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1. Introduction

We investigate a new class of boundary value problems for generalized Caputo-type fractional
differential equations and inclusions supplemented with Katugampola type generalized fractional
integral boundary conditions. Precisely, we study the following problems:

«Dgy(@®) = f(t,y®), teJ:=[0,T],
n 5 (1.1)
Y(T) = D a1y + &, 6y(0) =0, ;€ (0, T),

i=1

and
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eDgy(t) € F(t,y(1), teJ:=[0,T],

n (1.2)
W) = Y oIy +x 6y(0) =0, ni € (0,T),
i=1

where ‘C’Dg+ denotes the generalized Caputo-type fractional derivative of order 1 < a < 2,p > 0, plg+ 1S
the Katugampola type fractional integral of order 5 > 0,p > 0, f : JXR — R is a continuous function,
oieRi=1,2,...,mkeR 6=1"*4 and F : J xR - P(R) is a multivalued function (P(R) is the
family of all nonempty subjects of R).

Here we emphasize that the problem considered in the present paper is motivated by Laskin’s
work [1] on the generalization of the Feynman and Wiener path integrals in the context of fractional
quantum mechanics and fractional statistical mechanics. One can find more details in the
articles [2, 3]. It is expected that the results obtained in this paper will provide more leverage in
dealing with Feynman and Wiener path type integrals involving an index like p > 0 in (1.1), instead of
a fixed choice p = 1 (Caputo fractional derivative case). Moreover, chaos for a fractional order
differential equation involving two parameters (@ and p > 0) becomes more complicated than the one
containing Caputo fractional derivative of order « (generalized Caputo-type fractional derivative with
p = 1); one can find more details in [4, 5]. It is worthwhile to notice that Katugampola fractional
integral unifies the Riemann-Liouville and Hadamard integrals into a single integral [6]. Thus, our
results are more general in the context of integral boundary conditions.

The topic of fractional-order differential equations and inclusions attracted significant attention in
recent years and several results on fractional differential equations involving Riemann-Liouville,
Caputo, Hadamard type derivatives, supplemented with a variety of boundary conditions, can be
found in the related literature [7-9]. The interest in the subject owes to its extensive applications in
various disciplines of science and engineering, for instance, see the papers [10-18], and the references
cited therein. In a recent paper [19], the authors studied fractional differential equations involving
Caputo-Katugampola derivative. In a more recent work [20], the authors studied a fractional order
boundary value problem involving Katugampola-type generalized fractional derivative and
generalized fractional integral.

We organize the rest of the paper as follows. Section 2 contains preliminary material related to our
work. The existence and uniqueness results for the problem (1.1), obtained with the aid of the standard
fixed point theorem, are presented in Section 3. The existence results for the inclusions problem (1.2)
are derived in Section 4. Examples are provided to demonstrate the application of the main theorems.

2. Preliminaries

For c € R,1 < p < oo, let X”(a, b) denote the space of all complex-valued Lebesgue measurable
functions ¢ on (a, b) endowed with the norm:

b
d
ot = ([ woer )" <o
a X
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We denote by L!(a, b) the space of all Lebesgue measurable functions ¢ on (a, b) equipped with the
norm:

b
|wm~if|¢@ux<m.

Let G = C(J,R) denote the Banach space of all continuous functions from [0, 7] to R endowed with
the norm defined by [lyll = sup,c; 71 V(DI
Recall that

AC'"(JR)={h:J - R:hHK,...,h" "V € C(J,R) and h"Vis absolutely continuous}.

For 0 < € < 1, we define C.,(J,R) = {f : J —» R : (¥ —a)f(1) € C(J,R)} equipped with the
norm || fllc,, = [[(# — a”)* f(©)llc. Moreover, let us introduce ACY(J), which consists of the functions f
that have absolutely continuous 6" !-derivative, where ¢ = tl‘p d . Thus we define spaces AC{(J,R) =

{f:J>R:6f € ACUR), 6 = 1174} and C} (JR) = {f :J 5> R: 6 \feCWUR),5f €
Cep(LR),6 =174 } endowed with the norms || fllcs = 3320 16 fllc and Il fllcx, = 2320 16 Fllc+16" fllc.,
respectively. Here we use the convention Cj, = Cj. "

Definition 2.1. [6] The generalized fractional integral of order a > 0 and p > 0 of f € X’ (a, b) for
—00 < a<t<b< oo,isdefined by

Fﬁ@—H)J}W @Wﬂmm @1

Note that the integral in (2.1) is called the left-sided fractional integral. Similarly we can define
right-sided fractional integral *I;’ f as

1-a b po—1
@ﬁﬂm:§WL[(wfmkgmw& 22)

Definition 2.2. [21]] The generalized fractional derivative, associated with the generalized fractional
integrals (2.1) and (2.2) for 0 < a <t < b < oo, are defined by

¢DLH® = (1" ) CIE ()
- %(;l—p%)n f t $ f(s)ds (2.3)
and
mmm0:(4W)¢¢Wm
_ %(—tl_pd—t) ft ﬁf@)d& (24)

if the integrals in (2.3) and (2.4) exist.
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Definition 2.3. [22] For a > 0 and f € AC§[a, b], the generalized Caputo-type fractional derivatives

2D% and D¢ are defined via the above generalized fractional derivatives as follows

6kf(a) ¥ —af\k

n—1
£D%. f(x) = "D, [f(t) Z )]( ) 8 =x7

dx’

O (1S F(b) b — 1 d
5D2-f<x>:PDz_[f<t>—Z( LRI - )"]m, b=

k=0

where n = [a] + 1

Lemma 2.1. [22]Leta > 0,n = [a] + 1 and f € AC}[a,b], where 0 < a < b < co. Then,

(1) fora ¢ N,
t” — 5P n a-1(5" d
el = wf n) L < e,
P — n a-1(=1)"(o" d
gDZ,f(l‘) _ a/)f S 1( ) Sl_.];)(s) S pIZja(dnf)(t),
(2) fora € N,

oDy f=0"f, Dy f=(D'"Ff.
Lemma 2.2. [22] Let f € AC}[a,b] or C[a,b] and a € R. Then

k —
PI(YPDIZ (x)_f( ) 2(6 f)(a) ap) ’

atc™at

S (DA @) (b — ¥\
> =(—)-

P1 Dy f(x) = f(x) - 2k p

In particular, for 0 < a < 1, we have
PIeDo f(x) = f(x) = f(a),
PL-YDy-f(x) = f(x) = f(b).

Next we define a solution for the problem (1.1).

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

Definition 2.4. A function y € AC5([0, T1,R) is said to be a solution of (1.1) if y satisfies the equation

PDy(t) = f(t,y(t)) on [0, T], and the conditions y(T) = Y, o *IPy(n,) + k, 6y(0) =0
Relative to the problem (1.1), we consider the following lemma.

Lemma 2.3. Let h € C(0,T) N L'(0,T), y € AC3(J) and

m 77")'3
Q=1—;O'im¢o

(2.10)
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Then the integral solution of the linear boundary value problem (BVP):

EDLy(1) = (1), teJ:=[0,T],

m 2.11)
W) = Y oIy + k6 6y(0) =0, ni € (0, T),

i=1
is given by
YO =I5 + S = I + Z T 15 ) + k). (2.12)

Proof. Applying “I§, on both sides of the fractional differential equation in (2.11) and using Lemma
2.2, we get

y(t) =PI h(t) + ) + czg = f PN = ) (s)ds + ¢ + CZS (2.13)

(@)

for some ¢y, c; € R. Taking d-derivative of (2.13), we get

Sy(t) = IS h(t) + ¢y = - 2p(s)ds + cs. (2.14)

Using the boundary condition 6y(0) = 0 in (2.14), we get ¢, = 0. Applying the generalized integral Plg+
to (2.13) after inserting the value of ¢; in it, we get

P i 2.1
+)’(l) =P1,."h(?) +Clm- (2.15)

Making use of the first boundary condition y(T) = Y, o; *IPy(n;) + k in (2.15), we get
p[g+l’l(T) +c = i g plgjﬂh(i],) + i O'iclff; + K
i=1 i=1 PTEB+1)
which, on solving for ¢ together with (2.10), yields

—PI8.h(T) + Z o P15 h(ny) + k.

Substituting the values of ¢; and ¢, in (2.13), we obtain the solution (2.12). The converse follows by
direct computation. The proof is completed. O

3. Main results for the problem (1.1)

Using Lemma 2.3, we define an operator N : G — G by
pya 1 pya N pyatp
Ny(t) = Iy 0) + g =PI FT YD) + 3 o I o y) + ). (3.1)
i=1
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In the following, for brevity, we set the notation:

Tre 1 TP np(cﬁﬁ)
A= @D |Q|{ T(a+ 1) Z' : a+ﬁr(a+ﬁ+1>} (3-2)

Our first existence result for the problem (1.1) relies on Leray-Schauder nonlinear alternative [23].
Theorem 3.1. Assume that

(A) If@&, ) < pOY(ID, Y(t,y) € [0,T] X R, where p € LY([0,T],R") and  : R* — R*isa
nondecreasing function;
(A,) we can find a positive constant W satisfying the inequality:

w

> 1.

yW)(° I, p (T>+@”1‘* (T)+Z|al|"1‘”ﬁp<n,->+|K|})

Then there exists at least one solution for the problem (1.1) on [0, T].

Proof. Consider the operator N : G — G defined by (3.1) and show that it is continuous and
completely continuous. We establish in four steps.

(i) N is continuous. Let {y,} be a sequence such that y, — y in G. Then
INOWD@®) = NOYDI < PIGf(E, yu(0) = f(5, y(0))] + —{pl“ (T, yu(T)) = f(T, (D))
" Z o 21671 iy yu1) f(ni,y(n,-))l} < AlFCyn) = FEDI

Since f is a continuous function, therefore, we have

INGw = NIl < AllfCyn) = FE I = 0, as n— co.

(ii) The operator N maps bounded sets into bounded sets in G.

For any 7 > 0, it is indeed enough to show that there exists a positive constant £ such that ||N(y)|| < ¢
forye B; ={y € G : |ly|l| < r}. By the assumption (A;), for each ¢ € J, we have

INGOI < I, y<r>>|+|—{P1“ If(T,y(T))I+Zlmlpla+ﬁ|f(m,y(77i))l+IKI}
1 .
< T MY + 8+p<T>w<||y||>+Z|(r,~|ngﬁp<m)w<||y||>+|K|}
1
< YA I5pT) + 1 T <T>+Z|a,|pl‘”ﬁp<ni>+|K|}).
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Thus

1 m
INOII < w(f)(pI§+p(T)+@{pléip(THerf,-lpl“fﬁp(mﬂIKI}) =
i=1

(iii) NV maps bounded sets into equicontinuous sets of G.

Lett,,, € (0,T], t; < t,, B; be a bounded set of G as in (ii) and let y € B;. Then
IND)() = Nl < LG f(t, y(12) = p13+f(t1,y(t1))'

Gl 5! 5! no gl
= T 'fo [ag_sp)l-a—(,f_sp)l_a]lﬂs)d” f @y s

— 0ast; — 1, independent of y.

From the steps (i) — (iii), we deduce by the Arzela-Ascoli theorem that N : G — G is completely
continuous.

(iv) There exists an open set V C G with y £ vN(y) for v € (0,1) and y € V.
Let y € G be a solution of y — vNy = 0 for v € [0, 1]. Then, for ¢ € [0, T], we obtain

@Ol = Ny

1 m N
< P+ G PR+ 3 ol P51 0 Yo + Il
i=1

IA

1 < N
P15 p(TY Iyl + @{pl&p(TW(IIyII) + Z lomil P15 pw Iyl + IKI}
i=1

< wbID(°I5 p(T) + ﬁ{Pl&p(T) + Z ol P15 p ) + 1)),

which, on taking the norm for 7 € [0, T'], implies that

[yl

DI p(T) + =12 p(T) + Do I p() + 1))
i=1

<1
1|

By the assumption (A;), there exists a positive constant W such that ||y|| # W. Next we define V =
{y € G : Iyll < W} and note that the operator N : V — G is continuous and completely continuous.
By the choice of V, there does not exist any y € 9V satisfying y = vN(y) for some v € (0,1). In
consequence, by the nonlinear alternative of Leray-Schauder type [23], we deduce that there exists a
fixed point y € V for the operator AV, which is a solution of the problem (1.1). |

In our next result, we make use of Banach contraction mapping principle to establish the uniqueness
of solutions for the problem (1.1).

Theorem 3.2. Suppose that

(A3) there exists a nonnegative constant L such that

lf(t,u)— f(t,v)| < Lllu—v||, fortel0,T] andevery u,v € R.
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Then the problem (1.1) has a unique solution on [0, T] if
LA <1, (3.3)

where A is defined by (3.2).

Proof. Consider the operator N : G — G associated with the problem (1.1) defined by (3.1). With
A given by (3.2), we fix

Afo + [«l/1Q
r>—m— fy= su t,0),
iAo Jo= sup 1.0

and show that FB, C B,, where B, ={y € G : ||y|| < r}. For y € B,, using (A3) , we get

1
INOOI < PIGIE y©0) — £ 0) + |7 0[] + @{pl(‘)ﬁ[lf(T, y(1) = f(T,0) + | f(T,0)l]
£ o PP i Y010) = iy O+ 1 iy OV + 1)
i=1
pa 1 pa m )ﬁ(Mﬁ) K]
< (L”y” +ﬁ)) m + @{m + l:Zl |0'i|pa+,81—‘(a, +ﬁ+ 1)} + @
< (Lr+f0)A+% <r

which, on taking the norm for ¢ € [0, T'], yields |[N(y)|| < r. This shows that N’ maps B, into itself.
Now we show that the operator N is a contraction. Let y,u € G. Then we get

1
PLoc|f (1, y(0) = f(t, u()] + @{pl&lf(T, V(1) = f(T, u(1))|

+ Y Aol P15 i y)) = £ un)))
i=1

LA[ly = ull.

INOD)(@®) = Nu)(@)]

IA

IA

Consequently we obtain [|N(y) — N(w)|| < LAy — ul|, which shows that N is a contraction by means
of (3.3). Thus the contraction mapping principle applies and the operator N has a unique fixed point.
This shows that there exists a unique solution for the problem (1.1) on [0, T']. O

Now we prove the uniqueness of solutions for the problem (1.1) by applying a fixed point theorem
for nonlinear contractions due to Boyd and Wong [24].

Definition 3.1. A mapping H : E — E is called a nonlinear contraction if we can find a continuous
nondecreasing function ¢ : R* — R* such that ¢(0) = 0, ¢(&) < & for all € > 0 and ||Hy — Hul| <
o(ly — ull), Yy, u € E (E is a Banach space).

Lemma 3.1. (Boyd and Wong) [24] Let E be a Banach space and let N : E — E be a nonlinear
contraction. Then N has a unique fixed point in E.

Theorem 3.3. Assume that

(Ay) If(t,y) — f(t,u) < g(t)%, te€[0,T], y,u >0, where g : [0,T] — R" is continuous and
y—u
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! -
G = Ig.8(M) + el +g<T)+Z|a,|P1 Pe(m)}. (3.4)

Then the problem (1.1) has a unique solution on [0, T].

Proof. Let ¥ : R* — R* be a continuous nondecreasing function such that ¥(0) = 0 and W(¢) < ¢
for all £ > 0, defined by
G*¢

V) = G Y620,
Lety,u € G. Then
53060 = fGs,utspl < £ )
so that
. I(2) — u(o)
NGO = Na®l =PI (s o W)l)
o W(T) — u(T)| ST M (i) — u(m)) }
P, o
|Q|{ DG o —a) + 2 e G G el

G* + |y(1) — u(®)] 1€

for t € [0, T]. By the condition (3.4), we deduce that [[N(y) — N(w)|| < ¥(|ly — ul|) and hence N is a
nonlinear contraction. Thus it follows from the fixed point theorem due to Boyd and Wong [24] that
the operator NV has a unique fixed point in G, which is indeed a unique solution of problem (1.1). O

y(0) = u(o) { (T>+i{ <T>+Z|a,|pl“*ﬁg(m>}},

Example 3.1. Let us consider the following boundary value problem

{“30% f@t,y), t€10,2],

(3.5)
y(2) =213 PMAy(1/2) + 1/2 13 P4y(3/2) + 1/4, 6y(0) =0

where p = 1/3, « = 5/4, 01 = 2,0, = 1/2,8=3/4, 9 = 1/2,m, =3/2,k = 1/4, T =2 and
f(t,y(t)) will be fixed later.

Using the given data, we find that |Q| = 4.543695998 and A = 7.572001575, where Q2 and A are
given by (2.10) and (3.2) respectively.
For illustrating Theorem 3.1, we take

f(t,y):(1+t)( AI I 1)’

30 = (3.6)

+
M+l 2738

and find that p(¢) = % and w(Iyl) = Iyl + % By condition (A;), we have W > 0.7066246467.
Thus, the hypothesis of Theorem 3.1 holds true, which implies that the problem (3.5) has at least one
solution.

Furthermore, for the uniqueness results, Theorem 3.2 can be illustrated by choosing

tan"'y + e

281 +sint
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Clearly the condition (A3) is satisfied with L = 1/18. Also
LA = 0.4206667542 < 1.

Obviously all the conditions of Theorem 3.2 hold and consequently the problem (3.5) with f(z, y) given
by (3.7) has a unique solution on [0, 2] by the conclusion of Theorem 3.2.
Finally, for illustrating Theorem 3.3, we take

3 Iyl 1
[y = t(lyl T 8). (3.8)

Here we choose g(¢) = (1 + ¢) and find that

1 m
G =" I8.9(T) + —|PIS.e(T) + Y |o ¥ ISP e(n)| ~ 9.923097014,
81+ el Troe() le 8(n)

and

|f(t,y) _ f(t, u)| = [( |)’| — |ul ) < (1+ t)ly —u|

11+ [y] + Jul + 2] = 9.923097014 + |y — |’

So, the conclusion of Theorem 3.3 applies to the problem (3.5) with f(z, y) given by (3.8).
4. Existence results for the multivalued problem (1.2)

In this section, we present existence results for the problem (1.2).

Definition 4.1. A function y € ACX([0,T],R) is called a solution of the problem (1.2) if
Ty = Y, o; pléiy(n,-) + k,0y(0) = 0 and there exists function v € LY[0,T],R) such that
v(t) € F(t,y(t)) a.e. on [0,T] and

1 m
YO =PI + 5{ —PI5 () + ) 0 P1g () + k).
i=1

4.1. The Carathéodory case

Here we prove an existence result for the problem (1.2) by applying nonlinear alternative for
Kakutani maps [23] when F has convex values and is of Carathéodory type.

Theorem 4.1. Assume that

B) F : [0,T] xR — P, (R) is L'-Carathéodory, where PR = {Y € PR) 1Y
is compact and convex};

(By) there exist a continuous nondecreasing function ¢ : [0,00) — (0,00) and a function
p € LY([0, T],R*) such that

IE @ yllp := supllx| : x € F(z,y)} < p(De(llyll) for each (z,y) € [0,T] X R;
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(B3) there exists a constant W>0 satisfying

—

w
— > 1.
(e re 1 pa p 7a+p
oI5 p(T) + (P15 p(T) + 3l I pln) + )
i=1
Then there exists at least one solution for the problem (1.2) on [0, T].
Proof. Define an operator M : C([0,T],R) — P(C([0, T],R)) by
M) =1{h € C([0,TL,R) : h(r) = F (D)}, 4.1
where
1 m
—_pja a a+f
FO)) =PIVt + 5{ —PISW(T) + ; o P15 v(y) + K,

for v € S . Here S, denotes the set of selections of F and is defined by
Sry:=1{ve LY([0,T],R) : v(t) € F(t,y(t)) a.e. on [0, T},

for each y € C([0, T],R). Notice that the fixed points of the operator M are solutions of the problem
(1.2).

To show that M satisfies the assumptions of Leray-Schauder nonlinear alternative [23], we split the
proof in several steps.

Step 1. M(y) is convex for each y € C([0, T'],R) as S f, is convex (F has convex values).

Step 2. Let B, = {y € C([0,T],R) : |[y|| < r} be a bounded ball in C([0, T'], R), where r is a positive
number. Then, for each h € M(y), y € B,, there exists v € S ,, such that

(04 1 (01 S (04
h(r) =PISV(E) + 5{ —PISW(T) + 21 i "I Py + |
with

1 a .
il < (15 p(T) + e {15 () + D 1ol 15 pn) + IKd)) = 6.
i=1
This shows that M maps bounded sets (balls) into bounded sets in C([0, T'], R).
Step 3. In order to show that M maps bounded sets into equicontinuous sets of C([0, 7], R), we take
t1,t, €(0,T], t; < 1, and y € B,. Then we find that

pl —a/(p(r) 1 sp—l Sp—l 15} Sp—l
() = hanl < = | fo [( zg_sp)l—a‘(zf_sp)l—a]”(”d” f Ty P

which tends to zero independently of y € B, as t, — t; — 0. In view of the foregoing steps, it follows
by the Arzeld-Ascoli theorem that M : C([0, T],R) — P(C([0, T],R)) is completely continuous.

Step 4. In our next step, we show that M is upper semi-continuous (u.s.c.). Since M is completely
continuous, it is enough to establish that it has a closed graph (see [25, Proposition 1.2]). For that, let
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Yo = Vi, b, € M(y,) and h, — h.. Then we have to show that &, € M(y,). Associated with &, € M(y,),
we can find v, € S p,, such that for each r € [0, T'],

() = Igva() + é{ — I3 v(s)vu(T) + zm] T I + ).
Next, for each 7 € [0, T'], we establish that there exists v, € S f,, satisfying
h0) = I5v. () + =PI + Z o P15 . () + K.
Consider the linear operator ® : L' ([0, T],R) — C([0, T],R) given by
v OV() =I5 + o = In(T) + Z o P15 v(ny) + K.

Notice that ||/, () — h.(2)|]| = 0 as n — oo. Thus we deduce by the closed graph theorem [26] that @ o S g
is a closed graph operator. Furthermore, we have h,(f) € O(S ,,). As y, — y., we have

h(0) = I5v. () + G =PI (D) + ZO'I I37v.(€) + K}, for some v, € Sp,..

Step 5. Finally, we show the existence of an open set U C C([0, T],R) such that y ¢ AM(y) for any
A€ (0,1) and all y € QU. For that we take A € (0, 1) and y € AM(y). Then there exists v € L'([0, T],R)
with v € S, such that, for r € [0, T], we have

y(0) = PI5(1) + —{ =PI5w(T) + Z o plgfﬂv(ni) + K}.
As in the second step, one can obtain

I ;
bl < PO+ = |v(T)|+Z|cr,|PI“ Plv(m)] + I}

Q]
< (lyb(r +p<T>+ﬁ{ 6’+p(T)+;|GilpIgfﬁp(m)+IKI}),
which implies that
Iyl <1
<P(|Iy||)( +p<T>+ﬁ{ +p<T)+Z|m|ﬂ1‘”ﬂp<m>+|x|})

By the hypothesis (Bs), we can find W such that |[y|| # W. Setting Y = {y € C(J,R) : |yl < W},
we notice that the operator M : Y- P(C(J,R)) is compact multi-valued, u.s.c. with convex closed
values. From the choice of Y, there does not exist any y € 0V satisfying y € AM(y) for some A € (0, 1).
In consequence, we deduce by the nonlinear alternative of Leray-Schauder type [23] that M has a fixed
point y € Y which is a solution of the problem (1.2). This completes the proof. O
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4.2. The Lipschitz case
Consider a mapping H; : P(X) X P(X) — R U {co} defined by

H,(S,V) = max{supd(a, V),supd(S,v)},
seS veV

where d(S,v) = infyg d(s;v), d(s,V) = inf,cy d(s;v) and (X, d) is a metric space induced from the
normed space (X;|| - ||). Note that (P.,(X), H;) is a metric space (see [27]), where P ,(X) = {Y €
P(X) : Y is closed and bounded}.

The following result, dealing with the existence of solutions for the problem (1.2) with nonconvex
valued right hand side of the inclusion, relies on Covitz and Nadler’s fixed point theorem for
multivalued maps [28].

Theorem 4.2. Assume that

(C) F : [0,T]XR — P,(R) is such that F(-,y) : [0,T] = P.,(R) is measurable for each 'y € R,
where P.,(R) = {Y € P(R) : Y is compact};

(Cy) Hy(F(t,y), F(t,y) < u®ly — y| for almost all t € [0,T] and y,y € R with u € C([0,T],R*) and
d(0, F(t,0)) < u(t) for almost all t € [0, T].

Then the problem (1.2) has at least one solution on [0, T| provided that
¥ = [lulA < 1, (4.2)

where A is given by (3.2).

Proof. By the assumption (C;), the set Sf, is nonempty for each y € C([0,T],R) and F has a
measurable selection by Theorem III.6 in [29]. Now we proceed to show that the operator
M (C[0,T],R) —» P,(C(0,T],R)) (P4(C([0,T],R)) = {Y € P(C(]0,T],R)) : Y isclosed}) is a
contraction so that Covitz and Nadler’s Theorem [28] is applicable.

In the first step, we show that M(y) € P,((C[0, T],R)) for each y € C([0, T], R). Let {u, },»0 € M(y)
with u, — u (n — o0) in C([0, T'],R). Then u € C([0, T'], R) and there exists v, € S f,, satisfying

1 m
Un(£) = PIS v, (1) + 5{ —PI v, (T) + Zl: o P15 v, (i) + k) for each 1 € [0, T].

In view of the compact values of F, we pass onto a subsequence (if necessary) to find that v,
converges to v in L'([0, T],R). Forv € § ry and for each t € [0, T'], we have

« 1 a N a+p
un(t) = u(t) = PIEV(D) + 5{ —PIEW(T) + ZZ o P15 V() + K.

Thus u € M(y).
Now, for each y,y € C([0, T], R), we establish that there exists I < 1 (defined by (4.2)) satisfying

Hy(My), M@)) < dlly = Jl.
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Lety,y € C([0,T],R) and i, € M(y). Then there exists v,(¢) € F(t, y(¢)) satisfying
() = Igvi0) + Gl = (™) + Za, o) + k),

for each ¢ € [0, T]. By (Cs), we have
Hy(F(2,y), F(1,5)) < u(0)ly@) — y@)l.
Therefore, we can find w € F(z, (1)) satisfying
i) = wl < pu@ly(@) = y@)l, t<€[0,T].
Introduce U : [0, T] — P(R) by
U@ ={weR i) —wl| < p@ly@) = YOI}

As U(t) N F(t, (1)) is measurable (Proposition I11.4 [29]), we can find a measurable selection v,(¢) for
U such that v,(7) € F(t,¥(2)) satisfying |v(¢) — vo(?)| < u()|y(¢) — ¥(¢)| for each ¢ € [0, T'].
Define

h(r) = PI:VZ<t)+ p1f+vZ<T)+Zal oI Pvatm) + ),

for each t € [0, T]. Then

1 .
(0 = ha@] < I (0) = w20 + P T (T) - vz<T>|+Z|al|P1“ PWim) = va))

§ || ” TP s 1 TP Zl | np(rz+,5')
= T+ ) T\ pT@+ 1) T e + B+ 1)

ly = yII.

Hence

Tre 1 Tre o P
My = hall < Q| o + il = Z| |
pT@+ ) 1o\ pT@+ 1) PPl (a + B + 1)

Analogously, switching the roles of y and y, we can obtain

lly = ¥lI.

0

) TP 1 T Z 7
HMO),M@) < ||,U||[T+l) lQl{m Zl il a+ﬂl"(a+ﬁ+1)}

Iy = JIl.

So M is a contraction. Thus, by Covitz and Nadler’s fixed point theorem [28], the operator M has a
fixed point y, which corresponds to a solution of (1.2). O

Example 4.1. Consider the following boundary value problem

D%y € F(t,y), t € 10,2],
(4.3)
Y(2) = 23 4y(1/2) + 1/2 '3P*y(3/2) + 1/4, 6y(0) =0

where F(t,y) will be fixed later.
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For illustrating Theorem 4.1, we take

B I P AN I
F(t,y)—[ 900+t(smy+2), 30 (|y|+1+y+8)]' 4.4)

1 +1¢ 9 —
Using the given data, we find p(t) = %,go(llyll) = |yvl| + 3 and by condition (B3), we have W >

0.7066246467. Thus all conditions of Theorem 4.1 are satisfied and consequently, there exists at least
one solution for the problem (4.3) with F(¢,y) given by (4.4) on [0, 2].
In order to demonstrate the application of Theorem 4.2, let us choose

e’ _ L\ A+ Iyl 1
F(t,y) = [—(tan ! +—), ( + =l (4.5)

g V900 + ¢ Y72 30 \Iyl+1 8

Clearly
@+ _
Hy(F(t,y), F(t,y)) < 30 lly — Il
. t+1) . .

Letting u(t) = , it is easy to check that d(0, F(z,0)) < u(¢) holds for almost all ¢ € [0, 2] and

¥ =~ 0.7572001575 < 1 (¥ is given by 4.2). As the hypotheses of Theorem 4.2 are satisfied, we
conclude that the problem (4.3) with F(¢,y) given by (4.5) has at least one solution on [0, 2].

5. Conclusion

We have developed the existence theory for fractional differential equations and inclusions involving
Caputo-type generalized fractional derivative equipped with generalized fractional integral boundary
conditions (in the sense of Katugampola). Standard fixed point theorems for single-valued and multi-
valued maps are employed to obtain the desired results, which are well illustrated with the aid of
examples. Our results are new in the given configuration and contribute significantly to the existing
literature on the topic.
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