & f(x — 0" g()Eqa(A(x — %)L,
0
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in case of 1 < 0,

Y(X) = Eq 1(A2X%%) © yo ® AXEng o11(A2X*) Oy
@ f (x = ) Esqo(A(x — )*)g(t)dt & A f (x = )2 Eg2a(A2(x — 1)*)g(t)dt.
0 0

Proof. In case of 1 > 0, we get

Y =30 @520 @I, (10 y) @ Y I, (AL,)"(2(x) ® 10 y)
k=1

= %0 @13, (10y0) & Y 15, (U100 & 5,80 @ Y I5.(1U5,) 2(x)
k=1 k=1

= E(x) 0yo ® ) A1 g(x)

k=0

e 1 0
= E,(Ax" A f d

= Eo(Ax*) © yo @ f (x = )7 Ego(A(x — )g(n)dt.
0
And in case of 1 < 0, we obtain

Y =30 @ 1,800 @ IE, (o) @ ) I3, (A1) (5(x) @ Ayo)
k=1

=y0® Y AP g @ ) Sy ey A e @ ) A B 0y
k=0 k=0 k=1 k=1

2k+1 2k+1 -
=Y 2R oye Y Py e Y T e e Y P g (x)
=0 k=0 k=0 k=1

k
_ 2’0: (/12x2a)k o © 1x° (/12x20)k o
“\&T@ka+ )T (LTCkava+ D)

) 1 (s S L[ s
22 f dt P f dt
@ kZ:(; I'((2k + Da) ) (x — t)l—(2k+l)a/ ® kZ:; T(2ka) J (x — t)l—zka

= E2<z,1 (/12x2a) Oy @ /lx(lE2<z,<1+l(/12x2(l) OB

(o)

L7 T(Q2k+ Da+a)

p p _ \Qk+Da
@ f (x = )7 B o (P(x = 1)*)g(t)dt © f (x—t)““[z g X0 )g(t)dt
0 0

= E20 1 (A X*) © Yo ® AX Eg 1 (A2 X*) © yp

® f (x = " Epg o (A(x — *M)g(t)dt & A f (x = % Epg 00 (A2(x — 1*)g(D)dt.
0 0
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5. Conclusion

In this manuscript, we have studied the representation of the solution for initial value problem
for fuzzy linear multi-term fractional differential equations with continuous variable coefficients. We
obtained the representation of solutions for proposed problem by using the representation of solution
of the corresponding fuzzy integral equations.
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