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Abstract: Let/ > 1 be an integer and a,, ..., a; be arbitrarily given [ distinct elements of the finite
field F, of g elements with the odd prime number p as its characteristic. Let D = F \{ay,...,q;} and
k be an integer such that 2 < k < g — [ — 1. For any f(x) € F,[x], we let f(D) = (f(y1),. .., f(yg-1) if
D = {yi,...,y41} and ¢, (f(x)) be the coefficient of x*~1 of f(x). In this paper, by using Diir’s theorem
on the relation between the covering radius and minimum distance of the generalized projective Reed-
Solomon code GPRS,(D, k), we show that if u(x) € F,[x] with degu(x) = k, then the received word
(u(D), ci-1(u(x))) is a deep hole of GPRS,(D, k) if and only if }}y # O for any subset / C D with

yel
#(I) = k. We show also that if j is an integer with 1 < j < land u;(x) := A;(x — a)?> + vix*"' +
S(Q_z(x) with 4; € F, v; € F, and S(Q_Z(x) € F,[x] being a polynomial of degree at most k — 2, then
(uj(D), cr-1(uj(x))) is a deep hole of GPRS (D, k) if and only if (Z:?)(—aj)q‘l‘k Hl(aj —y)+e # 0 for
ye

any subset / C D with #(I) = k, where e is the identity of F . Furthermore, (u(F}), c;-1(u(x))) is not a
deep hole of the primitive projective Reed-Solomon code PPRS,(F, k) if deg u(x) = k, and (u(F}), 6)
is a deep hole of PPRS,(F;, k) if u(x) = Ax47 + 6x*"! + fo(x) with 2 € F} and 6 € F,.
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1. Introduction and the statements of the main results

Let F, be the finite field of g elements with p as its characteristic. Let n and k be positive integers
such that k < n. Let D = {x;,---,x,} be a subset of F,, which is called the evaluation set. The
generalized Reed-Solomon code GRS (D, k) of length n and dimension k over F, is defined by:

GRS (D, k) == {(f(x1), ..., f(xx) € Fy | f(x) € Fylx], deg f(x) < k—1}.
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Moreover, the generalized projective Reed-Solomon code GPRS (D, k) of length n + 1 and dimension
k over F, is defined as follows:

GPRS,(D, k) := {(f(x1)s -, [(xa), i1 (f(0))) € By | f(x) € Fy[x], deg f(x) < k= 1},

where c¢;_;(f(x)) is the coefficient of x*! of f(x). If D = F* , then it is called primitive projective
Reed-Solomon code, namely,

PPRS,(F;, k) := {(f(1),..., f(@"),ci1(f(x)) € F | f(x) € Fylx],deg f(x) <k~ 1},

where a is a primitive element of F,,. If D = F,, then it is called the extended projective Reed Solomon
code. Foru = (uy,...,u,) € FZ, v=0W,...,V) € F’;, the Hamming distance d(u, v) is defined by

du,v) =#Hl1<i<n|u #v,u € F,v; € F,}.
For any [n, k], linear code C, the minimum distance d(C) is defined by
d(C) :=min{d(x,y) | x € C,y e C,x # y},

where d(-, -) denotes the Hamming distance of two codewords. A linear [n, k, d] code is called maximum
distance separable (MDS) code if d = n—k+ 1. The error distance to code C of a received word u € F;
is defined by

du,C) := rsleicn{d(u, w}.

Clearly, d(u, C) = 0 if and only if # € C. The maximum error distance
p(C) = max{d(u,C) | u € F}

is called the covering radius of C.

The most important algorithmic problem in coding theory is the maximum likelihood decoding
(MLD): Given a received word u € FZ, find a codeword v € C such that d(u,v) = d(u,C), then we
decode u to v [1]. Therefore, it is very crucial to decide d(u, C) for the received word u. Guruswami
and Sudan [2] provided a polynomial time list decoding algorithm for the decoding of u when
du,C) < n- Vnk. When the error distance increases, Guruswami and Vardy [3] showed that
maximume-likelihood decoding is NP-hard for the family of Reed-Solomon codes. We also notice that
Diir [4] studied the Cauchy codes. In particular, Diir [4] got the relation between the covering radius
and minimum distance of GPRS, (D, k). When decoding the generalized projective Reed-Solomon
code GPRS,(D, k), for a received word u = (ui,...,u,, Uys1) € FZ“, we define the Lagrange
interpolation polynomial u(x) of the first n components of u by

n

u(x) := Z u; ﬁ ;__);] € F,[x],
J

i=1 =1 71
J#i

1.e., u(x) is the unique polynomial of degree deg u(x) < n — 1 such that u(x;) = u; for1 <i <n. Itis
clear that u € GPRS,(D, k) if and only if d(u, GPRS, (D, k)) = 0 if and only if degu(x) < k-1 and
Ck—1(u(x)) = u,.1. Equivalently, u ¢ GPRS,(D, k) if and only if d(u, GPRS,(D, k)) > 1 if and only if
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k < degu(x) < n—1 or ¢;_1(u(x)) # u,.. Evidently, we have the following simple bounds of
d(u, GRS (D, k)) which are due to Li and Wan.

Theorem 1.1. [5] Let u be a received word such that u ¢ GRS (D, k). Then

n —degu(x) < d(u,GRS,(D,k)) <n -k = p(GRS,(D,k)).

Let u € Fj. If d(u, GRS,(D, k)) = p(GRS,(D, k)), then the received word u is called a deep hole
of GRS,(D, k). From Theorem 1.1, one can easily see that the received word u is a deep hole of
GRS (D, k) if its Lagrange interpolation polynomial is of degree k. In 2012, Wu and Hong [6] found
another class of deep holes for the standard Reed-Solomon code GRSq(FZ, k). In fact, if ¢ > 4 and
2 < k < g — 2, then they showed that the received word u is a deep hole if its Lagrange interpolation
polynomial is of the form ax?? + f_;(x) with a € F, and fo-1(x) € F,[x] is a polynomial of degree
at most k — 1. In [7], Hong and Wu proved that the received word u is a deep hole of the generalized
Reed-Solomon code GRS, (D, k) if its Lagrange interpolation polynomial is A(x — a)?? + fo_1(x),
where 1 € Fz,ai € F,\D and f4_(x) € F [x] being a polynomial of degree at most k — 1. In [8],
Zhuang, Lin and Lv investigated the deep hole trees of generalized Reed-Solomon codes.

In what follows, we let [ be a positive integer and a;, ..., a; be any fixed [ distinct elements of F,,.
Let

D :=F,\ai,...,a}.

We write
D = {yl’ .o ,)’q—l},
and for any f(x) € F,[x], we define

FD) = (fy)s -, f(yg-1)),

and use c¢;_;(f(x)) to denote the coefficient of x*~! of f(x). Then we can rewrite the generalized

projective Reed-Solomon code GPRS(D, k) with evaluation set D as
GPRS(D, k) := {(f(D), ci 1 (f(x))) € F | f(x) € F,[x], deg f(x) < k = 1).

Let u ¢ GPRS,(D, k). If d(u, GPRS,(D, k)) = p(GPRS(D, k)), then u is also called a deep hole of
generalized projective Reed-Solomon code GPRS,(D, k). In 2016, Zhang and Wan [9] studied the
deep holes of projective Reed-Solomon code GPRS(F,, k). In fact, under the assumption that the only
deep holes of GRS, (F,, k) are those received words whose Lagrange interpolation polynomials are of
degree k, they proved the following results by solving a subset sum problem.

Theorem 1.2. [9] Let g be an odd prime power. Assume that 3 < k + 1 < p or
3<qg-p+1<k+1<q-2. Then the received word (f(F,), ci—1(f(x))) with deg f(x) = k is a deep
hole of GPRS(F,, k).

Theorem 1.3. [9] Let deg f(x) > k+ 1 and s := deg f(x) — k + 1. If there are positive constants ¢, and
¢z such that s < c1+/q,(5 + 2)log,(q) < k < caq, then (f(F,), ci-1(f(x))) is not a deep hole of
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GPRS(F,. k).

In this paper, our main goal is to investigate the deep holes of the generalized projective
Reed-Solomon code GPRS,(D, k). Actually, we will present characterizations for the received words
of degrees k and g — 2 to be deep holes of generalized projective Reed-Solomon code GPRS,(D, k).
The main results of this paper can be stated as follows.

Theorem 1.4. Let g be a prime power and let k,l be positive integers such that g > 5 and
2 <k <min(g —3,9g—1—-1). Let u(x) € Fy[x] with degu(x) = k. Then the received word
(u(D), ci-1(u(x))) is a deep hole of the generalized projective Reed-Solomon code GPRS (D, k) if and

only if 3,y # 0 for any subset I C D with #(I) = k.
yel

Theorem 1.5. Let g be a prime power and let k,l be positive integers such that g > 4 and

2<k<qg—1-1. Let jbe an integer with 1 < j <l and let uj(x) := A;(x — aj)q‘2 + ijk‘1 + fs(f_Z(x)

with A; € ¥, v; € ¥, and S(f_z(x) € F,[x] being a polynomial of degree at most k — 2. Then the

received word (uj(D), ci-1(uj(x))) is a deep hole of the generalized projective Reed-Solomon code

GPRS,(D, k) if and only if (Zj)a?_l_k ]_[I(y —a;) # —e for any subset I C D with #(I) = k, where e is
S

the identity of the multiplicative group F,.

From Theorems 1.4 and 1.5, we can deduce the following results on the deep holes of the primitive
projective Reed-Solomon codes. Note that the proof of Corollary 1.6 relies also on a result about the
zero subsets sum of the group F; (see Lemma 2.8 below).

Corollary 1.6. Let g be an odd prime power such that ¢ > 5 and 2 < k < ¢g-3. If
u(x) = AxF + yxb + fa(x) with A € F..v € ¥, and f»(x) € Fy[x] being a polynomial of degree at
most k — 2, then the received word (u(¥,),y) is not a deep hole of the primitive projective
Reed-Solomon code PPRS,(F, k).

Corollary 1.7. Let g > 4 and 2 < k < q — 2. If u(x) = Ax72 + 6x* ' + for(x) with A € F,,6€F,and
f<k2(x) € F,[x] being a polynomial of degree at most k — 2, then the received word (u(F,),0) is a
deep hole of the primitive projective Reed-Solomon code PPRS(F,, k).

Remark 1.8. Letting 6 = 0. Corollary 1.7 gives us the main result of [10].

In the proofs of Theorems 1.4 and 1.5, the basic tools are the MDS code and Vandemonde
determinant. A key ingredient in these proofs is the so-called Diir’s theorem on the relation between
the covering radius and minimum distance of the generalized projective Reed-Solomon code
GPRS,(D, k) (see Lemma 2.6 below). Another important ingredient is a new result on the zero-sum
problem in the finite field that we will prove in the next section.

This paper is organized as follows. First of all, in Section 2, we recall and prove several preliminary
lemmas that are needed in the proofs of Theorems 1.4 and 1.5. Consequently, in Section 3, we use the
lemmas presented in Section 2 to give the proofs of Theorem 1.4 and Corollary 1.6. Finally, by using
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the results given in Section 2, we supply in Section 4 the proofs of Theorem 1.5 and Corollary 1.7.
2. Preliminary lemmas

In this section, our main goal is to prove several lemmas that are needed in the proof of Theorems
1.4 and 1.5. We begin with the following result on MDS codes.

Lemma 2.1. Let C be a MDS code and uy € C be a given codeword. Then the received word u is a
deep hole of C if and only if the received word u + uy is a deep hole of C.

Proof. First of all, let u be a received word. Then by the definition of deep hole, one knows that u is
a deep hole of C if and only if d(u, C) = p(C) with p(C) being the covering radius of C, if and only if

min{d(u, v)} = p(C). 2.1)
Ve
Likewise, one has that the received word u + u, is a deep hole of C if and only if

min{d(u + up, v)} = p(C). (2.2)

veC

Since
{d(u + ug, v)lv € C} = {d(u + ug, v + ug)|v € C},

it follows that
min{d(u + ugy, v)} = min{d(u + ug, v + ugp)}. (2.3)
veC veC
But d(u + ug, v + ug) = d(u, v) for any codeword 1. Hence (2.3) tells us that
min{d(u + uy,v)} = min{d(u, v)}. 2.4)
veC veC

Now from (2.1), (2.2) and (2.4), one can deduce that u« is a deep hole of C if and only if u + u; is a
deep hole of C as one desires. So Lemma 2.1 is proved. O

Remark 2.1. We should point out that if the word 1 is not in C, then Lemma 2.1 is not true.

In what follows, we let
Py :={f(x) | f(x) € Fy[x],deg f(x) < k—1}.
We have the following result.

Lemma 2.2. Let #(D) = g — land let u = (uy,- -+ ,Ug—;, Ug—1+1) € FZ_M andv = (Vi,+ -+ Vg1, Vg-i+1) €

FZ_M be two received words with u(x) and v(x) being the Lagrange interpolation polynomial of the

first ¢ — | components of u and v. If u(x) = AV(x) + fa2(X), Uy—1s1 = Avg_i11, Where A € Fj; and
J<i—2(x) € Fy[x] is a polynomial of degree at most k — 2, then

d(u, GPRS (D, k)) = d(v, GPRS (D, k)).
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Further, u is a deep hole of GPRS (D, k) if and only if v is a deep hole of GPRS (D, k).

Proof. Since u(x) = Av(x) + fa-2(x), we have u(D) = Av(D) + fa_o(D). By the definition of
Hamming distance, we know that for any code C over F,, if u and v are two codewords of C, then

du,v) =du+w,v+w) = d(Au, Av)

hold for any codeword w of C and any A € F;. Then from the definition of error distance and noticing
that u = (u(D), uy—1+1), we can deduce immediately that

d(u, GPRS(D, k))
= min d(u, (g(D), cx-1(g(x))))

—:reru:n: d((u(D), ug-1+1), (§(D), cx-1(g(x))))

—gmlknl d((A(D) + fa—2(D), ug-151), (8(D), cr-1(g(x))))

—gmlknl d((AV(D) + fe-2(D), AWy-111), (8(D), cx-1(g(x))))

—gmlknl d((AV(D) + fe-2(D), AWy-111), (8(D) + fex-2(D), cx-1(8(x))))
—gguknl d((AV(D), AWy-111), (8(D), cx-1(g(x))))

—ggnknl d((Av(D), Ag-111), (A8(D), Aci-1(g(x))))(since A € F)
—ggnknl d((V(D), vg-1+1), (§(D), cx-1(8(x))))

=d((V(D), vg-111), GPRS(D, k))
=d(v, GPRS,(D, k))

as required. The proof of Lemma 2.2 is complete. O

For a linear [n, k] code C with n and & being the length and dimension of C, respectively, we define
the generator matrix, denoted by G, to be the k X n matrix of the form G := (gi,..., g7, where
{g1,...,8} 1s a basis of C as a vector space. Since D = {yi,...,y,~}, the following k X (g — [ + 1)
matrix

D) () I ... 1 0
x(D) Cr-1(x) Yiooeeo Vg O
: : = : i (2.5)
EAD) an(dd) | | A P 0
D) e () W y’,;:ll 1

forms a generator matrix of GPRS,(D, k). For the purpose of this paper, we will choose the above
matrix as the generator matrix of GPRS,(D, k).

Lemma 2.3. [11] Let C be an [n, k] linear code and G be the generator matrix of C. Then C is a MDS
code if and only if any k distinct columns of G are linear independent over finite field F,,.
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Throughout this paper, for any nonempty set {yi,...,y,} C F,, the Vandermonde determinant,
denoted by V(y1,...,¥,), is defined as follows:

1 ... 1

Yn

V(yi, ...,y :=det :
v v

We have the following well-known result.

Lemma 2.4. [11] One has
Vo, = | ] -9

1<i<j<n

In the following, we show that the generalized projective Reed-Solomon code is a MDS code.
Lemma 2.5. Let D C F,. Then GPRS,(D, k) is a [q— [+ 1,k] MDS code over finite field F .

Proof. Let G be the generator matrix of GPRS,(D, k) given in (2.5). Write G := (Gy,...,Gy—1+1).
Let iy, ..., i be arbitrary k distinct integers such that 1 < i} < --- < iy < g — [+ 1. We claim that
det(G,, ..., G;,) # 0 which will be proved in what follows.

If iy < g — 1, then it follows that

det(Gi),....Gi) = V(is.. ., Yi) = l_[ (i, = yi,) # 0.

1<t<s<k

The claim is true in this case.
If iy = g — [ + 1, then by expanding the determinant according to the last column, we arrive at

det(Giy,....Gi) = Vi oy )= || G =y #0.

1<t<s<k-1

The claim is proved in this case.

Now by the claim, we can derive that any k columns of the generator matrix G is linear
independent. Then GPRS,(D, k) is a MDS code by Lemma 2.3. This concludes the proof of Lemma
2.5. m]

The following result about the relation between the covering radius and minimum distance of
GPRS,(D, k) will play a key role in this paper which is due to Diir [4].

Lemma 2.6. [4] Let D be a proper subset of ¥,. Then

p(GPRS,(D, k)) = d(GPRS (D, k)) — 1.

Now we give a criterion to determine whether a received word is a deep hole of MDS code C.
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Lemma 2.7. Let G be a generator matrix of a MDS code C = [n,k] over the finite field F,. If the
covering radius p(C) = n — k, then a received word u € ¥, is a deep hole of C if and only if the

(k+ 1) X n matrix ( f ) can be served as the generator matrix of another MDS code.

Proof. We first show the sufficient part. Let C’ be a [n, k + 1] MDS code with ( 5 ) as its generator

matrix. Since u € C’\C, one can derived that
n—-k=n—-(k+1)+1=d(C") <du,C) <p(C)=n-k.

It follows that
du,C)=p(C)=n—-k.
Therefore u 1s a deep hole of C.

. G .
Now we turn to prove the necessity part. Assume that 4 cannot be served as a generator matrix

of any MDS code. By lemma 2.3, we known that there exist k + 1 distinct columns of

811 -+ 8m

(G )_ S
u 8kl -+ 8kn
U uy,

(k+1)xn

are linear dependent over F,. Without loss of generality, we can suppose the first k + 1 columns are
linear dependent. Thus we have

811 -+ 8lk+l

rank| : : <k.
8kl -+ Bkk+l
ui cen Uk+1

(k+1)x(k+1)

On the other hand, since G is a generator matrix of the [n, k] MDS code C over the finite field F,,
one can obtain that

g ... 8k
rank| : : : = k.
8kt - 8kk )i
Hence there exist k coeflicients a;,---,ap € F, that are not all zero such that
k k
(U1, s uge1) = 2, ai(gins -+ 5 8ikr1)- Now letv = 3 ai(gir, -, &in) € C. One can immediately deduce
i=1 i=1
that
du,C) = mig{d(u,w)} <du,vy<n—-(k+1)<n—-k=p,
we
which is a contradiction with the hypothesis that « is a deep hole of C. So Lemma 2.7 is proved. O
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In what follows, we show a result on the zero-sum problem in the finite field of odd characteristic.

Lemma 2.8. Let g = p* with p being an odd prime number and k be an integer with 2 < k < g — 3.
Then there exist a subset I C Ffi with #(I) = k such that ), z = 0.
z€el
Proof. Since p is an odd prime number, it follows that for any z € F,, one has —z € F, and z # —z
since 2z # 0. But F o\ {z.-z}l =¢-322 since ¢ > k+ 3 > 5. Now one can pick 7’ € F,\ {z, -z}
Then -z’ € F, \ {z, —z,Z'} since 27" # 0. Continuing in this way, we finally arrive at

F,={zi,—z1,++ ,2¢0, —20 }. (2.6)
2 2
We consider the following cases.
Case 1. 2 | k. In this case, we let I = {z;,—z1, - - - 2k, —zg}. Then I C Fj} and we have
k
2
D=+ (=) =0
z€el i=1

as desired. Lemma 2.8 holds if 2 | k.

Case 2. 2 1 k. Then k > 3 and so ¢ > 7 since 2 < k < g — 3. We claim that there are three distinct
elements 7', 27,2 € F} such that ' + z” + 7" = 0, which will be proved by dividing into the following
three subcases.

Case 2.1. p = 3. Wepickaz € F,. Then 3z = 0, =z # 0 and 27" # 0. The latter implies that
7 # —7. Since p = 3 and g > 7, we deduce that ¢ > 3> = 9. Thus [F, \ {z',-Z'}l = ¢ —3 = 6. So we
can choose a z” € F, \ {z/, —z'}. But 2z” # 0. Hence —z” € F; \ {/, —z’,z"}. It implies that z’ + z” # O,
namely, z’ + 7 € F,. Furthermore, we have that 7’ + z” is not equal to anyone of the four elements
7,7 ,7" and =7”. Thatis, 7/ +7” € FZ\{Z” -7',7",-7"}. Hence —(Z'+7") € F;\{z’, 7,7, -7",7+7"}.
Therefore there are three distinct elements 7,z and —(z’ + z”) in Fj; such that their sum equals zero.
The claim holds in this case.

Case 2.2. p =5. Takea 7 € FZ. Then 57" = 0 and none of 7/,27’,37" and 47’ equals zero. It
follows that the four elements 7/, —z',27’, —27" are pairwise distinct. Since ¢ > 7 > 5, one must have
g > 5% = 25. Thus IF; \ {z',—7/,27, -2Z'}| = ¢ = 5 = 20. So we can choose 7" € F, \ {z’, -2/, 27/, -27'}.
Then —z” € F;\{z/,-7',27/, 27’} and 7’ +7” # 0. The latter one tells us that —(z' +z”) € F;. Obviously,
-7 # 7/ since 27" # 0. Hence —7” € F,\{z,-7.,27,-2,7"}.

Furthermore, we can deduce that 7’ + z” is not equal to any of 7, —z',27', -27',7” and —z”. This
infers that —(z’ + 7”’) € FZ \{,-7,27,-27,7",-7",7 + 7"} since 2(z" + 7”’) # 0. Therefore we can
find three distinct elements z’,z” and —(z’ + z”) in FZ such that their sum equals zero. The claim holds
in this case. The claim is proved in this case.

Case 2.3. p > 7. Then le # 0 for any integer [ with 1 </ < 6, where e stands for the identity of the
group Fj; Since ¢ # 0,4e # 0 and 5S¢ # 0, we have e # 2¢,e¢ # —3e and 2e # —3e. So there are three
different elements e, 2¢, —3e in FZ such that their sum is equal to zero as one desires. The claim is true
in this case.

Now by the claim, we know that there are three integers i;,i; and i3 such that 1 <i; <i, <i3 < q;;
and z;, +z;, + z;, = 0.

If g = 7, then letting I = {z; , z;,, z;,} gives us the desired result.
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If ¢ > 7, then F; \ {£z,, £2i,, +z;,} 1S nonempty. By (2.6), we obtain that

FZ \ {izh ) iZiz, iZi3}

:{izl’ ceey izil—la iZi1+1, () iziz—l’ iZi2+1, ey izig,—l’ iZi3+1, ey iz%} (27)

Since 2 1 k, k — 3 is even. Evidently, the sum of the first K — 3 elements on the right hand side of (2.7)
is equal to zero because z; + (—z;) = O for all integers 1 < i < qT_l. Then the first kK — 3 elements on
the right hand side of (2.7) together with the three elements z;,, z;,, z;, gives us the desired result. Thus
Lemma 2.8 is true if 2 ¢ k.

This completes the proof of Lemma 2.8. O
3. Proofs of Theorem 1.4 and Corollary 1.6

In this section, we use the lemmas presented in the previous to give the proofs of Theorem 1.4 and
Corollary 1.6. At first, we show Theorem 1.4.

Proof of Theorem 1.4. Since deg u(x) = k, one may let u(x) = Ax* +vx*"' + f_(x) with A € F},, v €
F, and fo_»(x) € F,[x] being a polynomial of degree at most k—2. Then (u(D), c;—1(u(x))) = (u(D), v).
By Lemma 2.2, we have that (u(D), v) is a deep hole of the generalized projective Reed-Solomon code
GPRS,(D, k) if and only if (2-'u(D), A'v) is a deep hole of GPRS (D, k). But A 'u(x) = wi(x) + ri(x),
where wy(x) := x* and

Fe(x) = A7+ AT L (x).

Then one has
(A'u(D), 17'v) = (Wi(D) + r(D), A7'v) = (wi(D), 0) + (r(D), 17'v).

Since degri(x) < k — 1, by the definition of GPRS,(D, k) we have (ri(D), Ay e GPRS (D, k).
Then it follows from Lemma 2.1 that (A-'u(D), A"'v) is a deep hole of GPRS,(D, k) if and only if
(wi(D), 0) is a deep hole of GPRS,(D, k). Then we can deduce that (u(D), ;-1 (u(x))) is a deep hole of
GPRS,(D, k) if and only if (wi(D), 0) is a deep hole of GPRS (D, k).

We denote wy := (wi(D),0). Let G be the generator matrix of GPRS,(D, k) as given in (2.5). Then
we have

1 ... 1 0

i oo Y4 O

G\ | : : Do
(Wk )_ W Yoi O
! Vi 1

¥ Yiy, 0

::(Gla R G_q—l9 G_q—l+l)'
Now we pick k + 1 distinct integers with 1 < j; <--- < jiy <g—1[1+1.
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Case 1. ji+1 < g — L. Then one has

1 1
Yi © Vi

det(Gj,,...,Gj,,) =det :
G Vi
Yii © Vi

:V(yjl""’yij)
= [] oi-v=o

1<t<s<k+1

Case 2. jiy1 = q— 1+ 1. We can compute and get that

1 1 0
Vi Yk 0
det(Gj,,....G;.Gj,,) =det| [
Vi e Vi
o
N Y
1 1
Vi Yk
=—det| : i i G.1)
Vil e Vi
y];1 y];k

Now we introduce an auxiliary polynomial g(y) as follows:

1 1 1
Vi Vi Y
g(y) = det :
yljcllc—l yl;]]z—l yk;l
Vi Vi Y

Then Lemma 2.4 tells us that

k k
g(y) = ( n (y]t _ij)) n(y_y],) = Zaiyi-
1 0

1<s<t<k i= i=

This infers that

k
acr == vi) [ ] 0i=vi- (3.2)

i=1 1<s<t<k
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But
1 1
Vit Yik
a1 = —det| : I (3.3)
y’]‘.}:2 . y’;]gz
Vi Vi

Finally, (3.1) together with (3.2) and (3.3) gives us that

det(G_jl,...,ij, Ja- l+1 = Zy/, 1—[ (yjt yj_s (34)

1<s<t<k

By Lemma 2.5, we know that GPRS (D, k) is a [q — [ + 1, k] MDS code which implies that
d(GPRS,(D,k))=qg—-1+1-k+1=g—-1-k+2.

Then by Lemma 2.6, one can deduce that

p(GPRS (D, k)) =d(GPRS,(D, k)) — 1 (3.5)
=q—-1l-k+2-1
=q—-1+1-k.

It then follows immediately from Lemma 2.7 that w, = (wi(D),0) is a deep hole of the generalized

projective Reed-Solomon code GPRS,(D, k) if and only if the (k + 1) X (g — [ + 1) matrix ( vg ) can
k

be served as the generator matrix of a MDS code, if and only if any k£ + 1 columns of ( _

are linear
Wik

independent, if and only if forany 1 < j; < --- < jiy1 < g— 1+ 1, one has

det(G,,,...,Gj.,) # 0. (3.6)
By the discussion in Cases 1 and 2, (3.4) tells us that (3.6) holds if and only if forany 1 < j; < --- <
Jr < q — [, one has Z v, # 0. Hence we can derive that (wi(D),0) is a deep hole of the generalized
projective Reed- Solomon code GPRS,(D, k) if and only if the sum }; y is nonzero for any subset / € D

yel
with #(I) = k as desired.
Finally, we can conclude that (u(D), c;_1(u(x))) is a deep hole of the generalized projective Reed-

Solomon code GPRS, (D, k) if and only if the sum }] y is nonzero for any subset / C D with #(I) =
yel

This finishes the proof of Theorem 1.4. O
We can now use Theorem 1.4 to show Corollary 1.6.

Proof of Corollary 1.6. Letl = 1 and a; = 0. Then D = F,. By Lemma 2.8, there exist a
subset I € F with #(I) = k such that },y = 0. It then follows from Theorem 1.4 that the received

yel
word (u(F,), cx—1(u(x)))=(u(F,), y) is not a deep hole of the primitive projective Reed-Solomon code
PPRS,(F7, k). Therefore Corollary 1.6 is proved. O
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4. Proofs of Theorem 1.5 and Corollary 1.7

In this section, we give the proofs of Theorem 1.5 and Corollary 1.7. We begin with the proof of
Theorem 1.5.

Proof of Theorem 1.5. First of all, we note that j is an integer with 1 < j < [. We introduce a
polynomial fj(x) as follows:
fi) = (x—a)®?,
and define a word fj associated to fj(x) by

fi = (fiD), ceer (f5(x))).
Then u;(x) = A;fj(x) + v;x*"' + £2_(x) which implies that
1 (%)) = Ajcr (Fi(x) + v, 4.1)
It follows from (4.1) that

(uj(D), cxei (u(x))
=(4;f{(D) + v;x* (D) + £ (D), Ajcic (fi(x)) + v))
= f1(D), Ajcici (f(x)) + (v (D) + £ (D), v))
=A;f; + (v (D) + f9) (D), v)).

But
deg(vX'(x) + £ (x) <k -1
and
Cro1 (Vi () + £ () = v,
Hence

(v X UD) + f2 (D), v,) € GPRS (D, k).

<k-2
It follows from Lemmas 2.1 and 2.2 that the received word (u;(D), c;—1(uj(x))) is a deep hole of the
generalized projective Reed-Solomon code GPRS, (D, k) if and only if f; is a deep hole of GPRS(D, k).
Let G be the generator matrix of GPRS,(D, k) as given in (2.5). Since y; # a; for all integers i with

1 <i<gq-1, wehave (y;—a;)?? = (y; —a;)"". It then follows that

1 ... 1 0
W1 e yq—l 0
G ) : : : :
1 . 3 ‘ (4.2)
( fi W g 0
W S 1
Or—a)™ oo = a)t e (fi(x)

A

Z:(él, ey Gq—l+1)-
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On the other hand, from Lemma 2.7 we can deduce that f] = (fi{(D), ck-1(fj(x))) 1s a deep hole of
the generalized projective Reed-Solomon code GPRS,(D, k), if and only if ( JG; ) generates a MDS
J

code, by Lemma 2.3, if and only if any k + 1 columns of ( ) are linear independent, if and only if

G
fi
for all k + 1 integers ji,..., jreg With 1 < jj <--- < jiyg < g —1+ 1, one has

det(Gj,,...,G,.,) % 0. (4.3)

In what follows, we choose arbitrarily k + 1 integers ji,..., jir1 such that 1 < j; < -+ < jiy <
q — [ + 1. Consider the following two cases.
Case l. ji;1 #qg—1+ 1. Thenk + 1 < ji,1 < g—[andby (4.2), one has

1 1
Yi cee Vi
Gjps. Gl = : : :
k-1 k-1
y./l | toe yjk+1 .
(yjl - a‘/)_ s (yjk+1 - a.i)_
Thus one can deduce that
det(G;,,...,G,,.,)
Vi — 4, Vikn — 4y
kel Vi —a) o Vi Qg — @)
:( | ]oi- aj)l)det : : :
=1 Yilon—ap o Vi Ohn —ap)
1 1
Yiv oo Vi
k+1 . . .
-1 : : :
:( l_l(y/’ - Clj) )det k k
i=1 yjl te yjk+1
1 1

k+1
=(—1)k( n(yj,- - aj)_l)v(ij ooy Vi)
i=1

k+1

=(—1)k( n(y/',- - aj)_l) 1_[ 0j =y #0
i=1

1<s<t<k+1

since yj,,...,Yj,, are pairwise distinct.
Case?2. jiy1 =q—1+1.Thenl < j, <--- < ji <g—1 From (4.2) and Lemma 2.4, we can deduce
that

A A

det(éjl, ceey ija qu—Hl)
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1
Vi
=det )
k-2
¢
yjl .
(yjl - aj)_
1
Yj
=ci 1 (fi(0)det|
k-1
yjl

=Ci1(f[iDV(j,, - -

=Ce-1([{CNV Yy - -

=Ce1 (FNV s

=(cre1 (£(0)) + (= DF

k
=(ccr(Fen + | [@-y)™)
i=1

Now from Cases 1 and 2, we can deduce by (4.4) that (4.3) holds for all £ + 1 integers ji,...
with 1 < j; <--- < jiy1 < g—1+1if and only if for all integers ji, ...

one has

which is equivalent to

1 0
Vi 0
)
I )
yjk . 1
Oj—a) a(fi(x)
1 yl
J1
y .
_Jk — det :
yk_._l yljcl_2
. 0 —a)™ O;
1 1
Yi Vi
s yjk) — det :
k=2 k-2
yjl X yjk X
Oy —a;)” Oy —aj)”
Vi Y
k ) .
"yjk) - (l_[(yji _aj)_l)det k.—l k—
i=1 Vi Vi
1 1

k
Vi) + (—1)k( l—[()’j,- - aj)_l)v()’jl’ )
i=1

k
[ Jos=ap™) [ ] 5=y
i=1

1<s<t<k

H O, = i)

1<s<t<k

, jk with

k
cr () + | [@ =y 20,
i=1

k
ar(Fo | [@ -y +exo0.

i=1

Since fij(x) = (x—a j)q‘z, the binomial theorem gives us that

AIMS Mathematics

-2
cr-1(fi(x) = (Z ~ 1)(_aj)qk1.

k

1

4.4)

s Jk+1
I1<ji<---<jr<q-1,

4.5)
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Then one derives that (4.5) holds for all integers ji, ..., jry with 1 < j; <--- < ji < g —[if and only if
the following is true:
) _
(Z ~ 1)(—a,)q o ]_[(a, —yj)+e#0, (4.6)
i=1
or equivalently,
9=2) i [ 0 4.7
1) l_[(yjl.—a‘,)+e¢ 4.7)
i=1

since ¢ is odd. In other words, fj = (fi(D), ci-1(fj(x))) is a deep hole of the generalized projective
Reed-Solomon code GPRS,(D, k) if and only if the sum

-2\ -
(b o-ore

yel

is nonzero for any subset / € D with #(I) = k. Hence the desired result follows immediately. The
proof of Theorem 1.5 is complete. O

We can now present the proof of Corollary 1.7 as the conclusion of this paper.

Proof of Corollary 1.7. Letting [ = 1 and a; = 0 gives us that D = F,. Then it follows from a; = 0

that
61—2 qg-1-k _ q_2 _
(k—l)af n(y—aj)+e—0-(k_1)1_[()7—61‘/)+e—e¢0

yel yel

for any subset / C D with #(I) = k. Hence by Theorem 1.5, one can deduce that (u;(D), c;—1(u;(x))) =
(u(F;),6) is a deep hole of PPRS,(F_, k). This ends the proof of Corollary 1.7. O
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