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1. Introduction and Preliminaries

For over a half century, fractional calculus played an important role in complex phenomena in
engineering and the applied sciences . For easy application of fractional calculus mathematician gave
many different definitions of fractional derivatives and integrals, out of which the most commonly used
and invoked is the Riemann-Liouville operator. For detail see [1, 2].

Definition 1.1. Let f (x) ∈ L1[a, b] and α > 1 then the Riemann-Liouville fractional integral of order
α is

Iαa+ f (x) =
1

Γ (α)

∫ x

a
(x − τ)α−1 f (τ) dτ. (1.1)

It is clear that the right side is defined point-wise on [a, b], where Γ (α) =
∫ ∞

0
(τ)α−1 eτ dτ, is the

well-known gamma function.

Definition 1.2. Let f : [a, b] → <, where f (x) ∈ L1[a, b] and α > 0, then the Riemann-Hadamard
fractional integral of order α of a function f is

(
HIαa+ f

)
(x) =

1
Γ (α)

∫ x

a

f (τ)
τ [ln (x) − ln (τ)]1−αdτ. (1.2)
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Definition 1.3. ( [3],see also [4], [5]) Let f : [a, b]→<, where f (x) ∈ L1[a, b] and α > 0, and ρ > 0,
the Riemann-Katugampola fractional integral of order α of a function f is

(
Iα,ρa+ f

)
(x) =

ρ1−α

Γ (α)

∫ x

a

τρ−1 f (τ)
[xρ − τρ]1−αdτ. (1.3)

Remark 1.1. In generalized fractional integral, if α ∈ C, Re (α) ≥ 0, n = dRe (α)eand ρ > 0.Then for
x > 0

1. lim
ρ→1

(
ρIα0+

f
)

(x) = 1
Γ(α)

∫ x

0
(x − τ)α − 1 f (τ) dτ,

2. lim
ρ→o+

(
ρIα0+

f
)

(x) = 1
Γ(α)

∫ x

0

(
log x

τ

)α − 1 f (τ)
τ

dτ.

Definition 1.4. A real valued function f (x) , x ≥ 0is said to be in the space Cµ, µ ∈ R,if there exist a
real number p > µsuch that f (t) = tp f1 (t) , where f1 (t) ∈ C ([0,∞)).

In this paper we have considered the following functional

T ( f , g) =
1

(b − a)

∫ b

a
f (x)g(x)dx −

1
(b − a)

(∫ b

a
f (x)dx

) (
1

(b − a)

∫ b

a
g(x)dx

)
, (1.4)

The inequality (2.1) has various generalizations that have appeared in the literature; see ( [6–14]).
A number of inequalities have appeared in the literature; see ( [6–14]). The main aim of this paper is to
generalize the results of [10] by using the Katugampola’s fractional integral operator and the procedure
which have used is similar to the method describe in [10].

2. Main results

Definition 2.1. Let f , g : [a, b] → <,. A function f and g are two integral functions which are
synchronous on [a, b] if

A (x, y) = ( f (x) − f (y)) (g (x) − g (y)) ≥ 0; x, y ∈ [a, b] . (2.1)

Theorem 2.1. Let f and g be two functions synchronous on [0, ∞) . Then for all t > 0, α > 0, we have

ρIα0 ( f g) (x) ≥
Γ (α + 1)
ραxρα+ρ−1

ρIα0 f (x) ρIα0 g (x) , (2.2)

Proof. Since the function f and g are synchronous on [0,∞) , than for all τ ≥ 0, η ≥ 0, we have

( f (τ) − f (η)) (g (τ) − g (η)) ≥ 0. (2.3)

or
f (τ) g (τ) + f (η) g (η) ≥ f (τ) g (η) + g (τ) f (η) , (2.4)

on multiplying both sides of (2.4) by ρ1−α

Γ(α)
τρ−1

(xρ−τρ)1−α and then integrating with respect to τ on both sides
of equation over (0, x), we get

ρ1−α

Γ(α)

∫ x

0
τρ−1 f (τ)g(τ)
(xρ−τρ)1−α dτ +

ρ1−α

Γ(α)

∫ x

0
τρ−1 f (η)g(η)
(xρ−τρ)1−α dτ

≥
ρ1−α

Γ(α)

∫ x

0
τρ−1 f (τ)g(η)
(xρ−τρ)1−α dτ +

ρ1−α

Γ(α)

∫ x

0
τρ−1g(τ) f (η)
(xρ−τρ)1−α dτ,

(2.5)
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or
ρIα0 ( f g) (x) + f (η) g (η) ρ1−α

Γ(α)

∫ x

0
τρ−1

(xρ−τρ)1−α dτ

≥ g (η) ρ1−α

Γ(α)

∫ x

0
τρ−1 f (τ)

(xρ−τρ)1−α dτ + f (η) ρ1−α

Γ(α)

∫ x

0
τρ−1g(τ)

(xρ−τρ)1−α dτ,
(2.6)

we get
ρIα0 ( f g) + f (η) g (η) ρIα0 (1) ≥ g (η) ρIα0 ( f ) + f (η) ρIα0 (g) . (2.7)

Now again multiplying both sides of (2.7) byρ1−α

Γ(α)
ηρ−1

(xρ−ηρ)1−α , than integrating both sides with respect to η
over (0, x), we get

ρIα0 ( f g) (x) ρ1−α

Γ(α)

∫ x

0
ηρ−1

(xρ−ηρ)1−α dη + ρIα0 (1) ρ1−α

Γ(α)

∫ x

0
f (η)g(η)ηρ−1

(xρ−ηρ)1−α dη

≥ ρIα0 ( f ) ρ1−α

Γ(α)

∫ x

0
g(η)ηρ−1

(xρ−ηρ)1−α dη + ρIα0 (g) ρ1−α

Γ(α)

∫ x

0
f (η)ηρ−1

(xρ−ηρ)1−α dη,
(2.8)

After simple calculation

ρIα0 (1)
(ρIα0 ( f g) (x) +ρIα0 ( f g) (x)

)
≥ρIαa+( f )ρIαa+ (g) +ρIαa+( f )ρIαa+ (g) ,

which gives
ρIα0 ( f g) (x) ≥

ρIαa+ ( f ) ρIαa+ (g)
ρIα0 (1)

, (2.9)

or
ρIα0 ( f g) (x) ≥

Γ (α + 1)
ραxρα+ρ−1

ρIα0 f (x) ρIα0 g (x) , (2.10)

and this ends the proof. �

Theorem 2.2. Let f and g be two functions synchronous on [0,∞) ,then for all x > 0, α > 0, β > 0,
we have

ραxρα+ρ−1

Γ (α + 1)
ρIα0 ( f g) (x) +

ρβxρβ+ρ−1

Γ (β + 1)
ρIβ0 ( f g) (x) ≥ ρIα0 f (x) ρIβ0 g (x) + ρIβ0 f (x) ρIα0 g (x) . (2.11)

Proof. We can prove Theorem 2.2 by the similar method which we have used in Theorem 2.1. We can
say

(x−ρ)β−1

Γ(β)
ρIα0 ( f g) (x) + ρIα0 (1) (x−ρ)β−1

Γ(β) f (τ) g (τ)

≥
(x−τ)β−1

Γ(β) g (τ) ρIα0 ( f ) (x) +
(x−τ)β−1

Γ(β) f (τ) τIα0 ( f ) (x) ,
(2.12)

on integrating (2.12) over (0, x), with respect to τ we get

ρIα0 ( f g)(x)
Γ(β)

∫ x

0
(x − τ)β−1 dτ +

ρIα0 (1)
Γ(β)

∫ x

0
(x − τ)β−1 f (τ) g (τ) dτ

≥
ρIα0 ( f )(x)

Γ(β)

∫ x

0
(x − τ)β−1 g (τ) dτ +

ρIα0 ( f )(x)
Γ(β)

∫ x

0
(x − τ)β−1 f (τ) dτ

(2.13)

we get the required result. �

Remark 2.1. Theorem 2.2 can also be proved by putting α = β in Theorem 2.1.

Remark 2.2. The inequalities defined in Theorem 2.2 and Theorem 2.1 for α = β are reversed if the
functions are asynchronous on [0,∞) , i.e. ( f (x) − f (y)) (g (x) − g (y)) ≤ 0, for any x, y ∈ [0,∞).
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Theorem 2.3. Let f1, f2 ..., fn be n positive increasing functions on [0,∞) .Then for any x > 0, α > 0,we
have

ρIα0

 n∏
i=1

fi

 (x) ≥
∏n

i=1
ρIα0 ( fi) (x)(

ρIα0 (1)
)n−1 . (2.14)

Proof. We can prove this Theorem by mathematical induction.
For n = 1, we have

ρIα0 ( f1) (x) ≥ ρIα0 ( f1) (x) , (2.15)

for all x > 0, α > 0,
for n = 2,on using Theorem 2.1,we have

ρIα0 ( f1 f2) (x) ≥
ρIα0 ( f1) (x) ρIα0 ( f2) (x)(

ρIα0 (1)
) , (2.16)

for all x > 0, α > 0. Now, suppose that the above relation is true for n − 1

ρIα0

 n−1∏
i=1

fi

 (x) ≥
∏n−1

i=1
ρIα0 ( fi) (x)(

ρIα0 (1)
)n−2 , (2.17)

for all x > 0, α > 0.
Since ( fi)where i = 1, 2, ..., n are positive increasing functions, then their product

(∏n−1
i=1 fi

)
(x) is also

increasing function.
Now let us consider

∏n−1
i=1 fi = g and fn = f .Then from Theorem 2.1, we can say that

ρIα0

 n∏
i=1

fi

 (x) =ρIα0

 n−1∏
i=1

fi. fn

 (x) ≥
(ρIα0 (1)

)−1

ρIα0  n−1∏
i=1

( fi)

 (x)

 (ρIα0 ( fn) (x)
)
. (2.18)

On using the relation (2.17), we get

ρIα0

 n∏
i=1

fi

 (x) ≥
(ρIα0 (1)

)−1

(ρIα0 (1)
)2−n

 n−1∏
i=1

ρIα0 ( fi)

 (x)

 (ρIα0 ( fn) (x)
)
. (2.19)

On that way we can say that the above defined theorem is true for all values of n.
�

Theorem 2.4. Let us consider f and g are two functions defined on [0,∞) ,such that f is increasing, g
is differentiable and there exists a real numberp = inft≥0 g′ (x). Then we get the inequality

ρIα0 ( f g) (x) ≥
(ρIα0 (1)

)−1 ρIα0 ( f ) (x) ρIα0 (g) (x) −
px

α + 1
ρIα0 ( f ) (x) + pρIα0 (x f (x)) , (2.20)

for all t > 0, α > 0,
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Proof. Let us suppose the function h (x) = g (x) − px, where h is differentiable and it is increasing
on[0,∞) . Thus, from Theorem (2.1), we can say

ρIα0 ((g − px) f (x)) ≥
(
ρIα0 (1)

)−1
ρIα0 ( f ) (x)

(
ρIα0 (g) (x) − pρIα0 (x)

)
≥

(
ρIα0 (1)

)−1ρ
Iα0 ( f ) (x)ρIα0 (g) (x) − p(ρIα0 (1))−1

xα+1

Γα+2

ρ

Iα0 (x)

≥
(
ρIα0 (1)

)−1ρ
Iα0 ( f ) (x)ρIα0 (g) (x) − px

α+1
ρIα0 (x) .

(2.21)

Hence we get

ρIα0 ( f g) (x) ≥
(ρIα0 (1)

)−1 ρIα0 ( f ) (x) ρIα0 (g) (x) −
px

α + 1
ρIα0 ( f ) (x) + pρIα0 (x f (x)) . (2.22)

�

3. Corollaries and consequences

Upon setting ρ→ 1 in above Theorems,we have the following corollaries for Reimann-Liuville

Corollary 3.1. Let f and g be two functions synchronous on [0, ∞) . Then for all t > 0, α > 0, we have

Iα0 ( f g) (x) ≥
Γ (α + 1)

xα
Iα0 f (x) Iα0 g (x) . (3.1)

Corollary 3.2. Let f1, f2 ..., fn be n positive increasing functions on [0,∞) .Then for any x > 0, α >

0,we have

Iα0

 n∏
i=1

fi

 (x) ≥
(
Γ(α + 1)

xα

)n−1 n∏
i=1

Iα0 ( fi) (x) . (3.2)
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