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Abstract: Antibody-dependent enhancement (ADE) is a major safety challenge in multiserotype
disease control, involving complex trade-offs among infection burden, cost, and vaccine safety. This
study develops a two-strain influenza model that integrates both host immunity (endogenous) and
viral cross-reactivity (exogenous) as dual mechanisms underlying ADE. Threshold analysis shows
that exogenous ADE lowers transmission thresholds (R̃1, R̃A), promoting strain coexistence, whereas
endogenous ADE reverses this trend. We further establish a multiobjective optimal control framework
to balance outbreak control, ADE risk, and intervention costs. The resulting strategy combines early
targeted measures with sustained behavioral precautions (e.g., 51–79% mask-wearing compliance),
effectively reducing the peak infection rate. Crucially, we identify an optimal risk-aversion level
(α ≈ 2), which halves the ADE risk with only a 2.3% increase in infections and minimal extra cost—
demonstrating a clear Pareto-optimal trade-off. This quantitative framework can be applied to other
contexts, such as multivalent vaccine design for dengue fever, and provides a decision-making basis
for risk-benefit assessment of vaccines against emerging infectious diseases.

Keywords: antibody-dependent enhancement (ADE); dual-strain influenza model; basic reproduction
number; stability; optimal control

1. Introduction

Influenza is a highly contagious acute respiratory illness caused by influenza viruses of the family
Orthomyxoviridae [1]. Influenza patients and asymptomatic carriers are the main source of influenza
transmission [2]. Globally, influenza epidemics result in millions of deaths annually [3]. The Spanish
influenza in 1918–1919 was the most devastating pandemic, causing approximately 40–50 million
deaths [4–6]. The 1957–1958 Asian influenza pandemic resulted in an estimated 2 million fatalities,
and the 1968–1969 Hong Kong influenza pandemic caused approximately 1 million deaths [4, 5].
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During the 2023 spring peak in Fuzhou, China, monthly reported influenza cases reached 2749,
marking the highest number reported in a single month over the past decade [7]. Influenza viruses are
primarily classified into three types (A, B, and C), with Type A viruses further subdivided into subtypes
based on differences in hemagglutinin (HA) and neuraminidase (NA), such as A/H1N1, A/H1N2,
A/H3N2, and A/H5N1. Due to the rich dynamics of Influenza A subtypes and strains, Influenza A
is also commonly used as a case study for multistrain pathogen modeling. It can be argued that the
presence of multiple strains in populations increases the complexity of epidemic dynamics [8].

On the other hand, antibody-dependent enhancement (ADE) exerts non-negligible effects on the
transmission dynamics of multistrain diseases. ADE constitutes a paradoxical phenomenon in host-
pathogen biology, wherein antibodies, key pillars of the host’s defense against pathogen invasion,
actually facilitate pathogen entry into the host cells [9]. This rebellious behavior of antibodies further
compromises the host’s defense mechanisms, creating a microenvironment conducive to enhanced
pathogen replication that exacerbates disease severity [9]. In fact, a wide range of diseases exhibit
ADE both in vitro and/or in vivo, indicating that the effects of ADE can stem from both intrinsic (host-
mediated) and extrinsic (pathogen-driven) influences. Extrinsic ADE effects are driven by heterologous
viral cross-infection, whereas intrinsic ADE effects are mediated by host immune memory [10].
Diseases that have been confirmed to exhibit ADE include dengue virus, Zika virus, HIV, measles
virus, and Influenza A virus, among others [11–15]. Gómez and Yang [11] developed a dengue
virus model incorporating ADE to evaluate the impact of this phenomenon on heterologous dengue
infections. Camargo et al. [12] simulated the dynamics of secondary infection induced by two distinct
dengue virus serotypes under the competitive scenario between infection-neutralizing antibodies and
infection-enhancing antibodies, and calculated the time at which maximum enhancement activity
occurred. Billings et al. [13] discussed the effect of single-strain vaccine campaigns on the dynamics of
epidemic multistrain models with ADE. Song et al. [14] established a SARS-CoV-2 infection dynamics
model incorporating ADE to calculate the basic reproduction number and evaluate the potential impact
of ADE on SARS-CoV-2 infection. The results demonstrated that ADE may accelerate SARS-
CoV-2 infection. The researchers in [15] constructed a Zika-dengue coinfection model focusing on
investigating the impact of ADE and dengue vaccination programs on disease control and prevention.
However, few existing models have considered the impact of ADE on the transmission of multistrain
influenza. References [9, 16] have explicitly indicated the potential existence of ADE in the context
of influenza virus research. Thus, ADE represents an undeniable and critical factor in modeling the
dissemination of multistrain influenza.

This study aims to construct a dynamic model of dual-strain influenza transmission under the
influence of ADE. The model comprehensively integrates both endogenous and exogenous factors
affecting disease transmission, with particular attention to the potential risks posed by asymptomatic
individuals. Building upon this theoretical model, we conduct an empirical analysis of the 1918
influenza pandemic in Geneva, Switzerland, focusing on the effect of ADE on the final size of
the epidemic. Furthermore, we apply a multiobjective Pareto optimization framework to influenza
control strategies under ADE risk, quantifying the trade-off between infection control and safety by
parameterizing the Pareto frontier with the risk-weighting coefficient α.

The structure of this paper is organized as follows. Section 2 presents the model formulation.
Sections 3 and 4 provide the dynamic analysis, including the basic properties and stability of
equilibria. Section 5 applies the model to empirically analyze the 1918 influenza pandemic in Geneva,
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Switzerland. Based on practical considerations, Section 6 establishes a multiobjective optimal control
model that accounts for ADE risks and analyzes the resulting optimal strategies. Finally, Section 7
provides concluding remarks.

2. Model development

The model workflow is illustrated in Figure 1. Generally, there are four main types of influenza
viruses that circulate annually, but the primary causes of seasonal influenza in humans are two types:
Influenza A and Influenza B. Influenza A viruses (e.g., H1N1, H3N2) are more likely to cause large-
scale pandemics due to their high variability and broad host range, while Influenza B viruses (e.g., the
Victoria/Yamagata lineages) typically lead to smaller-scale outbreaks [17]. The timing of influenza
epidemic peaks may vary across different regions and years, and the peaks associated with different
influenza virus strains may also differ. For example, Influenza A viruses (e.g., H1N1, H3N2) tend to
cause large-scale epidemics and exhibit earlier peaks, whereas the peaks of Influenza B virus activity
often occur later, sometimes following the peaks of Influenza A [18].

Figure 1. A flowchart of the model.

We assume two influenza strains: The initial infecting strain as the original strain, and the
subsequent infecting strain as the new strain.

The population is divided into six compartments: The proportion of susceptible individuals (s),
the proportion of symptomatic individuals infected by the original strain (i1), the proportion of
asymptomatic carriers infected by the original strain (iA), the proportion recovered from infection by
the original strain but susceptible to the new strain (r1), the proportion of individuals infected by the
new strain (i2), and the proportion removed through recovery or treatment after infection with the new
strain (r2). The parameters used in the model are described in Table 1.

Since ADE is recognized as a complex phenomenon involving both exogenous and endogenous
mechanisms that collectively enhance viral infectivity and replication [9], the ADE factor in the model
acts on both the susceptible population s and the susceptible population r1 that has recovered from the
original strain. Its effect is manifested as enhancing the effective infection rate of the new strain on these
two populations, with the respective intensities of the exogenous and endogenous effects distinguished
by the parameters φ1 and φ2. Specifically, exogenous ADE (driven by heterologous viral cross-

Electronic Research Archive Volume 34, Issue 7, 4410–4447.



4413

infection) enhances the infection capability of the new strain on population s through parameter φ1,
while endogenous ADE (mediated by host immunological memory) enhances the infection capability
of the new strain on population r1 through parameter φ2.

Table 1. Description of the model parameters.

Symbol Description
β1 Transmission rate of symptomatic individuals infected by the original strain
βA Transmission rate of asymptomatic carriers infected by the original strain
β2 Transmission rate of individuals infected by the new strain
η1 Recovery rate of symptomatic individuals infected by the original strain
ηA Recovery rate of asymptomatic carriers infected by the original strain
η2 Recovery rate of individuals infected by the new strain
µ Natural death rate
Λ Population recruitment rate
φ1 Exogenous ADE-mediated enhancement factor for viral infectivity
φ2 Endogenous ADE-mediated enhancement factor for viral infectivity

Under the foregoing assumptions, the following model is developed:

ds
dt

= Λ − β1si1 − βAsiA − (1 + φ1)β2si2 − µs,

di1

dt
= β1si1 − (η1 + µ)i1,

diA

dt
= βAsiA − (ηA + µ)iA,

dr1

dt
= η1i1 + ηAiA − φ2β2r1i2 − µr1,

di2

dt
= (1 + φ1)β2si2 + φ2β2r1i2 − η2i2 − µi2,

dr2

dt
= η2i2 − µr2.

(2.1)

Theorem 2.1. The solution satisfying the initial conditions remains non-negative and bounded for all
t > 0. Moreover, the set

Ω =
{
(s(t), i1(t), iA(t), r1(t), i2(t), r2(t))

∣∣∣s(t), i1(t), iA(t), r1(t), i2(t), r2(t) ≥ 0,
0 ≤ s(t) + i1(t) + iA(t) + r1(t) + i2(t) + r2(t) ≤ Λ

µ

}
is positively invariant under System (2.1).

Proof. If the total population is N(t) = s(t) + i1(t) + iA(t) + r1(t) + i2(t) + r2(t), then we get

dN
dt

= Λ − µN.

It is easy to obtain

N(t) =
Λ

µ
+ e−µt

(
N(0) −

Λ

µ

)
.
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Thus we have
lim sup

t→∞
N(t) ≤

Λ

µ
.

Therefore, when t → ∞, 0 ≤ N(t) ≤
Λ

µ
holds, i.e., Ω is the positive invariant set of System (2.1).

Since the equation for
dr2

dt
is actually decoupled from the other equations in System (2.1), we only

need to consider the dynamics of the following five-dimensional subsystem (2.2):

ds
dt

= Λ − β1si1 − βAsiA − (1 + φ1)β2si2 − µs,

di1

dt
= β1si1 − (η1 + µ)i1,

diA

dt
= βAsiA − (ηA + µ)iA,

dr1

dt
= η1i1 + ηAiA − φ2β2r1i2 − µr1,

di2

dt
= (1 + φ1)β2si2 + φ2β2r1i2 − η2i2 − µi2.

(2.2)

3. Basic dynamic properties

3.1. Disease-free equilibrium and basic reproduction number

From the equations 

Λ − β1si1 − βAsiA − (1 + φ1)β2si2 − µs = 0,
β1si1 − (η1 + µ)i1 = 0,
βAsiA − (ηA + µ)iA = 0,
η1i1 + ηAiA − φ2β2r1i2 − µr1 = 0,
(1 + φ1)β2si2 + φ2β2r1i2 − η2i2 − µi2 = 0,

it is easy to obtain a disease-free equilibrium for System (2.2), namely E0 =
(

Λ
µ
, 0, 0, 0, 0

)
. Next, we

compute the basic reproduction number using the next-generation matrix method [19]. Let F and V be
the matrices of the new infection terms and transition terms, respectively

F =


β1s 0 0
0 βAs 0
0 0 (1 + φ1)β2s + φ2β2r1

 , V =


η1 + µ 0 0

0 ηA + µ 0
0 0 η2 + µ

 .
It follows that

FV−1 =



β1s
η1 + µ

0 0

0
βAs
ηA + µ

0

0 0
(1 + φ1)β2s + φ2β2r1

η2 + µ


=



β1

η1 + µ

Λ

µ
0 0

0
βA

ηA + µ

Λ

µ
0

0 0
(1 + φ1)β2

η2 + µ

Λ

µ


.
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Thus, the basic reproduction number of System (2.2) is given by the spectral radius of the non-
negative matrix, i.e.,

R0 = ρ(FV−1) = max
{

β1

η1 + µ

Λ

µ
,

βA

ηA + µ

Λ

µ
,

(1 + φ1)β2

η2 + µ

Λ

µ

}
.

We define
R1 =

β1

η1 + µ

Λ

µ
, RA =

βA

ηA + µ

Λ

µ
, R2 =

(1 + φ1)β2

η2 + µ

Λ

µ
,

where R1 denotes the reproduction number of symptomatic individuals infected by the original strain,
RA denotes the reproduction number of asymptomatic individuals infected by the original strain, and
R2 denotes the reproduction number of individuals infected by the new strain.

3.2. Stability of disease-free equilibrium

The Jacobian matrix of System (2.2) at the disease-free equilibrium E0 is

J(E0) =



−µ −β1
Λ
µ

−βA
Λ
µ

0 −(1 + φ1)β2
Λ
µ

0 β1
Λ
µ
− (η1 + µ) 0 0 0

0 0 βA
Λ
µ
− (ηA + µ) 0 0

0 η1 ηA −µ 0

0 0 0 0 (1 + φ1)β2
Λ
µ
− (η2 + µ)


.

The corresponding characteristic equation is obtained as shown in Eq (3.1)

(µλ2 + 2µ2λ + µ3)
(
−λ − µ − η1 +

β1Λ

µ

) (
−λ − µ − ηA +

βAΛ

µ

) (
−λ − µ − η2 +

(1+φ1)β2Λ

µ

)
µ

= 0. (3.1)

Thus the five eigenvalues can be found as follows:

λ1 = λ2 = −µ, λ3 = −µ − η1 +
β1Λ

µ
, λ4 = −µ − ηA +

βAΛ

µ
, λ5 = −µ − η2 +

(1 + φ1)β2Λ

µ
.

If R0 < 1, we have R1 < 1,RA < 1,R2 < 1, i.e., λ3 < 0, λ4 < 0, λ5 < 0, and then all eigenvalues of
J(E0) have negative real parts. When R1 > 1 ( or RA > 1, or R2 > 1), all eigenvalues of the Jacobian
matrix J(E0) have at least one positive real part.

Consequently, System (2.2) is locally asymptotically stable at the disease-free equilibrium E0 when
R0 < 1 and unstable at E0 when R0 > 1.

Next, we establish the global asymptotic stability of E0.

Theorem 3.1. The disease-free equilibrium E0 of System (2.2) is globally asymptotically stable when
R0 < 1; E0 becomes unstable when R0 > 1.

Proof. In fact, from the second and third equations of System (2.2), we can derive the following for
t ≥ 0:

i1(t) = i1(0) exp
(∫ t

0
β1s(τ) dτ − (η1 + µ)t

)
, (3.2)
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iA(t) = iA(0) exp
(∫ t

0
βAs(τ) dτ − (ηA + µ)t

)
, (3.3)

thus, for System (2.2), the (n − 2)-dimensional subspace {s, i1, iA, r1, i2 | i1 = 0, iA = 0} is invariant.

From the first equation of System (2.2), it follows that
ds
dt
≤ Λ − µs, thereby s(t) ≤

Λ

µ
. Thus

combining (3.2) and (3.3), we have

i1(t) ≤ i1(0)e
∫ t

0 β1
Λ
µ dτ−(η1+µ)t = i1(0)eβ1

Λ
µ t−(η1+µ)t = i1(0)e(η1+µ)(R1−1)t.

Similarly, we obtain
iA(t) ≤ iA(0)e(ηA+µ)(RA−1)t.

If R0 < 1, then R1 − 1 < 0, RA − 1 < 0, and therefore i1(t)
t→∞
−−−→ 0, iA(t)

t→∞
−−−→ 0. Subsequently, to

demonstrate the global asymptotic stability of E0 on the (n − 2)-dimensional subspace {s, i1, iA, r1, i2 |

i1 = 0, iA = 0}, we construct a classical Lyapunov function leveraging the properties of the function
f (x) = x − 1 − ln(x). Let

V(s, r1, i2) = s0(
s
s0
− 1 − ln

s
s0

) + r1 + i2.

Along the trajectories of System (2.2) in the (n − 2)-dimensional subspace {s, i1, iA, r1, i2 | i1 =

0, iA = 0}, we obtain

dV
dt

=
ds
dt

(
1 −

s0

s

)
+

dr1

dt
+

di2

dt

=

(
1 −

s0

s

)
(Λ − (1 + φ1)β2si2 − µs) − φ2β2r1i2 − µr1 + (1 + φ1)β2si2 + φ2β2r1i2 − η2i2 − µi2

= Λ − (1 + φ1)β2si2 − µs −
s0

s
Λ + (1 + φ1)β2s0i2 + µs0 − φ2β2r1i2

− µr1 + (1 + φ1)β2si2 + φ2β2r1i2 − η2i2 − µi2

= µs0

(
2 −

s
s0
−

s0

s

)
+ i2((1 + φ1)β2s0 − η2 − µ) − µr1

= µs0

(
2 −

s
s0
−

s0

s

)
+ i2(η2 + µ)(R2 − 1) − µr1.

If R0 < 1, then R2−1 < 0. Moreover, by the inequality of the arithmetic and geometric means, we obtain
dV
dt
≤ 0. Therefore, Lyapunov stability theory guarantees that E0 is globally asymptotically stable.

3.3. The existence of equilibria

Remark 3.1. For clarity in representing the existence and stability conditions, we let

R̃1 =
β1Λ

µ

(
µ + η1 + η1(R1 − 1)

φ2

(1 + φ1)

) , R̃A =
βAΛ

µ

(
µ + ηA + ηA(RA − 1)

φ2

(1 + φ1)

) .
Electronic Research Archive Volume 34, Issue 7, 4410–4447.
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Clearly, if R1 > 1, then R1 > R̃1; if R1 < 1, then R1 < R̃1.
Analogously, if RA > 1, then RA > R̃A; if RA < 1, then RA < R̃A.

Let

˜̃R1 =
η1 + µ

µ
R1,

˜̃RA =
ηA + µ

µ
RA.

Obviously, R1 <
˜̃R1, RA <

˜̃RA.

Theorem 3.2. For System (2.2), the following statements hold.
1) The boundary equilibrium E1(s1, i11, 0, r11, 0) exists if and only if R1 > 1.
2) The boundary equilibrium EA(sA, 0, iAA, r1A, 0) exists if and only if RA > 1.
3) The boundary equilibrium E2(s2, 0, 0, 0, i22) exists if and only if R2 > 1.
4) The endemic equilibrium Ē(s̄, ī1, 0, r̄1, ī2) exists if and only if R̃1 < R2 < R1.
5) The endemic equilibrium Ê(ŝ, 0, îA, r̂1, î2) exists if and only if R̃A < R2 < RA.

Proof. In System (2.2), the boundary equilibria E1, EA, and E2 represent scenarios where only one
disease state exists: E1(s1, i11, 0, r11, 0) corresponds to the boundary equilibrium with only symptomatic
individuals infected by the original strain, EA(sA, 0, iAA, r1A, 0) represents the boundary equilibrium
with only asymptomatic individuals infected by the original strain, and E2(s2, 0, 0, 0, i22) denotes the
boundary equilibrium with susceptible individuals infected solely by the new strain.

At the boundary equilibrium E1(s1, i11, 0, r11, 0), we have

s1 =
η1 + µ

β1
, i11 =

Λ

η1 + µ
−
µ

β1
=
µ

β1
(R1 − 1) , r11 =

η1Λ

µ(η1 + µ)
−
η1

β1
=
η1

β1
(R1 − 1) .

Clearly, E1 is biologically meaningful if and only if R1 − 1 > 0, that is, the boundary equilibrium E1

exists if and only if R1 > 1.
Similarly, for the boundary equilibrium EA(sA, 0, iAA, r1A, 0), we have

sA =
ηA + µ

βA
, iAA = −

(ηAµ − βAΛ + µ2)
βA(ηA + µ)

=
µ

βA
(RA − 1) , r1A = −

ηA(ηAµ − βAΛ + µ2)
βAµ(ηA + µ)

=
ηA

βA
(RA − 1) .

It is clear that the boundary equilibrium EA exists if and only if RA > 1.
For the boundary equilibrium E2(s2, 0, 0, 0, i22), we have

s2 =
η2 + µ

(1 + φ1)β2
, i22 = −

(η2µ + µ2 − β2Λ(1 + φ1))
β2η2(1 + φ1) + β2µ(1 + φ1)

=
Λ

η2 + µ
−

µ

β2(1 + φ1)
=

µ

(1 + φ1)β2
(R2 − 1) .

It follows that E2 exists if and only if R2 > 1.
In System (2.2), the endemic equilibria Ē and Ê represent two distinct coexistence scenarios:

Ē(s̄, ī1, 0, r̄1, ī2) characterizes the coexistence of both original-strain-induced symptomatic infections
and new-strain-induced symptomatic cases, while Ê(ŝ, 0, îA, r̂1, î2) corresponds to the coexistence of
original-strain-asymptomatic carriers and new-strain-symptomatic infections.

Consider the endemic equilibrium Ē(s̄, ī1, 0, r̄1, ī2), where

s̄ =
η1 + µ

β1
=

Λ

µ

1
R1
,
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r̄1 =
η2 + µ

φ2β2
−

(1 + φ1)(η1 + µ)
φ2β1

=
(1 + φ1)
φ2

Λ

µ
(

1
R2
−

1
R1

),

ī1 =
(β1(η2 + µ) − β2(1 + φ1)(η1 + µ)) f

φ2β1(η1 + µ)(β1(η2 + µ) − (1 + φ1)β2µ)
=

µ(R1 − R2) f
φ2β1(Λβ1 − µ2R2)

,

ī2 =
Λβ1η1

(η1 + µ)(β1(η2 + µ) − (1 + φ1)β2µ)
−
µ(β1(η2 + µ) − (1 + φ1)β2µ − ((1 + φ1) − φ2)β2η1)

φ2β2(β1(η2 + µ) − (1 + φ1)β2µ)
,

where
f = ((1 + φ1) − φ2)µ(η1 + µ) + φ2β1Λ.

Clearly, to ensure biological significance of Ē, the conditions r̄1 > 0, ī1 > 0, and ī2 > 0 must hold.
The following discusses if r̄1 > 0, which is equivalent to

η2 + µ

φ2β2
>

(1 + φ1)(η1 + µ)
φ2β1

⇔ R2 < R1. (3.4)

For ī1 > 0 to hold, the following two cases may occur:
Case 1. Λβ1 − µ

2R2 > 0 and f > 0;
Case 2. Λβ1 − µ

2R2 < 0 and f < 0.
By combining (3.4) with the non-negativity analysis of parameter η1, it can be concluded that Case 2

contradicts Condition (3.4). This is because if Λβ1 − µ
2R2 < 0 holds, then R2 >

Λβ1

µ2 , which clearly

contradicts R2 <
Λβ1

µ(η1 + µ)
. Therefore, only Case 1 is valid. In other words, if ī1 > 0, it is equivalent to

R2 <
Λβ1

µ2 , (3.5)

and

(1 + φ1)
φ2

> 1 − R1. (3.6)

Finally, the condition for ī2 > 0 to hold is equivalent to

Λβ1η1

(η1 + µ)(β1(η2 + µ) − (1 + φ1)β2µ)
>
µ(β1(η2 + µ) − (1 + φ1)β2µ − ((1 + φ1) − φ2)β2η1)

φ2β2(β1(η2 + µ) − (1 + φ1)β2µ)
,

⇔
1

η1 + µ
>

(1 + φ1)
φ2η1

1
R2
−

(1 + φ1)µ
φ2η1(η1 + µ)

1
R1
−

((1 + φ1) − φ2)µ
φ2β1Λ

,

⇔
1
R2

<
φ2η1R1 + (1 + φ1)µ
(1 + φ1)(η1 + µ)R1

+
((1 + φ1) − φ2)η1µ

(1 + φ1)β1Λ
,

⇔
1
R2

<
µφ2η1R1 + (1 + φ1)µ2 + ((1 + φ1) − φ2)η1µ

(1 + φ1)β1Λ
,

⇔ R2 >
β1Λ

µ

(
µ + η1 + η1(R1 − 1)

φ2

(1 + φ1)

) . (3.7)
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Therefore, by combining Conditions (3.4)–(3.7) above, it follows that Ē has biological significance if
and only if R̃1 < R2 < R1.

For the endemic equilibrium Ê(ŝ, 0, îA, r̂1, î2), we have

ŝ =
ηA + µ

βA
=

Λ

µ

1
RA
,

r̂1 =
η2 + µ

φ2β2
−

(1 + φ1)(ηA + µ)
φ2βA

=
(1 + φ1)
φ2

Λ

µ
(

1
R2
−

1
RA

),

îA =
µ(RA − R2)(((1 + φ1) − φ2)µ(ηA + µ) + φ2βAΛ)

φ2βA(ΛβA − µ2R2)
,

î2 =
ΛβAηA

(ηA + µ)(βA(η2 + µ) − (1 + φ1)β2µ)
−
µ(βA(η2 + µ) − (1 + φ1)β2µ − ((1 + φ1) − φ2)β2ηA)

φ2β2(βA(η2 + µ) − (1 + φ1)β2µ)
.

Analogously, Ê is biologically meaningful if and only if R̃A < R2 < RA.

4. Stability analysis

4.1. Stability of the boundary equilibria

Theorem 4.1. For System (2.2), the following conclusions hold:
(1) If E1 exists (i.e., R1 > 1) and satisfies R1 > RA, R1 > R̃1 > R2, then the boundary equilibrium E1 of
the system is locally asymptotically stable.
(2) If EA exists (i.e., RA > 1) and satisfies RA > R1, RA > R̃A > R2, then the boundary equilibrium EA

of the system is locally asymptotically stable.
(3) If E2 exists (i.e., R2 > 1) and satisfies R2 > R1, R2 > RA, then the boundary equilibrium E2 of the
system is locally asymptotically stable.

Proof. The local stability of an equilibrium point is determined by the eigenvalues of its corresponding
Jacobian matrix evaluated at each equilibrium. First, we analyze the local stability of the boundary
equilibrium E1. The Jacobian matrix of System (2.2) at E1 is given by

−β1
Λ

η1+µ
−(η1 + µ) −βA

η1+µ

β1
0 −(1 + φ1)β2

η1+µ

β1

β1
Λ

η1+µ
− µ 0 0 0 0

0 0 βA
η1+µ

β1
− (ηA + µ) 0 0

0 η1 ηA −µ −φ2β2

(
η1Λ

µ(η1+µ) −
η1
β1

)
0 0 0 0 (1 + φ1)β2

η1 + µ

β1
+ φ2β2

(
η1Λ

µ(η1 + µ)
−
η1

β1

)
− (η2 + µ)


.

The Jacobian matrix yields the characteristic equation

− (λ + µ)(λ2 + β1(
Λ

η1 + µ
)λ + η1β1(

Λ

η1 + µ
) + µβ1(

Λ

η1 + µ
) − µη1 − µ

2)(−λ + βA(
η1 + µ

β1
)

− µ − ηA)(−λ + β2φ2(
Λη1

µ(η1 + µ)
−
η1

β1
) + β2(1 + φ1)(

η1 + µ

β1
) − µ − η2) = 0.
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Clearly, three eigenvalues are obtained directly as follows:

λ1 = −µ, λ2 = βA(
η1 + µ

β1
) − (ηA + µ) =

Λ

µ
βA(

1
R1
−

1
RA

),

λ3 = β2φ2(
Λη1

µ(η1 + µ)
−
η1

β1
) + β2(1 + φ1)(

η1 + µ

β1
) − (η2 + µ).

The remaining two eigenvalues (λ4, λ5) are determined by the characteristic equation

λ2 + W1λ + W2 = 0,

where

W1 = β1(
Λ

η1 + µ
), W2 = η1β1(

Λ

η1 + µ
) + µβ1(

Λ

η1 + µ
) − µη1 − µ

2.

Thus, according to Vieta’s theorem, it follows that
λ4 + λ5 = −β1(

Λ

η1 + µ
),

λ4 · λ5 = β1(
Λ

η1 + µ
)(η1 + µ) − µ(η1 + µ) = µ(η1 + µ)(R1 − 1).

(4.1)

Evidently, −β1(
Λ

η1 + µ
) < 0 holds, i.e., λ4 + λ5 < 0. In this case, Eq (4.1) determines whether the

eigenvalues λ4 and λ5 have negative real parts. If R1 > 1, then λ4 · λ5 > 0. Combined with Eq (4.1),
this implies that both eigenvalues satisfy λ4 < 0 and λ5 < 0.

Furthermore, to ensure λ2 < 0, the following condition must hold:
Λ

µ
βA(

1
R1
−

1
RA

) < 0, i.e., R1 > RA.

Similarly, achieving λ3 < 0 is equivalent to

β2φ2(
Λη1

µ(η1 + µ)
−
η1

β1
) + β2(1 + φ1)(

η1 + µ

β1
) − (η2 + µ) < 0,

⇔
φ2

(1 + φ1)
(

Λη1

µ(η1 + µ)
−
η1

β1
) +

η1 + µ

β1
<

η2 + µ

(1 + φ1)β2
,

⇔
φ2

(1 + φ1)
η1

β1
(R1 − 1) +

η1 + µ

β1
<

Λ

µ

1
R2
,

⇔

µ

(
µ + η1 + η1(R1 − 1)

φ2

(1 + φ1)

)
Λβ1

<
1
R2
,

⇔ R2 <
β1Λ

µ

(
µ + η1 + η1(R1 − 1)

φ2

(1 + φ1)

) .
To sum up, when satisfying all

R1 > 1, R1 > RA, R̃1 > R2,
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the boundary equilibrium E1 is locally asymptotically stable. It can be observed that R1 > R̃1; therefore,
E1 is locally asymptotically stable if R1 > 1, R1 > RA, and R1 > R̃1 > R2 hold. Conversely, if R1 < RA

or R1 < R2, then the boundary equilibrium E1 is unstable.
Similarly, for the boundary equilibrium EA, the Jacobian matrix of System (2.2) at EA is given by

−βA
Λ

ηA+µ
−β1

ηA+µ

βA
−(ηA + µ) 0 −(1 + φ1)β2

ηA+µ

βA

0 β1
ηA+µ

βA
− (η1 + µ) 0 0 0

βA
Λ

ηA+µ
− µ 0 0 0 0

0 η1 ηA −µ −φ2β2

(
ηAΛ

µ(ηA+µ) −
ηA
βA

)
0 0 0 0 (1 + φ1)β2

ηA + µ

βA
+ φ2β2

(
ηAΛ

µ(ηA + µ)
−
ηA

βA

)
− (η2 + µ)


.

Based on calculations, when all the following conditions are satisfied:

RA > 1, RA > R1, R̃A > R2,

the boundary equilibrium EA is locally asymptotically stable. Likewise, since RA > R̃A, when RA > 1,
RA > R1, and RA > R̃A > R2 are satisfied, EA is locally asymptotically stable. Conversely, if RA < R1 or
RA < R2, then the boundary equilibrium EA becomes unstable.

Finally, for the boundary equilibrium E2 of System (2.2), the Jacobian matrix evaluated at E2 is

−β2(1 + φ1) Λ
η2+µ

−β1
η2+µ

β2(1+φ1) −βA
η2+µ

β2(1+φ1) 0 −(η2 + µ)

0 β1
η2+µ

β2(1+φ1) − (η1 + µ) 0 0 0

0 0 βA
η2+µ

β2(1+φ1) − (ηA + µ) 0 0

0 η1 ηA −β2φ2

(
Λ

η2+µ
−

µ

β2(1+φ1)

)
− µ 0

β2(1 + φ1) Λ
η2+µ
− µ 0 0 β2φ2

(
Λ

η2+µ
−

µ

β2(1+φ1)

)
0


.

The Jacobian matrix yields the following three immediate eigenvalues:

λ1 = −β2φ2(
Λ

η2 + µ
−

µ

β2(1 + φ1)
) − µ = −

φ2µ

(1 + φ1)
(R2 − 1) − µ,

λ2 = β1(
η2 + µ

β2(1 + φ1)
) − (η1 + µ) =

Λβ1

µ
(

1
R2
−

1
R1

),

λ3 = βA(
η2 + µ

β2(1 + φ1)
) − (ηA + µ) =

ΛβA

µ
(

1
R2
−

1
RA

).

The remaining two eigenvalues λ4 and λ5 are determined by the characteristic equation

H1λ
2 + H2λ + H3 = 0,

where

H1 = −(η2 + µ), H2 = −β2(1 + φ1)Λ,
H3 = −β2η2(1 + φ1)Λ − β2µ(1 + φ1)Λ + µ3 + µη2

2 + 2µ2η2 = −β2(1 + φ1)Λ(η2 + µ) + µ(µ + η2)2.
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It follows from Vieta’s theorem that
λ4 + λ5 = −

β2(1 + φ1)Λ
η2 + µ

,

λ4 · λ5 =
−β2(1 + φ1)Λ(η2 + µ) + µ(µ + η2)2

−(η2 + µ)
= β2(1 + φ1)Λ − µ(µ + η2).

If the following conditions hold:
R2 > 1, R2 > R1, R2 > RA,

then λ2 < 0, λ3 < 0, λ4 < 0, λ5 < 0. In this case, all five eigenvalues of the Jacobian matrix have
negative real parts, and the boundary equilibrium E2 is locally asymptotically stable in System (2.2).
That is, when R2 > 1, R2 > R1, and R2 > RA are satisfied, E2 is locally asymptotically stable;
conversely, E2 is unstable if R2 < R1 or R2 < RA.

Next, we examine the global asymptotic stability of the boundary equilibria. To establish this, we
construct classical Lyapunov functions leveraging the properties of the function

f (x) = x − 1 − ln(x).

Theorem 4.2. Suppose that the boundary equilibrium E1 exists (i.e., R1 > 1) and satisfies

R1 >
˜̃RA > RA, R1 > R̃1 > R2,

then E1 is globally asymptotically stable. Conversely, if

R1 < RA or R1 < R2

holds, E1 exists but is unstable.

Proof. Begin by considering the following Lyapunov function:

V(s, i1, iA, r1, i2) = s1(
s
s1
− 1 − ln

s
s1

) + i11(
i1

i11
− 1 − ln

i1

i11
) + iA + r11(

r1

r11
− 1 − ln

r1

r11
) + i2.

Clearly, the function V is non-negative in R5
+ and equals zero at E1(s1, i11, 0, r11, 0). To

establish stability, we prove that V ′ is negative definite. Differentiating V along the trajectories of
System (2.2) yields

dV
dt

= (1 −
s1

s
)
ds
dt

+ (1 −
i11

i1
)
di1

dt
+

diA

dt
+ (1 −

r11

r1
)
dr1

dt
+

di2

dt
,

(1 −
s1

s
)
ds
dt

= (1 −
s1

s
)(Λ − β1si1 − βAsiA − (1 + φ1)β2si2 − µs)

= Λ − β1si1 − βAsiA − (1 + φ1)β2si2 − µs −
s1

s
Λ + β1s1i1 + βAs1iA + (1 + φ1)β2s1i2 + µs1,

(1 −
i11

i1
)
di1

dt
= (1 −

i11

i1
)(β1si1 − η1i1 − µi1) = β1si1 − η1i1 − µi1 − β1si11 + η1i11 + µi11,

diA

dt
= βAsiA − ηAiA − µiA,

(1 −
r11

r1
)
dr1

dt
= (1 −

r11

r1
)(η1i1 + ηAiA − φ2β2r1i2 − µr1)

= η1i1 + ηAiA − φ2β2r1i2 − µr1 −
r11

r1
η1i1 −

r11

r1
ηAiA + φ2β2r11i2 + µr11,
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di2

dt
= (1 + φ1)β2si2 + φ2β2r1i2 − η2i2 − µi2.

From the formulation above, we derive

dV
dt

= Λ − µs −
s1

s
Λ + β1s1i1 + βAs1iA + (1 + φ1)β2s1i2 + µs1 − µi1 − β1si11 + η1i11 + µi11

− µiA − µr1 −
r11

r1
η1i1 −

r11

r1
ηAiA + φ2β2r11i2 + µr11 − η2i2 − µi2

= µs1R1 − µs −
s1

s
µs1R1 + (η1 + µ)i1 + βAs1iA + (1 + φ1)β2s1i2 + µs1 − µi1 − µs(R1 − 1)

+ µs1(R1 − 1) − µiA − µr1 −
r11

r1
µr11 −

r11

r1
ηAiA + φ2β2r11i2 + µr11 − η2i2 − µi2

= 2µs1R1 −
s1

s
µs1R1 − µsR1 + 2µr11 −

r11

r1
µr11 − µr1 + (βAs1 − µ)iA

+ ((1 + φ1)β2s1 + φ2β2r11 − (η2 + µ))i2 −
r11

r1
ηAiA

= µs1R1(2 −
s1

s
−

s
s1

) + µr11(2 −
r11

r1
−

r1

r11
) + (βAs1 − µ)iA + ((1 + φ1)β2s1 + φ2β2r11

− (η2 + µ))i2 −
r11

r1
ηAiA.

Under the assumptions that R1 >
˜̃RA and R̃1 > R2, it follows that

dV
dt
|(3.1) ≤ 0, and E1 is locally stable.

It can be observed that E1 is the largest positively invariant set contained in
dV
dt
|(3.1) = 0. Therefore, by

LaSalle’s invariance principle [20], the boundary equilibrium E1 is globally asymptotically stable for
System (2.2).

Theorem 4.3. Suppose the boundary equilibrium EA exists (i.e., RA > 1) and satisfies

RA >
˜̃R1 > R1, RA > R̃A > R2.

Then EA is globally asymptotically stable. Conversely, if

RA < R1 or RA < R2

holds, EA exists but is unstable.

Proof. Consider the Lyapunov function

V(s, i1, iA, r1, i2) = sA(
s
sA
− 1 − ln

s
sA

) + i1 + iAA(
iA

iAA
− 1 − ln

iA

iAA
) + r1A(

r1

r1A
− 1 − ln

r1

r1A
) + i2.

The function V is positive definite in R5
+ and reaches zero at EA(sA, 0, iAA, r1A, 0). We need to show that

V ′ is negative definite. Computing the derivative along the trajectories of System (2.2) yields

dV
dt

= (1 −
sA

s
)
ds
dt

+
di1

dt
+ (1 −

iAA

iA
)
diA

dt
+ (1 −

r1A

r1
)
dr1

dt
+

di2

dt
.
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We then obtain
dV
dt

= Λ − µs −
sA

s
Λ + β1sAi1 + βAsAiA + (1 + φ1)β2sAi2 + µsA − µi1 − µiA − βAsiAA

+ ηAiAA + µiAA − µr1 −
r1A

r1
η1i1 −

r1A

r1
ηAiA + φ2β2r1Ai2 + µr1A − η2i2 − µi2

= 2µsARA −
sA

s
µsARA − µsRA + 2µr1A −

r1A

r1
µr1A − µr1 + (β1sA − µ)iA

+ ((1 + φ1)β2sA + φ2β2r1A − (η2 + µ))i2 −
r1A

r1
η1i1

= µsARA(2 −
sA

s
−

s
sA

) + µr1A(2 −
r1A

r1
−

r1

r1A
) + (β1sA − µ)iA + ((1 + φ1)β2sA + φ2β2r1A

− (η2 + µ))i2 −
r1A

r1
η1i1.

Under the hypothesis that RA >
˜̃R1 and R̃A > R2, it follows that

dV
dt
|(3.1) ≤ 0, and thus the boundary

equilibrium EA is locally stable. Furthermore, EA constitutes the maximal positively invariant set

contained in
dV
dt
|(3.1) = 0. Consequently, by LaSalle’s invariance principle [20], EA is globally

asymptotically stable for System (2.2).

Theorem 4.4. If we suppose that the boundary equilibrium E2 exists (i.e., R2 > 1) and satisfies

R2 >
˜̃R1 > R1, R2 >

˜̃RA > RA,

then E2 is globally asymptotically stable. Conversely, if

R2 < R1 or R2 < RA

holds, E2 exists but is unstable.

Proof. Consider

V(s, i1, iA, r1, i2) = s2(
s
s2
− 1 − ln

s
s2

) + i1 + iA + r1 + i22(
i2

i22
− 1 − ln

i2

i22
).

The function V is positive definite in R5
+ and reaches zero at E2(s2, 0, 0, 0, i22). We need to show that

V ′ is negative definite. Differentiating V along the trajectories of System (2.2) yields

dV
dt

= (1 −
s1

s
)
ds
dt

+
di1

dt
+

diA

dt
+

dr1

dt
+ (1 −

i22

i2
)
di2

dt

= Λ − µs −
s2

s
Λ + β1s2i1 + βAs2iA + (1 + φ1)β2s2i2 + µs2 − µi1 − µiA − µr1 − η2i2

− µi2 − (1 + φ1)β2si22 − φ2β2r1i22 + η2i22 + µi22

= µs2R2(2 −
s2

s
−

s
s2

) + (β1s2 − µ)i1 + (βAs2 − µ)iA − φ2β2r1i22 − µr1.

If R2 >
η1 + µ

µ
R1, R2 >

ηA + µ

µ
RA, then

dV
dt
|(3.1) ≤ 0, and E2 is locally stable. Moreover, E2 constitutes

the largest positively invariant set contained in
dV
dt
|(3.1) = 0. Therefore, by LaSalle’s invariance

principle [20], the boundary equilibrium E2 is globally asymptotically stable for System (2.2).
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4.2. Stability of endemic equilibria

Theorem 4.5. For System (2.2), the following conclusions hold:
1) If Ē exists (i.e., R̃1 < R2 < R1) and satisfies R1 > RA, then the endemic equilibrium Ē of the system
is locally asymptotically stable.
2) If Ê exists (i.e., R̃A < R2 < RA) and satisfies RA > R1, then the endemic equilibrium Ê of the system
is locally asymptotically stable.

Proof. For the endemic equilibrium Ē(s̄, ī1, 0, r̄1, ī2), the Jacobian matrix of System (2.2) at Ē is
given by 

−β1ī1 − (1 + φ1)β2ī2 − µ −β1 s̄ −βA s̄ 0 −(1 + φ1)β2 s̄

β1 ī1 0 0 0 0

0 0 βA s̄ − (ηA + µ) 0 0

0 η1 ηA −φ2β2ī2 − µ −φ2β2r̄1

(1 + φ1)β2ī2 0 0 φ2β2ī2 0


.

The Jacobian matrix yields one immediate eigenvalue

λ1 = βA s̄ − (ηA + µ) =
βAΛ

µ
(

1
R1
−

1
RA

) . (4.2)

The remaining four eigenvalues are determined by the following characteristic equation:

λ4 + M1λ
3 + M2λ

2 + M3λ + M4 = 0,

where
M1 = m1 + (1 + φ1 + φ2)m2 + 2µ,
M2 = (m1 + (1 + φ1)m2 + µ)(φ2m2 + µ) + m1m3 + m2(φ2

2m4 + (1 + φ1)2m5),
M3 = (m1 + (1 + φ1)m2 + µ)φ2

2m2m4 + (φ2m2 + µ)(m1m3 + (1 + φ1)2m2m5),
M4 = φ2m1m2(φ2m3m4 + (1 + φ1)η1m5).
m1 = β1ī1, m2 = β2ī2, m3 = β1 s̄, m4 = β2r̄1, m5 = β2 s̄.

Equation (4.2) shows that one of the eigenvalues is λ1 =
βAΛ

µ
(

1
R1
−

1
RA

), and if R1 > RA, then λ1 < 0.

To ensure that all roots of the quartic equation have negative real parts, we apply the Hurwitz
criterion. From the existence conditions of Ē(s̄, ī1, 0, r̄1, ī2), we know that Ē exists if and only if R̃1 <

R2 < R1 holds. Under this condition, all coefficients (M1,M2,M3,M4) are positive, and the leading
principal minors are positive.

Therefore, by the Hurwitz criterion, System (2.2) is locally asymptotically stable at the endemic
equilibrium Ē. Conversely, if R1 < RA, then the endemic equilibrium Ē exists but is unstable.

Analogously, for the endemic equilibrium Ê(ŝ, 0, îA, r̂1, î2), the Jacobian matrix of System (2.2)
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evaluated at Ê is given by

−βAîA − (1 + φ1)β2î2 − µ −β1 ŝ −βA ŝ 0 −(1 + φ1)β2 ŝ

0 β1 ŝ − (η1 + µ) 0 0 0

βAîA 0 0 0 0

0 η1 ηA −φ2β2î2 − µ −φ2β2r̂1

(1 + φ1)β2 î2 0 0 φ2β2î2 0


.

Through computation, if
RA > R1,

then the endemic equilibrium Ê is locally asymptotically stable. Conversely, if RA < R1, then Ê exists
but is unstable.

Next, we use the geometric approach proposed in [21,22] to analyze the global asymptotic stability
of the endemic equilibria Ē and Ê. This approach is commonly applied to three-dimensional systems;
we extend its application to the five-dimensional system below.

For System (2.2), we have

Ω̃ =

{
(s(t), i1(t), iA(t), r1(t), i2(t))

∣∣∣∣∣ 0 ≤ s(t) + i1(t) + iA(t) + r1(t) + i2(t) ≤
Λ

µ

}
forms a positively invariant set. According to Theorem 3.2, when R̃1 < R2 < R1, there is a unique
endemic equilibrium Ē in the interior of Ω̃; when R̃A < R2 < RA, there is a unique endemic equilibrium
Ê in the interior of Ω̃.

Theorem 4.6. If the endemic equilibrium Ē exists and the system satisfies the condition

µ > max
{
2(b̄ + η1) +

(βA + (1 + φ1)β2)Λ
µ

, b̄ +
(2β1 + 2βA)Λ

µ
,

b̄ + ηA +
(2β1 + (1 + φ1)β2)Λ

µ
, 2b̄ + η2 +

βAΛ

µ
, η1 + ηA

}
, (4.3)

then System (2.2) is globally asymptotically stable at Ē(s̄, ī1, 0, r̄1, ī2).

Proof. Initially, the region Ω̃ is simply connected in R5
+, and when R̃1 < R2 < R1, there is a unique

endemic equilibrium Ē in the interior of Ω̃. Furthermore, by Theorem 3.1, the instability of the
disease-free equilibrium implies the uniform persistence of System (2.2) (see [23]). Specifically,
a constant n > 0 exists such that any solution x(t, x0) = (s(t), i1(t), iA(t), r1(t), i2(t)) with x0 =

(s(0), i1(0), iA(0), r1(0), i2(0)) in the interior of Ω̃ satisfies

min
{
lim inf

t→∞
s(t), lim inf

t→∞
i1(t), lim inf

t→∞
iA(t), lim inf

t→∞
r1(t), lim inf

t→∞
i2(t)

}
> n.

The uniform persistence and boundedness of Ω̃ are equivalent to the existence of a compact absorbing
set K in the interior of Ω̃ (see [24]). Therefore, to prove global stability, it suffices to verify the
condition q < 0, where

q = lim sup
t→∞

sup
x0∈Γ

1
t

∫ t

0
σ(Q(x(s, x0))) ds.
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The Jacobian matrix J of System (2.2) is

−β1i1 − βAiA − (1 + φ1)β2i2 − µ −β1s −βAs 0 −(1 + φ1)β2s

β1i1 β1s − (η1 + µ) 0 0 0

βAiA 0 βAs − (ηA + µ) 0 0

0 η1 ηA −φ2β2i2 − µ −φ2β2r1

(1 + φ1)β2i2 0 0 φ2β2i2 (1 + φ1)β2s + φ2β2r1 − (η2 + µ)


.

For a 5 × 5 matrix J, its second additive compound J[2] is defined as

M1 0 0 0 βAs 0 (1 + φ1)β2s 0 0 0

0 M2 0 0 −β1s 0 0 0 (1 + φ1)β2s 0

η1 ηA M3 −φ2β2r1 0 −β1s 0 −βAs 0 (1 + φ1)β2s

0 0 φ2β2i2 M4 0 0 −β1s 0 −βAs 0

−βAiA β1i1 0 0 M5 0 0 0 0 0

0 0 β1i1 0 ηA M6 −φ2β2r1 0 0 0

−(1 + φ1)β2i2 0 0 β1i1 0 φ2β2i2 M7 0 0 0

0 0 βAiA 0 −η1 0 0 M8 −φ2β2r1 0

0 −(1 + φ1)β2i2 0 βAiA 0 0 0 φ2β2i2 M9 0

0 0 −(1 + φ1)β2i2 0 0 0 η1 0 ηA M10



,

where

M1 = −β1i1 − βAiA − (1 + φ1)β2i2 + β1s − η1 − 2µ,
M2 = −β1i1 − βAiA − (1 + φ1)β2i2 + βAs − ηA − 2µ,
M3 = −β1i1 − βAiA − (1 + φ1)β2i2 − φ2β2i2 − 2µ,
M4 = −β1i1 − βAiA − (1 + φ1)β2i2 + (1 + φ1)β2s + φ2β2r1 − η2 − 2µ,
M5 = β1s + βAs − η1 − ηA − 2µ, M6 = β1s − φ2β2i2 − η1 − 2µ,
M7 = β1s + (1 + φ1)β2s + φ2β2r1 − η1 − η2 − 2µ, M8 = βAs − φ2β2i2 − ηA − 2µ,
M9 = βAs + (1 + φ1)β2s + φ2β2r1 − ηA − η2 − 2µ,

M10 = −φ2β2i2 + (1 + φ1)β2s + φ2β2r1 − η2 − 2µ.

Let
P = P(s, i1, iA, r1, i2) = diag(

a1

i1
,

a1

i1
,

a1

i1
,

a2

iA
,

a2

iA
,

a2

iA
,

a2

iA
,

a3

i2
,

a3

i2
,

a3

i2
),

where a1, a2, a3 are three undetermined positive constants. We then have

P f P−1 = diag( −
i′1
i1
,−

i′1
i1
,−

i′1
i1
,−

i′A
iA
,−

i′A
iA
,−

i′A
iA
,−

i′A
iA
,−

i′2
i2
,−

i′2
i2
,−

i′2
i2

).

Furthermore, for the matrix Q(s, i1, iA, r1, i2) = P f P−1 + PJ[2]P−1, after partitioning it into blocks, it
can be written in the following form:
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Q(s, i1, iA, r1, i2) =



Q11 Q12 Q13 Q14 Q15 Q16

Q21 Q22 Q23 Q24 Q25 Q26

Q31 Q32 Q33 Q34 Q35 Q36

Q41 Q42 Q43 Q44 Q45 Q46

Q51 Q52 Q53 Q54 Q55 Q56

Q61 Q62 Q63 Q64 Q65 Q66


,

where Appendix A contains all entries Qi j of Q.
Let z = (z1, z2, z3, z4, z5, z6, z7, z8, z9, z10) denote a vector in R10. We select a norm in R10 as follows:

|(z1, . . . , z10)| = max
{
|z1|, |z2| + |z3|, |z4| + |z5|, |z6| + |z7|, |z8| + |z9|, |z10|

}
.

Furthermore, let σ(Q) denote the Lozinskii measure of Q with respect to the induced matrix norm | · |
in R10, defined as

σ(Q) = lim
h→0+

|I + hQ| − 1
h

.

The Lozinskii measure σ(Q) can be estimated as follows (see [25]):

σ(Q(s, i1, iA, r1, i2)) ≤ sup{g1, g2, g3, g4, g5, g6},

where

g1 = σ1(Q11) + |Q12| + |Q13| + |Q14| + |Q15| + |Q16| , g2 = σ1(Q22) + |Q21| + |Q23| + |Q24| + |Q25| + |Q26| ,

g3 = σ1(Q33) + |Q31| + |Q32| + |Q34| + |Q35| + |Q36| , g4 = σ1(Q44) + |Q41| + |Q42| + |Q43| + |Q45| + |Q46| ,

g5 = σ1(Q55) + |Q51| + |Q52| + |Q53| + |Q54| + |Q56| , g6 = σ1(Q66) + |Q61| + |Q62| + |Q63| + |Q64| + |Q65| .

Let σ1 denote the Lozinskii measure with respect to the l1 norm, and
∣∣∣Qi j

∣∣∣ (i , j, i, j = 1, 2, 3, 4, 5, 6)
represents the matrix norm induced by the l1 vector norm. To determine the value of gi, we
first compute

σ1(Q11) = β1s − β1i1 − βAiA − (1 + φ1)β2i2 − η1 − 2µ −
i′1
i1
,

σ1(Q22) = βAs − β1i1 − βAiA − (1 + φ1)β2i2 − 2µ −
i′1
i1
,

σ1(Q33) = β1s + βAs − η1 − ηA − 2µ −
i′A
iA
, σ1(Q44) = β1s − η1 − 2µ −

i′A
iA
,

σ1(Q55) = βAs − ηA − 2µ −
i′2
i2
, σ1(Q66) = (1 + φ1)β2s + φ2β2r1 − φ2β2i2 − η2 − 2µ −

i′2
i2
,

and

|Q12| = 0, |Q13| = βAs, |Q14| = (1 + φ1)β2s, |Q15| = 0, |Q16| = 0,
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|Q21| = η1, |Q23| < max{β1s, φ2β2r1}, |Q24| = β1s, |Q25| < max{βAs, (1 + φ1)β2s}, |Q26| = (1 + φ1)β2s,

|Q31| = βAiA, |Q32| < max{β1i1, φ2β2i2}, |Q34| = β1s, |Q35| = βAs, |Q36| = 0,
|Q41| = (1 + φ1)β2i2, |Q42| = β1i1, |Q43| < max{β1i1, ηA}, |Q45| = 0, |Q46| = 0,
|Q51| = 0, |Q52| < max{(1 + φ1)β2i2, βAiA}, |Q53| < max{βAiA, η1}, |Q54| = 0, |Q56| = 0,
|Q61| = 0, |Q62| = (1 + φ1)β2i2, |Q63| = 0, |Q64| = η1, |Q65| = ηA.

Moreover, it follows from System (2.2) that

i′1
i1

= β1s − (η1 + µ),
i′A
iA

= βAs − (ηA + µ),
i′2
i2

= (1 + φ1)β2s + φ2β2r1 − (η2 + µ).

Given

b̄ = max
{
β1Λ

µ
,
βAΛ

µ
,

(1 + φ1)β2Λ

µ
,
φ2β2Λ

µ
, η1, ηA

}
,

we derive

g1 < −µ +
(βA + (1 + φ1)β2)Λ

µ
, g2 < −µ + 2(η1 + b̄) +

(βA + (1 + φ1)β2)Λ
µ

,

g3 < −µ + b̄ +
(2β1 + 2βA)Λ

µ
, g4 < −µ + ηA + b̄ +

(2β1 + (1 + φ1)β2)Λ
µ

,

g5 < −µ + η2 + 2b̄ +
βAΛ

µ
, g6 = −µ + η1 + ηA.

Let

c̄ =

{
µ −

(βA + (1 + φ1)β2)Λ
µ

, µ − 2(b̄ + η1) −
(βA + (1 + φ1)β2)Λ

µ
, µ − b̄ −

(2β1 + 2βA)Λ
µ

,

µ − b̄ − ηA −
(2β1 + (1 + φ1)β2)Λ

µ
, µ − 2b̄ − η2 −

βAΛ

µ
, µ − η1 − ηA

}
.

From Condition (4.3), it follows that c̄ > 0 and

g1 ≤ −c̄, g2 ≤ −c̄, g3 ≤ −c̄, g4 ≤ −c̄, g5 ≤ −c̄, g6 ≤ −c̄.

For every solution (s(t), i1(t), iA(t), r1(t), i2(t)) of System (2.2) with the initial value
(s(0), i1(0), iA(0), r1(0), i2(0)) ∈ Γ, when t > T , we have

1
t

∫ t

0
g1ds ≤ −c̄,

1
t

∫ t

0
g2ds ≤ −c̄,

1
t

∫ t

0
g3ds ≤ −c̄,

1
t

∫ t

0
g4ds ≤ −c̄,

1
t

∫ t

0
g5ds ≤ −c̄,

1
t

∫ t

0
g6ds ≤ −c̄.

Thus, it follows that

1
t

∫ t

0
σ(Q(s, i1, iA, r1, i2))ds ≤ sup{−c̄,−c̄,−c̄,−c̄,−c̄,−c̄}.

Furthermore, this implies that

q = lim sup
t→∞

sup
x0∈Γ

1
t

∫ t

0
σ(Q(x(s, x0))) ds ≤ −c̄ < 0.

Therefore, the endemic equilibrium Ē of System (2.2) is globally asymptotically stable.
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Theorem 4.7. If the endemic equilibrium Ê exists and the system satisfies the condition

µ > max
{
2(b̄ + η1) +

(βA + (1 + φ1)β2)Λ
µ

, b̄ +
(2β1 + 2βA)Λ

µ
,

b̄ + ηA +
(2β1 + (1 + φ1)β2)Λ

µ
, 2b̄ + η2 +

βAΛ

µ
, η1 + ηA

}
,

then System (2.2) is globally asymptotically stable at Ê(ŝ, 0, îA, r̂1, î2).

Proof. The proof follows a similar approach to Theorem 4.6.

Remark 4.1. Condition (4.3) is not unique. Different choices of the matrix function P(x) may lead to
alternative sufficient conditions.

4.3. Numerical simulations

In this section, we verify the theoretical results of System (2.2) through numerical simulations.
During our analysis, it is recognized that the available data might be inadequate for precisely
differentiating between φ1 and φ2. To simplify the model while focusing on the overall impact of
the ADE effect, we adopt the assumption that φ1 = φ2 = φ. The justification for the simplification
φ1 = φ2 = φ is provided in Appendix B. Start by setting some parameters as follows: Λ = 0.03,
µ = 0.02, φ = 1.5, η1 = 0.15, ηA = 0.1, η2 = 0.2, β1 = 0.06, βA = 0.04, and β2 = 0.03. Figure 2
illustrates the six scenarios for the stability of the disease-free equilibrium, boundary equilibria, and
endemic equilibria.

The results indicate that if R1 < 1, RA < 1, and R2 < 1, then the disease-free equilibrium E0

is stable, and both strains disappear (Figure 2(a)). If R1 > 1, RA < 1, R2 < 1, and the condition
µ

ηA + µ
R1 > 1 in Theorem 4.2 is satisfied, then the single-strain infection equilibrium E1 is stable.

In this case, symptomatic infections of Strain 1 persist stably, while asymptomatic infections of
Strain 1 and infections of Strain 2 disappear (Figure 2(b)). If R1 < 1, RA > 1, R2 < 1, and the
condition

µ

η1 + µ
RA > 1 in Theorem 4.3 is satisfied, then the single-strain infection equilibrium EA

is stable. Here, asymptomatic infections of Strain 1 persist stably, while symptomatic infections
of Strain 1 and infections of Strain 2 disappear (Figure 2(c)). If R1 < 1, RA < 1, R2 > 1, and
the conditions

µ

η1 + µ
R2 > 1 and

µ

ηA + µ
R2 > 1 in Theorem 4.4 are satisfied, then the single-strain

infection equilibrium E2 is stable. In this scenario, Strain 2 persists stably, while symptomatic and
asymptomatic infections of Strain 1 disappear (Figure 2(d)). If R1 > 1, RA < 1, R2 > 1, and the
condition R̃1 < R2 < R1 in Theorem 4.5 are satisfied, then the dual-strain infection equilibrium Ē is
stable. In this case, symptomatic infections of Strain 1 and infections of Strain 2 persist stably, while
asymptomatic infections of Strain 1 disappear (Figure 2(e)). If R1 < 1, RA > 1, R2 > 1, and the
condition R̃A < R2 < RA in Theorem 4.5 are satisfied, then the dual-strain infection equilibrium Ê
is stable. Here, asymptomatic infections of Strain 1 and infections of Strain 2 persist stably, while
symptomatic infections of Strain 1 disappear (Figure 2(f)).
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(a) (b) (c)

(d) (e) (f)

Figure 2. Stability analysis of the system. (a) E0 is stable when β1 = 0.06, βA =

0.04, and β2 = 0.03, with R1 = 0.5 < 1,RA = 0.5 < 1, and R2 = 0.5 < 1. (b) E1 is stable when
β1 = 2.27, βA = 0.04, and β2 = 0.03, with R1 = 20 > 1,RA = 0.5 < 1, and R2 = 0.5 < 1.
(c) EA is stable when β1 = 0.06, βA = 1.6, and β2 = 0.03, with R1 = 0.5 < 1,RA = 20 >

1, and R2 = 0.5 < 1. (d) E2 is stable when β1 = 0.06, βA = 0.04, and β2 = 1.17, with
R1 = 0.5 < 1,RA = 0.5 < 1, and R2 = 20 > 1. (e) Ē is stable when β1 = 2.27, βA =

0.04, and β2 = 0.59, with R1 = 20 > 1,RA = 0.5 < 1, and R2 = 10 > 1. (f) Ê is stable when
β1 = 0.06, βA = 2.00, and β2 = 0.88, with R1 = 0.5 < 1,RA = 25 > 1, and R2 = 15 > 1.

(a) (b) (c)

Figure 3. Stability analysis of the system. (a) E2 is stable when β1 = 0.06, βA =

0.04, and β2 = 1.17, with R1 = 0.5 < 1,RA = 0.5 < 1, and R2 = 20 > 1. (b) Ē is stable
when β1 = 2.27, βA = 0.04, and β2 = 0.59, with R1 = 20 > 1,RA = 0.5 < 1, and R2 = 10 > 1.
(c) Ê is stable when β1 = 0.06, βA = 2.00, and β2 = 0.88, with R1 = 0.5 < 1,RA = 25 >

1, and R2 = 15 > 1.
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Additionally, Figure 3 illustrates the stability diagram under the assumption that a new strain
emerges at t = 100. The peak proportion of infections by the new strain is significantly higher in
Figure 3(b) than in Figure 3(a). This observation precisely reflects the impact of the ADE effect on
viral transmission. Specifically, antibodies generated from prior infections with a virus may enhance
the infectivity of a new similar but distinct virus, rather than suppressing the infection. Similarly, the
influence of the ADE effect on viral transmission is also evident, as the peak proportion of the new
strain’s infections in Figure 3(c) exceeds that in Figure 3(a).

5. A case study: Influenza pandemic in Geneva, Switzerland

5.1. Data sources and parameter estimation

In this section, we utilize the daily epidemiological data of the Spanish influenza pandemic in
Geneva, Switzerland, from July 1918 to February 1919 [26]. For this study, Week 27 of 1918 is
selected as the first observation day, and the analysis focuses on the weekly reported cumulative cases
in Geneva between July 1 and December 15, 1918.

One of our challenges is the lack of detailed data on the simultaneous circulation of both viral
strains. However, existing epidemiological studies [17, 27] demonstrate that influenza typically
exhibits seasonal patterns, with different strains potentially dominating across seasons. An analysis
of the influenza surveillance data from Geneva [26] reveals two infection peaks between July 1 and
December 15, 1918, corresponding to the summer and autumn waves. According to reports [28],
the pandemic occurred in two waves—summer and autumn—with the autumn wave demonstrating
significantly higher mortality rates. On the basis of this observation, we assume that the summer wave
was primarily driven by Strain 1, while the autumn wave may have involved the cocirculation of both
strains with an ADE effect, predominantly dominated by Strain 2. We perform a piecewise fitting of
the data using the least squares method. The results of the fitting are shown in Figure 4. The parameter
values, which include both the given and fitted values, are provided in Table 2. The goodness-of-fit R2

for the two segments is 0.9776 and 0.9842, respectively.

Figure 4. Results of data fitting for the 1918 influenza pandemic in Geneva, Switzerland.

Electronic Research Archive Volume 34, Issue 7, 4410–4447.



4433

Table 2. Parameter values.

Parameters Values Sources 95% CI
Λ 0.02 Fitted [0.0185, 0.0212]
φ 1.13 Fitted [1.0500, 1.2100]
β1 0.67 Fitted [0.6100, 0.7300]
βA 0.69 Fitted [0.6300, 0.7500]
β2 0.66 Fitted [0.5900, 0.7200]
η1 [0.09, 0.5] [29] –
ηA 0.10 Assumed –
η2 [0.09, 0.5] [29] –
µ 0.00005 [30] –

5.2. Impact of ADE on cumulative cases in Geneva, Switzerland

To further investigate the impact of the ADE factor on the infection dynamics during the autumn
wave of the influenza pandemic in Geneva, we examine the effects of varying ADE factors on the
autumn transmission. The result is presented in Figure 5.

As shown in Figure 5, if φ = 1.5, indicating that the probability of infection with the autumn wave’s
influenza virus is 1.5 times higher than before, the cumulative number of influenza cases in Geneva,
Switzerland, by the 15th week of 1918 would reach 362. If the probability of infection increases to 2.5
times the original level, the cumulative number of cases by the 15th week would rise to 427. As φ
increases, the peak cumulative number of influenza cases in Geneva also rises progressively. Clearly,
a higher ADE factor φ demonstrates a stronger cumulative effect.

Figure 5. Impact of the ADE factor φ on the 1918 autumn influenza wave in Geneva.
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6. Optimal control analysis and numerical simulation incorporating ADE risk

6.1. Analysis of optimal control

Effectively controlling and treating infectious diseases poses significant challenges in resource-
limited settings [31]. This section examines influenza control strategies by balancing control efficacy
against resource constraints. In particular, to address the additional risks posed by vaccination-induced
ADE, our analytical framework explicitly incorporates the evaluation of ADE risk and its trade-off

with epidemic control outcomes.
There are three common measures for preventing influenza: Vaccination, personal daily protection,

and antiviral treatment [2]. For instance, in [30], the authors developed a multiscale immune influenza
model that incorporates both antiviral treatment and vaccination. The findings indicate that while
antiviral treatment can significantly reduce an individual’s viral load, it may also increase potential
risks at the population level.

Building upon prior analyses and practical considerations, we propose two categories of control
measures—pharmaceutical treatments and behavioral interventions (e.g., promoting mask-wearing,
maintaining social distancing, and encouraging voluntary vaccination)—to effectively mitigate
disease transmission. The control variables primarily act on the parameters associated with each
control measure.

Specifically, u1 represents the control variable for pharmaceutical treatment targeting the original
strain, while u2 corresponds to the control variable for pharmaceutical treatment targeting the new
strain. In addition, u3 denotes the control variable associated with behavioral intervention measures,
reflecting the intensity of non-pharmaceutical interventions, and u4 represents the control variable for
vaccination targeting the original strain, which works in synergy with u3 to reduce the risk of infection
with the original strain. Similarly, u5 denotes the control variable for vaccination targeting the new
strain, collaborating with u3 to lower the risk of infection with the new strain. Notably, pharmaceutical
treatments are typically administered to symptomatic patients, as asymptomatic individuals are less
likely to receive such treatments. Consequently, the increase in recovery rates applies only to
symptomatic individuals infected with the original strain and individuals infected with the new strain.

Assume that ūi ∈ (0, 1) exists such that 0 ≤ ui(t) ≤ ūi < 1, i = 1, 2, 3, 4, 5. Within a fixed time
interval [0, t f ] for t f > 0, the feasible decision space or constraint set is defined as

U = {ui(t)|0 ≤ ui(t) ≤ ūi, 0 ≤ t ≤ t f , ui(t) is Lebesgue measurable, i = 1, 2, 3, 4, 5}.

The primary objective of this study is to minimize both the cost associated with pharmaceutical
treatment and behavioral interventions and the economic losses caused by the treatment of infected
individuals. Within the time interval [0, t f ], these costs are respectively denoted as∫ t f

0
B1i1(t)u1(t)dt,

∫ t f

0
B2i2(t)u2(t)dt,

∫ t f

0
B3s(t)u3(t)dt,∫ t f

0
B4s(t)u4(t)dt,

∫ t f

0
B4s(t)u5(t)dt,

∫ t f

0

(
D1(i1(t) + iA(t)) + D2i2(t)

)
dt.

Here, B1 represents the cost of pharmaceutical treatment for the original strain. B2 denotes the cost of
pharmaceutical treatment for the new strain. B3 is the cost of implementing behavioral interventions
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(nonpharmacological interventions). B4 is the cost of implementing the behavioral intervention
(vaccination). D1 and D2, respectively, represent the healthcare resource costs per case of influenza
caused by the original strain and the new strain.

In addition to the aforementioned cost objectives, our framework explicitly incorporates ADE
risk aversion. Based on the immunological mechanisms of ADE, this risk arises from four distinct
scenarios: (i) Homologous exogenous ADE in individuals vaccinated with Strain 1 upon reinfection
with Strain 1 corresponds to u4(t)i1(t), (ii) heterologous exogenous ADE in individuals vaccinated
with Strain 1 upon infection with Strain 2 corresponds to u4(t)i2(t), (iii) homologous exogenous ADE
in individuals vaccinated with Strain 2 upon reinfection with Strain 2 corresponds to u5(t)i2(t), and
(iv) endogenous ADE in individuals recovered from Strain 1 upon subsequent infection with Strain 2
corresponds to r1(t)i2(t). To account for these risks, we introduce the following ADE risk penalty term
in the objective function:

P(t) = α
(
u4(t)i1(t) + u4(t)i2(t) + u5(t)i2(t) + r1(t)i2(t)

)
,

to preserve the convexity of the penalty function, using the arithmetic mean-geometric mean (AM-GM)
inequality, for any feasible u4(t), u5(t), i1(t), i2(t), r1(t) > 0 , we have

P(t) ≤
α

2
(
2u2

4(t) + u2
5(t) + i2

1(t) + 3i2
2(t) + r2

1(t)
)
.

Here, the risk-weighting coefficient α represents the decision-maker’s degree of aversion to the
risk that ADE may exacerbate illness during an epidemic. Due to the current lack of precise
quantitative comparisons among different ADE risk sources, a conservative assumption is adopted
to avoid overestimating the impact of specific risk sources: All risk sources share the same risk
coefficient. Considering that r1(t), as a state variable, responds to control inputs with a lag, its weight
is appropriately reduced. The final convex penalty function is given by

P̄(t) = α
(
u2

4(t) + 0.5u2
5(t) + 0.5i2

1(t) + 1.5i2
2(t) + 0.1r2

1(t)
)
.

Based on the assumptions above, the optimal control problem can be formulated as follows:

ds
dt

= Λ − (1 − u3(t) − u4(t))β1si1 − (1 − u3(t) − u4(t))βAsiA − (1 − u3(t) − u5(t))(1 + φ)β2si2 − µs,

di1

dt
= (1 − u3(t) − u4(t))β1si1 − (1 + u1(t))η1i1 − µi1,

diA

dt
= (1 − u3(t) − u4(t))βAsiA − ηAiA − µiA,

dr1

dt
= (1 + u1(t))η1i1 + ηAiA − (1 − u3(t) − u5(t))φβ2r1i2 − µr1,

di2

dt
= (1 − u3(t) − u5(t))(1 + φ)β2si2 + (1 − u3(t) − u5(t))φβ2r1i2 − (1 + u2(t))η2i2 − µi2,

dr2

dt
= (1 + u2(t))η2i2 − µr2,

with the initial conditions

0 ≤ s(0) ≤ L, 0 ≤ i1(0) ≤ L, 0 ≤ iA(0) ≤ L,

0 ≤ r1(0) ≤ L, 0 ≤ i2(0) ≤ L, 0 ≤ r2(0) ≤ L,

where L is the positive constant.

Electronic Research Archive Volume 34, Issue 7, 4410–4447.



4436

Subsequently, the vector-valued optimization problem is reformulated as a scalar quadratic opti-
mization problem through a weighted sum approach, yielding the following unique objective function:

J(u1(t), u2(t), u3(t)) =

∫ t f

0
[ω1(B1i1(t)u1(t))2 + ω2(B2i2(t)u2(t))2 + ω3(B3s(t)u3(t))2

+ ω4((B4s(t)u4(t))2 + (B4s(t)u5(t))2) + ω5((D1(i1(t) + iA(t)))2 + (D2i2(t))2) + P̄(t)]dt.

Theorem 6.1. There is a set of u1(t), u2(t), u3(t), u4(t), and u5(t), so that

J(u∗1(t), u∗2(t), u∗3(t), u∗4(t), u∗5(t)) = min J(u1(t), u2(t), u3(t), u4(t), u5(t)).

The optimal control expressions are as follows:

u∗1(t) = max{min{u1,
(λi1 − λr1)η1

2ω1B2
1i1(t)

}, 0}, u∗2(t) = max{min{u2,
(λi2 − λr2)η2

2ω2B2
2i2(t)

}, 0},

u∗3(t) = max{min{u3,
Ψ3(t)

2ω3B2
3s2(t)

}, 0}, u∗4(t) = max{min{u4,
Ψ4(t)

2ω4B2
4s2(t) + 2α

}, 0},

u∗5(t) = max{min{u5,
Ψ5(t)

2ω4B2
4s2(t) + α

}, 0},

where
Ψ3(t) = (λi1 − λs)β1si1(t) + (λiA − λs)βAsiA(t) + (λi2 − λs)(1 + φ)β2si2(t) + (λi2 − λr1)φβ2r1i2(t),
Ψ4(t) = (λi1 − λs)β1si1(t) + (λiA − λs)βAsiA(t),
Ψ5(t) = (λi2 − λs)(1 + φ)β2si2(t) + (λi2 − λr1)φβ2r1i2(t).

Proof. According to Pontryagin’s extreme value principle, the Hamiltonian function is defined
as follows:

H = ω1(B1i1(t)u1(t))2 + ω2(B2i2(t)u2(t))2 + ω3(B3s(t)u3(t))2 + ω4
[
(B4s(t)u4(t))2 + (B4s(t)u5(t))2]

+ ω5
[
(D1(i1(t) + iA(t)))2 + (D2i2(t))2] + P̄(t)

+ λs
[
Λ − (1 − u3(t) − u4(t))β1si1 − (1 − u3(t) − u4(t))βAsiA − (1 − u3(t) − u5(t))(1 + φ)β2si2 − µs

]
+ λi1

[
(1 − u3(t) − u4(t))β1si1 − (1 + u1(t))η1i1 − µi1

]
+ λiA

[
(1 − u3(t) − u4(t))βAsiA − ηAiA − µiA

]
+ λr1

[
(1 + u1(t))η1i1 + ηAiA − (1 − u3(t) − u5(t))φβ2r1i2 − µr1

]
+ λi2

[
(1 − u3(t) − u5(t))(1 + φ)β2si2 + (1 − u3(t) − u5(t))φβ2r1i2 − (1 + u2(t))η2i2 − µi2

]
+ λr2

[
(1 + u2(t))η2i2 − µr2

]
,

where λm denotes the adjoint variable corresponding to the adjoint equation given in Appendix C.
Therefore, the optimal control strategy (u∗1(t), u∗2(t), u∗3(t), u∗4(t), u∗5(t)) can be solved by the following

optimality conditions:
∂H
∂u1(t)

|(u∗1(t),u∗2(t),u∗3(t),u∗4(t),u∗5(t)) = 0,
∂H
∂u2(t)

|(u∗1(t),u∗2(t),u∗3(t),u∗4(t),u∗5(t)) = 0,

∂H
∂u3(t)

|(u∗1(t),u∗2(t),u∗3(t),u∗4(t),u∗5(t)) = 0,
∂H
∂u4(t)

|(u∗1(t),u∗2(t),u∗3(t),u∗4(t),u∗5(t)) = 0,

∂H
∂u5(t)

|(u∗1(t),u∗2(t),u∗3(t),u∗4(t),u∗5(t)) = 0.

The proof is complete.
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6.2. Numerical simulation of optimal control

In this section, we use the forward-backward Runge-Kutta method [32] to compute the optimal
solution. Numerical simulations are conducted to validate the optimal control outcomes, thereby
assessing the impact of optimal control strategies on the epidemic’s dynamics. According to
references [30,33], the weekly pharmaceutical treatment costs for influenza cases caused by the original
strain and the new strain are approximately $120 (B1 = 120) per person and $130 (B2 = 130) per
person, respectively. The weekly healthcare resource costs for influenza cases associated with the
original strain and the new strain are approximately $150 (D1 = 150) per person and $250 (D2 = 250)
per person, respectively. Additionally, the cost of implementing behavioral interventions is estimated
to be approximately $5 (B3 = 5) per person per week. Furthermore, according to reference [34],
assuming a six-month protection period for the influenza vaccine, the average weekly vaccination cost
is approximately $0.38 (B4 = 0.38) per person.

(a) (b)

(c) (d)

Figure 6. The trends of i1, iA, r1, and i2 under different weight coefficient configurations.

6.2.1. Without ADE risk

In conventional control studies, ADE risk is typically neglected (i.e., α = 0). Assume three
weighting schemes for intervention costs: (i) Balanced control (ω1 = ω2 = ω3 = ω4 = ω5 = 0.2),
(ii) prioritized control of pharmaceutical treatment costs (ω1 = ω2 = 0.3, ω3 = ω4 = 0.1, ω5 = 0.2),
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and (iii) prioritized control of behavioral intervention costs (ω1 = ω2 = 0.1, ω3 = 0.3, ω4 = 0.4, ω5 =

0.1). Figure 6 compares the control outcomes under these three weighting schemes. Numerical
simulations indicate that under all three schemes, both the proportions of symptomatic individuals
(i1) and asymptomatic carriers (iA) of the original strain demonstrate a rapid decline before eventually
stabilizing. In particular, the control strategy with balanced weights demonstrates superior overall
performance, achieving a better trade-off between control cost and epidemic scale.

Notably, Figure 7 compares influenza case counts in Geneva, Switzerland, before and after
implementing the control strategy with balanced weighting coefficients (ω1 = ω2 = ω3 = ω4 =

ω5 = 0.2). Numerical simulations demonstrate that the optimal control strategy effectively suppresses
the growth of the infected proportion, ultimately maintaining the epidemic at low endemic levels.

Figure 7. Comparative dynamics of influenza’s transmission in Geneva, Switzerland, under
uncontrolled and optimally controlled scenarios.
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Figure 8. Optimal control strategy u1, u2, u3, u4, and u5.

Additionally, Figure 8 shows the time-varying control profile under the balanced weights.
The effective implementation of behavioral intervention measures (maintaining an intensity of
approximately 51% in the first 17 weeks and increasing to 79% by Week 20) serves as a critical enabler
of this control strategy, reducing the demand for pharmaceutical treatment resources to some extent.
The results further show that after Week 17, the optimal control strategy substantially increases the
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allocation to antiviral treatment and vaccination against the original strain. However, this increase
in vaccination effort heightens the risk of ADE, marking a strategic shift in epidemic control from
minimizing transmission alone to a new phase that explicitly accounts for immunological safety.

6.2.2. With ADE risk

The selection of the ADE risk weighting coefficient α depends on multiple factors, including the
tolerable burden of vaccine-associated severe cases, the trade-off between population-level protection
and individual risk, heterogeneity across patient populations, the epidemic phase, and vaccine safety
profiles. If the decision-maker adheres to a “safety first” principle, α takes a larger value; if containing
transmission is deemed to be more urgent, α is set to a smaller value. By varying the risk weight α, we
derive the Pareto frontier between infection control and ADE risk. Each value of α corresponds to a
point on this frontier, representing a specific risk preference (see Table 3 and Figure 9).

Table 3. Performance of optimal strategies under varying α.

α Total infections Total vaccinations Mean vaccination rate ADE risk Strategy description

0.0 202.58 16130.59 0.9601 2.50 Baseline (ADE neglected)
1.0 206.24 15377.67 0.9153 1.67 Low aversion
2.0 207.24 15349.02 0.9136 1.25 Recommended strategy
3.0 208.06 15330.51 0.9125 1.00 Moderate aversion
4.0 208.66 15320.49 0.9119 0.83 Intermediate aversion
5.0 209.61 15308.43 0.9112 0.71 Conservative strategy
7.0 210.16 15302.80 0.9108 0.56 High aversion
10.0 211.21 15286.33 0.9098 0.42 Extreme aversion

Table 3 presents key performance metrics of the vaccination strategy as the ADE risk-aversion
coefficient α varies from 0 to 10. The metrics are defined as follows: Total infections =

∫ t f

0
(i1(t) +

iA(t) + i2(t)) dt, total vaccinations =
∫ t f

0
(u4(t) + u5(t)) dt, mean vaccination rate = 1

t f

∫ t f

0
(u4(t) + u5(t)) dt,

and ADE risk =
∫ t f

0

(
u4(t)i1(t) + u4(t)i2(t) + u5(t)i2(t) + r1(t)i2(t)

)
dt. When the ADE risk is completely

neglected (α = 0), the system adopts an aggressive vaccination strategy, achieving the lowest number
of infections (202.58) but the highest ADE risk index (2.50). As α increases, the strategy shifts
toward conservatism: Total vaccinations decrease by 5.0%, the mean vaccination rate drops from
0.9601 to 0.9098, and ADE risk is significantly reduced by 83% to 0.42, while infections increase
only marginally by 4.3% to 211.21. The trade-off curve in Figure 9 reveals a nonlinear relationship
between infection control and ADE risk aversion. Within the interval α ∈ [0, 2], each unit of increase
in α reduces the ADE risk by 0.63 at the cost of only 2.3 additional infections, yielding a benefit-cost
ratio of 0.27. For α > 2, the marginal benefit diminishes sharply: Increasing α from 2 to 10 reduces
the ADE risk by merely an additional 0.83 while increasing infections by 4.0, lowering the benefit-
cost ratio to 0.21. Overall, the strategy with α = 2.0 demonstrates the most balanced performance,
reducing the ADE risk by 50% at the cost of only a 2.3% increase in infections compared with the
α = 0 scenario.
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(a) (b)

(c)

Figure 9. Impact of the ADE risk’s weight on key outcomes and trade-offs. (a) Total
infections and total vaccinations versus the ADE risk’s weight. (b) The ADE risk index
and mean vaccination rate versus the ADE risk’s weight. (c) Trade-off between the ADE risk
index and infection burden.

Figure 10. Temporal evolution of u4 and u5 under different values of α (α = 0, 2, 10).
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Figure 10 shows the temporal evolution of vaccination strategies for the original strain (u4) and
the new strain (u5) under three different ADE risk weights. A comparison reveals that despite
substantial variation in the ADE risk-aversion coefficient α over a wide range (0–10), the optimal
vaccination strategies exhibit a consistent temporal structure, displaying similar patterns over time.
This indicates that within the established two-strain epidemic dynamic framework, a dominant optimal
vaccination rhythm exists, and the demand for risk aversion is primarily achieved by fine-tuning this
fundamental pattern.

7. Conclusions and discussion

This study systematically investigates the complex role of ADE in influenza transmission by
developing a two-strain transmission model that explicitly incorporates ADE effects. The model
integrates ADE effects driven jointly by endogenous factors (the host’s immune status) and exogenous
factors (viral cross-reactivity), while appllying threshold theory to establish the existence and stability
conditions of various equilibrium states. Dynamic analysis reveals that the system’s evolutionary
trajectory (see Table 4) is jointly determined by three transmission thresholds: The symptomatic
transmission threshold of the original strain (R1), the asymptomatic transmission threshold (RA), and
the transmission threshold of the new strain (R2).

Therefore
R̃1 =

β1Λ

µ(µ + η1 + η1(R1 − 1) φ2
1+φ1

)
,

and
R̃A =

βAΛ

µ(µ + ηA + ηA(RA − 1) φ2
1+φ1

)
.

Increasing the exogenous ADE risk lowers these two thresholds, shifting the system from stable
boundary equilibria to stable coexistence equilibria. In contrast, a higher endogenous ADE risk
eliminates coexistence and stabilizes boundary equilibria, resulting in the eventual extinction of the
original strain. In our case study, numerical simulations based on historical data from the 1918
Spanish influenza pandemic in Geneva, Switzerland, demonstrated ADE’s pivotal role in driving the
secondary outbreak in autumn. By enhancing the new strain’s infectivity, ADE significantly increased
the cumulative number of cases by approximately 86.8% relative to the scenario without ADE.

Specifically, this paper applies a multiobjective Pareto optimization framework to influenza control
under ADE risk. By parameterizing the Pareto frontier via the risk-weighting coefficient α, we quantify
the trade-off between infection control and safety. The results show the following.

1) In the absence of risk aversion (α = 0), under resource-limited conditions, an integrated
intervention strategy centered on drug therapy and behavioral modifications (e.g., mask-wearing,
social distancing, and voluntary vaccination) can reduce the peak infection rate by approximately
94.7%, outperforming a drug-only strategy.

2) As the risk aversion coefficient α increases from 0 to 10, the ADE risk decreases by 83% at the
cost of a 4.3% rise in infections—a typical Pareto trade-off. The interval α ∈ [1, 3] delivers the
optimal benefit-cost ratio. In particular, the strategy with α = 2 achieves a 50% reduction in
the ADE risk with only a 2.3% increase in infections, representing the best balance between risk
and benefit.
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Furthermore, comparative analysis reveals that the structure of the optimal control strategy is
insensitive to changes in the risk aversion coefficient. This provides a foundational policy blueprint for
public health decision-makers, who can fine-tune the strategy according to specific risk assessments
without concern for drastic strategic shifts.

Table 4. Existence and stability of equilibria for System (2.2).

Equilibria Existence conditions Local stability conditions Global stability conditions
E0 Always exists R0 = max{R1,RA,R2} < 1 R0 = max{R1,RA,R2} < 1

E1 R1 > 1

R1 > 1
R1 > RA

R1 > R̃1 > R2

R1 > 1

R1 >
˜̃RA > RA

R1 > R̃1 > R2

EA RA > 1

RA > 1
RA > R1

RA > R̃A > R2

RA > 1

RA >
˜̃R1 > R1

RA > R̃A > R2

E2 R2 > 1

R2 > 1
R2 > R1

R2 > RA

R2 > 1

R2 >
˜̃R1 > R1

R2 >
˜̃RA > RA

Ē R̃1 < R2 < R1
R̃1 < R2 < R1

R1 > RA

R̃1 < R2 < R1

condition (4.3)

Ê R̃A < R2 < RA
R̃A < R2 < RA

RA > R1

R̃A < R2 < RA

condition (4.3)

ADE poses a significant risk to vaccine safety. Beyond influenza, ADE has been well established
in viruses with multiple serotypes, most notably dengue, and remains a theoretical concern for other
pathogens, including SARS-CoV-2. Accurately quantifying the impact of ADE risk on vaccination
strategies presents complex multiobjective trade-offs and computational challenges in dynamic
optimization. To address this, we developed a two-strain optimal control model for vaccination
that explicitly integrates the ADE risk. Our analysis systematically reveals a quantifiable trade-off

between risk aversion and epidemic control efficacy—an aspect not fully addressed in prior ADE-
prone multistrain epidemic models—and identifies an optimal risk aversion interval that balances safety
with effectiveness. The proposed framework not only provides a scientific foundation for decision-
making in dual-strain vaccination campaigns but is also readily adaptable to complex public health
scenarios, such as emergency vaccination during outbreaks of emerging infectious diseases. It thus
offers a generalizable methodology for optimizing the balance between safety and efficacy in the face
of uncertainty.
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Appendix

A. Block entries of the matrix Q

This appendix provides the complete block entries of the matrix Q(s, i1, iA, r1, i2) = P f P−1 +

PJ[2]P−1, which is used in the geometric approach to prove the global asymptotic stability of the
endemic equilibrium Ē (Theorem 4.6).

Q11 = M1 −
i′1
i1
, Q12 = (0, 0), Q13 = (0, βAs), Q14 = (0, (1 + φ1)β2s), Q15 = (0, 0), Q16 = 0,

Q21 = (0, η1)T, Q22 =

M2 −
i′1
i1

0
ηA M3 −

i′1
i1

 , Q23 =

(
0 −β1s

−φ2β2r1 0

)
, Q24 =

(
0 0
−β1s 0

)
,

Q25 =

(
0 (1 + φ1)β2s
−βAs 0

)
, Q26 = (0, (1 + φ1)β2s)T, Q31 = (0,−βAiA)T, Q32 =

(
0 φ2β2i2

β1i1 0

)
,

Q33 =

M4 −
i′A
iA

0
0 M5 −

i′A
iA

 , Q34 =

(
0 −β1s
0 0

)
, Q35 =

(
0 −βAs
0 0

)
, Q36 = (0, 0)T,

Q41 = (0,−(1 + φ1)β2i2)T, Q42 =

(
0 β1i1

0 0

)
, Q43 =

(
0 ηA

β1i1 0

)
, Q44 =

M6 −
i′A
iA
−φ2β2r1

φ2β2i2 M7 −
i′A
iA

 ,
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Q45 =

(
0 0
0 0

)
, Q46 = (0, 0)T, Q51 = (0, 0)T, Q52 =

(
0 βAiA

−(1 + φ1)β2i2 0

)
, Q53 =

(
0 −η1

βAiA 0

)
,

Q54 =

(
0 0
0 0

)
, Q55 =

M8 −
i′2
i2
−φ2β2r1

φ2β2i2 M9 −
i′2
i2

 , Q56 = (0, 0)T, Q61 = 0, Q62 = (0,−(1 + φ1)β2i2),

Q63 = (0, 0), Q64 = (0, η1), Q65 = (0, ηA), Q66 = M10 −
i′2
i2
.

B. Sensitivity analysis of ADE factors and model simplification

To assess the relative importance of exogenous (φ1) and endogenous (φ2) ADE effects on key model
outputs, we performed a normalized sensitivity index (NSI) analysis. The NSI is defined as S Y

φ = ∂Y
∂φ
·
φ

Y ,
which measures the percentage change in output Y resulting from a 1% change in parameter φ around
the baseline value (φ1 = φ2 = 1.13, estimated from the 1918 Geneva influenza data). Following
standard conventions, |S | > 1 indicates high sensitivity, 0.2 < |S | ≤ 1 indicates moderate sensitivity,
and |S | ≤ 0.2 indicates low or negligible sensitivity.

Figure B1. Sensitivity of ADE factors on key model outputs.

Figure B1 presents the NSI results for three key outputs: Cumulative infections, peak infection
rate, and total optimal control cost. The analysis reveals a clear asymmetry between the two ADE
mechanisms. Specifically, φ1 exhibits high sensitivity for cumulative infections (S = 1.20), moderate
sensitivity for peak infection rate (S = 0.60), and moderate sensitivity for the total control cost (S =

0.84). In contrast, φ2 shows negligible sensitivity for all three outputs, with |S | < 0.2 in each case.
These results provide strong justification for the simplification φ1 = φ2 = φ adopted in our numerical

simulations and optimal control analysis. Because φ2 is insensitive for the key outputs of interest, any
uncertainty or misspecification in φ2 does not materially affect the model’s main conclusions. Under the
combined parameter φ, the model primarily captures the sensitive effects of exogenous ADE, ensuring
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that the simplified framework remains robust and reliable for evaluating epidemic control strategies
under ADE risk.

C. Complete adjoint equations

This appendix provides the complete adjoint equations used in the optimal control problem
(Theorem 6.1). The adjoint variables λs, λi1 , λiA , λr1 , λi2 , and λr2 satisfy the following system of
differential equations, derived from ∂H

∂x = −λ′x (where x denotes each state variable):

λ′s = −
∂H
∂s

= −2ω3B2
3u2

3(t)s(t) − 2ω4B2
4s(t)(u2

4(t) + u2
5(t)) + µλs + (1 − u3(t) − u4(t))

[
β1i1(λs − λi1)

+ βAiA(λs − λiA)
]
+ (1 − u3(t) − u5(t))(1 + φ)β2i2(λs − λi2),

λ′i1 = −
∂H
∂i1

= −2ω1B2
1u2

1(t)(i1(t) + iA(t)) − 2ω5D2
1(i1(t) + iA(t)) − α + µλi1 + (1 − u3(t) − u4(t))β1s(λs − λi1)

+ (1 + u1(t))η1(λi1 − λr1),

λ′iA = −
∂H
∂iA

= −2ω1B2
1u2

1(t)(i1(t) + iA(t)) − 2ω5D2
1(i1(t) + iA(t)) + µλiA + (1 − u3(t) − u4(t))βAs(λs − λiA)

+ ηA(λiA − λr1),

λ′r1
= −

∂H
∂r1

= −0.2α + µλr1 + (1 − u3(t) − u5(t))φβ2i2(λr1 − λi2),

λ′i2 = −
∂H
∂i2

= −2ω2B2
2u2

2(t)i2(t) − 2ω5D2
2i2(t) − 3α + µλi2 + (1 − u3(t) − u5(t))

[
(1 + φ)β2s(λs − λi2)

+ φβ2r1(λr1 − λi2)
]
+ (1 + u2(t))η2(λi2 − λr2),

λ′r2
= −

∂H
∂r2

= µλr2 .
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