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Abstract: Suppose that M is a complete noncompact Riemannian manifold of dimension n. In the
present paper, we obtain a Hamilton’s gradient estimate for positive solutions of the fast diffusion
equations

∂u
∂t

= ∆um, 1 −
4

n + 8
< m < 1

on M × (−∞, 0] under the geometric flow.
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1. Introduction

Starting with the pioneering work of P. Li and S. T. Yau in the seminal paper [6], gradient
estimates are also called differential Harnack inequalities, because one can obtain the classical
Harnack inequality after integrating the gradient estimate along paths in space-time. These concepts
are very powerful tools in geometric analysis. For example, R. Hamilton established differential
Harnack inequalities for the mean curvature along the mean curvature flow and for the scalar
curvature along the Ricci flow. Both have important applications in the analysis of singularities.

In Perelman’s work on the Poincar conjecture and the geometrization conjecture, differential
Harnack inequality played an important role. Since then, there have been many works on gradient
estimates along the Ricci flow or the conjugate Ricci flow for the solution of the heat equation or the
conjugate heat equation; examples include ([3], [7]). Later, Sun [8] extended these results to general
geometric flow.

Under some curvature constraints, in [4] the authors have established a Hamilton’s gradient
estimates for the fast diffusion equations under Ricci flow on a complete noncompact Riemannian

http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2019.3.497


498

manifold. We can strengthen the assumption of their results by considering the general geometric
flow. In this paper, we will study the interesting Li-Yau type estimate for positive solutions of fast
diffusion equations (FDE for short)

∂u
∂t

= ∆um,m < 1 (1.1)

on complete noncompact Riemannian manifold M with evolving metric under the general geometric
flow.

Before presenting our main results about the equation, it seems necessary to support our idea of
considering this equation. FDE describes physical processes of diffusion in plasma, gas kinetics, thin
liquid film dynamics and so on. This equation also arises in many geometric phenomena, and we refer
the reader to the book [10] for more details. The exact solutions have obtained for anomalous
diffusions in the context of the Tsallis statistics [9]. Also, fractional diffusion equation and diffusion
equation associated with non-extensive statistical mechanics have been studied (for instance, see [2]
and [5]).

Let t ∈ [0,T ] and (M, g(t)) be a complete solution to the general geometric flow

∂gi j

∂t
= 2hi j. (1.2)

To study the positive solution of FDE, we use the following transformation,

f =
m

1 − m
(u1−m − 1) (1.3)

which is known as Hopf transformation of u, and it is very useful in forgoing because

lim
m→1

f = log u.

By above assumption (3.1) can be rewritten as

ft =
m2

(1 − m) f + m

(
∆ f +

2m − 1
(1 − m) f + m

|∇ f |2
)
. (1.4)

Now we can present our main result for the system (3.1) and (1.4) in the following theorem.

Theorem 1.1. Suppose (Mn, g(t))t∈[0,T ] is a complete solution to (1.2) and

−
k
2

gi j ≤ Ri j ≤
k
2

gi j, −
k
2

gi j ≤ hi j ≤
k
2

gi j

on Bρ,T for some positive constant k. Assume that f is any positive solution to (1.4) and 1 −
4

n + 8
<

m < 1. If 0 ≤ f ≤ 1 −
1
m

in Bρ,T for each m, then there exists a constant C = C(n) such that

|∇ f |
1 − f

≤ C
[
(

1
√

m
+ 1)
√

k +
1
ρ

+
1
√

mt

]
in B ρ

2 ,T
with t , 0. Together with the transformation (1.3), we have

m
|∇u|
um ≤ C

[
(

1
√

m
+ 1)
√

k +
1
ρ

+
1
√

mt

]1 − mu1−m

1 − m

in B ρ
2 ,T

with t , 0.
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Bailesteanu, Cao and Pulemotov in [1] proved a gradient estimate for positive solutions to the heat
equation ut = ∆u under the Ricci flow. Now, as a corollary we obtain the same inequality when the
Riemannain metric is evolved by the general geometric flow (1.2).

Corollary 1.2. When m→ 1 and 0 < u ≤ A, we have

|∇u|
u
≤ C

(√
k +

1
ρ

+
1
√

t

)(
1 + log

A
u

)
.

2. Proof of the main theorem

In this section we clue on the proof of our main result. To this end, we need two important lemmas.

Lemma 2.1. Let the smooth positive function f : M × [0,T ] → R satisfies (1.4) and denote w =
|∇ f |2

(1 − f )2 then by assumptions of Theorem (1.1), we have

L(w) ≥
m2(4(2m − 1)(1 − m) − n(1 − m)2)

((1 − m) f + m)3 (1 − f )2w2 +
m2(3m(1 − f ) + f − 2)

((1 − m) f + m)2 w2

−
2(1 − m)|m + f |k

(1 − m) f + m
w +

m2((1 + m) f + 2 − m)
((1 − m) f + m)2(1 − f )

∇w∇ f ,

where

L =
m2

(1 − m) f + m
∆ −

∂

∂t
.

Proof. We have,

wt =
2hi j fi f j

(1 − f )2 +
2 f j∇ j( ft)
(1 − f )2 +

2|∇ f |2 ft

(1 − f )3

=
2hi j fi f j

(1 − f )2 +
2m2 f j∇ j(∆ f )

((1 − m) f + m)(1 − f )2 −
2m2(1 − m)∆ f |∇ f |2

((1 − m) f + m)2(1 − f )2

+
4m2(2m − 1) fi f j fi j

((1 − m) f + m)2(1 − f )2 −
4m2(2m − 1)(1 − m)|∇ f |4

((1 − m) f + m)3(1 − f )2

+
2m2|∇ f |2∆ f

((1 − m) f + m)(1 − f )3 +
2m2(2m − 1)|∇ f |4

((1 − m) f + m)2(1 − f )3 .

Also, notice that

∇iw =
2 f j fi j

(1 − f )2 +
2|∇ f |2 fi

(1 − f )3

= ∆w =
2 f 2

i j

(1 − f )2 +
2 f j∆( f j)
(1 − f )2 +

8 fi f j fi j

(1 − f )3 +
2∆ f |∇ f |2

(1 − f )3 +
6|∇ f |4

(1 − f )4 .

The above computations follow that

L(w) =
2m2 f 2

i j

((1 − m) f + m)(1 − f )2 +
8m2 fi f j fi j

((1 − m) f + m)(1 − f )3
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+
6m2|∇ f |4

((1 − m) f + m)(1 − f )4 +
2m2(1 − m)∆ f |∇ f |2

((1 − m) f + m)2(1 − f )2 +
4m2(1 − m)(2m − 1)|∇ f |2

((1 − m) f + m)3(1 − f )2

+
2m2 f j∆( f j)

((1 − m) f + m)(1 − f )2 −
2m2 f j∇ j(∆ f )

((1 − m) f + m)(1 − f )2 −
2Ri j fi f j

(1 − f )2

−
4m2(2m − 1) fi f j fi j

((1 − m) f + m)2(1 − f )2 −
2m2(2m − 1)|∇ f |4

((1 − m) f + m)2(1 − f )3 .

By the Bochner formula, we have
fi( f j ji − fi j j) = Ri j fi f j

and
6m2 fi f j fi j

((1 − m) f + m)(1 − f )3 =
3m2∇w∇ f

((1 − m) f + m)(1 − f )
−

6m2|∇ f |4

((1 − m) f + m)(1 − f )4 ,

so, we deduce that

L(w) =
2m2 f 2

i j

((1 − m) f + m)(1 − f )2 +
2m2 fi f j fi j

((1 − m) f + m)(1 − f )3

+
2m2(1 − m)∆ f |∇ f |2

((1 − m) f + m)2(1 − f )2 +
4m2(1 − m)(2m − 1)|∇ f |4

((1 − m) f + m)3(1 − f )2

+
2m2Ri j fi f j

((1 − m) f + m)(1 − f )2 +
2hi j fi f j

(1 − f )2 +
2m2(2m − 1)|∇ f |4

((1 − m) f + m)2(1 − f )3

+
3m2∇w∇ f

((1 − m) f + m)(1 − f )
−

2m2(2m − 1)
((1 − m) f + m)2∇w∇ f .

We have the following estimate for the first three terms of the above formula,

2m2 f 2
i j

((1 − m) f + m)(1 − f )2 +
2m2 fi f j fi j

((1 − m) f + m)(1 − f )3 +
2m2(1 − m)∆ f |∇ f |2

((1 − m) f + m)2(1 − f )2

≥
m2

(1 − m) f + m

n∑
i, j=1

( fi j

1 − f
+

fi f j

(1 − f )2

)2
−

m2 f 2
i f 2

j

((1 − m) f + m)(1 − f )4

+
m2

((1 − m) f + m)(1 − f )2

( fi j
√

n
+

√
n(1 − m)|∇ f |2

(1 − m) f + m

)2
−

nm2(1 − m)2|∇|2

((1 − m) f + m)3(1 − f )2

≥ −
m2 f 2

i f 2
j

((1 − m) f + m)(1 − f )4 −
nm2(1 − m)2|∇ f |4

((1 − m) f + m)3(1 − f )2 .

On the other hand,

2m2Ri j fi f j

((1 − m) f + m)(1 − f )2 +
2hi j fi f j

(1 − f )2 ≥ −
2(1 − m)k|m + f ||∇ f |2

((1 − m) f + m)(1 − f )2 ,

where we have used inequalities −kgi j ≤ Ri j + hi j ≤ kgi j, f ≤ 0 and f 2
i j ≥

f 2
ii
n . Therefore,

L(w) ≥ −
m2 f 2

i f 2
j

((1 − m) f + m)(1 − f )4 −
nm2(1 − m)2|∇ f |4

((1 − m) f + m)3(1 − f )2
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−
2(1 − m)k|m + f ||∇ f |2

((1 − m) f + m)(1 − f )2 +
4m2(1 − m)(2m − 1)|∇ f |4

((1 − m) f + m)3(1 − f )2

+
2m2(2m − 1)|∇ f |4

((1 − m) f + m)2(1 − f )3 +
m2((1 + m) f + 2 − m)

((1 − m) f + m)2(1 − f )
∇w∇ f

=
m2(4(2m − 1)(1 − m) − n(1 − m)3)

((1 − m) f + m)3 (1 − f )2w2 +
m2(3m(1 − f ) + f − 2)

((1 − m) f + m)2 w2

−
2(1 − m)|m + f |k

(1 − m) f + m
w +

m2((1 + m) f + 2 − m)
((1 − m) f + m)2(1 − f )

∇w∇ f .

�

In order to get the desired result, we take a cut-off function Ψ by Li-Yau [6] on B ρ
2 ,T

. Define a smooth
function Ψ : M × [0,T ] → R by Ψ(x, t) = Ψ̃(dis(x, x0, t), t), supported in B ρ

2 ,T
. The construction of Ψ

depends on its properties as came in the following lemma.

Lemma 2.2. [4] For a given τ ∈ (0,T ], the smooth function Ψ̃ satisfies the following properties:

1. 0 ≤ Ψ̃ ≤ 1 on [0, ρ] × [0,T ].

2. Ψ̃(r, t) = 1 on [0,
ρ

2
] × [τ,T ] and

∂Ψ̃

∂r
(r, t) = 0 on [0,

ρ

2
] × [0,T ].

3.
|∂tΨ̃|

Ψ
1
2

≤
C
τ

on [0,∞) × [,T ], C > 0 and Ψ̃(r, 0) = 0 where r ∈ [0,∞).

4. −
Ca

ρ
≤
∂rΨ̃

Ψ̃a
≤ 0 and

∂2
r Ψ

Ψ̃a
≤

Ca

ρ2 for a ∈ (0, 1).

Now we are prepare to prove our main theorem.

Proof of Theorem 1.1: Assume the same notation of f and w in the Lemma (2.1). Denote β = −
∇ f

1 − f
.

Straightforward computations show that

L(Ψw) = L(w)Ψ +
2m2

(1 − m) f + m
∇Ψ∇w +

m2

(1 − m) f + m
∆Ψ.w − Ψtw

≥
m2(4(2m − 1)(1 − m) − n(1 − m)2)

((1 − m) f + m)3 (1 − f )2Ψw2

+
m2(3m(1 − f ) + f − 2)

((1 − m) f + m)2 Ψw2 −
2(1 − m)|m + f |k

(1 − m) f + m
Ψw

−
m2((1 + m) f + 2 − m)

((1 − m) f + m)2 β∇(Ψw) +
m2((1 + m) f + 2 − m)

((1 − m) f + m)2 β∇Ψ.w

+
2m2

(1 − m) f + m
∇Ψ

Ψ
∇(Ψw) −

2m2

(1 − m) f + m
|∇Ψ|2

Ψ
w

+
m2

(1 − m) f + m
∆Ψ.w − Ψtw.

Let (x1, t1) be a point, at which the function Ψw attains its maximum value and x1 is not in the cut-locus
of M by [6]. Then at the point (x1, t1) the following conditions are hold.

∆(Ψw) ≤ 0, (Ψw)t ≥ 0, ∇(Ψw) = 0.
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It follows that

(1 − m)(4(2m − 1) − n(1 − m))
(1 − m) f + m

(1 − f )2Ψw2 + (3m(1 − f ) + f − 2)Ψw2

≤
2(1 − m)((1 − m) f + m)|m + f |k

m2 Ψw − ((1 + m) f + 2 − m)β∇Ψ.w (2.1)

+ 2((1 − m) f + m)
|∇Ψ|2

Ψ
w − ((1 − m) f + m)∆Ψ.w +

((1 − m) f + m)2

m2 Ψtw.

Since m ∈
(
1 −

4
8 + n

, 1
)

the first term on the left side of the above inequality is positive,

(1 − m)(4(2m − 1) − n(1 − m))
(1 − m) f + m

≥ 0.

Because, 0 < f ≤ 1 −
1
m

, the second term satisfies

3m(1 − f ) + f − 2 > (1 − m) f + m.

The above inequalities together with (2.1), yield that

Ψw2 ≤
2(1 − m)|m + f |k

m2 Ψw −
(1 + m) f + 2 − m

(1 − m) f + m
β∇Ψ.w (2.2)

+2
|Ψ|2

Ψ
w − ∆Ψ.w +

(1 − m) f + 2 − m
m2 Ψtw.

In foregoing, we estimate each term on the right hand side of (2.2). Using Ψ
1
2 ≤ 1, for the fist term we

have
2(1 − m)|m + f |k

m2 Ψw ≤
1
8

Ψw2 +
(1 − m)2(m + f )2

m4 c1k2,

where c1 is a positive constant. And for the second term, we proceed as in the following

−
(1 + m) f + 2 − m

(1 − m) f + m
β∇Ψ.w ≤

(1 + m) f + 2 − m
(1 − m) f + m

∇Ψ.w
3
2

≤ Ψ
3
4 w

3
2 .

(1 + m) f + 2 − m
(1 − m) f + m

|∇Ψ|

Ψ
3
4

≤
1
8

Ψw2 +
((1 + m) f + 2 − m)4

((1 − m) f + m)4

c2

ρ4

with chosen positive constant c2. Straightforward computations show that the following inequalities
hold

2
|∇Ψ|2

Ψ
w = Ψ

1
2 w.2
|∇Ψ|2

Ψ
3
2

≤
1
8

Ψw2 +
c3

ρ4

−∆Ψ.w ≤
1
8

Ψw2 +
c4

ρ4 + c4k2,
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where c3 and c4 = c4(n) are positive constants. Finally, for the last term, denote γ =
(1 − m) f + m

m2 and
it follows that

γ
∂Ψ

∂t
w ≤ γ|

∂Ψ̄

∂t
|w + γ|

∂Ψ̄

∂r
||
∂

∂t
dist|w

≤
1

16
Ψw2 + γ2 c5

τ2 + γ
C 1

2

ρ
Ψ

1
2 . sup

∫ dist

0
|Ric

(dζ(s)
ds

,
dζ(s)

ds

)
|ds

≤
1

16
Ψw2 + γ2 c5

τ2 + γC 1
2
kwΨ

1
2

≤
1

18
Ψw2 + γ2 c5

τ2 + c6γ
2k2 c5, c6 > 0.

Adding these inequalities into (2.2), we deduce

Ψ2w2 ≤ Ψw2

≤ C′′
[( (1 − m)2(m + f )2

m4 +
((1 − m) f + m)2

m4 + 1
)
k2

+
( ((1 + m) f + 2 − m)4

((1 − m) f + m)4 + 1
) 1
ρ4 +

((1 − m) f + m)2

m4

1
τ2

]
at (x1, t1) with C′′ = C′′(n) = 2 max{c1, . . . , c6} is a positive real. Applying the inequality

√
x2 + y2 ≤

x + y which holds for x, y ≥ 0 and using Ψ(x, τ) ≤ 1, then for all x ∈ M we have the following estimate

w(x, τ) = (Ψw)(x, τ) ≤ (Ψw)(x1, t1)

≤ C′2
[( (1 − m)2|m + f |

m2 +
(1 − m) f + m

m2 + 1
)
k

+
( ((1 + m) f + 2 − m)2

((1 − m) f + m)2 + 1
) 1
ρ2 +

(1 − m) f + m
m2

1
τ

]
,

where C′ =
√

C′′. Since τ ∈ (0,T ] was chosen arbitrary, we obtain

|∇ f (x, t)
1 − f (x, t)

≤ C′
[( √

(1 − m)|m + f |
m

+

√
(1 − m) f + m

m
+ 1

)
k

+
( (1 + m) f + 2 − m

(1 − m) f + m
+ 1

)1
ρ

+

√
(1 − m) f + m

m
1
√

t

]
.

Since 0 < f ≤ 1 −
1
m

, we know
(1 + m) f + 2 − m

(1 − m) f + m
+ 1 ≤ 2.

Notice that
|m + f | =

m
1 − m

|u1−m − m| ≤
m(1 + m)

1 − m
,

(1 − m) f + m = mu1−m ≤ m.
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Finally we obtain
|∇ f |

1 − f
≤ C

[
(

1
√

m
+ 1)
√

k +
1
ρ

+
1
√

mt

]
with C = C(n). Now by replacing f with u, the above inequality yields

m
|∇u|
um ≤ C

[
(

1
√

m
+ 1)
√

k +
1
ρ

+
1
√

mt

]1 − mu1−m

1 − m
,

which finishes the proof of the theorem. �

Now we present the proof of Corollary 1.2 . Indeed, when m→ 1 and 0 < u ≤ A, we have

lim
m→1

1 − mu1−m

1 − m
= lim

m→1
(1 − f ) = 1 + log

A
u

Then
|∇u|

u
≤ C

(√
k +

1
ρ

+
1
√

t

)(
1 + log

A
u

)
which completes the desired result.

3. Conclusion

Fast diffusion equations are important types of partial differential equations. These equations play
an important role in describing physical processes of diffusion in plasma, gas kinetics, thin liquid film
dynamics and so on. Also, this equation also arises in many geometric phenomena. In this paper, we
considered the fast diffusion equations

∂u
∂t

= ∆um,m < 1 (3.1)

on complete noncompact Riemannian manifold M with evolving metric under the general geometric
flow. Under some curvature constraints, we established a Hamiltons gradient estimates for this equation
under general geometric flows. Depending on the physical problem and how the metric evolves, this
estimate will have important interpretation in that physical phenomena.

Conflict of interest

The author declares that there is no conflicts of interest in this paper.

References

1. M. Bailesteanu, X. D. Cao, A. Pulemotov, Gradient estimates for the heat equation under the Ricci
flow, J. Funct. Anal., 258 (2010), 3517–3542.

2. L. R. Evangelista, E. K. Lenzi, Fractional diffusion equations and anomalous diffusion, Cambridge
University Press, 2018.

AIMS Mathematics Volume 4, Issue 3, 497–505.



505

3. S. Kuang and Q. S. Zhang, A gradient estimate for all positive solutions of the conjugate heat
equation under Ricci flow, J. Funct. Anal., 255 (2008), 1008–1023.

4. H. Li, H. Bai, G. Zhang, Hamiltons gradient estimates for fast diffusion equations under the Ricci
flow, J. Math. Anal. Appl., 444 (2016), 1372–1379.

5. G. A. Mendes, M. S. Ribeiro, R. S. Mendes, et al. Nonlinear Kramers equation associated with
nonextensive statistical mechanics, Phys. Rev. E, 91 (2015), 052106.

6. P. Li, S.-T. Yau, On the parabolic kernel of the Schrdinger operator, Acta Math., 156 (1986),
153–201.

7. S. P. Liu, Gradient estimates for solutions of the heat equation under Ricci flow, Pac. J. Math., 243
(2009), 165–180.

8. J. Sun, Gradient estimates for positive solutions of the heat equation under geometric flow, Pac. J.
Math., 253 (2011), 489–510.

9. C. Tsallis, D. J. Bukman, Anomalous diffusion in the presence of external forces: Exact time-
dependent solutions and their thermostatistical basis, Phys. Rev. E, 54 (1996).

10. J. L. Vzquez, Smoothing and Decay Estimates for Nonlinear Diffusion Equations, Oxford Lecture
Ser. Math. Appl., Vol. 33, Oxford University Press, Oxford, 2006.

c© 2019 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 4, Issue 3, 497–505.

http://creativecommons.org/licenses/by/4.0

	Introduction
	Proof of the main theorem
	Conclusion

