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Abstract: This paper presents a numerical method for the advection-diffusion process in fractured
porous media described by a kind of hybrid–dimensional fracture models, in which fractures are
represented as (n − 1)–dimensional interfaces embedded within the n–dimensional porous matrix.
We develop a numerical approach that combines the discontinuous Galerkin (DG) method for spatial
discretization with the backward Euler method for temporal discretization. Leveraging the advantage of
the DG method in flexibly handling boundary conditions, the DG–backward Euler method is extended
from the model with a single fracture to one with intersecting fractures. Theoretical analysis shows that
the optimal order error estimate for the concentration in the discrete H1–norm is obtained. Numerical
experiments with a single fracture and intersecting fractures are all carried out to verify the accuracy
of the theoretical results.

Keywords: hybrid–dimensional fracture model; advection–diffusion equation; discontinuous Galerkin
method; backward–Euler method

1. Introduction

Modeling flows in fractured porous media has received increasing interest over recent decades, owing
to its fundamental significance in addressing key environmental and energy issues, such as geothermal
extraction [1, 2], geological carbon storage [3, 4], gas and oil exploitation [5–7], and contaminant
migration in reservoirs [8]. In these applications, the flow dynamics are significantly influenced by
the presence of fractures. Depending on the hydraulic properties, fractures exhibit diverse physical
characteristics: They can serve as primary pathways for fluid flow or act as barriers, depending on
their permeability levels. In addition, when considering fractures and the matrix together, the physical
differences between them can be substantial, sometimes varying by several orders of magnitude. As
a result, fractured porous media often exhibit strong heterogeneity. Moreover, fractures typically have
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much smaller thickness compared with the characteristic scale of the domain, and are often associated
with significantly more complex physical processes than those in the surrounding matrix. This feature
makes the modeling and numerical simulation of fluid flow in fractured porous media exceptionally
complex.

When fractures have a small aperture, the equal-dimensional models are impractical to a certain
extent, where fractures are represented as geological structures of equal dimension to the matrix, as
capturing flow within such thin fractures would require an excessively large number of grid cells. To
address this issue, it is a common choice of hybrid–dimensional fracture models to represent fractures
as (n − 1)–dimensional interfaces embedded in the n–dimensional domain, such as surfaces in the
three-dimensional domain or lines in the two-dimensional case, overcoming the constraint of fracture
width in mesh partitioning to enhance the flexibility and practicality [9, 10]. The hybrid–dimensional
fracture model was initially developed for single–phase Darcy flow, presented in [9], where pressure
was assumed to be continuous across the interfaces of the matrix and the fractures for fractures acting
as drains. The model was subsequently generalized in [10] to include Robin–type coupling conditions,
allowing for pressure discontinuities to represent fractures functioning either as drains or as barriers.
The hybrid–dimensional fracture models of the Darcy–Brinkman equation [11, 12] and the Darcy–
Forchheimer equation [13] were also established, as well as the two–phase Darcy flow [14–16]. The
theoretical framework for identifying discontinuous interfaces from limited boundary measurements in
elastic wave inverse problems [17–19] may inform future extensions of our model to the reconstruction
of fracture networks.

Numerical methods developed for this kind of fracture models include finite element schemes with
both matching and non–matching grids at the matrix–fracture interfaces [10,13,20–22], extended finite
element methods [23], finite volume methods [24], and finite difference approximations [25]. The
advection–diffusion equation encompasses two processes, advection and diffusion, and thus can more
comprehensively and accurately reflect the migration laws of pollutants. It is particularly suitable for
simulating the behavior of pollutants in natural water bodies such as rivers, lakes, and groundwater, as
well as in sewage treatment systems. The hybrid-dimensional fracture model for the advection-diffusion
equation was proposed in [26], where the flow in the surrounding matrix was assumed to be governed
by the advection-diffusion equation, and a suitable reduced version of this equation was formulated on
the surface modeling the fracture. Physically consistent coupling conditions were added to account for
the exchange of flow between the fracture and the matrix.

This paper presents research on the numerical simulation of this model based on the discontinuous
Galerkin (DG)–backward Euler method. The DG method [27] inherently ensures local mass conserva-
tion, flexibility in handling complex geometries, and high–order accuracy and offers greater flexibility in
handling general mesh configurations compared with standard finite element methods, which has been
extensively used in numerical fluid simulations, including applications such as convection–diffusion
equations [28], transport problems [29], and miscible displacement in porous media [30]. For the
Darcy flow in fractured porous media, a scheme combining the interior penalty technique and the
hybridized DG method was proposed in [31], which made substantial contributions to theoretical anal-
ysis and adaptive algorithms, DG methods based on polytopic and polyhedral grids were proposed
in [32–34], and the well-posedness for schemes and optimal order error estimates were analyzed. A
novel residual–type a posteriori error estimator for staggered DG methods on general polygonal meshes
was designed and analyzed in [35]. DG methods were also used to Darcy–Forchheimer flow in [36],
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and multicomponent fluid flow in [37, 38].
For hybrid-dimensional fracture models of Darcy flow, there has been extensive research, including

the construction of numerical schemes and theoretical analyses, such as mixed finite element methods
with matching grids [10] and nonmatching grids [20], DG methods [32, 33], finite difference methods
[39], and finite volume methods [24]. However, for hybrid–dimensional fracture models based on
the advection–diffusion equation, research has focused more on algorithm design, with less attention
given to theoretical studies. Therefore, in this paper, we construct numerical algorithms and, more
importantly, we complete the theoretical analysis of optimal order error estimates. We consider not
only a single fracture but also the design, analysis, and implementation of numerical algorithms for
intersecting fractures. For intersecting fracture models, the intersections can be treated as boundaries
for each individual fracture. We are well aware that the DG method has the advantage of flexibly
handling discontinuities and non-matching grids. In addition, it also possesses certain advantages in
handling boundary conditions. By leveraging this advantage, we can extend both the algorithms’ design
and theoretical analysis to intersecting fracture models.

The outline of this paper is organized as follows. Section 2 introduces the hybrid–dimensional
fracture model of the advection–diffusion equation with a single fracture. Section 3 is devoted to the
discretization of the model using the DG-backward Euler method, and the optimal order error estimate
for the concentration in the discrete H1–norm is analyzed. In Section 4, the DG–backward Euler
method is extended to the model with intersecting fractures, and a corresponding theoretical analysis
is provided. In Section 5, numerical examples with both a single fracture and intersecting fractures are
presented to demonstrate the accuracy of the proposed algorithm. Finally, Section 6 summarizes the
main findings of this study.

2. The hybrid–dimensional fracture model with one single fracture

(a) (b)

Figure 1. The hybrid–dimensional fracture model with one single fracture in two–
dimensional domain. (a) Domain divided into two sub–domains Ω1 and Ω2 by a thin region
Ω f . (b) Fracture γ modeled as one-dimensional domain.

Let Ω ⊂ Rn (with n = 2 or 3) be a convex polygonal domain. Assume that a fracture Ω f subdivides
Ω into two connected matrix domains Ωi, i = 1, 2,

Ω = Ω1 ∪Ω2 ∪Ω f , and Ω1 ∩Ω f = ∅, Ω2 ∩Ω f = ∅, Ω1 ∩Ω2 = ∅.

Let Γ = ∂Ω denote the boundary of Ω, and Γi is the part of the boundary of Ωi in common with the
boundary of Ω, i.e., Γi = ∂Ωi ∩ Γ, i = 1, 2. Given that the fracture width d is significantly smaller
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than the characteristic size of the domain, the model represents the fracture as an interface, which
implements a hybrid-dimensional approach. Here, following from the detailed derivation in [10], we
rewrite the fracture Ω f = {x ∈ Rn : x = xγ + µ d

2 n}, where xγ ∈ γ, µ ∈ (−1, 1), and n = n1 = −n2

is the unit vector normal to γ at the point xγ directed from Ω1 to Ω2, as shown in Figure 1. Moving
to the advection–diffusion problem, we use c = (c1, c2, cγ) to denote the concentration, defined as the
volume fraction of the tracer within the porosity, and χ = (χ1,χ2,χγ) denotes the total flux. The model
is consequently described by the following set of equations for t ∈ [0,T ].

In the matrix Ωi, we have

ϕi
∂ci

∂t
+ ∇·χi = qi in Ωi, i = 1, 2,

χi = −Ki∇ci + uici in Ωi, i = 1, 2,
ci = c∂,i on Γi, i = 1, 2.

(2.1)

In the fracture γ, we have

dϕγ
∂cγ
∂t
+ ∇τ · χγ = qγ + χ1 · n1 + χ2 · n2 in γ,

χγ = −Kγ,τd∇τcγ + duγcγ in γ,
cγ = c∂,γ on ∂γ.

(2.2)

For the ransmission conditions in γ, we have

−ξχi · ni + (1 − ξ)χi+1 · ni+1 = 2ηγ
(
cγ − ci

)
in γ, i = 1, 2. (2.3)

At the initial time t = 0, we have
ci = c0

i in Ωi, i = 1, 2,
cγ = c0

γ in γ,
(2.4)

where qi, i = 1, 2, qγ are the source/sink terms in the matrix and fracture. We use the notations ∇τ
and ∇τ· for the tangential gradient and divergence operators along γ, respectively. We suppose that the
parameters ϕi ∈ L∞(Ωi), ϕγ ∈ L∞(γ), ui ∈ (C1(Ω̄i))n, and uγ ∈ (C1(γ̄))n−1. The permeability tensor in
the fracture is Kγ = diag(Kγ,n,Kγ,τ), ηγ =

Kγ,n
d , and 1

2 < ξ ≤ 1. The index i varies in Z/2Z, satisfying
2 + 1 = 1. We suppose that the permeability tensors Ki, i = 1, 2, and Kγ are symmetric and positive,
and the constants k > k > 0 exist such that

k|ζi|
2 ≤ ζ⊤i Kiζi ≤ k|ζi|

2, ∀ζi ∈ R
n,

k ≤ 2ηγ ≤ k, k|ζγ|2 ≤ ζ⊤γ Kγ,τdζγ ≤ k|ζγ|2, ∀ζγ ∈ R
n−1.

(2.5)

For simplicity, assume homogeneous Dirichlet boundary conditions for concentration c in our
subsequent analysis, that is, c∂,i = 0 and c∂,γ = 0. Note that C denotes a generic positive constant in this
paper.

3. The DG-backward Euler method

First, we address the partition of the considered domain. Assume thatT h
1 andT h

2 are non-degenerate
triangular or tetrahedral meshes of Ω1 and Ω2, with h being the maximum element diameter, and they
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coincide on the interface γ to form a unique partition for γ, denoted by T h
γ . Let the global partition

for the entire domain be T h = T h
1 ∪ T

h
2 ∪ T

h
γ . We define, respectively, the collections of all interior

edges or faces for T h
i and the set of all interior points or edges for T h

γ as Eh
o,i and Eh

o,γ, and similarly
define the sets of exterior edges or faces on Γi and the exterior points or edges on ∂γ by Eh

∂,i and Eh
∂,γ

.
Set Eh

i = E
h
o,i ∪ E

h
∂,i and Eh

γ = E
h
o,γ ∪ E

h
∂,γ

.
In this article, we utilize the traditional Lebesgue spaces Lℓ(D) and the Sobolev spaces Wk,ℓ(D) with

1 ≤ ℓ ≤ ∞ over a domain D. In particular, Wk,2(D) is denoted by Hk(D) with H0(D) = L2(D), and the
corresponding norms are denoted by ∥ · ∥Wk,ℓ(D) and ∥ · ∥Hk(D), as well as seminorms | · |Wk,ℓ(D) and| · |Hk(D).
To simplify the notation, we also denote ∥ · ∥Wk,ℓ(D) and | · |Wk,ℓ(D) by ∥ · ∥k,ℓ,D and | · |k,ℓ,D, respectively,
and ∥ · ∥Hk(D) and | · |Hk(D) by ∥ · ∥k,D and | · |k,D. For k > 0, the broken Sobolev space is given by
Hk

(
T h

)
= Hk

(
T h

1

)
× Hk

(
T h

2

)
× Hk

(
T h
γ

)
with

Hk
(
T h

i

)
:=

{
zi ∈ L2 (Ωi) : zi|K ∈ Hk(K),∀K ∈ T h

i

}
, i = 1, 2,

Hk
(
T h
γ

)
:=

{
zγ ∈ L2(γ) : zγ

∣∣∣
K
∈ Hk(K),∀K ∈ T h

γ

}
.

Let e ∈ Eh
o,i or Eh

o,γ be shared by two elements K1
e and K2

e , i.e., e = K1
e
⋂

K2
e , with ne being a unit normal

vector exterior to K1
e . Then we define the average and jump values for z ∈ Hk

(
T h

) (
k > 1

2

)
on e by

{z} :=
1
2

((
z|K1

e

)∣∣∣∣
e
+

(
z|K2

e

)∣∣∣∣
e

)
, [z] :=

(
z|K1

e

)∣∣∣∣
e
−

(
z|K2

e

)∣∣∣∣
e
.

For e ∈ Eh
∂,i or Eh

∂,γ
, {z} :=

(
z|Ke

)∣∣∣∣
e
, [z] :=

(
z|Ke

)∣∣∣∣
e
, with e ⊂ ∂Ke, and ne coincides with the outward

normal vector on Γi or ∂γ.
In the matrix Ωi, i = 1, 2, multiplying the first equation in (2.1) by a test function zi ∈ H1

(
T h

i

)
,

integrating within each element K ∈ T h
i , and using Green’s formulation, we have∫

K
ϕi
∂ci

∂t
zi −

∫
K
χi · ∇zi +

∫
∂k
χi · n∂kzi =

∫
K

qizi, (3.1)

where n∂K is the outward normal vector on ∂K. By subtracting and adding the two conditions in (2.3),
we obtain

χ1 · n1 − χ2 · n2 = 2ηγ (c1 − c2) ,

χ1 · n1 + χ2 · n2 =
2ηγ

2ξ − 1

(
c1 + c2 − 2cγ

)
.

(3.2)

Subtracting and adding the two equations in (3.2) then shows that

χi · ni =
2ηγ

2ξ − 1

(
ξci + (1 − ξ)ci+1 − cγ

)
, in γ, i = 1, 2. (3.3)

Using the second equation in (2.1) and the second equation in (3.3), we find that∫
K
ϕi
∂ci

∂t
zi +

∫
K

Ki∇ci · ∇zi −

∫
∂K\γ

Ki∇ci · n∂Kzi −

∫
K

uici · ∇zi +

∫
∂K\γ

uici · n∂Kzi

+

∫
∂K

⋂
γ

2ηγ
2ξ − 1

(
ξci + (1 − ξ)ci+1 − cγ

)
zi =

∫
K

qizi, ∀K ∈ T h
i .
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Summing the equation above over all elements in T h
i , we obtain the following for any zi ∈ H1

(
T h

i

)
:∫

Ωi

ϕi
∂ci

∂t
zi +

∑
K∈T h

i

∫
K

Ki∇ci · ∇zi −
∑
e∈Eh

i

∫
e
{Ki∇ci · ne}[zi] −

∑
K∈T h

i

∫
K

uici · ∇zi

+
∑
e∈Eh

i

∫
e
{uici · ne}[zi] +

∫
γ

2ηγ
2ξ − 1

(
ξci + (1 − ξ)ci+1 − cγ

)
zi =

∫
Ωi

qizi.

(3.4)

Similarly, in the fracture γ, we have the following for any zγ ∈ H1
(
T h
γ

)
:∫

γ

dϕγ
∂cγ
∂t

zγ +
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ · ∇τzγ −
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ · ne}[zγ] −

∑
K∈T h

γ

∫
K

duγcγ · ∇τzγ

+
∑
e∈Eh

γ

∫
e
{duγcγ · ne}[zγ] +

∫
γ

2ηγ
2ξ − 1

(
c1 + c2 − 2cγ

)
zγ =

∫
γ

qγzγ.
(3.5)

Based on (3.4) and (3.5), we define the following bilinear forms:

A (c, z) =
∑
i=1,2

∑
K∈T h

i

∫
K

Ki∇ci · ∇zi −
∑
i=1,2

∑
e∈Eh

i

∫
e
{Ki∇ci · ne}[zi] + ν

∑
i=1,2

∑
e∈Eh

i

∫
e
{Ki∇zi · ne}[ci]

+
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ · ∇τzγ −
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ · ne}[zγ] + ν

∑
e∈Eh

γ

∫
e
{Kγ,τd∇τzγ · ne}[cγ]

+ σJ(c, z) +
∑
i=1,2

∫
γ

2ηγ
2ξ − 1

(
ξci + (1 − ξ)ci+1 − cγ

)
(zi − zγ),

B (c, z) = −
∑
i=1,2

∑
K∈T h

i

∫
K

uici · ∇zi +
∑
i=1,2

∑
e∈Eh

i

∫
e
{uici · ne}[zi] −

∑
K∈T h

γ

∫
K

duγcγ · ∇τzγ

+
∑
e∈Eh

γ

∫
e
{duγcγ · ne}[zγ].

(3.6)

In the form above, we take ν ∈ {−1, 0, 1}, σ as a positive constant, and the interior penalty term

J(c, z) =
∑
i=1,2

Ji (ci, zi) + Jγ
(
cγ, zγ

)
,

where
Ji (ci, zi) =

∑
e∈Eh

i

1
|e|

∫
e

[ci] [zi] , i = 1, 2,

and

Jγ
(
cγ, zγ

)
=


∑

e∈Eh
γ

1
|e|

∫
e
[cγ][zγ], two-dimensional fracture,∑

e∈Eh
o,γ

1
2(|K1

e |+|K2
e |) [cγ][zγ] +

∑
e∈Eh

∂,γ

1
|Ke |

[cγ][zγ], one-dimensional fracture.
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For the exact solution c = (c1, c2, cγ) of the hybrid-dimensional fracture model with one single
fracture in (2.1)–(2.4), the following equality holds:∑

i=1,2

∫
Ωi

ϕi
∂ci

∂t
zi +

∫
γ

dϕγ
∂cγ
∂t

zγ + A(c, z) + B(c, z) =
∑
i=1,2

∫
Ωi

qizi +

∫
γ

qγzγ, (3.7)

for any z = (z1, z2, zγ) ∈ H1(T h), t ∈ (0,T ].
As concerns the time discretization, a backward Euler method is used. We divide the time interval

[0,T ] into N equal subintervals of length ∆t, 0 = t0 < t1 < t2 < . . . < tN = T . Use t j = j∆t and ψ j to
denote the function ψ at time t j.

Let Pk(K) denote the space of polynomials of total degree less than or equal to k in the element K,
and the discontinuous finite element space can be defined as Dk(T h) = Dk(T h

1 ) × Dk(T h
2 ) × Dk(T h

γ )
with

Dk(T h
i ) := {zi ∈ L2(Ωi) : zi|K ∈ Pk(K), ∀K ∈ T h

i }, i = 1, 2,
Dk(T h

γ ) := {zγ ∈ L2(γ) : zγ|K ∈ Pk(K), ∀K ∈ T h
γ }.

We then approximate the concentration inDk(T h), and the DG–backward Euler method discretization
formation is described as follows.

Algorithm 1 (DG–backward Euler method for the model with one single fracture). For j = 1, 2, ...,N,
given ch, j−1 =

(
ch, j−1

1 , ch, j−1
2 , ch, j−1

γ

)
, find ch, j =

(
ch, j

1 , ch, j
2 , ch, j

γ

)
∈ Dk(T h) such that for any z = (z1, z2, zγ) ∈

Dk(T h), we have∑
i=1,2

∫
Ωi

ϕi
ch, j

i − ch, j−1
i

∆t
zi +

∫
γ

dϕγ
ch, j
γ − ch, j−1

γ

∆t
zγ + A(ch, j, z) + B(ch, j, z) =

∑
i=1,2

∫
Ωi

qizi +

∫
γ

qγzγ,∑
i=1,2

∫
Ωi

ch,0
i zi +

∫
γ

ch,0
γ zγ =

∑
i=1,2

∫
Ωi

c0
i zi +

∫
γ

c0
γzγ.

(3.8)

The norms of interest are given below. For z =
(
z1, z2, zγ

)
∈ Hk

(
T h

)
, we have

|||z|||2 = ∥z∥21,T h + J(z, z) +
∑
i=1,2

∥∥∥zi − zγ
∥∥∥2

0,γ
, (3.9)

with
||z||21,T h =

∑
i=1,2

∥zi∥
2
1,T h

i
+

∥∥∥zγ
∥∥∥2

1,T h
γ
, ∥zi∥

2
1,T h

i
=

∑
K∈T h

i

|zi|
2
1,K ,

∥∥∥zγ
∥∥∥2

1,T h
γ
=

∑
K∈T h

γ

∣∣∣zγ∣∣∣21,K ,
in which the terms ∥zi − zγ∥0,γ, i = 1, 2, are added in the definition of ||| · |||-norm, in order to obtain
the coercivity and continuity of the form A(·, ·) and then obtain the optimal order error estimate for the
concentration.

Meanwhile, we define
||z||22,T h =

∑
i=1,2

∥zi∥
2
2,T h

i
+

∥∥∥zγ
∥∥∥2

2,T h
γ
, (3.10)

with ∥zi∥
2
2,T h

i
=

∑
K∈T h

i

|zi|
2
2,K ,

∥∥∥zγ
∥∥∥2

2,T h
γ
=

∑
K∈T h

γ

|zγ|22,K , and the L2-norm in the entire domain is defined by

∥z∥20,Ω =
∑
i=1,2

∥zi∥
2
0,Ωi
+ ∥zγ∥20,γ.
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Lemma 1. (See [40]) If we let K ∈ T h and z ∈ Pk(K), then a constant C independent of z, k and h exists
such that

∥z∥0,∂K ≤ Ch−
1
2 ∥z∥0,K .

Lemma 2. (See [41]) If we let K ∈ T h and z ∈ H1(K), then a constant C independent of z and h exists
such that

∥z∥20,e ≤ C
(
h−1∥z∥20,K + h∥∇z∥20,K

)
, ∀e ⊂ ∂K.

Lemma 3. For any c, z ∈ Dk(T h), a constant C exists, and α > 0 satisfies

A(c, z) ≤ C|||c||| |||z|||, (3.11)

A(c, c) ≥ α|||c|||2. (3.12)

Proof. By using the definition of A(c, z), we have

A(c, z) =
∑
i=1,2

∑
K∈T h

i

∫
K

Ki∇ci · ∇zi +
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ · ∇τzγ −
∑
i=1,2

∑
e∈Eh

i

∫
e
{Ki∇ci · ne}[zi]

−
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ · ne}[zγ] + ν

∑
i=1,2

∑
e∈Eh

i

∫
e
{Ki∇zi · ne}[ci]

+ ν
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τzγ · ne}[cγ]+σJ (c, z)+

∑
i=1,2

∫
γ

2ηγ
2ξ − 1

(
ξci+(1−ξ)ci+1−cγ

)
(zi−zγ)

:= I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8.

(3.13)

By using the Cauchy–Schwarz inequality and the assumption of Ki, I1 can be bounded as

I1 ≤ k
∑
i=1,2

∑
K∈T h

i

∥∇ci∥0,K ∥∇zi∥0,K ≤ k

∑
i=1,2

∑
K∈T h

i

∥∇ci∥
2
0,K


1
2
∑

i=1,2

∑
K∈T h

i

∥∇zi∥
2
0,K


1
2

≤ k

∑
i=1,2

∥ci∥
2
1,T h

i


1
2
∑

i=1,2

∥zi∥
2
1,T h

i


1
2

.

(3.14)

Similarly, I2 can be bounded as

I2 ≤ k∥cγ∥1,T h
γ
∥zγ∥1,T h

γ
. (3.15)
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From Lemma 1 and the Cauchy–Schwarz inequality, I3 can be estimated as

I3 =
∑
i=1,2

∑
e∈Eh

∂,i

∫
e

Ki∇ci · ne|Ke[zi] +
1
2

∑
i=1,2

∑
e∈Eh

o,i

∫
e

(
Ki∇ci · ne|K1

e
+Ki∇ci · ne|K2

e

)
[zi]

≤ k
∑
i=1,2

∑
e∈Eh

∂,i

∥∇ci · ne|Ke∥0,e ∥[zi]∥0,e+
k
2

∑
i=1,2

∑
e∈Eh

o,i

(
∥∥∥∇ci · ne|K1

e

∥∥∥
0,e
+
∥∥∥∇ci · ne|K2

e

∥∥∥
0,e

)∥[zi]∥0,e

≤ C

∑
i=1,2

∑
e∈Eh

∂,i

h−1∥∇ci∥
2
0,Ke


1
2
∑

i=1,2

∑
e∈Eh

∂,i

∥[zi]∥20,e


1
2

+C

∑
i=1,2

∑
e∈Eh

o,i

h−1
(
∥∇ci∥

2
0,K1

e
+ ∥∇ci∥

2
0,K2

e

)
1
2
∑

i=1,2

∑
e∈Eh

o,i

∥[zi]∥20,e


1
2

≤ C

∑
i=1,2

∑
K∈T h

i

∥∇ci∥
2
0,K


1
2
∑

i=1,2

∑
e∈Eh

i

h−1∥[zi]∥20,e


1
2

≤ C

∑
i=1,2

∥ci∥
2
1,T h

i


1
2
∑

i=1,2

Ji (zi, zi)


1
2

.

(3.16)

Similarly, I4 − I6 can be bounded as

I4 ≤ C∥cγ∥1,T h
γ
J

1
2
γ

(
zγ, zγ

)
,

I5 ≤ C

∑
i=1,2

∥zi∥
2
1,T h

i


1
2
∑

i=1,2

Ji (ci, ci)


1
2

,

I6 ≤ C∥zγ∥1,T h
γ
J

1
2
γ

(
cγ, cγ

)
.

(3.17)

By using the Cauchy–Schwarz inequality, we have

I7 ≤ C

∑
i=1,2

Ji (ci, ci)


1
2
∑

i=1,2

Ji (zi, zi)


1
2

+ J
1
2
γ

(
cγ, cγ

)
J

1
2
γ

(
zγ, zγ

)
. (3.18)

By using the Cauchy–Schwarz inequality, we see that

I8 =
∑
i=1,2

∫
γ

2ηγ
2ξ − 1

(
ξ
(
ci − cγ

)
+ (1 − ξ)

(
ci+1 − cγ

)) (
zi − zγ

)
≤ C

∑
i=1,2

∥ci − cγ∥0,γ∥zi − zγ∥0,γ.
(3.19)

Moreover, (3.14)–(3.19) yields
A(c, z) ≤ C|||c||| |||z|||. (3.20)
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When both terms in (3.13) assume c, we have

A (c, c) =
∑
i=1,2

∑
K∈T h

i

∫
K

Ki∇ci · ∇ci +
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ · ∇τcγ

+ (ν − 1)
∑
i=1,2

∑
e∈Eh

i

∫
e
{Ki∇ci · ne}[ci] + (ν − 1)

∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ · ne}[cγ]

+ σJ (c, c) +
∑
i=1,2

∫
γ

2ηγ
2ξ − 1

(
ξci + (1 − ξ)ci+1 − cγ

)
(ci − cγ)

:= L1 + L2 + L3 + L4 + L5 + L6.

(3.21)

By using the the hypothesis of Ki, we have

L1 ≥ k
∑
i=1,2

∑
K∈T h

i

∥∇ci∥
2
0,K ≥ k

∑
i=1,2

∥ci∥
2
1,T h

i
. (3.22)

Similarly, we have
L2 ≥ k∥cγ∥21,T h

γ
. (3.23)

Similar to I3, L3 can be bounded as

L3 ≥ −C

∑
i=1,2

∑
K∈T h

i

∥∇ci∥
2
0,K


1
2
∑

i=1,2

∑
e∈Eh

i

h−1∥[ci]∥20,e


1
2

≥ −ε
∑
i=1,2

∥ci∥
2
1,T h

i
−C

∑
i=1,2

Ji (ci, ci) . (3.24)

Similarly, we have
L4 ≥ −ε∥cγ∥21,T h

γ
−CJγ

(
cγ, cγ

)
. (3.25)

The last term can be estimated as follows, according to Cauchy–Schwarz inequality and 1/2 < ξ < 1,
and we refer to [10] for the detailed proof.

L6 ≥
k

2ξ − 1
(2ξ − 1)

∑
i=1,2

∥ci − cγ∥20,γ. (3.26)

From (3.22)–(3.26), it can be seen that

A (c, c) ≥
(
k − ε

) ∑
i=1,2

∥ci∥
2
1,T h

i
+

(
k − ε

)
∥cγ∥21,T h

γ
+ (σ −C) J (c, c) + k

∑
i=1,2

∥ci − cγ∥20,γ. (3.27)

The proof is finished by setting ε = k
2 and a large enough σ.

Remark 1. Under the assumptions that the velocity fields in the matrix and fracture are all
divergence-free, that is, ∇ · ui = 0, i = 1, 2, and ∇τ · uγ = 0, the fluid in the matrix cannot pene-
trate the interface γ, that is, ui · ni = 0, i = 1, 2, on γ, and the diffusion coefficient Ki, i = 1, 2, and Kγ

satisfy assumptions in (2.5), the bilinear form of the diffusion part vanishes identically for z = ch.
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B
(
ch, j, ch, j

)
= −

∑
i=1,2

∑
K∈T h

i

∫
K

uic
h, j
i · ∇ch, j

i +
∑
i=1,2

∑
e∈Eh

i

∫
e
{uic

h, j
i · ne}[c

h, j
i ]

−
∑

K∈T h
γ

∫
K

duγch, j
γ · ∇τc

h, j
γ +

∑
e∈Eh

γ

∫
e
{duγch, j

γ · ne}[ch, j
γ ].

(3.28)

For the first term on the right-hand side of the equation above, by using Green’s formulation, we have

−
∑
i=1,2

∑
K∈T h

i

∫
K

uic
h, j
i · ∇ch, j

i

= −
1
2

∑
i=1,2

∑
K∈T h

i

∫
K

ui · ∇
(
ch, j

i

)2

=
1
2

∑
i=1,2

∑
K∈T h

i

∫
K
∇ · ui

(
ch, j

i

)2
−

1
2

∑
i=1,2

∑
K∈T h

i

∫
∂K

ui · n∂K

(
ch, j

i

)2

= −
1
2

∑
i=1,2

∑
e∈Eh

i

ui · ne

[(
ch, j

i

)2
]
,

(3.29)

where we use ∇ · ui = 0 in Ωi and ui · ni = 0 on γ. Through a straightforward computation, the second
term can be expressed as

∑
i=1,2

∑
e∈Eh

i

∫
e
{uich,n

i · ne}[ch,n
i ] =

1
2

∑
i=1,2

∑
e∈Eh

i

∫
e

ui · ne

[(
ch,n

i

)2
]
. (3.30)

Similar results hold for the third and fourth terms on the right-hand side of (3.28). Then, by using the
second result in Lemma 3, the following result can be obtained in the absence of source/sink terms:

∑
i=1,2

∫
Ωi

ϕi
ch, j

i − ch, j−1
i

∆t
ch, j +

∫
γ

dϕγ
ch, j
γ − ch, j−1

γ

∆t
ch, j
γ

=
∑
i=1,2

1
2∆t

(
∥ϕ

1
2
i ch, j

i ∥
2
0,Ωi
− ∥ϕ

1
2
i ch, j−1

i ∥20,Ωi

)
+

1
2∆t

(
∥ϕ

1
2
γ ch, j

γ ∥
2
0,γ − ∥ϕ

1
2
i ch, j−1

γ ∥20,γ

)
≤ 0.

(3.31)

Under the assumption of ϕi and ϕγ, we can easily get

∥ch, j∥20,Ω ≤ ∥c
h, j−1∥20,Ω, (3.32)

which indicates that the proposed scheme is L2 stable.

Lemma 4. For any c ∈ H1
(
T h

)
and z ∈ Dk(T h), there is a constant C > 0 independent of h, such that

|A (c, z)| ≤ C
(
|||c||| + h||c||2,T h + h−1||c||0,Ω

)
|||z|||. (3.33)
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Proof. From the definition (3.6), we know

A(c, z) =
∑
i=1,2

∑
K∈T h

i

∫
K

Ki∇ci · ∇zi +
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ · ∇τzγ −
∑
i=1,2

∑
e∈Eh

i

∫
e
{Ki∇ci · ne}[zi]

−
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ · ne}[zγ] + ν

∑
i=1,2

∑
e∈Eh

i

∫
e
{Ki∇zi · ne}[ci]

+ ν
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τzγ · ne}[cγ]+σJ(c, z)+

∑
i=1,2

∫
γ

2ηγ
2ξ − 1

(
ξci+(1−ξ)ci+1−cγ

) (
zi−zγ

)
:= O1 + O2 + O3 + O4 + O5 + O6 + O7 + O8.

(3.34)

By using the hypothesis of Ki and the Cauchy–Schwarz inequality, we get

O1 ≤ k
∑
i=1,2

∑
K∈T h

i

∥∇ci∥0,K∥∇zi∥0,K ≤ k

∑
i=1,2

∥ci∥
2
1,T h

i


1
2
∑

i=1,2

∥zi∥
2
1,T h

i


1
2

. (3.35)

Similarly,
O2 ≤ k∥cγ∥1,T h

γ
∥zγ∥1,T h

γ
. (3.36)

By using the hypothesis of Ki, the Cauchy–Schwarz inequality, and Lemma 2, we have

O3 = −
∑
i=1,2

∑
e∈Eh

∂,i

∫
e

(Ki∇ci · ne) |Ke[zi] −
1
2

∑
i=1,2

∑
e∈Eh

o,i

∫
e

(
(Ki∇ci · ne) |K1

e
+ (Ki∇ci · ne) |K2

e

)
[zi]

≤ k
∑
i=1,2

∑
e∈Eh

∂,i

∥∥∥∇ci|Ke

∥∥∥
0,e ∥[zi]∥0,e +

k
2

∑
i=1,2

∑
e∈Eh

o,i

(∥∥∥∇ci|K1
e

∥∥∥
0,e
+

∥∥∥∇ci|K2
e

∥∥∥
0,e

)
∥[zi]∥0,e

≤ C

∑
i=1,2

∑
e∈Eh

∂,i

h
(
h|ci|

2
2,Ke
+ h−1|ci|

2
1,Ke

)
1
2
∑

i=1,2

∑
e∈Eh

∂,i

h−1 ∥[zi]∥20,e


1
2

+C

∑
i=1,2

∑
e∈Eh

o,i

h
(
h|ci|

2
2,K1

e
+ h−1|ci|

2
1,K1

e

)
1
2
∑

i=1,2

∑
e∈Eh

o,i

h−1 ∥[zi]∥20,e


1
2

+C

∑
i=1,2

∑
e∈Eh

o,i

h
(
h|ci|

2
2,K2

e
+ h−1|ci|

2
1,K2

e

)
1
2
∑

i=1,2

∑
e∈Eh

o,i

h−1 ∥[zi]∥20,e


1
2

≤ C

∑
i=1,2

(
h2∥ci∥

2
2,T h

i
+ ∥ci∥

2
1,T h

i

)
1
2
∑

i=1,2

Ji (zi, zi)


1
2

.

(3.37)

Similarly, we have

O4 ≤ C
(
h2∥cγ∥22,T h

γ
+ ∥cγ∥21,T h

γ

) 1
2

J
1
2
γ

(
zγ, zγ

)
. (3.38)

Electronic Research Archive Volume 34, Issue 7, 4325–4358.



4337

Similar to the estimate of O3, we have

O5 = ν
∑
i=1,2

∑
e∈Eh

∂,i

∫
e

(Ki∇zi · ne) |Keci|Ke

+
ν

2

∑
i=1,2

∑
e∈Eh

o,i

∫
e

(
(Ki∇zi · ne) |K1

e
+ (Ki∇zi · ne) |K2

e

) (
ci|K1

e
− ci|K2

e

)
≤ k

∑
i=1,2

∑
e∈Eh

∂,i

∥∇zi|Ke∥0,e∥ci|Ke∥0,e

+
k
2

∑
i=1,2

∑
e∈Eh

o,i

(
∥∇zi|K1

e
∥0,e + ∥∇zi|K2

e
∥0,e

) (
∥ci|K1

e
∥0,e + ∥ci|K2

e
∥0,e

)

≤ C

∑
i=1,2

∑
K∈T h

i

∥∇zi∥
2
0,K


1
2
∑

i=1,2

∑
K∈T h

i

(
∥∇ci∥

2
0,K + h−2∥ci∥

2
0,K

)
1
2

≤ C

∑
i=1,2

∥zi∥
2
1,T h

i


1
2
∑

i=1,2

(
∥ci∥

2
1,T h

i
+ h−2∥ci∥

2
0,Ωi

)
1
2

.

(3.39)

Similarly, we have

O6 ≤ C∥zγ∥1,T h
γ

(
∥cγ∥21,T h

γ
+ h−2∥cγ∥20,γ

) 1
2
. (3.40)

We obtain the estimate for O7 by using the Cauchy–Schwarz inequality and Lemma 2 as follows:

Ji (ci, zi) ≤ Ch−1
∑
e∈Eh

i

∥[ci]∥0,e∥[zi]∥0,e

≤ Ch−1
∑
e∈Eh

∂,i

∥ci|Ke∥0,e∥[zi]∥0,e +Ch−1
∑
e∈Eh

o,i

(
∥ci|K1

e
∥0,e + ∥ci|K2

e
∥0,e

)
∥[zi]∥0,e

≤ Ch−1

∑
e∈Eh

∂,i

h∥∇ci∥
2
0,Ke
+ h−1∥ci∥

2
0,Ke


1
2
∑

e∈Eh
∂,i

∥[zi]∥20,e


1
2

+Ch−1

∑
e∈Eh

o,i

(
h∥∇ci∥

2
0,K1

e
+h−1∥ci∥

2
0,K1

e
+h∥∇ci∥

2
0,K2

e
+h−1∥ci∥

2
0,K2

e

)
1
2
∑

e∈Eh
o,i

∥[zi]∥20,e


1
2

≤ C

∑
K∈T h

i

(
∥∇ci∥

2
0,K+h−2∥ci∥

2
0,K

)
1
2
∑

e∈Eh
i

h−1∥[zi]∥20,e


1
2

≤ C
(
∥ci∥

2
1,T h

i
+ h−2∥ci∥

2
0,Ωi

) 1
2

J
1
2
i (zi, zi) .

(3.41)

Similarly, we have

Jγ
(
cγ, zγ

)
≤ C

(
∥cγ∥21,T h

γ
+ h−2∥cγ∥20,γ

) 1
2

J
1
2
γ

(
zγ, zγ

)
. (3.42)
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We find that (3.41) and (3.42) yield

O7 ≤ C
(
∥c∥21,T h + h−2∥c∥20,Ω

) 1
2 J

1
2 (z, z) . (3.43)

O8 can be estimated as,

O8 =
∑
i=1,2

∫
γ

2ηγ
2ξ − 1

(
ξ
(
ci − cγ

)
+ (1 − ξ)

(
ci+1 − cγ

)) (
zi − zγ

)
≤ C

∑
i=1,2

(
∥ci − cγ∥20,γ + ∥ci+1 − cγ∥20,γ

) 1
2
∥zi − zγ∥0,γ.

(3.44)

Taking the estimates for O1–O8 back into (3.34), the desired result holds.

Lemma 5. For any c, ĉ, z ∈ H1
(
T h

)
, a constant C > 0 independent of h exists such that

|B (c, z) − B (ĉ, z)| ≤ C
(
||c − ĉ||20,Ω + h2 ∥c − ĉ∥21,T h

) 1
2
|||z|||, (3.45)

and, especially for any ch, ĉh, zh ∈ Dk

(
T h

)
∣∣∣∣B (

ch, zh
)
− B

(
ĉh, zh

)∣∣∣∣ ≤ C||ch − ĉh||0,Ω|||zh|||. (3.46)

Proof. In view of the definition of B (·, ·), we have the following for c, ĉ, z ∈ H1
(
T h

)
:

B (c, z) − B (ĉ, z) = −
∑
i=1,2

∑
K∈T h

i

∫
K

ui (ci − ĉi) · ∇zi +
∑
i=1,2

∑
e∈Eh

i

∫
e
{ui (ci − ĉi) · ne}[zi]

−
∑

K∈T h
γ

∫
K

uγ
(
cγ − ĉγ

)
· ∇τzγ +

∑
e∈Eh

γ

∫
e
{uγ

(
cγ − ĉγ

)
· ne}[zγ]

:= T1 + T2 + T3 + T4.

(3.47)

Using the assumption of ui and the Cauchy–Schwarz inequality, we get

|T1| ≤ C
∑
i=1,2

∑
K∈T h

i

(∫
K
|ci − ĉi|

2
) 1

2
(∫

K
|∇zi|

2
) 1

2

≤ C
∑
i=1,2

||ci − ĉi||0,Ωi ||zi||1,T h
i
. (3.48)

Similarly, we have

|T3| ≤ C∥cγ − ĉγ∥0,γ∥zγ∥1,T h
γ
. (3.49)
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Using the Cauchy–Schwarz inequality and Lemma 2, it follows that

|T2| =
∑
i=1,2

∑
e∈Eh

∂,i

∫
e

ui (ci − ĉi) · ne[zi] +
∑
i=1,2

∑
e∈Eh

o,i

∫
e

1
2

(
ui (ci − ĉi) · ne|K1

e
+ ui (ci − ĉi) · ne|K2

e

)
[zi]

≤ C
∑
i=1,2

∑
e∈Eh

∂,i

(∫
e
| (ci − ĉi) |Ke |

2
) 1

2
(∫

e
|[zi]|2

) 1
2

+C
∑
i=1,2

∑
e∈Eh

o,i

(∫
e

(
| (ci − ĉi) |K1

e
|2 + | (ci − ĉi) |K2

e
|2
)) 1

2
(∫

e
|[zi]|2

) 1
2

≤ C
∑
i=1,2

∑
e∈Eh

∂,i

(
h−1||ci − ĉi||

2
0,Ke
+ h||∇ (ci − ĉi) ||20,Ke

)
1
2
∑

e∈Eh
∂,i

||[zi]||20,e


1
2

+C
∑
i=1,2

∑
e∈Eh

o,i

(
h−1||ci − ĉi||

2
0,K1

e
+ h−1||ci − ĉi||

2
0,K2

e
+ h||∇ (ci − ĉi) ||20,K1

e
+ h||∇ (ci − ĉi) ||20,K2

e

)
1
2

×

∑
e∈Eh

o,i

||[zi]||20,e


1
2

≤ C

∑
i=1,2

(
||ci − ĉi||

2
0,Ωi
+ h2||ci − ĉi||

2
1,T h

i

)
1
2
∑

i=1,2

∑
e∈Eh

i

h−1||[zi]||20,e


1
2

≤ C

∑
i=1,2

(
||ci − ĉi||

2
0,Ωi
+ h2||ci − ĉi||

2
1,T h

i

)
1
2 ∑

i=1,2

J
1
2
i (zi, zi) .

(3.50)
Similarly, we have the following estimate of T4:

|T4| ≤ C
(
∥cγ − ĉγ∥20,γ + h2∥cγ − ĉγ∥21,T h

γ

) 1
2

J
1
2
γ

(
zγ, zγ

)
. (3.51)

Taking the bounds for T1 − T4 back into (3.47) yields

|B (c, z) − B (ĉ, z) | ≤ C

∑
i=1,2

(
||ci − ĉi||

2
0,Ωi
+ h2||ci − ĉi||

2
1,T h

i

)
+ ∥cγ − ĉγ∥20,γ + h2∥cγ − ĉγ∥21,T h

γ


1
2

×

∑
i=1,2

Ji (zi, zi) + Jγ
(
zγ, zγ

)
+

∑
i=1,2

||zi||
2
1,T h

i
+ ||zγ||21,T h

γ


1
2

≤ C
(
||c − ĉ||20,Ω + h2 ||c − ĉ||21,T h

) 1
2
|||z|||.

(3.52)
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Further, if ch, ĉh, zh ∈ Dk

(
T h

)
, using Lemma 1, we have the following estimates for T2 and T4:

|T2| ≤ C
∑
i=1,2

∑
e∈Eh

∂,i

h−1||ch
i − ĉh

i ||
2
0,ke


1
2
∑

e∈Eh
∂,i

||[zh
i ]||20,e


1
2

+C
∑
i=1,2

∑
e∈Eh

o,i

h−1
(
||ch

i − ĉh
i ||

2
0,k1

e
+ ||ch

i − ĉh
i ||

2
0,k2

e

)
1
2
∑

e∈Eh
o,i

||[zh
i ]||20,e


1
2

≤ C
∑
i=1,2

||ch
i − ĉh

i ||0,Ωi

∑
e∈Eh

i

h−1||[zh
i ]||20,e


1
2

≤ C
∑
i=1,2

||ch
i − ĉh

i ||0,Ωi J
1
2
i

(
zh

i , z
h
i

)
,

|T4| ≤ C||ch
γ − ĉh

γ||0,γJ
1
2
γ

(
zh
γ, z

h
γ

)
.

(3.53)

Hence, we have ∣∣∣∣B (
ch, zh

)
− B

(
ĉh, zh

)∣∣∣∣ ≤ C||ch − ĉh||0,Ω|||zh|||. (3.54)

Let c = (c1, c2, cγ) ∈ Dk(T h) be an interpolant of the exact solution c = (c1, c2, cγ) with the following
optimal approximation properties:

|ci − ci|s,K ≤ Chk+1−s
K |ci|k+1,K , ∀K ∈ T h

i , ∀0 ≤ s ≤ k + 1,
|cγ − cγ|s,K ≤ Chk+1−s

K |cγ|k+1,K , ∀K ∈ T h
γ , ∀0 ≤ s ≤ k + 1,∫ T

0

∣∣∣∣∣∣∂(ci−ci)
∂t

∣∣∣∣∣∣
0,K

dt ≤ Chk
∫ T

0

∣∣∣∣∣∣∂ci
∂t

∣∣∣∣∣∣
k,K

dt, ∀K ∈ T h
i ,∫ T

0

∣∣∣∣∣∣∣∣∣∣∂(cγ−cγ)
∂t

∣∣∣∣∣∣∣∣∣∣
0,K

dt ≤ Chk
∫ T

0

∣∣∣∣∣∣∣∣∂cγ
∂t

∣∣∣∣∣∣∣∣
k,K

dt, ∀K ∈ T h
γ .

(3.55)

We define the following notations,

ϱ j =
(
ϱ

j
1, ϱ

j
2, ϱ

j
γ

)
, ϱ

j
i = c j

i − c j
i , i = 1, 2, ϱ j

γ = c j
γ − c j

γ,

ς j =
(
ς

j
1, ς

j
2, ς

j
γ

)
, ς

j
i = c j

i − ch, j
i , i = 1, 2, ς j

γ = c j
γ − ch, j

γ .
(3.56)

We first give the estimate between c and c in the ||| · |||-norm.

|||ϱ j|||2 =
∑
i=1,2

∥ϱ
j
i ∥

2
1,T h

i
+ ∥ϱ j

γ∥
2
1,T h

γ
+

∑
i=1,2

Ji(ϱ
j
i , ϱ

j
i ) + Jγ(ϱ j

γ, ϱ
j
γ) +

∑
i=1,2

∥ϱ
j
i − ϱ

j
γ∥

2
0,γ

:= M1 + M2 + M3 + M4 + M5.

(3.57)

By using (3.55), the following results are obtained for M1 and M2:

M1 ≤ C
∑
i=1,2

h2k|ci|
2
k+1,Ωi

, (3.58)
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and
M2 ≤ Ch2k|cγ|2k+1,γ. (3.59)

Using Lemma 2 and (3.55), we obtain

M3 =
∑
i=1,2

∑
e∈Eh

∂,i

|e|−1∥ϱ
j
i |Ke∥

2
0,e +

∑
i=1,2

∑
e∈Eh

o,i

|e|−1∥ϱ
j
i |K1

e
− ϱ

j
i |K2

e
∥20,e

≤ C
∑
i=1,2

∑
e∈Eh

∂,i

h−1
(
h−1∥ϱ

j
i ∥

2
0,Ke
+ h∥∇ϱ j

i ∥
2
0,Ke

)
+C

∑
i=1,2

∑
e∈Eh

o,i

h−1
(
h−1∥ϱ

j
i ∥

2
0,K1

e
+ h∥∇ϱ j

i ∥
2
0,K1

e
+ h−1∥ϱ

j
i ∥

2
0,K2

e
+ h∥∇ϱ j

i ∥
2
0,K2

e

)
≤ C

∑
i=1,2

∑
K∈T h

i

(
h−2∥ϱ

j
i ∥

2
0,K + ∥∇ϱ

j
i ∥

2
0,K

)
≤ C

∑
i=1,2

h2k|ci|
2
k+1,Ωi

.

(3.60)

Similarly,
M4 ≤ Ch2k|cγ|2k+1,γ. (3.61)

For M5, we also use Lemma 2 to obtain

M5 ≤
∑
i=1,2

∑
e⊂γ

∥ϱ
j
i ∥

2
0,e + 2∥ϱ j

γ∥
2
0,γ

≤ C
∑
i=1,2

∑
e⊂γ

(
h−1∥ϱ

j
i ∥

2
0,Ke
+ h∥∇ϱ j

i ∥
2
0,Ke

)
+C∥ϱ j

γ∥
2
0,γ

≤ C
∑
i=1,2

∑
K∈T h

i

(
h−1∥ϱ

j
i ∥

2
0,K + h∥∇ϱ j

i ∥
2
0,K

)
+C∥ϱ j

γ∥
2
0,γ

≤ C
∑
i=1,2

(
h−1∥ϱ

j
i ∥

2
0,Ωi
+ h∥ϱ j

i ∥
2
1,T h

i

)
+C∥ϱ j

γ∥
2
0,γ

≤ Ch2k|c|2k+1,Ω.

(3.62)

Finally, by (3.58)–(3.62), we have
|||ϱ j||| ≤ Chk|c|k+1,Ω. (3.63)

Theorem 1. Assume that c j =
(
c j

1, c
j
2, c

j
γ

)
with c j

i ∈ Hk+1(Ωi) and c j
γ ∈ Hk+1(γ) is the exact solution to

the problem in (2.1)–(2.4), and ch, j =
(
ch, j

1 , ch, j
2 , ch, j

γ

)
∈ Dk(T h) is the numerical solution to Algorithm

1. Then, if σ is large enough and h is sufficiently small, a constant C exists such that

∆t
N∑

j=1

|||c j − ch, j|||2 ≤ C

∥c∥L∞([0,T ],Hk+1(Ω)),

∥∥∥∥∥∥∂2c
∂t2

∥∥∥∥∥∥
L2((0,T ),L2(Ω))

 (h2k + ∆t2
)
. (3.64)

Proof. Subtracting (3.8) from (3.7), we have the following error equation:∑
i=1,2

∫
Ωi

ϕi
∂c j

i

∂t
zi +

∫
γ

dϕγ
∂c j

γ

∂t
zγ −

∑
i=1,2

∫
Ωi

ϕi
ch, j

i − ch, j−1
i

∆t
zi −

∫
γ

dϕγ
ch, j
γ − ch, j−1

γ

∆t
zγ

+ A
(
c j, z

)
− A

(
ch, j, z

)
+ B

(
c j, z

)
− B

(
ch, j, z

)
= 0.

(3.65)
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Choosing z = ς j = (ς j
1, ς

j
2, ς

j
γ), the equation above can be rewritten as

∑
i=1,2

∫
Ωi

ϕi
ς

j
i − ς

j−1
i

∆t
ς

j
i +

∫
γ

dϕγ
ς

j
γ − ς

j−1
γ

∆t
ς j
γ + A

(
ς j, ς j

)
= − A

(
ϱ j, ς j

)
− B

(
ϱ j, ς j

)
− B

(
ς j, ς j

)
−

∑
i=1,2

∫
Ωi

ϕi

∂c j
i

∂t
−

c j
i − c j−1

i

∆t

 ς j
i −

∫
γ

dϕγ

∂c j
γ

∂t
−

c j
γ − c j−1

γ

∆t

 ς j
γ.

(3.66)

The first two terms on the left-hand of the equation above can be bounded as

∑
i=1,2

∫
Ωi

ϕi
ς

j
i − ς

j−1
i

∆t
ς

j
i +

∫
γ

dϕγ
ς

j
γ − ς

j−1
γ

∆t
ς j
γ

≥
1

2∆t


∑

i=1,2

||ϕ
1
2
i ς

j
i ||

2
0,Ωi
+ ||d

1
2ϕ

1
2
γ ς

j
γ||

2
0,γ

 −
∑

i=1,2

||ϕ
1
2
i ς

j−1
i ||

2
0,Ωi
+ ||d

1
2ϕ

1
2
γ ς

j−1
γ ||

2
0,γ


 .

(3.67)

By using Lemma 3, the third term in the left-hand side of (3.66) holds the bound

A
(
ς j, ς j

)
≥ α|||ς j|||2. (3.68)

We then are concerned with the right-hand side terms in (3.66). The last two terms can be rewritten as

−
∑
i=1,2

∫
Ωi

ϕi

∂c j
i

∂t
−

c j
i − c j−1

i

∆t

 ς j
i −

∫
γ

dϕγ

∂c j
γ

∂t
−

c j
γ − c j−1

γ

∆t

 ς j
γ

= −
∑
i=1,2

∫
Ωi

ϕi

∂c j
i

∂t
−

c j
i − c j−1

i

∆t

 + ϱ j
i − ϱ

j−1
i

∆t

 ς j
i

−

∫
γ

dϕγ

∂c j
γ

∂t
−

c j
γ − c j−1

γ

∆t

 + ϱ j
γ − ϱ

j−1
γ

∆t

 ς j
γ.

(3.69)

By using the Taylor expansion with an integral remainder, we have∣∣∣∣∣∣∣∂c j
i

∂t
−

c j
i − c j−1

i

∆t

∣∣∣∣∣∣∣ ≤ 1
2∆t

∫ t j

t j−1

∣∣∣∣∣∣∂2ci

∂t2

∣∣∣∣∣∣2 dt


1
2
∫ t j

t j−1

(
t − t j−1

)2
dt


1
2

,∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∂c j

i

∂t
−

c j
i − c j−1

i

∆t

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
2

0,Ωi

≤ C∆t
∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2ci

∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,Ωi

dt.

(3.70)

Then by using the Hölder inequality, we have

∑
i=1,2

∫
Ωi

ϕi

∂ci

∂t
−

c j
i − c j−1

i

∆t

 ς j
i ≤ C

∑
i=1,2

||ς
j
i ||

2
0,Ωi
+C∆t

∑
i=1,2

∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2ci

∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,Ωi

dt. (3.71)
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The Taylor expansion is applied to the second term in (3.69) as well, yielding∑
i=1,2

∫
Ωi

ϕi
ϱ

j
i − ϱ

j−1
i

∆t
ς

j
i ≤ C

∑
i=1,2

||ς
j
i ||

2
0,Ωi
+

1
∆t

∑
i=1,2

∫ t j

t j−1

∣∣∣∣∣∣∣∣∣∣∂ϱi

∂t

∣∣∣∣∣∣∣∣∣∣2
0,Ωi

dt. (3.72)

Similarly, the following result holds in γ:∫
γ

dϕγ

∂c j
γ

∂t
−

c j
γ − c j−1

γ

∆t

 − ϱ j
γ − ϱ

j−1
γ

∆t

 ς j
γ

≤ C||ς j
γ||

2
0,γ +C

 1
∆t

∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂ϱγ∂t

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,γ

dt + ∆t
∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2cγ
∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,γ

dt

 .
(3.73)

Hence, we have the following bound for the last two terms in (3.66) from (3.70)–(3.73):∣∣∣∣∣∣∣∑i=1,2

∫
Ωi

ϕi

∂c j
i

∂t
−

c j
i − c j−1

i

∆t

 ς j
i −

∫
γ

dϕγ

∂c j
γ

∂t
−

c j
γ − c j−1

γ

∆t

 ς j
γ

∣∣∣∣∣∣∣
≤ C||ς j||20,Ω +C

 1
∆t

∫ t j

t j−1

∣∣∣∣∣∣∣∣∣∣∂ϱ∂t

∣∣∣∣∣∣∣∣∣∣2
0,Ω

dt + ∆t
∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2c
∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,Ω

dt

 ,
(3.74)

with ∂ϱ

∂t =
(
∂ϱ1
∂t ,

∂ϱ2
∂t ,

∂ϱγ
∂t

)
and ∂2c

∂t2 =

(
∂2c1
∂t2 ,

∂2c2
∂t2 ,

∂2cγ
∂t2

)
.

We then estimate the first three terms on the right-hand side of Eq (3.66). By using Lemma 4 and the
Young’s inequality, we have

−A
(
ϱ j, ς j

)
≤ C

(
|||ϱ j||| + h||ϱ j||2,T h + h−1||ϱ j||0,Ω

)
|||ς j|||

≤ C
(
|||ϱ j|||2 + h2||ϱ j||22,T h + h−2||ϱ j||20,Ω

)
+ ε|||ς j|||2.

(3.75)

Similarly, using Lemma 5 and Young’s inequality, we have

−B
(
ς j, ς j

)
≤ C||ς j||0,Ω|||ς

j||| ≤ C||ς j||20,Ω + ε|||ς
j|||2,

−B
(
ϱ j, ς j

)
≤ C

(
||ϱ j||20,Ω + h2||ϱ j||21,T h

) 1
2
|||ς j|||

≤ C
(
||ϱ j||20,Ω + h2||ϱ j||21,T h

)
+ ε|||ς j|||2.

(3.76)

Taking (3.67), (3.68), and (3.74)–(3.76) back to (3.66), it follows that

(α − 3ε) |||ς j|||2 +
1

2∆t

(
∥ϕ

1
2ς j∥20,Ω − ∥ϕ

1
2ς j−1∥20,Ω

)
≤ C||ς j||20,Ω +C

∆t
∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2c
∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,Ω

dt +
1
∆t

∫ t j

t j−1

∣∣∣∣∣∣∣∣∣∣∂ϱ∂t

∣∣∣∣∣∣∣∣∣∣2
0,Ω

dt


+C

(
|||ϱ j|||2 + h2||ϱ j||22,T h + h−2||ϱ j||20,Ω

)
+C

(
||ϱ j||20,Ω + h2||ϱ j||21,T h

)
,

(3.77)

with ϕ 1
2ς j = (ϕ

1
2
1 ς

j
1, ϕ

1
2
2 ς

j
2, d

1
2ϕ

1
2
γ ς

j
γ). Multiplying the equation above by 2∆t, summing on j = 1, · · · ,N

and choosing ε = α
6 , ||ς0||0,Ω = 0, the equation above can be rewritten as

∆t
N∑

j=1

|||ς j|||2 + ||ςN ||20,Ω ≤ C∆t
N∑

j=1

||ς j||20,Ω +C

∥c∥L∞([0,T ],Hk+1(Ω)),

∥∥∥∥∥∥∂2c
∂t2

∥∥∥∥∥∥
L2((0,T ),L2(Ω))

 (h2k + ∆t2
)
. (3.78)
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The following results hold from the Gronwall’s inequality:

∆t
N∑

j=1

|||ς j|||2 ≤ C

∥c∥L∞([0,T ],Hk+1(Ω)),

∥∥∥∥∥∥∂2c
∂t2

∥∥∥∥∥∥
L2((0,T ),L2(Ω))

 (h2k + ∆t2
)
. (3.79)

By using the triangle inequality and (3.63), we finish the proof.

4. Model with intersecting fractures

Figure 2. The domain with intersecting fractures.

In this section, we extend the hybrid-dimensional fracture model from one single fracture to a network
with intersecting fractures. The fractured network γ now comprises nγ discrete fractures, expressed as
γ = ∪

nγ
ℓ=1γℓ, where each fracture γℓ constitutes an open, bounded, planar (n− 1)-dimensional orientable

manifold. The fractured network exhibits topological connectivity, which requires all fractures to
intersect at a single point (for n = 2) or line segment (for n = 3). For each fracture, the intersection
point/line corresponds to one of its endpoints if n = 2 or to part of its boundary edges if n = 3.
Let I be the intersection point/line, i.e., I = ∩nγ

ℓ=1γℓ. We impose geometric constraints that ensure
minimum intersection angles between fractures and between fractures and the domain boundary ∂Ω,
where contact occurs. The boundary of the fractured network (excluding I) is entirely contained within
∂Ω, which eliminates the possibility of fully immersed fractures. The fractured network partitions the
global domain Ω into Lipschitz-continuous subdomains Ωi (i = 1, · · · , nΩ), with the matrix domain
defined as Ωm = ∪

nΩ
i=1Ωi. The two adjacent subdomains Ω+γℓ and Ω−γℓ are precisely separated by each

fracture γℓ, which satisfies γℓ = ∂Ω+γℓ ∩ ∂Ω
−
γℓ
. In fracture γℓ, let n+γℓ and n−γℓ represent the outward

unit normal vectors associated with the subdomains Ω+γℓ and Ω−γℓ respectively, and nγℓ = n+γℓ = −n−γℓ .
Moreover, we use nγ to denote the normal vector to the whole fractured network, meaning that nγ = nγℓ
in γℓ, similar to n+γ and n−γ . Figure 2 presents a clear discription of the intersecting fractured network
and the corresponding notations.

For the functions qΩi defined in subdomains Ωi, we construct the composite matrix field through the
product space notation, qm =

(
qΩ1 , qΩ2 , . . . , qΩnΩ

)
. Similarly, for the functions qγℓ defined in the fractures

γℓ, we define the composite fracture field, qγ =
(
qγ1 , qγ2 , . . . , qγnγ

)
. Vector-valued fields follow analogous

constructions, vm =
(
vΩ1 , vΩ2 , . . . , vΩnΩ

)
and vγ =

(
vγ1 , vγ2 , . . . , vγnγ

)
. Moreover, d = (d1, d2, · · · , dnγ)

is the width of the fracture system. In addition, in order to describe the model with intersecting
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fractures, we also need to introduce the trace-restricted functions qγ+m =
(
qΩ+γ1
|γ1 , qΩ+γ2

|γ2 , . . . , qΩ+γnγ
|γnγ

)
and qγ−m =

(
qΩ−γ1
|γ1 , qΩ−γ2

|γ2 , . . . , qΩ−γnγ
|γnγ

)
, where qΩ±γℓ |γℓ denotes the trace of the matrix field restricted to

the fracture interface. Vector trace fields follow a similar construction: vγ+m =
(
vΩ+γ1
|γ1 , . . . , vΩ+γnγ

|γnγ

)
and

vγ−m =
(
vΩ−γ1
|γ1 , . . . , vΩ−γnγ

|γnγ

)
.

We define the boundaries for the matrix and fractures network as Γm = ∪
nΩ
i=1Γi, with Γi = ∂Ωi ∩ ∂Ω,

and ∂γ =
(
∪

nγ
ℓ=1∂γℓ

)
\I. The hybrid-dimensional fracture model with intersecting fractures is described

as follows, for t ∈ [0,T ].

In the matrix Ωm, we have

ϕm
∂cm

∂t
+ ∇·χm = qm in Ωm,

χm = −Km∇cm + umcm in Ωm,

cm = c∂,m on Γm.

(4.1)

In the fracture γ, we have

dϕγ
∂cγ
∂t
+ ∇τ · χγ = qγ + χγ+m · n

+
γ + χ

γ−
m · n

−
γ in γ,

χγ = −Kγ,τd∇τcγ + duγcγ in γ,
cγ = c∂,γ on ∂γ.

(4.2)

For the transmission conditions in γ, we have

χγ∗m · n
∗
γ =

2ηγ
2ξ − 1

(
ξcγ∗m + (1 − ξ)cγ(−∗)

m − cγ
)
, in γ, ∗ = +,−. (4.3)

At the intersection I, we have
nγ∑
ℓ=1

χγℓ · τγℓ = 0,

cγ1 = cγ2 = · · · = cγnγ
.

(4.4)

At the initial time t = 0, we have

cm = c0
m in Ωm, cγ = c0

γ in γ, (4.5)

where ∗ and (−∗) mean the signs are opposite, and τγℓ is defined on each fracture γℓ as the vector in its
tangent plane, pointing outward from the intersection point/line I. We use the homogeneous Dirichlet
boundary conditions c∂,m = 0 and c∂,γ = 0. The symbols defined in Section 3 continue to be used, such
as the partitions T h

m and T h
γ with T h

m = ∪
nΩ
i=1T

h
Ωi

and T h
γ = ∪

nγ
ℓ=1T

h
γℓ

, the sets of interior edges or faces
in the matrix Eh

o,m =
⋃nΩ

i=1 E
h
o,Ωi

, the sets of interior points or edges in the fracture Eh
o,γ =

⋃nγ
ℓ=1 E

h
o,γℓ ,

the sets of exterior edges or faces Eh
∂,m =

⋃nΩ
i=1 E

h
∂,Ωi

, the sets of exterior points or edges in the fracture
Eh
∂,γ
=

⋃nγ
ℓ=1 E

h
∂,γℓ

(not including points or edges on I), and Eh
m = E

h
o,m ∪ E

h
∂,m, Eh

γ = E
h
o,γ ∪ E

h
∂,γ

. In
addition, we also need to introduce some notations for the intersection. Let EI

h be the set of points/edges
on the intersection of fractures. Note that, in this paper, since we consider a network with one single
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intersection, when n = 2, this set consists only of one single point. Similar to [33], the jump and
average operators on the intersection are defined.

Definition 1. We define the jump and average operators for zγ and vγ on I as follows:

{zγ}I =
1
nγ

(
zγ1 + zγ2 + · · · + zγnγ

)
,[

zγ
]

I
= (zγ j − zγℓ)1≤ j<ℓ≤nγ ,

{vγ}I =
1
nγ

(
vγ j · τγ j − vγℓ · τγℓ

)
1≤ j<ℓ≤nγ

,[
vγ

]
I
= vγ1 · τγ1 + vγ2 · τγ2 + · · · + vγnγ

· τγnγ
.

(4.6)

The following result for the jump and average can be seen in [33], as well as the corresponding proof.

Proposition 1. The following identity holds:

[zγvγ]I = [vγ]I{zγ}I + {vγ}I · [zγ]I , (4.7)

where the vector-valued function zγvγ is defined as zγvγ = (zγ1vγ1 , zγ2vγ2 , · · · , zγnγ
vγnγ

).
In the matrix Ωm, similar to (3.4), for any zm ∈ H1(T h

m), we can derive∫
Ωm

ϕm
∂cm

∂t
zm +

∑
K∈T h

m

∫
K

Km∇cm · ∇zm −
∑

K∈T h
m

∫
K

umcm · ∇zm −
∑
e∈Eh

m

∫
e
{Km∇cm · ne}[zm]

+
∑
e∈Eh

m

∫
e
{umcm · ne}[zm] +

∑
∗=+,−

∫
γ

2ηγ
2ξ − 1

(
ξcγ∗m + (1 − ξ)cγ(−∗)

m − cγ
)

zγ∗m =
∫
Ωm

qmzm.

(4.8)

In each fracture γℓ, multiplying the first equation in (4.2) by a test function zγℓ ∈ H1
(
T h
γℓ

)
, integrating

within each element K ∈ T h
γℓ

, and using Green’s formulation, we obtain∫
K

dℓϕγℓ
∂cγℓ
∂t

zγℓ −
∫

K
χγℓ · ∇τzγℓ +

∫
∂K\I
χγℓ · n∂Kzγℓ +

∫
∂K∩I
χγℓ · τγℓzγℓ

=

∫
K

qγℓzγℓ +
∫

K

(
χΩ+γℓ
|γℓ · n

+
γℓ
+ χΩ−γℓ

|γℓ · n
−
γℓ

)
zγℓ .

(4.9)

Summing over all elements K ∈ T h
γℓ

, we obtain∫
γℓ

dℓϕγℓ
∂cγℓ
∂t

zγℓ +
∑

K∈T h
γℓ

∫
K

Kγℓ,τdℓ∇τcγℓ · ∇τzγℓ −
∑
e∈Eh

γℓ

∫
e
{Kγℓ,τdℓ∇τcγℓ · ne}[zγℓ]

−
∑

K∈T h
γℓ

∫
K

dℓuγℓcγℓ · ∇τzγℓ +
∑
e∈Eh

γℓ

∫
e
{dℓuγℓcγℓ · ne}[zγℓ] +

∫
I
χγℓ · τγℓzγℓ

−

∫
γℓ

(
χΩ+γℓ
|γℓ · n

+
γℓ
+ χΩ−γℓ

|γℓ · n
−
γℓ

)
zγℓ =

∫
γℓ

qγℓzγℓ .

(4.10)

Electronic Research Archive Volume 34, Issue 7, 4325–4358.



4347

Summing over all the fractures ℓ = 1, 2, · · · , nγ, we have∫
γ

dϕγ
∂cγ
∂t

zγ +
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ · ∇τzγ −
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ · ne}[zγ] −

∑
K∈T h

γ

∫
K

duγcγ · ∇τzγ

+
∑
e∈Eh

γ

∫
e
{duγcγ · ne}[zγ] +

nγ∑
ℓ=1

∫
I
χγℓ · τγℓzγℓ −

∫
γ

(
χγ+m · n

+
γ + χ

γ−
m · n

−
γ

)
zγ =

∫
γ

qγzγ.
(4.11)

Based on the definition of the jump operator in Definition 1, Proposition 1, and the first condition in
(4.4), the sixth term in the equation above can be rewritten as

nγ∑
ℓ=1

χγℓ · τγℓzγℓ = [zγχγ]I = [χγ]I{zγ}I + {χγ}I · [zγ]I = {χγ}I · [zγ]I . (4.12)

We then rewrite (4.11) as follows:∫
γ

dϕγ
∂cγ
∂t

zγ +
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ · ∇τzγ −
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ · ne}[zγ]

−
∑

K∈T h
γ

∫
K

duγcγ · ∇τzγ +
∑
e∈Eh

γ

∫
e
{duγcγ · ne}[zγ] −

∑
e∈Eh

I

∫
e
{Kγ,τd∇τcγ}I · [zγ]I

+
∑
e∈Eh

I

∫
e
{duγcγ}I · [zγ]I −

∫
γ

2ηγ
2ξ − 1

(
cγ+m + cγ−m − 2cγ

)
zγ =

∫
γ

qγzγ, ∀zγ ∈ H1(T h
γ ).

(4.13)

The definitions of the variation forms A(·, ·) and B(·, ·) continue to be used.

A (c, z) =
∑

K∈T h
m

∫
K

Km∇cm · ∇zm −
∑
e∈Eh

m

∫
e
{Km∇cm · ne}[zm] + ν

∑
e∈Eh

m

∫
e
{Km∇zm · ne}[cm]

+
∑

K∈T h
γ

∫
K

Kγ,τd∇τcγ ·∇τzγ−
∑
e∈Eh

γ

∫
e
{Kγ,τd∇τcγ ·ne}[zγ]+ν

∑
e∈Eh

γ

∫
e
{Kγ,τd∇τzγ ·ne}[cγ]

+ σJ(c, z) +
∑
∗=+,−

∫
γ

2ηγ
2ξ − 1

(
ξcγ∗m + (1 − ξ)cγ(−∗)

m − cγ
) (

zγ∗m − zγ
)
, (4.14)

B (c, z) = −
∑

K∈T h
m

∫
K

umcm · ∇zm +
∑
e∈Eh

m

∫
e
{umcm · ne}[zm] −

∑
K∈T h

γ

∫
K

duγcγ · ∇zγ

+
∑
e∈Eh

γ

∫
e
{duγcγ · ne}[zγ]. (4.15)

Moreover, we also the introduce variation forms defined on the intersection I

AI

(
cγ, zγ

)
= −

∑
e∈Eh

I

∫
e
{Kγ,τd∇τcγ}I · [zγ]I + ν

∑
e∈Eh

I

∫
e
{Kγ,τd∇τzγ}I · [cγ]I + σJI(cγ, zγ), (4.16)
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with

JI(cγ, zγ) =



∑
e∈Eh

I

1
|e|

∫
e
[cγ]I · [zγ]I , two-dimensional fracture,

∑
e∈Eh

I

max
Ke∈{E

h
γ1 , E

h
γ2 , ··· , E

h
γnγ }

1
|Ke|

[cγ]I · [zγ]I , one-dimensional fracture,
(4.17)

and
BI

(
cγ, zγ

)
=

∑
e∈Eh

I

∫
e
{duγcγ}I · [zγ]I . (4.18)

The exact solution c = (cm, cγ) for the hybrid-dimensional fracture model of advection–diffusion
equation with intersecting fractures satisfies the following for any z = (zm, zγ) ∈ H1(T h):∫

Ωm

ϕm
∂cm

∂t
zm +

∫
γ

dϕγ
∂cγ
∂t

zγ + A(c, z) + B(c, z) + AI(c, z) + BI(c, z) =
∫
Ωm

qmzm +

∫
γ

qγzγ. (4.19)

Algorithm 2 (DG-backward Euler method for the model with intersecting fractures). For j =
1, 2, 3, ...,N, given ch, j−1 =

(
ch, j−1

m , ch, j−1
γ

)
, find ch, j =

(
ch, j

m , ch, j
γ

)
∈ Dk(T h) such that for any

z = (zm, zγ) ∈ Dk(T h), we have∫
Ωm

ϕm
ch, j

m − ch, j−1
m

∆t
zm +

∫
γ

dϕγ
ch, j
γ − ch, j−1

γ

∆t
zγ + A(ch, j, z) + B(ch, j, z)

+ AI(ch, j
γ , zγ) + BI(ch, j

γ , zγ) =
∫
Ωm

qmzm +

∫
γ

qγzγ,∫
Ωm

ch,0
m zm +

∫
γ

ch,0
γ zγ =

∫
Ωm

c0
mzm +

∫
γ

c0
γzγ.

(4.20)

Theorem 2. Assume that c =
(
cm, cγ

)
with cΩi ∈ Hk+1(Ωi) and cγℓ ∈ Hk+1(γℓ) is the solution to the

problem (4.1)–(4.5), and ch = (ch
m, c

h
γ) ∈ Dk(T h) is the numerical solution to Algorithm 2, respectively.

Then, if σ is large enough and h is sufficiently small, a constant C exists such that

∆t
N∑

j=1

|||c j − ch, j|||2 ≤ C

∥c∥L∞([0,T ],Hk+1(Ω)),

∥∥∥∥∥∥∂2c
∂t2

∥∥∥∥∥∥
L2((0,T ),L2(Ω))

 (h2k + ∆t2
)
. (4.21)

Proof. Subtracting (4.20) from (4.19) and taking z = ς j = (ς j
m, ς

j
γ) ∈ Dk

(
T h

)
, we have∫

Ωm

ϕm
∂c j

m

∂t
ς j

m +

∫
γ

dϕγ
∂c j

γ

∂t
ς j
γ −

∫
Ωm

ϕm
ch, j

m − ch, j−1
m

∆t
ς j

m −

∫
γ

dϕγ
ch, j
γ − ch, j−1

γ

∆t
ς j
γ + A

(
c j, ς j

)
− A

(
ch, j, ς j

)
+ B

(
c j, ς j

)
− B

(
ch, j, ς j

)
+ AI(c j

γ, ς
j
γ) − AI(ch, j

γ , ς
j
γ) + BI(c j

γ, ς
j
γ) − BI(ch, j

γ , ς
j
γ) = 0.

(4.22)

This means ∫
Ωm

ϕm
ς

j
m − ς

j−1
m

∆t
ς j

m +

∫
γ

dϕγ
ς

j
γ − ς

j−1
γ

∆t
ς j
γ + A

(
ς j, ς j

)
+ AI

(
ς j
γ, ς

j
γ

)
= − A

(
ϱ j, ς j

)
− B

(
ϱ j, ς j

)
− B

(
ς j, ς j

)
− AI

(
ϱ j
γ, ς

j
γ

)
− BI(ϱ j

γ, ς
j
γ) − BI(ς j

γ, ς
j
γ)

−

∫
Ωm

ϕm

∂c j
m

∂t
−

c j
m − c j−1

m

∆t

 ς j
m −

∫
γ

dϕγ

∂c j
γ

∂t
−

c j
γ − c j−1

γ

∆t

 ς j
γ.

(4.23)
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For the first two terms on the left-hand side of the equation above, we have the same estimate as (3.67)

∫
Ωm

ϕm
ς

j
m − ς

j−1
m

∆t
ς j

m +

∫
γ

dϕγ
ς

j
γ − ς

j−1
γ

∆t
ς j
γ

≥
1

2∆t

((
||ϕ

1
2
mς

j
m||

2
0,Ωm
+ ||d

1
2ϕ

1
2
γ ς

j
γ||

2
0,γ

)
−

(
||ϕ

1
2
mς

j−1
m ||

2
0,Ωm
+ ||d

1
2ϕ

1
2
γ ς

j−1
γ ||

2
0,γ

))
.

(4.24)

According to Lemma 3, we have

A
(
ς j, ς j

)
≥ α|||ς j|||2. (4.25)

By applying the definition of AI to the left-hand side of (4.23), the last term can be bounded as

AI

(
ς j
γ, ς

j
γ

)
= (ν − 1)

∑
e∈Eh

I

∫
e
{Kγ,τd∇τς j

γ}I · [ς
j
γ]I + σJI

(
ς j
γ, ς

j
γ

)
=

ν − 1
nγ

∑
e∈Eh

I

∫
e

(
Kγp,τd∇τς

j
γp
· τγp−Kγℓ,τd∇τς

j
γℓ
· τγℓ

)
1≤p<ℓ≤nγ

· [ς j
γ]I +σJI

(
ς j
γ, ς

j
γ

)
≥ −C

nγ∑
ℓ=1

∑
e∈Eh

I

∥∇τς
j
γℓ
∥0,e∥[ς j

γ]I∥0,e + σJI

(
ς j
γ, ς

j
γ

)
≥ −Ch−

1
2

nγ∑
ℓ=1

∑
e∈Eh

I

∥∇τς
j
γℓ
∥0,Ke∥[ς

j
γ]I∥0,e + σJI

(
ς j
γ, ς

j
γ

)
≥ − ε∥ς j

γ∥
2
1,T h

γ
+ (σ −C) JI

(
ς j
γ, ς

j
γ

)
.

(4.26)

From (4.24)–(4.26), the left-hand side of (4.23) can be estimated as

L ≥
1

2∆t

(
∥ϕ

1
2ς j∥20,Ω − ∥ϕ

1
2ς j−1∥20,Ω

)
+ (α − ε) |||ς j|||2 + (σ −C) JI

(
ς j
γ, ς

j
γ

)
. (4.27)

According to Lemmas 4 and 5, the first three terms on the right-hand side of (4.23) can be bounded as

−A
(
ϱ j, ς j

)
≤ C

(
|||ϱ j|||2 + h2||ϱ j||22,T h + h−2||ϱ j||0,Ω

)
+ ε|||ς j|||2,

−B
(
ς j, ς j

)
≤ C||ς j||20,Ω + ε|||ς

j|||2,

−B
(
ϱ j, ς j

)
≤ C

(
||ϱ j||20,Ω + h2||ϱ j||21,T h

)
+ ε|||ς j|||2.

(4.28)

For the fourth term on the right-hand side of (4.23), it reads as follows:

−AI

(
ϱ j
γ, ς

j
γ

)
=

∑
e∈Eh

m

∫
e
{Kγ,τd∇τϱ j

γ}I · [ς
j
γ]I − ν

∑
e∈Eh

m

∫
e
{Kγ,τd∇τς j

γ}I · [ϱ
j
γ]I − σJI

(
ϱ j
γ, ς

j
γ

)
:= R1 + R2 + R3.

(4.29)
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Similar to (3.38), we obtain

R1 =
1
nγ

∑
e∈Eh

I

∫
e

(
Kγp,τdp∇τϱ

j
γp
· τγp −Kγℓ,τdℓ∇τϱ

j
γℓ
· τγℓ

)
1≤p<ℓ≤nγ

· [ς j
γ]I

≤ C
nγ∑
ℓ=1

∑
e∈Eh

I

∥∇τϱ
j
γℓ
∥0,e∥[ς j

γ]I∥0,e

≤ C
(
h2∥ϱ j

γ∥
2
2,T h

γ
+ ∥ϱ j

γ∥
2
1,T h

γ

) 1
2

J
1
2
I

(
ς j
γ, ς

j
γ

)
.

(4.30)

Similar to (3.40) and (4.30), it is found that

R2 ≤ C∥ς j
γ∥1,T h

γ

(
∥ϱ j

γ∥
2
1,T h

γ
+ h−2∥ϱ j

γ∥
2
0,γ

) 1
2
. (4.31)

Similar to (3.42), we show

R3 ≤ C
(
∥ϱ j

γ∥
2
1,T h

γ
+ h−2∥ϱ j

γ∥
2
0,γ

) 1
2

J
1
2
I

(
ς j
γ, ς

j
γ

)
. (4.32)

Introducing the results of (4.30)–(4.32) to (4.29) shows that

−AI

(
ϱ j
γ, ς

j
γ

)
≤ C

(
h2∥ϱ j

γ∥
2
2,T h

γ
+ ∥ϱ j

γ∥
2
1,T h

γ
+ h−2∥ϱ j

γ∥
2
0,γ

) 1
2
(
∥ς j

γ∥
2
1,T h

γ
+ J

1
2
I

(
ς j
γ, ς

j
γ

))
≤ C

(
h2∥ϱ j

γ∥
2
2,T h

γ
+ ∥ϱ j

γ∥
2
1,T h

γ
+ h−2∥ϱ j

γ∥
2
0,γ

)
+ ε|||ς j

γ|||
2 + εJI

(
ς j
γ, ς

j
γ

)
.

(4.33)

For the fifth term on the right-hand side of (4.23), it holds the bound

BI(ϱ j
γ, ς

j
γ) =

1
nγ

∑
e∈Eh

I

∫
e

(
dpuγpϱ

j
γp
· τγp−dℓuγℓϱ

j
γℓ
· τγℓ

)
1≤p<ℓ≤nγ

· [ς j
γ]I

≤ C
nγ∑
ℓ=1

∑
e∈Eh

I

∥ϱ j
γℓ
∥0,e∥[ς j

γ]I∥0,e

≤ C
nγ∑
ℓ=1

∑
e∈Eh

I

(
h−

1
2 ∥ϱ j

γℓ
∥0,Ke + h

1
2 ∥∇τϱ

j
γℓ
∥0,Ke

)
∥[ς j

γ]I∥0,e

≤ C

 nγ∑
ℓ=1

(
∥ϱ j

γℓ
∥0,γℓ + h∥ϱ j

γℓ
∥1,T h

γℓ

) J
1
2
I

(
ς j
γ, ς

j
γ

)
≤ C

(
∥ϱ j

γ∥
2
0,γ + h2∥ϱ j

γ∥
2
1,T h

γ

)
+ εJI

(
ς j
γ, ς

j
γ

)
.

(4.34)

Similarly, we have
BI(ς j

γ, ς
j
γ) ≤ C∥ς j

γ∥
2
0,γ + εJI

(
ς j
γ, ς

j
γ

)
. (4.35)
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Similar to (3.74), we have the following estimate for the last two terms on the right-hand side of (4.23):

∣∣∣∣∣∣∣
∫
Ωm

ϕm

∂c j
m

∂t
−

c j
m − c j−1

m

∆t

 ς j
m −

∫
γ

dϕγ

∂c j
γ

∂t
−

c j
γ − c j−1

γ

∆t

 ς j
γ

∣∣∣∣∣∣∣
≤ C||ς j||20,Ω +C

 1
∆t

∫ t j

t j−1

∣∣∣∣∣∣∣∣∣∣∂ϱ∂t

∣∣∣∣∣∣∣∣∣∣2
0,Ω

dt + ∆t
∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2c
∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,Ω

dt

 ,
(4.36)

with ∂ϱ

∂t =
(
∂ϱm
∂t ,

∂ϱγ
∂t

)
and ∂2c

∂t2 =

(
∂2cm
∂t2 ,

∂2cγ
∂t2

)
.

It shows that the right-hand side of (4.23) has the following estimate from (4.28) and (4.33)–(4.36):

R ≤ C||ς j||20,Ω +C
(
|||ϱ j|||2 + h2||ϱ j||22,T h + h−2||ϱ j||20,Ω

)
+C

(
||ϱ j||20,Ω + h2||ϱ j||21,T h

)
+C

 1
∆t

∫ t j

t j−1

∣∣∣∣∣∣∣∣∣∣∂ϱ∂t

∣∣∣∣∣∣∣∣∣∣2
0,Ω

dt + ∆t
∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2c
∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,Ω

dt

 + 4ε|||ς j|||2 + 3εJI

(
ς j
γ, ς

j
γ

)
.

(4.37)

Taking (4.27) and (4.37) back to (4.23), it follows that

(α − 5ε) |||ς j|||2 +
1

2∆t

(
∥ϕ

1
2ς j∥20,Ω − ∥ϕ

1
2ς j−1∥20,Ω

)
+ (σ −C − 3ε) JI

(
ς j
γ, ς

j
γ

)
≤ C||ς j||20,Ω +C

∆t
∫ t j

t j−1

∣∣∣∣∣∣
∣∣∣∣∣∣∂2c
∂t2

∣∣∣∣∣∣
∣∣∣∣∣∣2
0,Ω

dt +
1
∆t

∫ t j

t j−1

∣∣∣∣∣∣∣∣∣∣∂ϱ∂t

∣∣∣∣∣∣∣∣∣∣2
0,Ω

dt


+C

(
|||ϱ j|||2 + h2||ϱ j||22,T h + h−2||ϱ j||20,Ω

)
.

(4.38)

Similar to (3.79), we have the following estimate:

∆t
N∑

j=1

|||ς j|||2 ≤ C

∥c∥L∞([0,T ],Hk+1(Ω)),

∥∥∥∥∥∥∂2c
∂t2

∥∥∥∥∥∥
L2((0,T ),L2(Ω))

 (h2k + ∆t2
)
. (4.39)

By using the triangle inequality and (3.63), we finish the proof.

Remark 2. In addition to the assumptions in Remark 1, under the condition that [du]I = 0, similar L2

stability holds for the model with intersecting fractures. Similar to (4.25) and (4.26), we have

A
(
ch, j, ch, j

)
+ AI

(
ch, j
γ , c

h, j
γ

)
≥ α|||ch, j|||2 + (σ −C) JI

(
ch, j
γ , c

h, j
γ

)
. (4.40)

In the term B(ch, j, ch, j), due to the intersecting fractures, we need to analyze the terms related to fractures
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again.

−
∑

K∈T h
γ

∫
K

duγch, j
γ · ∇ch, j

γ

= −
1
2

nγ∑
ℓ=1

∑
K∈T h

γℓ

∫
K

dℓuγℓ · ∇
(
ch, j
γℓ

)2

=
1
2

nγ∑
ℓ=1

∑
K∈T h

γℓ

∫
K

dℓ∇ · uγℓ
(
ch, j
γℓ

)2
−

1
2

nγ∑
ℓ=1

∑
K∈T h

γℓ

∫
∂K

dℓuγℓ · n∂K

(
ch, j
γℓ

)2

= −
1
2

∑
e∈Eh

γ

∫
e

duγ · ne

[(
ch, j
γ

)2
]
−

1
2

nγ∑
ℓ=1

∑
K∈T h

γℓ

∫
∂K∩I

dℓuγℓ · n∂K

(
ch, j
γℓ

)2

= −
1
2

∑
e∈Eh

γ

∫
e

duγ · ne

[(
ch, j
γ

)2
]
−

1
2

∑
e∈Eh

I

∫
e

[
duγ

(
ch, j
γ

)2
]

= −
1
2

∑
e∈Eh

γ

∫
e

duγ · ne

[(
ch, j
γ

)2
]
−

1
2

∑
e∈Eh

I

∫
e

[
duγ

] {(
ch, j
γ

)2
}
−

1
2

∑
e∈Eh

I

∫
e

{
duγ

}
·

[(
ch, j
γ

)2
]

= −
1
2

∑
e∈Eh

γ

∫
e

duγ · ne

[(
ch, j
γ

)2
]
.

(4.41)

Then by using the same steps in (3.31) and (3.32), the bilinear form of the diffusion part vanishes
identically, i.e., B(ch, j, ch, j) = 0. According to the second condition in (4.4), we have BI(c

h, j
γ , c

h, j
γ ) = 0.

Similar to (3.31) and (3.32), the L2 stability is proved.
In this section, although we only consider a single intersection, the definitions of AI and BI , the

algorithm design, the theoretical analysis, and the numerical examples can all be extended to multiple
intersections.

5. Numerical experiment

In this section, numerical experiments are conducted to verify the accuracy and efficiency of the DG–
backward Euler method for solving the hybrid–dimensional fracture models of the advection–diffusion
equation with both one single fracture and intersecting fractures. In terms of spatial discretization,
piecewise linear polynomial spaces are used, and the mesh partitioning is performed as follows: The
matrix domain Ωi is partitioned into square cells of side length hΩi , each of which is further subdivided
into two right-angled triangles, and concurrently, each fracture γℓ is discretized into segments of length
hγℓ . Within this discrete framework, we compute the errors in the discrete H1-norm for the concentration
in both the matrix and fracture domains, along with the corresponding convergence rates. To clearly
demonstrate the convergence behavior with respect to the mesh size hΩi , the numerical solution on a
refined mesh (with size hΩi/2) is used as the reference solution. The errors and convergence rates for
each coarser mesh are then obtained by evaluating their solutions against this reference. The coefficients
in the proposed scheme are chosen as follows: σ = 100 and ν = −1.
Example 1. Experiment with a single fracture

The first example refers to the geometry made of two unitary squares separated by a single vertical
fracture, i.e., Ω1 = (−1, 0) × (0, 1), Ω2 = (0, 1) × (0, 1) and γ = {x = 0} × (0, 1). The permeability
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parameters are set as K1 = K2 = E, where E is the 2 × 2 identity matrix, and Kγ,τ = 0.1 and
Kγ,n = 0.001. The fracture width is d = 0.01, and ξ = 4/5. We consider the source terms qi = 0 and
qγ = 0, the Dirichlet boundary conditions c∂,i = 0 and c∂,γ = 0.5, the parameters ϕi = ϕγ = 0.5 and
ui = (3, 1)T, uγ = 1; and the concentration c0

i = c0
γ = 0 at the initial time. The total duration is T = 1,

and the time step ∆t equals the spatial step size hΩi . The errors and convergence rates are shown in
Table 1, and Figure 3 presents the concentration distributions at times T = 1/64 and T = 1.

(a) (b)

Figure 3. Concentration distributions in the model with one single fracture. (a) T = 1/64. (b)
T = 1.

Example 2. Experiment with intersecting fractures
We next consider an intersecting fractured network, in which Ω is subdivided into three different

areasΩ1 = (−1, 0)× (0, 1),Ω2 = (0, 1)× (0, 0.5), andΩ3 = (0, 1)× (0.5, 1) by intersecting the interfaces
γ1 = ∂Ω1 ∩ ∂Ω2, γ2 = ∂Ω1 ∩ ∂Ω3, and γ3 = ∂Ω2 ∩ ∂Ω3. The Dirichlet condition for the concentrations
c∂,m = 0 and c∂,γ = 0.5 are used, the source terms qΩi = 0 and qγℓ = 0 are added in the matrix and
fractures, and the concentration c0

m = c0
γ = 0 at the initial time. The tensors of permeability in the

matrix and fractures are set as Km = E, Kγ,τ = 1, and Kγ,n = 0.001. The width of fracture is d = 0.01,
and ξ = 4/5, and the parameters are ϕm = ϕγ = 0.5, um = (3, 1)T, uγ = 1. Similarly, the time step ∆t
equals the spatial step size hΩi , and the total duration is T = 1. The errors and convergence rates are
shown in Table 2, and Figure 4 presents the concentration distributions at times T = 1/64 and T = 1.

Table 1. Errors and convergence rates for Example 1.
hΩi ∥c1 − ch

1∥1,T h
1

Rate ∥c2 − ch
2∥1,T h

2
Rate ∥cγ − ch

γ∥1,T h
γ

Rate
2−2 1.32E-2 - 1.32E-2 - 3.66E-1 -
2−3 7.86E-3 0.75 7.86E-3 0.75 1.89E-1 0.95
2−4 4.67E-3 0.75 4.67E-3 0.75 9.55E-2 0.99
2−5 2.71E-3 0.78 2.71E-3 0.78 4.80E-2 0.99
2−6 1.53E-3 0.82 1.53E-3 0.82 2.42E-2 0.99
2−7 8.50E-4 0.85 8.50E-4 0.85 1.24E-2 0.98
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(a) (b)

Figure 4. Concentration distributions in the model with the intersecting fractures. (a) T =
1/64. (b) T = 1.

Table 2. Errors and convergence rates for Example 2.
hΩi ∥c1 − ch

1∥1,T h
1

Rate ∥c2 − ch
2∥1,T h

2
Rate ∥c3 − ch

3∥1,T h
3

Rate ∥cγ − ch
γ∥1,T h

γ
Rate

2−2 3.60E-1 - 2.41E-1 - 2.46E-1 - 2.71E-01 -
2−3 2.24E-1 0.68 1.48E-1 0.70 1.51E-1 0.70 1.30E-01 1.06
2−4 1.30E-1 0.78 8.62E-2 0.78 8.76E-2 0.79 6.33E-02 1.03
2−5 7.29E-2 0.84 4.84E-2 0.83 4.90E-2 0.84 3.13E-01 1.02
2−6 3.98E-2 0.87 2.66E-2 0.86 2.68E-2 0.87 1.56E-02 1.01
2−7 2.14E-2 0.89 1.44E-3 0.89 1.45E-2 0.89 7.75E-03 1.00

Example 3. Experiment with the exact solution
Next, we investigate an experiment with an exact solution, where the errors and convergence rates

are evaluated against the exact solution. The tensor of permeability in the matrix and fracture are set
as K1 = K2 = 10 E and K f ,τ = 15,K f ,n = 10−3. The width of the fracture is d = 0.001 and ξ = 56/73,
and the parameters are ϕi = ϕγ = 0.5, ui = (5/13, 2/13)T, and uγ = 0.5. The errors and convergence
rates are listed in Table 3. 

c1 =
(x + 9)t sin(πy)

9

c2 =
(−2x + 4)t sin(πy)

9
cγ = t sin(πy)

Tables 1–3 respectively record the numerical errors and convergence rates of the discrete H1-norm
for the concentration which is solved by using the DG-backward Euler method. From the tables, it
can be observed that for the hybrid-dimensional fracture models involving both a single fracture and
intersecting fractures, the DG-backward Euler method achieves the expected O(h + ∆t) convergence
rate for the concentration in the discrete H1-norm in both the matrix and fractures, which is consistent
with the theoretical analysis provided in Theorems 1 and 2.
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Table 3. Errors and convergence rates for Example 3.
hΩi ∥c1 − ch

1∥1,T h
1

Rate ∥c2 − ch
2∥1,T h

2
Rate ∥cγ − ch

γ∥1,T h
γ

Rate
2−4 1.24E-00 - 4.75E-02 - 9.85E-02 -
2−5 6.18E-01 1.00 2.37E-02 1.00 4.91E-02 1.00
2−6 3.09E-01 1.00 1.19E-02 1.00 2.46E-02 1.00
2−7 1.55E-01 1.00 5.93E-03 1.00 1.23E-02 1.00
2−8 7.73E-02 1.00 2.96E-03 1.00 6.14E-03 1.00

6. Conclusions

In this paper, the DG-backward Euler method is firstly used for a kind of hybrid–dimensional fracture
models of the advection–diffusion equation with one single fracture and with intersecting fractures. We
verify the accuracy of the method from both the theoretical and practical aspects. The desired optimal
error bounds are achieved in the discrete H1-norm for the concentration. Numerical examples with both
one fracture and intersecting fractures are carried out, and the numerical results are consistent with the
conclusions of Theorems 1 and 2.
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