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Abstract: This paper presents a numerical method for the advection-diffusion process in fractured
porous media described by a kind of hybrid—dimensional fracture models, in which fractures are
represented as (n — 1)—dimensional interfaces embedded within the n—dimensional porous matrix.
We develop a numerical approach that combines the discontinuous Galerkin (DG) method for spatial
discretization with the backward Euler method for temporal discretization. Leveraging the advantage of
the DG method in flexibly handling boundary conditions, the DG-backward Euler method is extended
from the model with a single fracture to one with intersecting fractures. Theoretical analysis shows that
the optimal order error estimate for the concentration in the discrete H'-norm is obtained. Numerical
experiments with a single fracture and intersecting fractures are all carried out to verify the accuracy
of the theoretical results.

Keywords: hybrid—dimensional fracture model; advection—diffusion equation; discontinuous Galerkin
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1. Introduction

Modeling flows in fractured porous media has received increasing interest over recent decades, owing
to its fundamental significance in addressing key environmental and energy issues, such as geothermal
extraction [1,2], geological carbon storage [3,4], gas and oil exploitation [5—7], and contaminant
migration in reservoirs [8]. In these applications, the flow dynamics are significantly influenced by
the presence of fractures. Depending on the hydraulic properties, fractures exhibit diverse physical
characteristics: They can serve as primary pathways for fluid flow or act as barriers, depending on
their permeability levels. In addition, when considering fractures and the matrix together, the physical
differences between them can be substantial, sometimes varying by several orders of magnitude. As
a result, fractured porous media often exhibit strong heterogeneity. Moreover, fractures typically have
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much smaller thickness compared with the characteristic scale of the domain, and are often associated
with significantly more complex physical processes than those in the surrounding matrix. This feature
makes the modeling and numerical simulation of fluid flow in fractured porous media exceptionally
complex.

When fractures have a small aperture, the equal-dimensional models are impractical to a certain
extent, where fractures are represented as geological structures of equal dimension to the matrix, as
capturing flow within such thin fractures would require an excessively large number of grid cells. To
address this issue, it is a common choice of hybrid—dimensional fracture models to represent fractures
as (n — 1)-dimensional interfaces embedded in the n—dimensional domain, such as surfaces in the
three-dimensional domain or lines in the two-dimensional case, overcoming the constraint of fracture
width in mesh partitioning to enhance the flexibility and practicality [9, 10]. The hybrid—dimensional
fracture model was initially developed for single—phase Darcy flow, presented in [9], where pressure
was assumed to be continuous across the interfaces of the matrix and the fractures for fractures acting
as drains. The model was subsequently generalized in [10] to include Robin—type coupling conditions,
allowing for pressure discontinuities to represent fractures functioning either as drains or as barriers.
The hybrid—dimensional fracture models of the Darcy—Brinkman equation [11, 12] and the Darcy-
Forchheimer equation [13] were also established, as well as the two—phase Darcy flow [14—16]. The
theoretical framework for identifying discontinuous interfaces from limited boundary measurements in
elastic wave inverse problems [17—19] may inform future extensions of our model to the reconstruction
of fracture networks.

Numerical methods developed for this kind of fracture models include finite element schemes with
both matching and non—matching grids at the matrix—fracture interfaces [10, 13,20-22], extended finite
element methods [23], finite volume methods [24], and finite difference approximations [25]. The
advection—diffusion equation encompasses two processes, advection and diffusion, and thus can more
comprehensively and accurately reflect the migration laws of pollutants. It is particularly suitable for
simulating the behavior of pollutants in natural water bodies such as rivers, lakes, and groundwater, as
well as in sewage treatment systems. The hybrid-dimensional fracture model for the advection-diffusion
equation was proposed in [26], where the flow in the surrounding matrix was assumed to be governed
by the advection-diffusion equation, and a suitable reduced version of this equation was formulated on
the surface modeling the fracture. Physically consistent coupling conditions were added to account for
the exchange of flow between the fracture and the matrix.

This paper presents research on the numerical simulation of this model based on the discontinuous
Galerkin (DG)-backward Euler method. The DG method [27] inherently ensures local mass conserva-
tion, flexibility in handling complex geometries, and high—order accuracy and offers greater flexibility in
handling general mesh configurations compared with standard finite element methods, which has been
extensively used in numerical fluid simulations, including applications such as convection—diffusion
equations [28], transport problems [29], and miscible displacement in porous media [30]. For the
Darcy flow in fractured porous media, a scheme combining the interior penalty technique and the
hybridized DG method was proposed in [31], which made substantial contributions to theoretical anal-
ysis and adaptive algorithms, DG methods based on polytopic and polyhedral grids were proposed
in [32-34], and the well-posedness for schemes and optimal order error estimates were analyzed. A
novel residual—type a posteriori error estimator for staggered DG methods on general polygonal meshes
was designed and analyzed in [35]. DG methods were also used to Darcy—Forchheimer flow in [36],
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and multicomponent fluid flow in [37,38].

For hybrid-dimensional fracture models of Darcy flow, there has been extensive research, including
the construction of numerical schemes and theoretical analyses, such as mixed finite element methods
with matching grids [10] and nonmatching grids [20], DG methods [32,33], finite difference methods
[39], and finite volume methods [24]. However, for hybrid—dimensional fracture models based on
the advection—diffusion equation, research has focused more on algorithm design, with less attention
given to theoretical studies. Therefore, in this paper, we construct numerical algorithms and, more
importantly, we complete the theoretical analysis of optimal order error estimates. We consider not
only a single fracture but also the design, analysis, and implementation of numerical algorithms for
intersecting fractures. For intersecting fracture models, the intersections can be treated as boundaries
for each individual fracture. We are well aware that the DG method has the advantage of flexibly
handling discontinuities and non-matching grids. In addition, it also possesses certain advantages in
handling boundary conditions. By leveraging this advantage, we can extend both the algorithms’ design
and theoretical analysis to intersecting fracture models.

The outline of this paper is organized as follows. Section 2 introduces the hybrid—dimensional
fracture model of the advection—diffusion equation with a single fracture. Section 3 is devoted to the
discretization of the model using the DG-backward Euler method, and the optimal order error estimate
for the concentration in the discrete H'-norm is analyzed. In Section 4, the DG-backward Euler
method is extended to the model with intersecting fractures, and a corresponding theoretical analysis
is provided. In Section 5, numerical examples with both a single fracture and intersecting fractures are
presented to demonstrate the accuracy of the proposed algorithm. Finally, Section 6 summarizes the
main findings of this study.

2. The hybrid—dimensional fracture model with one single fracture

(a) (b)
Figure 1. The hybrid—dimensional fracture model with one single fracture in two-—
dimensional domain. (a) Domain divided into two sub—domains €2; and €2, by a thin region
Q. (b) Fracture y modeled as one-dimensional domain.

Let Q Cc R" (with n = 2 or 3) be a convex polygonal domain. Assume that a fracture Q; subdivides
Q into two connected matrix domains Q;, i =1, 2,

5:§1U52U§f, and QlﬂQf:(Z), szQf:@, §1ﬂ§2:0.

Let I' = 0Q denote the boundary of Q, and I'; is the part of the boundary of €; in common with the
boundary of Q, i.e., I'; = 0Q; NT,i = 1,2. Given that the fracture width d is significantly smaller
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than the characteristic size of the domain, the model represents the fracture as an interface, which
implements a hybrid-dimensional approach. Here, following from the detailed derivation in [10], we
rewrite the fracture Qy = {x € R" : x = X, +,u%’n}, where x, € y,u € (=1,1), and n = n; = -m,
is the unit vector normal to 7y at the point x,, directed from €; to £, as shown in Figure 1. Moving
to the advection—diffusion problem, we use ¢ = (cy, ¢2, ¢,) to denote the concentration, defined as the
volume fraction of the tracer within the porosity, and ¥ = (v}, X», x,) denotes the total flux. The model
is consequently described by the following set of equations for ¢ € [0, T'].
In the matrix Q;, we have

dc; .
¢ia_ct+v'/\/i:qi ani’ i:1,2,
Xi = —K,'VCI' + W;c; in Qi’ 1= 1, 2, (21)
Ci = Cy,i on l",-, i = 1,2
In the fracture y, we have
dc, .
dpy—-+ Ve Xy =dy+t X1 m+x; m iny,
(2.2)

X, = -K, :dV.c, +du,c, invy,
Cy = Coy on dy.

For the ransmission conditions in y, we have

—&x M+ (L= Xy My =2y (¢, — ;) iny, =12, (2.3)
At the initial time ¢t = 0, we have

c=c) inQ, i=1,2,
0 (2.4)

cy=c¢, iny,
where ¢;,i = 1,2, g, are the source/sink terms in the matrix and fracture. We use the notations V.
and V.- for the tangential gradient and divergence operators along y, respectively. We suppose that the
parameters ¢; € L¥(Q), ¢, € L (y), w; € (C'(Q;))", and u, € (C'(¥))""'. The permeability tensor in
the fracture is K, = diag(K, »,K, 1), 7, = %, and % < & < 1. The index i varies in Z/27Z, satisfying
2+ 1 = 1. We suppose that the permeability tensors K;,i = 1,2, and K, are symmetric and positive,
and the constants k > k > 0 exist such that

KgP < K < K&l Y& eR",

7 2 _ T Tir 2 n-1 (2.5)
<, <k KGP <K, .dZ, <KGP. VZ, R

1=

For simplicity, assume homogeneous Dirichlet boundary conditions for concentration ¢ in our
subsequent analysis, that is, c¢s; = 0 and ¢4, = 0. Note that C denotes a generic positive constant in this

paper.
3. The DG-backward Euler method

First, we address the partition of the considered domain. Assume that 7' and 7' are non-degenerate
triangular or tetrahedral meshes of Q; and €,, with /& being the maximum element diameter, and they
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coincide on the interface y to form a unique partition for y, denoted by 7 7”‘ Let the global partition
for the entire domain be 7" = 7' U 7, U 7. We define, respectively, the collections of all interior
edges or faces for 77" and the set of all interior points or edges for 77 as &, and &}, and similarly
define the sets of exterior edges or faces on I'; and the exterior points or edges on dy by Sh and 8”
Set &l =&,V and & =&, UE] .

In this article, we utilize the traditional Lebesgue spaces L‘(D) and the Sobolev spaces W5/(D) with
1 < £ < oo over a domain D. In particular, W**(D) is denoted by H*(D) with H°(D) = L*(D), and the
corresponding norms are denoted by || - [|yxepy and || - || x(p), as well as seminorms | - [yre(py and| - |g(p)-
To simplify the notation, we also denote || - |lyxepy and | - |yrepy by || - llkep and | - |¢¢,p, Tespectively,
and || - [|g«py and | - [gepy by || - llkp and | - [y p. For k > 0, the broken Sobolev space is given by

H(T7) = H*(T7) x H* (T2) x H* (T}) with
H (T1) = (o € 2(Q) : zl e HKK).VK € TP}, i=1.2,
H (7)) = |z, € O« 2|, € HK).VK € T).

Lete € &', or &) be shared by two elements K, and K, i.e., e = K, (| K7, with n, being a unit normal

vector exterior to K. Then we define the average and jump values for z € H* (Th) (k > %) on e by

{2} := %((Zm)‘e + (leg) e), [z] := (ZIK;)L - (ZIKZ) .

For e € &}, or 827 {z} = (Z|Ke)e’[2] = (Z|1<e) K
normal vector on I or dy.
In the matrix ;,i = 1,2, multiplying the first equation in (2.1) by a test function z; € H' (7'ih),

with e C dK,, and n, coincides with the outward

integrating within each element K € ‘Tih, and using Green’s formulation, we have

(961-
f PRI f Y Vo f P f gizi 3.1
xk Of K ok K

where nyg is the outward normal vector on K. By subtracting and adding the two conditions in (2.3),

we obtain
X1 D =X, M =2n,(c;i —c),

Ui 3.2
Xl'n1+X2'n2:2§_71(C1+C2—2C7). ( )

Subtracting and adding the two equations in (3.2) then shows that
X = 25_ C(fat (A =Hem—¢), iny, =12 (33)

Using the second equation in (2.1) and the second equation in (3.3), we find that

oc;
f¢l lZl K Vcl VZ! K, Vcl Ny Zi — u;c; - VZ,‘ + W;C; - Nog 3
AK\y K OK\y

21,
+ ci + (1 = &) f izin VKeTh
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Summing the equation above over all elements in 77", we obtain the following for any z; € H' (7’1’1)

a2l J
i %t K;Vc¢; - Vz; - {KiVe; - n}z] - fuici A%<
Li ¢ ot Z K &%1 e Z K

K €7~ih K€7~ilz

2 (3.4)
Y
+ Z fe{uici ‘[z + f2§ 1 (fci + (1 =&cip1 — Cy)Zi = fg qiZi.
6681'.’ 4 '
Similarly, in the fracture y, we have the following for any z, € H' (T yh)
oc
fd¢7_yZy + Z ny,‘rdV‘rCy : VTZ’)/ - Z f{Ky,‘rdV‘rcy : ne}[Zy] - Z fduycy : VTZ')/
Y ot n VK n Ve W JK
KeT, ecEy KeTy
3.5)
2n, 3
+ Z {du,c, -n,}[z,] + -1 (01 +cy — 207) Zy = | qyZy.
ee&%’, ¢ Y Y
Based on (3.4) and (3.5), we define the following bilinear forms:
A=) > f KiVe,-Vzi- > > f (KVei n izl +v ) > f (KiVzi - m.}lei]
i=12 gegh V'K i=12 eegh V¢ i=12 pcgl ¥
+ fK dV.c,-V.z, - f{K <dV.cy -n,}[zy] +Vv f{K <dV.z, -n,}[cy]
[;yh © Y Y Y (gg;; . Y Y Y % . Y Y Y
2n,
+0J(c,2) + ,; T (fc,- + (1 =8cipr — cy) (zi — 2), (3.6)
B(c,z) =- Z Z fu,-c,--Vz,»+ Z Zf{uic,-me}[z,-] - Z fduycy-VTZy
i=1.2 ke VK i=1.2 ceglh V'° eyt VK
+ Z {du,c, - 0}z, .
66817’ ¢

In the form above, we take v € {—1,0, 1}, 0 as a positive constant, and the interior penalty term

J(c,2) = Z Ji(cizi) + Jy (cy,zy) ’

i=1,2

where .
Ji(ci,zi) = — f[Ci] [zi], i=1,2,
Z; lel J.
e€8i
and
> ﬁ fe [cy]lzy],  two-dimensional fracture,
ee&é’,
Jy (CV’ Zv) =

3 W[cy][zy] + 3 ﬁ[cy][zy], one-dimensional fracture.
ee&f},y ¢ ¢ eeag_y

Electronic Research Archive Volume 34, Issue 7, 4325-4358.



4331

For the exact solution ¢ = (cy, ¢, c,) of the hybrid-dimensional fracture model with one single
fracture in (2.1)—(2.4), the following equality holds:

oc; oc
> f o+ [ do 5z s AcrBea= Y [ aa+ [an, @3.7)
i=1,2 Y =12 Y% Y

for any z = (z1,22,2,) € H(T"),1 € (0, T].

As concerns the time discretization, a backward Euler method is used. We divide the time interval
[0, T] into N equal subintervals of length Az, 0 =1, < t; <t, <...<ty=T. Use t/ = jAt and ¢’ to
denote the function ¢ at time /.

Let Py(K) denote the space of polynomials of total degree less than or equal to k in the element K,
and the discontinuous finite element space can be defined as D(T") = DUT]) X D(T}) X D(T})
with

DUT!) = {z € LX(Q) : zilx € Pu(K), YK € T]), = 1,2,
DUTY) = 2y € () : 3l € B(K), VK € T},

We then approximate the concentration in D,(7 "), and the DG-backward Euler method discretization
formation is described as follows.

Algorithm 1 (DG-backward Euler method for the model with one single fracture). For j = 1,2,...,N,
given /7! = (c]f” ! c’z” l g’ ]) find ¢/ = (cl]”, clz”,cy ) € D(T™) such that for any z = (21,22,27) €
Di(T"), we have

h] h]l
ngz
i=1,2

h.j h,j-1

Cy,” — . .
+f dg, T —T—2 + A2 + B2 = ) f qizi + f Gy Ty
Q Y

=12 (3.8)
ch - f = [ [ s
i=12 =12 Y Y

The norms of interest are given below. For z = (zl, 2, zy) e H* (Th), we have

2 2 2
WzIll* = Mlzll{ g + J(z,2) + Zi— || (3.9)
T 0,y
i=1,2
with ) )
2
el e = D el o+ eols Wil = D s ol = D ki
i= 12 K€7-ih KET)};,

in which the terms ||z; — z,lloy,i = 1,2, are added in the definition of [|| - [||-norm, in order to obtain

the coercivity and continuity of the form A(:, -) and then obtain the optimal order error estimate for the
concentration.
Meanwhile, we define

el o = D Wil s + [y (3.10)

i=1,2

2 . . .
with ||z,||2(rh = ) |z,~|% K> ||z},||2 gh = D |z7|2 «» and the L?-norm in the entire domain is defined by
KeT! ’ vy KeT!

i Y

2 2 2
Il = " Il o, + Nz,

i=1,2
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Lemma 1. (See [40]) If we let K € T" and z € Py(K), then a constant C independent of z, k and h exists
such that

_1
llzlloox < Ch™2llzllo.k-

Lemma 2. (See [41]) Ifwe let K € T" and z € H'(K), then a constant C independent of 7 and h exists
such that

IR, < C(h Izl ¢ + hlIVZR ), Ve C OK.

Lemma 3. For any c,z € Di(T"), a constant C exists, and a > 0 satisfies

A(c,z) < Clliell llzIll, (3.11)

Ale, ¢) = allielli’. (3.12)

Proof. By using the definition of A(c, z), we have

VICEEDY Zvac, vz + ZnyTa’VTcy Vo2, — ZZIKVC, n,)[z]

i=12 Kegh KeT}! i=1.2 pegll
_Zf K,.dV.c, - n}z,] +VZZ[KVZ1 n}[c

eESh =12 eESh (3 1 3)
o2 >, [V, e+ a3 f et —,) @-2,)

[4< 1

=L+L+L+Li+1+ 1+ 1+ Is.

By using the Cauchy—Schwarz inequality and the assumption of K;, /; can be bounded as

1

%
L<k Y > IVeillox IVallox s%{z D ||Vc,-||3,,<] (Z > ||VZ,-||§,K]

i=1.2 KeT ! i=1.2 KeT ! i=1.2 KeT !
(3.14)
! :
T 2 2
< k[z ||ci||wl_h] (Z ||zl-||1,l,,] .
=12 =12
Similarly, I, can be bounded as

L < k||Cy||1,7'7"||Zy||1,7'yh~ (3.15)
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From Lemma 1 and the Cauchy—Schwarz inequality, /3 can be estimated as

L= ZZvacl nlx.[ z,]+2ZZfKVC, n.l +KiVei -l [2]

i=1.2 cegly, V° i=1.2 eegh ¢
<k > Ve ng o lzlloe+5 Z D ver - nelgly, + 196 - melge,
i= 12365" i= 12e€8h
1
<c| Y Y Vel | [ D] D] ||[zl]||0€
i= 12668h i= IZeegh
1 1
2 2
2 2
+C| >0 W (IVel o + IV ) Z DG,
i=1,2 eegzi i=1,2 eegﬁi
1
<C| > > IVl Z > ] ||0€
i=12 KeTh =12 pegl
<c| ), llel Th] [Zuz,,zl} :
i=1,2 i=1,2

Similarly, 14 — I can be bounded as

1
Iy < Clieylh 795 (29029

: %
Is < C(Z ||z,-||ifh] [Z Ji (c,-,c»] :

i=1,2 i=1,2

1
Is < C”Zy”eryh]; (Cy,Cy) .

By using the Cauchy—Schwarz inequality, we have

I; < C[Z Ji (ci, Ci)] (Z Ji (Zi’Zi)] + Jy% (cy,cy) Jé (ZY’ZY)'

i=1,2 i=1,2

By using the Cauchy—Schwarz inequality, we see that

2
b= 3 222 el ) +0 - Dfen -5 ) a3

< C > llei = eyllosllzi = zylloy-

i=1,2

Moreover, (3.14)—(3.19) yields
Ale, 2) < Clllelll izl

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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When both terms in (3.13) assume ¢, we have

Alco)=) ZfKVcl Vcl+ZnyTdVTcy V.c,

=12 KeT}! KeT})
+(v—1)ZZfKVc, n,) c]+(v—1)ZnyTdV ¢, - m,)[c,]
1= lzeESh eeSh (321)
+0J(c, c)+Zf2§'” gei+ (1= &)ci — ¢y) (1 = ¢)
i=1,2

=L+ L, + L3+ L4+ Ls + L.

By using the the hypothesis of K;, we have

Lizk), > IVelix =k ) Nl (3.22)

i=1,2 KE'T,.h i=1,2
Similarly, we have
Similar to /5, L; can be bounded as

1
2

Ly> ‘C{Z > ||Vci||3,,(] {Z > hln[ci]né,eJ > =& ) llel i =C ) Jilie). (24

i=12 KeTh =12 eeg) =12 i=1.2

Similarly, we have

Ly > ~¢llo,ll} 7, = CJy (e, cy). (3.25)

The last term can be estimated as follows, according to Cauchy—Schwarz inequality and 1/2 < & < 1,
and we refer to [10] for the detailed proof.

Loz 5 Q6 =1) ) llei= ol (3.26)

i=1,2

From (3.22)—(3.26), it can be seen that

Alc.0)2 (k=) ) el o+ (k=e)llelf o + (0= OV T () +k Y llei= el (327

i=1,2 =12
The proof is finished by setting € = % and a large enough o.

Remark 1. Under the assumptions that the velocity fields in the matrix and fracture are all
divergence-free, thatis, V-w; = 0,i = 1,2, and V. - u, = 0, the fluid in the matrix cannot pene-
trate the interface y, that is, w; - m; = 0,7 = 1,2, on 7y, and the diffusion coefficient K;,i = 1,2, and K,
satisfy assumptions in (2.5), the bilinear form of the diffusion part vanishes identically for z = ¢".
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B i i Zqu’h] Vch]+Zqul [Chj]

i=1,2 h i=1,2 pe&h
KeT; €&, (3.28)
- Z fduychf VTc’”+Zfduyc’” n,} ]
KeTh ec&ll

For the first term on the right-hand side of the equation above, by using Green’s formulation, we have

h,j h,j
_Z Z f“icij'vci]

=12 keTh

L3S [usle

i=1.2 ke

3005 [y —% YRR

i=1,2 Ke‘7'i]’ i=1,2 Ke’]'[h

-5 2 Y]

i=1,2 668?

(3.29)

where we use V- u; = 0in Q; and u; - n; = 0 on y. Through a straightforward computation, the second
term can be expressed as

Zqu,h"- [Ch"‘QZZf“t | (e’ (3.30)

= 1ze€8h = lzeESh

Similar results hold for the third and fourth terms on the right-hand side of (3.28). Then, by using the
second result in Lemma 3, the following result can be obtained in the absence of source/sink terms:

hjl h,j h,j—1

oy
—C. ; C —C .
f PR R f dgp,————c}’
i= 12 Y At

(3.31)
R
Iy o (||¢f R — Il 1||3,Q,,) (s, =l =113, ) <.
i=1,2
Under the assumption of ¢; and ¢,, we can easily get
™15 < 1115 0 (3.32)

which indicates that the proposed scheme is L? stable.

Lemma 4. For any c € H! (Th) and z € Di(T™"), there is a constant C > 0 independent of h, such that

A (c,2)| < C(IIICIII + hllcll + h_lllcllo,ﬁ) llzIll- (3.33)
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Proof. From the definition (3.6), we know

A=) ZfKVcl Vz,+ZnyTdVTcy V.2, - ZZfKVc, n,}[z]

i=1,2 KeT} KeT? i=1,2 ecgl
_ZnyTdV ¢, -}z, ] +VZZIKVZ, n,}[c;]
ec&ll =12 eESh (334)
n
+V%IK“dV7Z’ n}c,]1+oJ(c, Z)+Zf2§ Y gcl+(1 )i — cy) (z, zy)

::01+02+03+O4+05+06+07+08-

By using the hypothesis of K; and the Cauchy—Schwarz inequality, we get

) :
01 <k > > IVedloxllVaillox < %[Z ||cl»||f,¢,,) (Z ||zi||f,f_h] . (3.35)

i=1,2 Ke‘]'l_" i=1,2 i=1,2

Similarly,
0, < k||Cy||1,Ty’l||Zy||1,fryh- (3.36)

By using the hypothesis of K;, the Cauchy—Schwarz inequality, and Lemma 2, we have

==Y [T malezi-5 Y D [ (Ve ol + K6 nol) e

e

i= 1266817 i= 12666h e
k
Izloe+ 5 > D (IVedkall, + [ Veilie . ) iEzdlo.
i= 1266811 i=1,2e682[
1 1
2 2
2 -1 2 -1 2
<C| > > k(e +h el )| [ D) D) h Iz,
=12 ecgl, i=12 e,
3 3 (3.37)
2 1 -1 2
| S S h(rlel g +h el )| | S iz,
i=1,2 eegzi i=1,2 eegﬁi
1 1
2
-1 2
+C| >0 > (bl o+ h7el )| | D) D) A Iz,
i= 12668h i:l,Zeeggi
1 1
2 2
2
< C[Z (lciE, . + ||cl||lTh)] (Z J (zi,zi>] .
i=1,2 i=1,2
Similarly, we have
1
2 2 1
01 < C(lley By + s 1) Iy (20) (3.38)
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Similar to the estimate of 05, we have

Os=v) > f (KiVz; - n,) Ig,cilr,

i:1,2 eeag,i e
v
+ ) Z Z ((KiVZi ‘) g1 + (KiVz; - m,) |K§) (Ci|1<g - Ci|K3)
i=1,2 eeS’;i ¢

<k D0 IVailkolicilg,loe

i=1,2 eeggi

k (3.39)

+3 07 2 (9adklloe + IVzdeelloe) (lledglloe + lieiielo)
i=12 eegl
1 1
2 2
2 2 -2 2
<C| Y DU IVER | | DS D (1Vell + A2l )
i=12 KeTl.h i=1,2 KeTih
1 1
2 2 -2 2
<C| YoMl | | 3 (et + il
i=1,2 i=1,2
Similarly, we have
1
2 -2 2 \?
O < Cliz s (e gy + 7200 B, ) (3.40)

We obtain the estimate for O; by using the Cauchy—Schwarz inequality and Lemma 2 as follows:

Ji(einz) < Ch' Y Hllelloelllzi1lo.

e€8f’
-1 -1
<Ch' Y ek loelllzlloe + Ch >~ (lledaloe + llcilxzloe) Izilllo
6’683!. eESZJ.

1

2

%
< Y RINVCR ¢ + B e g, | | D i,

eeSS,i eeag’l.
! 1 (341)
-1 2 -1 2 2 -1 2 2
+ CHH " (RIVR o+ 0 Nl o +RIVE? o+ B el o) || D Izl
ee&'z,i eeSﬁ,i
1 1
2 2
2 -2 2 -1 2
<C| > (IVelld e+ h2Nelid ) | | D h IzAIR,
KeT? ecsl!
1
2 2.2 Vg2
< (il + b2l ) ) @iz,
Similarly, we have
1
2 2.2\ 2
TIy(eny) < c(llcyum, +h ||c7||0,7) T3 (292). (3.42)
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We find that (3.41) and (3.42) yield

1 1
07 < C (el + 2l o) T* (2,2 (3.43)

Og can be estimated as,

2
Os = dzfyz(fn_yl (f(ci —Cy) +(1-¢ (c,-+1 - Cy)) (Zi —Zy)

=t . (3.44)
<C > (ller =&, + llcie = &B,)* llzi = 2o,y
i=1,2
Taking the estimates for O;—0Og back into (3.34), the desired result holds.
Lemma 5. Foranyc,¢,z€ H ! (‘Th), a constant C > 0 independent of h exists such that
1
1B (c.2) = B(2,2)| < C(llc = elig o + 1 lle = &I} )" NI (3.45)
and, especially for any c",¢", 7" € Dy (Th)
|B(c",2") - B(e",2")| < Clic" = Ml all"l. (3.46)
Proof. In view of the definition of B (-, -), we have the following for ¢, ¢,z € H! ('7'”):
B(c,))-B@d=-) > fu,-m —2) Va+ ) Zf{uxc,- ~ ) m,}[z]
i=1,2 Kef]"h i=1,2 eGSh ¢
- Z f“v - Vizy + Zf“v ‘Cy -0}z, ] (347
KeTh ec&ll

=T+ T+ T3+ T,

Using the assumption of u; and the Cauchy—Schwarz inequality, we get

1

mi<c) > (f|cl ) (sz, ) < C D llei = elloalaillyrs- (3.48)

i=1,2 KG‘T[.h i=1,2

Similarly, we have

T3] < Clicy = &lloyllzylly 7- (3.49)
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Using the Cauchy—Schwarz inequality and Lemma 2, it follows that

|IT>| = Z Z fui (ci = &) mfz] + Z Z f% (lli (ci = &) Melgr +wi(c; = &) - ne|1<3) [z]

e

i=12 eegy, =12 ecgl, €

1 1

A 2 2 2 2

<cy, Y| [1a-ame] ( [ier)

i:1,2€€52[_ ¢ e
1 1
A 2 n ) 2 2 2
re Y Y [l@-arsie-and) ( [
izl,leegﬁi € e

i 1

2
<C YD (h e = e g, + IV i = el )| | D) =i,

=12\ ecEl, ec&;,
1
2
+C YD (17 Mles = Gl oy + B ler = &l o + AUV (i = &I + BIIV (e = &) I )
1 tllg 1 1 tlo K2 1 1 O,Kg 1 12 O,Kg
i=1,2 eeSf'”.
1
2
2
X Izl
668(11[.
L >
A2 2 A 112 -1 2
<C| Y (llei= el + llei = &k )| | D D w7 ziIg,
i=12 ' i=1.2 o)
1
2
AR 2 AR >
<C llci = Cillog, + Alici = &ill} 7 Ji (@i 2) -
i=12 )it
(3.50)
Similarly, we have the following estimate of 7':
1
A2 2 A~ o3
T3l < Clley = &I, + Wlley = &I 14 ) I3 (22)- (3.51)
Taking the bounds for T, — T back into (3.47) yields
1
2
B(c,2) - B(&,2)| <C = Cill2 o, + PPllei — &l —&ll5, + RPlle, — &I
1B (c,z 6,2 < llei = Cillog, + P7llei = Cilly 7 ) + lley = Eylloy + A7lley = &1 7
i=12 '
1
) o) (3.52)
X| D i@z + 0y (z5) + D I + D00
=12 i=12 '

1
A2 2 A2 2
< C(lle - &llgq + 12 lle = €1} ) Mzl
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Further, if ¢, &, 7" € D, (‘7”’), using Lemma 1, we have the following estimates for 7, and T;:

1
2

Tl <C 0| D0 el = ey, Z =105,

i=12 e€8h e€8h
1
2
-1 h NI h Ah
XN DI (A ||0k2) >,
i=1.2 | eeél, ee&);
. (3.53)
2
h Ah -1 h112
<C et = lloa | D I,
i=1,2 e€8h
<C >l = ellloa 7 (< 2).
i=1,2
1
h Ah 2(h h
T4l < Clic) = Elloy T3 (.21).
Hence, we have
|B(c".2") - B(¢",2")| < Clle" = 'l a1l (3.54)

Letc = (¢y,¢2,¢,) € D (T ") be an interpolant of the exact solution ¢ = (cy, ¢, c¢,) with the following
optimal approximation properties:

|C,' - Eils,K < Ch?l_"v'Cilk_'.]’K, YK € 77’, VO<s<k+ 1,
ey = Bylok < CR e ik, VK €TH VO <s<k+1,

o 22| cde < C* 1 ||%|, o dr. VK e T (3.55)
N —a(‘gt‘y) | i< CH I "’” Kdt, VK e T

We define the following notations,

i o J_ =i J— %
Q—(Ql,gz,gy), o;=¢ —c,i=12, o,=c¢,—c,

: S C_i _ , , (3.56)
¢ =(shshsl), sl=c-dli=12 ¢ =¢-d
We first give the estimate between ¢ and ¢ in the ||| - ||[-norm.
/NP = D WelI o + I s + > Jiefs0)) + Tyledo)) + ) lio] =)l
=12 =12 i=1.2 (3.57)
=M, +M2+M3+M4+M5.
By using (3.55), the following results are obtained for M; and M,;:
2% .2
My <C Y ek g (3.58)

i=1,2
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and
2k 12
M, < Ch |cylk+1’y.

Using Lemma 2 and (3.55), we obtain

-1 j 2 -1 j j 2
M= > lelMellklG, + >0 D lel ol - olleli,

i= 12668’1 =12 eeglt
-1 12 12
<C YN W (Mol + RIVOIR k)
i= 12668h
-1(7,-1 12 12 -1 12 12
+Cy Z W (BRI o + IV o1 + 10 o + HIVE!IE )
i=1,2 ee&ﬁi
-2 112 (12
<C Y. > (W0l « + 1IV/I )
i=1,2 Ke‘]'ih
2k . 12
<C Y WHeil g

i=12
Similarly,
2% . 2
My < Ch™leyliyy -

For M5, we also use Lemma 2 to obtain

Ms< ) > llofll. + 2],

i=1,2 ecy

<C Y 3 (H Q)R k. + HIVOIIR k) + ClloIR,

i=1,2 ecy

<C Y 3 (W IlIR i + HIVE]IE ) + Clle)l,
i=1,2 KGT’l

<C Z (e o, + ]I ) + CllIE,

2k
< Ch¥el, .

Finally, by (3.58)—(3.62), we have
llo’lll < Ch¥lclier -

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

Theorem 1. Assume that ¢/ = (c{ , cé, cfy) with cj e H*\(Q,)) and ci € H*(y) is the exact solution to
the problem in (2.1)—(2.4), and ¢/ = (chj cgj Nos ) € DT is the numerical solution to Algorithm

1. Then, if o is large enough and h is sufficiently small, a constant C exists such that

e
or?

N
' hag(12 2k 2
At ! = P < c[||c||Lm<[o,n,Hk+l<g», ](h + A7),

=1 L2((0.7).L2()

Proof. Subtracting (3.8) from (3.7), we have the following error equation:

> [0St [as -3 [ oo
i——Zi 2y i
=12 ot ot =12

+A(cj,z)—A(ch] )+B(c] )—B(c z):O.

h] h]l

(3.64)

(3.65)

Electronic Research Archive Volume 34, Issue 7, 4325-4358.



4342

Choosing z = ¢/ = (g‘{ , gﬁ, gi), the equation above can be rewritten as
j—1

— J' J
ng(ﬁlg AQ j+fd¢y Atg g§+A(gj’gj)

i=1,2 i
- () 8(e) - 8(s)

acl ¢ - ac, ¢ —c)
_Zf@ o GG Gf—fdfﬁy i A e
o o At ) ot At

i=1,2

The first two terms on the left-hand of the equation above can be bounded as

-
WL S
1212 f oA Y

> 2At [[Z ||¢25‘ ||(2),Q,. + ||d5¢$§§||%,y] (Z ||¢z J- 1”0Q + ||d2¢y ||oy]]

i=1,2 i=1,2

By using Lemma 3, the third term in the left-hand side of (3.66) holds the bound

A(s’.¢7) 2 allls’lIP

(3.66)

(3.67)

(3.68)

We then are concerned with the right-hand side terms in (3.66). The last two terms can be rewritten as

- Ej_l ac, ¢ -y
_ ¢l( €i ]J f¢( 4 ngJ
lzllzf 7 At Y
c/ Ci - Ci_l o -0
SR e Rk

i=1,2

oct ol =it Qj _ Qj—l .
— fd¢y a_y _ Y Y + Y Y g:}]/.
y t At At

By using the Taylor expansion with an integral remainder, we have

. . 1 . 1
6c c.—c4_1 1 72 PV t/ IR
Ll<— | ode =Y del|
o At |7 2A¢ f ra f,,]( )
. . . 2 .
acl ol = 7 52 |
— - < CAt f - dt.
ot At oo g1 || 0F || o

Then by using the Holder inequality, we have

de; c{'—
5 [of2-
i=1,2 i=1,2 i=1,2

0? ¢
o

-1

(3.69)

(3.70)

(3.71)
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The Taylor expansion is applied to the second term in (3.69) as well, yielding

-_Q a@t
Z;f«/a /<c leg g, + At (3.72)
Similarly, the following result holds in 7:
. . . -
fd¢ 8cy ¢ _Q{,—Q{, o
, O\ o At At 4 373
j ,- (3.73)
< IR, +C lfz %" dt+mf ol
Sylloy At ot |l sl 02 |l )
Hence, we have the following bound for the last two terms in (3.66) from (3.70)—(3.73):
f o - zf"‘ fd dey G-
212 bi| = s/ (8 £y A S
= ) (3.74)
6@ 7162
Clig’/Ilp, + C dt+Atf —I|| dt],
0.2 [At 0.0 11102 ||y o
e dor o oy 2 ey BPe ey
with % = (%, %, %) and 2% = (52, 22, 52|,

We then estimate the first three terms on the right-hand side of Eq (3.66). By using Lemma 4 and the
Young’s inequality, we have

~A(¢’.¢7) = C (Il + Alle/ b + h~lle o) sl
< C(NP + B2/ 70 + B2 11 o) + Ellls 1P
Similarly, using Lemma 5 and Young’s inequality, we have
~B(s’.¢7) < Clig'loallls’lll < ClisI g + #llis I,
“B(o/.s") < C(Ie/IEq + R ) sl (3.76)
< C(Ile’llg o + 2lII 1) + £llls I
Taking (3.67), (3.68), and (3.74)—(3.76) back to (3.66), it follows that

(3.75)

; 1 1 1o
(@ =39 Is7II” + 5 (1036 0 — 162615 o)

. 2 826' 2 0 2
sCIIgfllé,Q+C[Atf1 ﬁ +E . a—f ogdt (3.77)
. 0

+ C(llelI> + W1l 1y + ™ 2||g B.a) + € (/I o + P11 )

1. 1.

with ¢2¢/ = (¢1 g1,¢22 g‘é,d%qﬁ;gj). Multiplying the equation above by 2Az, summing on j = 1,--- ,N
and choosing € = £, lls°llo. = 0, the equation above can be rewritten as

o’c
or?

N N
A P + 115 R o < €AY NI g + € (||c||Lm([o,n,Hk+l(gn, )(h% +AF). (3.78)

= =1 L2((0.7).L2()
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The following results hold from the Gronwall’s inequality:

Qif
or?

N
ALY ISP < € [||c||Lm([O,T]’HM(Q>), ](fﬁk +AP). (3.79)
Jj=1

L2((0,7),L2()

By using the triangle inequality and (3.63), we finish the proof.

4. Model with intersecting fractures

1y I
2, Q.
yS \‘ TYQ 1"s
\II Vq
r
2 Yo 74
n-—
I8 Y2 n+ r,
- Y2
Q
_ o 4
Ql Q"': er 'Q3
r r,

Figure 2. The domain with intersecting fractures.

In this section, we extend the hybrid-dimensional fracture model from one single fracture to a network
with intersecting fractures. The fractured network y now comprises n, discrete fractures, expressed as
v = U'Zlyg, where each fracture y, constitutes an open, bounded, planar (n — 1)-dimensional orientable
manifold. The fractured network exhibits topological connectivity, which requires all fractures to
intersect at a single point (for n = 2) or line segment (for n = 3). For each fracture, the intersection
point/line corresponds to one of its endpoints if n = 2 or to part of its boundary edges if n = 3.
Let I be the intersection point/line, i.e., I = 021%. We impose geometric constraints that ensure
minimum intersection angles between fractures and between fractures and the domain boundary 9€,
where contact occurs. The boundary of the fractured network (excluding 7) is entirely contained within
0Q), which eliminates the possibility of fully immersed fractures. The fractured network partitions the
global domain Q into Lipschitz-continuous subdomains ; (i = 1,--- ,ng), with the matrix domain
defined as Q,, = U*,€;. The two adjacent subdomains Q7 and € are precisely separated by each
fracture y,, which satisfies y, = 0Q, N Q) . In fracture y,, let nj, and n, represent the outward
unit normal vectors associated with the subdomains Q7 and Q) respectively, and n,, = nj, = —n_,.
Moreover, we use n, to denote the normal vector to the whole fractured network, meaning thatn, = n,,
in y,, similar to nj and n;,. Figure 2 presents a clear discription of the intersecting fractured network
and the corresponding notations.

For the functions ggq, defined in subdomains €2;, we construct the composite matrix field through the

product space notation, ¢,, = (qg1 2405 -+ -5 40, ) Similarly, for the functions g,, defined in the fractures
Y¢, we define the composite fracture field, g, = (qyl Gyss -Gy, ) Vector-valued fields follow analogous
constructions, v,, = (VQl sV va) and v, = (Vyl s Vypsonns Vyny). Moreover, d = (dy,d>, -, d,,y)

is the width of the fracture system. In addition, in order to describe the model with intersecting
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. : : Yt _
fractures, we also need to introduce the trace-restricted functions ¢;,, = (qg;l ly:» qgo;, lyss - g, Iyny)
Y- _— . .
and g,, = (qu;I ly:» qgo;, lyss - g, |yn7)’ where q%lW denotes the trace of the matrix field restricted to

the fracture interface. Vector trace fields follow a similar construction: v)," = (VQ;] lyis-ees Vo Iyny) and
n'y
5

Vi, = (VQ;] |),1 yee ey VQ;}W |),n7).

We define the boundaries for the matrix and fractures network as I',, = U:’fl I;, with I'; = 0Q; N 0Q,
and dy = (UZIGW) \/. The hybrid-dimensional fracture model with intersecting fractures is described
as follows, for r € [0, T'].

In the matrix Q,,, we have

ocp,
m—— + VX, =qn in Q,,
X, = ~KuVen + W in Q. @D
Cm = Com onl,,.
In the fracture y, we have
d %+V D N/ NEDZAIS (M ZANES |
¢7 ot T Xy Sy T Xm 0% Xm Y m?y,
Xy = -K, :dV.c, + du,c, in vy, (4.2)
Cy = Coy on Jy.
For the transmission conditions in vy, we have
7 .0t = i (fcy* +(1 -6 —¢ )’ iny, *=+,—. (4.3)
m Y 2§ -1 m m Y
At the intersection /, we have
y
Xy ' TW = 0’
; 4 4.4)
Cyy =Cpp =" =Gy,
At the initial time ¢t = 0, we have
Cn=c0  inQ c,=c in 4.5)
m m ms b% vy Y .

where * and (—*) mean the signs are opposite, and 7,, is defined on each fracture y, as the vector in its
tangent plane, pointing outward from the intersection point/line I. We use the homogeneous Dirichlet
boundary conditions ¢, = 0 and c¢5, = 0. The symbols defined in Section 3 continue to be used, such
as the partitions 7% and 77 with 7% = U2 T} and 7' = U,/ T, the sets of interior edges or faces
in the matrix &}, = U2 !, , the sets of interior points or edges in the fracture &) = U,/ &},
the sets of exterior edges or faces 8g .= US 82 o the sets of exterior points or edges in the fracture
&), = UL, &}, (not including points or edges on /), and &), = &),V &} . & =&, UE) . In

addition, we also need to introduce some notations for the intersection. Let &) be the set of points/edges
on the intersection of fractures. Note that, in this paper, since we consider a network with one single
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intersection, when n = 2, this set consists only of one single point. Similar to [33], the jump and
average operators on the intersection are defined.

Definition 1. We define the jump and average operators for z, and v, on I as follows:

1
{Zy}l = — (Z)’l + Z)’z + e+ Z)’ny) ,
ny
[Zy] .= @y = )isjcesn, e
tplr = ”_7 (V” IEZANA T )15j<€sny ’
[VV]I = VTtV Tyt Yy, Ty,

The following result for the jump and average can be seen in [33], as well as the corresponding proof.

Proposition 1. The following identity holds:

[Zyvy]l = [Vy]l{zy}l + {Vy}l : [Zy]l, (47)

where the vector-valued function z,v, is defined as z,v, = (2y,Vy,, 2y, Vs ** 52y, Vy, )-
In the matrix Q,,, similar to (3.4), for any z,, € H'(7"), we can derive

f¢m zm+ZfK Ve - Vi, — qumcm vz, — ZfK Ve, - oMzl

e
KeT}! ecEl,

+qumcm- Ham] + Z fzgm ey +(1-8)en™ - )an*=f Amm-
o

e
ec8l,

(4.8)

In each fracture y,, multiplying the first equation in (4.2) by a test function z,, € H' (‘Tyhg), integrating
within each element K € 7. yh[, and using Green’s formulation, we obtain

fdf(ﬁw 8t f/\/w VTZW +f Xy, “DokZy, +f Xye " Tvelye
OKNI

4.9)
quzw fXQ* |7£ n +XQ |Vf ;g)zw'
Summing over all elements K € 7 yhf , we obtain
f [¢W a + Z] ny/ ‘rdfvrcyg Tz’yg Zh leg 'rd[ 7Cy, }[ny]
Ke 7" ecEy
- Z fdguwcw- 2y, T Z fd[llwcy( n, [zw]+f,\/w Ty, 2y, (4.10)
KeT, eely, V¢

f(Xm |w' Xao; |w ;Z)Zw:quzw-
v
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Summing over all the fractures £ = 1,2,--- ,n,, we have
f dep,—~ 6 Y2+ ) f K,dV.c, - Vizy = > f K,-dV.c, - nllz] = ) f duc, - V.z,
KeT eeél kerh VK
4.11)
- Z f du,cy - n.}[z,] + Z f Xy Tyidye = f (,\(Zf'n; + Xz[-n;)zy = f GyZy-
eah Y Y

Based on the definition of the jump operator in Definition 1, Proposition 1, and the first condition in
(4.4), the sixth term in the equation above can be rewritten as

D Xy Tt = Lyl = DMz b+ Db [0 = Db [0 (4.12)
=1

We then rewrite (4.11) as follows:

fd¢y ot Z7+ Z fK)/TdV Cy- TZy Zf y‘rdvrcy ne}[Zy]

7~h ,gh
— Z fduyc7 V.z, + Z fdu'yc'y n}z,] - Z ny AVrcylr - [zl 4.13)
KeT? ec&l ec&!
2n,
- Z fd“ycy [2y]1 — f2§ 1 (‘ner + - 267) & = jy“hzw ¥z, € H'(T7).

ec 8/1

The definitions of the variation forms A(-, -) and B(-, -) continue to be used.

Al(c,2) = fK Ve, -V, — ZfK Ve, - m [zm]+vZfK Vz, - nHeml

Kefr’l ecgl, V¢ eeslh V¢

£y f K, dV.c, Vezy= ) f K, dV.c, n g, ]+ ) f K, dV.z,n}[c,]
KeT? ec&l! ec&l!

+0J(c,2) + (e + (1 -9 =) (a2 - 2). (4.14)

*=+,—
B(C Z) = - Z fumcm VZm + Z fumcm . [Zm Z fdllycy VZ),

KeTh ¢ KeT}!

+ Z fduycy n}z,]. (4.15)
eeé’h

Moreover, we also the introduce variation forms defined on the intersection /

AI cy,zy ZfK AV cylr - [zy]1+vZfK AV:2,) - eyl + o Ji(cy, 2,), (4.16)

ee&h eeSh
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with
1
Z n f [¢y]r - [zy];, two-dimensional fracture,
e
e h ¢
Ji(cyazy) =% 1 (4.17)
Z max —[cy 11 - [zy]1, one-dimensional fracture,
e oh e, 1K
and
CV’ZV Z fduycv 1 [zylr. (4.18)
ee&h

The exact solution ¢ = (c,,c,) for the hybrid-dimensional fracture model of advection—diffusion
equation with intersecting fractures satisfies the following for any z = (z,,,2,) € H YT™h:

f %%Zm fd¢y — %y ¥ A(c,2) + B(c,2) + Aj(c,2) + By(c,2) = f GmZm + fqyzy (4.19)
Qy Qp

Algorithm 2 (DG-backward Euler method for the model with intersecting fractures). For j =
1,2,3,..,N, given ¢! = (c’,}/ ! cﬁ’ 1), find ¢ = (cﬁ,’,cﬁ’) € Du(T") such that for any
z = (Zm» 2y) € Di(T™), we have

h,j h,j—1

j h/ 1 C ) )
f ¢m fd¢yA—Zy + A(Ch’], Z) + B(Ch’], Z)
y t

+ AI(Cﬁ’j7 Zy) + Bl(c?/’ja Zy) = f qmZm + IQyZy, (420)
Qp y

h,0 0 0
f Cm Zm f C1 Z)’ f szm + f CyZY'
Qp Y

Theorem 2. Assume that ¢ = (cm, cy> with co, € H**'(Q)) and ¢,, € H*'(y,) is the solution to the
problem (4.1)~(4.5), and " = (¢}, ct) € D(T™") is the numerical solution to Algorithm 2, respectively.
Then, if o is large enough and h is sufficiently small, a constant C exists such that

62
o

N
AfZchf M <C[||c||Lm<mnHk+l<g>>, ](h”‘”fz)- 421)

L2((0,7),L()

Proof. Subtractlng (4.20) from (4.19) and taking z = ¢/ = (gm, g:j) € Dy (7' ) we have

hj h,j—1

c —cﬁﬂ ! Cy . o
f ¢’"_§’” f ¢7 g’ f R v f d%—g“A(c]’gj) 4.22)

~A(. )+ B(¢ ) — B(c",¢7) + Ax(c], gy) —Al(Sy, ) + Bile), ) = Bilc},6)) = 0

This means

g . gj—gj_l . o o
fg ¢mA—m S +\fyd%%giﬂLA(gj,gj)+A1(§§,§§)

=-A(0’.¢') - B(o.¢') - B(s".¢') - A (el s]) - Bz(@i, ) = Bi(sl. ) (4.23)

acl, ¢ —¢! ac) cy - cj N
m._ “m m J
fg ¢’"( ot At ) f ¢7[ ot A )
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For the first two terms on the left-hand side of the equation above, we have the same estimate as (3.67)

o
VB S
f y A (4.24)

3 12 Lo -2
> 5o ((||¢mgm||ogm+||d 8y5iIB, )~ (Inst IR, +11d*0ys] 1R, )).

According to Lemma 3, we have

A(s’.¢7) 2 alllg/lIP (4.25)

By applying the definition of A; to the left-hand side of (4.23), the last term can be bounded as

Ar(shs])= =1 f (K,.-dV.sll - [sil + 0T (). 6))
ee&ﬁ' ¢
y—1 . . . o
= n, Z L(K%vﬂ'dv‘rg{/p "Ty, _Kw,‘rdv‘rg{/[ : TW)]S]K[SM : [g';]] +0J; (g’)],, g‘){)
eeS?
)’
> = C 3 Vs loelllsTilloe + i (2. 6) (4.26)
t=1 6687
ny
_1 . . . .
> = Ch Y 3 Ve Mo lsillloe + 07 (5] 67)
=1 eES;'
112 J o~
> —ellgll} 1 + (@~ O i (s).5])-

From (4.24)—(4.26), the left-hand side of (4.23) can be estimated as

1
L2 = (10760 = 1826 I0) + (@ = &) IIF + (@ = O) J1 (¢).6]). (4.27)
According to Lemmas 4 and 5, the first three terms on the right-hand side of (4.23) can be bounded as

~A(¢’.¢7) < C(Il’lIP + K\ v + h72lle o) + &llis?IIP,
-B(s’.¢7) < Cli’Ifg o + &llls”II, (4.28)
-B(0'.s’) < C(llel o + WlI'I} 1) + ellislIP.

For the fourth term on the right-hand side of (4.23), it reads as follows:

SACRIEDY f K, dV.ol) - [s)li—v ) f K, dV-s}i - (0]l - o (). )
eegl V¢ el V¢ (4.29)

=R+ R, + R;.
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Similar to (3.38), we obtain

1 ‘ . ‘
Ry = n_ Z f(Kyl”poVTgi’p Ty, T KW’Td[VTQ;’f .TW)1<p<L’<n ' [g{’]l
Y eeaﬁ' € D
y
<C D> IV-e) lloeliis]llloe
E=1 eeg)

1

_ , 21,
< C (Il g + 10 1) T (53 53).

Similar to (3.40) and (4.30), it is found that

1

j JR 212 )
Similar to (3.42), we show
1
112 2012 YV 73 (o
Ry < C 1015 s + H 210G, ) 97 (s3:57)-

Introducing the results of (4.30)—(4.32) to (4.29) shows that

1
. . . . . 2 . 1 . .
~A1(0f:51) < C (IR, +110I1E 1+ H210JIR, ) (I s + 97 (4o s])

< C(IN0lIE yy + Iy + 210l ) + ISP + 271 (s 63).

For the fifth term on the right-hand side of (4.23), it holds the bound

o 1 . . .
BI(Q;» S'{,) = n_y Z f(dpupr;/p : Typ —dfuwQ«Jﬂ : TW)lS[K[Srly : [5'{/]1
e€87 €

y
<C "> o), o.Ml ilo.

=1 6687

My
_Ll. 1 ; ;
<C > > (h2led ok, + B2 1V-0) llo.k, ) i) Tillo.

=1 eeSﬁ‘

C (Z (o3, lloy, + lle] 1y 7, )) 7} (si.s)

=1

IA

< C (o}, + 1Pl 1) + 271 (s 57).

Similarly, we have
Bi(s). s]) < ClIIIR, + &1 (5. <3).

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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Similar to (3.74), we have the following estimate for the last two terms on the right-hand side of (4.23):
2

o[ )y [ 2R,
"\ ot At 7 or At Y

1 t Jol? t/ 2
<Cll¢/IRg+C f © dr+Azf .
At 0.0 -1 0.0

or?
. 0 2 2 5
with (th) (6Qm (Qy) nd &c ((’) e 07cy

(4.36)

ot
ot ot a o o |
It shows that the right-hand side of (4.23) has the following estimate from (4.28) and (4.33)—(4.36):

R < Clls’Ifq + C (|||gf|||2 + W/ 7+ h2 N0 5 o) + € (k01 g + P21 o4)

o 1] a2 112 " ( . j) (4.37)
+C f — dt+Atf — dt |+ 4ellls’|IIF + 3edils), ¢7).
At o] 0.0 -1 or? 0.0 AN
Taking (4.27) and (4.37) back to (4.23), it follows that
(@ = 58)[lI/lIP + z_m (Il 1 o - ||¢%gf-‘||3g) +(0 = C=38)Ji(s)s])
. oI’ 5@
<Clls’'IP,+C Atf — d, (4.38)
”g ”O,Q [ 1 atz 00 At )
+ C (Il + W1l 1 + H 2101 ) -
Similar to (3.79), we have the following estimate:
N (92
Afz lls/I* < € [||C||L°°([O TLH @) || 5 2 2 ](th + Al‘z). (4.39)
L*((0,T),L*(2))

By using the triangle inequality and (3.63), we finish the proof.

Remark 2. In addition to the assumptions in Remark 1, under the condition that [du]; = 0, similar L2
stability holds for the model with intersecting fractures. Similar to (4.25) and (4.26), we have

A(cM M)+ Ay (b ) 2 alil|IP + (o = ©) gy (. ). (4.40)

In the term B(c"/, /), due to the intersecting fractures, we need to analyze the terms related to fractures
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again.

Il 1]
| = |
M [\)I’_‘

EINg

(W
~

< S

£

F )
—~ <
\{q} >
~

. =
[\e) ~.
|
| =
=
= ’

S
=
3
=
>
=
—~
(9
N

~
SN—

o

£=1 KGT;; =1 KGTy’le
1 r ] & .
R gﬁ‘;’ “[duy o “(63])2 2 t=1 gegh LKOI detty, - Mk (C“}Yl;j)z (4.41)
1 . r 1 7
— 2 hj 2
1S Lo T3 e
eES? € B e€8? e
-5 25 J w5 2 [l ()5 2 [law)- (6]
ecgl V¢ ec8l V¢ cel V¢
_ 1 [ V]
- _EZfd“Y'“e () |-

Then by using the same steps in (3.31) and (3.32), the bilinear form of the diffusion part Va_nishes
identically, i.e., B(c"/, /) = 0. According to the second condition in (4.4), we have B,(cﬁ” , cﬁ” ) =0.
Similar to (3.31) and (3.32), the L? stability is proved.

In this section, although we only consider a single intersection, the definitions of A; and By, the
algorithm design, the theoretical analysis, and the numerical examples can all be extended to multiple
intersections.

5. Numerical experiment

In this section, numerical experiments are conducted to verify the accuracy and efficiency of the DG—
backward Euler method for solving the hybrid—dimensional fracture models of the advection—diffusion
equation with both one single fracture and intersecting fractures. In terms of spatial discretization,
piecewise linear polynomial spaces are used, and the mesh partitioning is performed as follows: The
matrix domain €Q; is partitioned into square cells of side length Aq,, each of which is further subdivided
into two right-angled triangles, and concurrently, each fracture vy, is discretized into segments of length
h,,. Within this discrete framework, we compute the errors in the discrete H I_norm for the concentration
in both the matrix and fracture domains, along with the corresponding convergence rates. To clearly
demonstrate the convergence behavior with respect to the mesh size hgq,, the numerical solution on a
refined mesh (with size hgq,/2) is used as the reference solution. The errors and convergence rates for
each coarser mesh are then obtained by evaluating their solutions against this reference. The coefficients
in the proposed scheme are chosen as follows: o = 100 and v = —1.

Example 1. Experiment with a single fracture

The first example refers to the geometry made of two unitary squares separated by a single vertical

fracture, i.e., Q; = (-1,0) x (0,1), Q, = (0,1) x (0,1) and y = {x = 0} X (0,1). The permeability
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parameters are set as K; = K, = E, where E is the 2 x 2 identity matrix, and K, . = 0.1 and
K, , = 0.001. The fracture width is d = 0.01, and & = 4/5. We consider the source terms ¢; = 0 and
g, = 0, the Dirichlet boundary conditions ¢y; = 0 and ¢y, = 0.5, the parameters ¢; = ¢, = 0.5 and
u; = (3,1)", u, = 1; and the concentration ¢ = ¢J = 0 at the initial time. The total duration is T = 1,
and the time step At equals the spatial step size hq,. The errors and convergence rates are shown in

Table 1, and Figure 3 presents the concentration distributions at times 7 = 1/64 and T = 1.

Concentratlon in the model with one single fractrue at T=1/64 Concentratlon in the model with one single fractrue at T=1

0.03
09 09 0.03
0.025
08 0.8 0.025
07 0.02 07 0.02
06 0.015 0.6 0.015
> 05 0.01 > 05 oo
04 04
0.005 0.005
03 03
0 0
02 02
0.1 -0.005 04 -0.005
o] -0.01 o] -0.01

(a) (b)

Figure 3. Concentration distributions in the model with one single fracture. (a) T = 1/64. (b)
T=1.

Example 2. Experiment with intersecting fractures

We next consider an intersecting fractured network, in which Q is subdivided into three different
areas Q; = (—1,0)x (0, 1), Q, = (0,1)x(0,0.5), and Q3 = (0, 1) x (0.5, 1) by intersecting the interfaces
vy = 0Q1 N0y, vy, = 00 N JQ;3, and y3 = 0Q, N dQ3. The Dirichlet condition for the concentrations
com = 0 and ¢y, = 0.5 are used, the source terms go, = 0 and g,, = 0 are added in the matrix and
fractures, and the concentration ¢? = cg = 0 at the initial time. The tensors of permeability in the
matrix and fractures are set as K,, = E, K, ; = 1, and K, ,, = 0.001. The width of fracture is d = 0.01,
and ¢ = 4/5, and the parameters are ¢,, = ¢, = 0.5, u,, = (3, DT, u, = 1. Similarly, the time step At
equals the spatial step size hg,, and the total duration is 7 = 1. The errors and convergence rates are
shown in Table 2, and Figure 4 presents the concentration distributions at times 7 = 1/64 and T = 1.

Table 1. Errors and convergence rates for Example 1.

ha, ller = iy 7 Rate llca = AAlly 7 Rate lley = Bl Rate
272 1.32E-2 - 1.32E-2 - 3.66E-1 -

27 7.86E-3 0.75 7.86E-3 0.75 1.89E-1 0.95
2+ 4.67E-3 0.75 4.67E-3 0.75 9.55E-2 0.99
27 2.71E-3 0.78 2.71E-3 0.78 4.80E-2 0.99
2 1.53E-3 0.82 1.53E-3 0.82 2.42E-2 0.99
277 8.50E-4 0.85 8.50E-4 0.85 1.24E-2 0.98
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Concentration in the model with the intersect fractrue at T=1/64 1Ccm(:en'(raticm in the model with the intersect fractrue at T=1

0.03
0.03
0.9
0.025
08 0.025
0.02
0.7 0.02
0.015 06 0.015
05
0.01 0.01
04
0.005 0.005
03
0
0.2
-0.005 K
04 0.005
-0.01 0 -0.01
0 0.5 1

-1 -0.5 0 0.5 1 -1 -05

0.9

0.8

07

0.6

05

04

03

o

0.2

0.1

0

() (b)
Figure 4. Concentration distributions in the model with the intersecting fractures. (a) T =
1/64. (b) T = 1.
Table 2. Errors and convergence rates for Example 2.

ho, ey — C?”l,fr,h Rate ||c; — Cg”l’r]-zh Rate |lcz — cé’lll,ﬂh Rate |lc, — cﬁlll’(,-yh Rate
272 3.60E-1 - 241E-1 - 2.46E-1 - 2.71E-01 -
273 224E-1 0.68 1.48E-1 0.70  1.51E-1 0.70  1.30E-01 1.06
27 1.30E-1 0.78  8.62E-2 0.78  8.76E-2 0.79  6.33E-02 1.03
275 7.29E-2 0.84 4.84E-2 0.83  4.90E-2 0.84 3.13E-01 1.02
276 3.98E-2 0.87  2.66E-2 0.86  2.68E-2 0.87  1.56E-02 1.01
277 2.14E-2 0.89 1.44E-3 0.89  1.45E-2 0.89  7.75E-03 1.00

Example 3. Experiment with the exact solution

Next, we investigate an experiment with an exact solution, where the errors and convergence rates
are evaluated against the exact solution. The tensor of permeability in the matrix and fracture are set
as K, =K, = 10E and K¢, = 15,Ky, = 1073, The width of the fracture is d = 0.001 and ¢ = 56/73,
and the parameters are ¢; = ¢, = 0.5, w; = (5/13,2/13)", and u, = 0.5. The errors and convergence
rates are listed in Table 3.

(x + 9)t sin(mry)
Cc = 9

(—2x + 4)t sin(rry)
Cyr = 9

¢y = tsin(my)

Tables 1-3 respectively record the numerical errors and convergence rates of the discrete H'-norm
for the concentration which is solved by using the DG-backward Euler method. From the tables, it
can be observed that for the hybrid-dimensional fracture models involving both a single fracture and
intersecting fractures, the DG-backward Euler method achieves the expected O(h + At) convergence
rate for the concentration in the discrete H'-norm in both the matrix and fractures, which is consistent
with the theoretical analysis provided in Theorems 1 and 2.
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Table 3. Errors and convergence rates for Example 3.

ho, ller =l Rate llca = AAlly Rate lley = Sl Rate
24 1.24E-00 - 4.75E-02 - 9.85E-02 -

275 6.18E-01 1.00 2.37E-02 1.00 4.91E-02 1.00
27 3.09E-01 1.00 1.19E-02 1.00 2.46E-02 1.00
27 1.55E-01 1.00 5.93E-03 1.00 1.23E-02 1.00
278 7.73E-02 1.00 2.96E-03 1.00 6.14E-03 1.00

6. Conclusions

In this paper, the DG-backward Euler method is firstly used for a kind of hybrid—dimensional fracture
models of the advection—diffusion equation with one single fracture and with intersecting fractures. We
verify the accuracy of the method from both the theoretical and practical aspects. The desired optimal
error bounds are achieved in the discrete H'!-norm for the concentration. Numerical examples with both
one fracture and intersecting fractures are carried out, and the numerical results are consistent with the
conclusions of Theorems 1 and 2.
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