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Abstract: In this paper, we investigate the existence of normalized ground state solutions for a
class of quasilinear elliptic equations. More precisely, we consider the p-Laplace equation with a
prescribed Lp-norm constraint. The problem involves a potential function and a nonlinear term with
mass supercritical growth. By employing variational methods, we aim to find solutions with a given
mass, where the parameter λ appears as a Lagrange multiplier. Under appropriate assumptions of
potential and nonlinearity, we establish the existence of such solutions for any given positive mass.
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1. Introduction

The study of normalized solutions to nonlinear partial differential equations (PDEs) has attracted
significant attention due to their physical implications. This paper investigates the existence of ground state
normalized solutions for a class of p-Laplacian equations with potential and mass-supercritical nonlinearity.

The p-Laplacian operator arises in various nonlinear problems [1–4]. For instance, it is used in image
restoration (when 1 ≤ p ≤ 2), in non-Newtonian fluid dynamics (when v⃗ = a|∇u|p−2∇u relates shear
stress to the velocity gradient), and in nonlinear elasticity and reaction–diffusion processes. A detailed
physical background can be found in [2].

The primary objective of this work is to analyze the following p-Laplace equation with an Lp-
normalized constraint: −∆pu + V(x)|u|p−2u + λ|u|p−2u = f (u) in RN ,∫

RN |u|pdx = c,
(1.1)

where −∆pu = − div
(
|∇u|p−2∇u

)
is p-Laplace operator, 1 < p < N, f : R→ R, and λ ∈ R. The solution

https://www.aimspress.com/journal/era
https://dx.doi.org/10.3934/era.2026185


4132

(uc, λc) is referred to as a normalized solution. The energy functional associated with this problem is

I(u) =
1
p

∫
RN
|∇u|pdx +

1
p

∫
RN

V(x)|u|pdx −
∫
RN

F(u)dx

on

S (c) =
{

u ∈ E :
∫
RN
|u|pdx = c

}
,

where E =
{
u ∈ W1,p(RN) :

∣∣∣∫
RN V(x)|u|pdx

∣∣∣ < +∞}
and F(t) =

∫ t

0
f (s)ds, and the norm of E is defined by

∥u∥ =
(∫
RN
|∇u|p + V(x)|u|pdx

) 1
p

,

which is equivalent to the Sobolev norm ∥u∥W1,p(RN ) under the assumption (V1) in this paper. Then,
we study the critical point of the functional I on the restricted manifold S (c). Problem (1.1) with
the prescribed Lp-norm arises naturally when seeking standing wave solutions of the time-dependent
p-Laplacian equation i∂tΨ + ∆pΨ = f (Ψ). Substituting Ψ(x, t) = e−iλtu(x) yields the stationary Eq (1.1),
and the constraint

∫
RN |u|pdx = c corresponds to the conservation of mass (e.g., the number of particles in

Bose–Einstein condensates). Unlike fixed-frequency problems where λ is given, here, λ is an unknown
Lagrange multiplier determined by the prescribed mass c.

The normalized solution comes from the study of the standing wave of nonlinear Schrödinger
equation. In the case p = 2 and V(x) = 0, Problem (1.1) comes from the research of solitary waves for
the nonlinear Schrödinger equation

i∂tΨ + ∆Ψ = f (Ψ) in (0,∞) × RN , (1.2)

where Ψ = Ψ(x, t) denotes the wave function. Equation (1.2) has important applications in problems
such as Bose–Einstein condensates (see [5–7]). In Bose–Einstein condensates, |Ψ(x, t)|2 represents the
probability density of a single particle at time t appearing at position x in space, and

∫
RN |Ψ(x, t)|2dx

is the total number of atoms in whole space. Recalling that a solution of the form Ψ(x, t) = e−iλtu(x) is
called a standing wave solution, by substituting the expression of the standing wave solution into Eq (1.2),
it can be obtained that

−∆u + λu = f (u) in RN , (1.3)

and the conservation of mass condition is∫
RN
|u|2dx = c > 0.

In this case, λ = λc is unknown, regarded as a Lagrange multiplier, and the solution (λc, uc) is a couple
of normalized solutions of Eq (1.3). From the viewpoint of physics, it is more meaningful to study the
normalized solution.

The problem of normalized solutions has attracted the attention of many scholars in recent years,
and many wonderful results have been obtained in the study of normalized solution. In 2015, Jeanjean
et al. [8] proved the existence of a mountain pass solution and a minimum either local or global solution
having a prescribled L2-norm for quasilinear Schrödinger equations. Under different growth conditions,
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Soave N. [9,10] studied the existence and properties of ground states for nonlinear Schrödinger equations
with combined nonlinearities when f (u) = µ|u|q−2u+ |u|p−2u in Eq (1.3). The biggest difference between
this situation and the previous one is that the structure of the functional I becomes more complex. We
define the ground state solution of (1.1) as follows:

Definition 1.1. We write that uc is a ground state of (1.1) on S c if it is a solution to (1.1) having minimal
energy among all the solutions which belong to S c :

dI|S (c) (uc) = 0 and I(uc) = inf
{
I(u) : dI|S (c) (u) = 0 and u ∈ S (c)

}
.

In the case N > p , 2 and V(x) ≡ 0, important contributions to normalized solution to the
p-Laplacian equations {

−∆pu = λ|u|p−2u + µ|u|p−2u + f (u) in RN ,∫
RN |u|p dx = ap (1.4)

can be found in [11]. Zhang and Zhang assumed that f is odd and Lp-supercritical, and they discussed
the existence of a positive radial ground state under different growth conditions of disturbance terms by
Schwarz rearrangement and the Ekeland variational principle. Via a fountain theorem-type argument,
they obtained infinitely many solutions radial and nonradial. In [12], Wang et al studied the following
p-Laplacian equation with a L2-norm constraint:{

−∆pu + |u|p−2u = λu + |u|s−2u in RN ,∫
RN |u|2 dx = ρ.

(1.5)

Other literature on the normalized solution of a p-Laplacian operator can be found in [13–15], where
in [14], Wang and Sun introduced a special potential functional into the p-Laplacian equation

−∆pu + |x|k|u|p−2u = λ|u|r−2u + |u|q−2u in RN . (1.6)

The existence of a ground state under an Lp-norm constraint and an L2-norm constraint are obtained
respectively by a compact embedding lemma in [16].

In fact, due to diverse physical backgrounds, many equations inevitably involve potential functions
in place. The fixed mass problem with potential is also studied under suitable assumptions on the
potential function by many scholars. In [17], Ikoma and Miyamoto used the concentration compactness
principle to obtain stable standing waves under potential conditions V(x) ∈ C

(
RN

)
, 0 . V(x) ≤ 0, and

lim|x|→∞ V(x) = 0. Soon afterward, the case of non-negative potential and vanishing at infinity was
considered in [18]. Under the circumstances, a new variational structure Pohozaev identity was used.
By constructing a bounded Palais–Smale sequence, Thomas with his partners obtained the existence
of normalized solutions with a high Morse index. In the case of nonpositive potential V(x) ≤ 0 and
vanishing at infinity, Ding and Zhong [19] proved the existence of (λ, u) ∈ R × H1(RN) to the following
Schrödinger equation:  −∆u(x) + V(x)u(x) + λu(x) = g(u(x)) in RN ,

0 ≤ u(x) ∈ H1
(
RN

)
,N ≥ 3,

satisfying the L2-norm under some explicit smallness assumptions on V. He et al. [20] studied the existence
of the normalized solution of the Kirchhoff equation under similar assumptions of potential function.
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There are also many novel results in the study of normalized solutions of other equations with
nonlinear terms. For example, the study of nonlinear Schrödinger equations with a mixed fractional
Laplacian can be found in [21, 22]. For (p, q)-Laplacian equations with mass supercritical growth,
normalized solutions have been extensively studied in various contexts [23–25]. Related variational
methods and energy estimates for general nonlinear systems can also be found in [26–28].

In the present paper, we investigate the existence of a ground state for Problem (1.1). Drawing on
the assumptions of the nonlinear terms f in [11], we present some assumptions on f as follows.
(F1) f : R→ R is continuous and odd.
(F2) There exist p̄ < α ≤ β < p∗ such that

0 < αF(t) ≤ f (t)t ≤ βF(t), ∀t ∈ R \ {0}

where F(t) =
∫ t

0
f (s)ds, p̄ = p + p2

N , p∗ =


N p

N − p
, p < N,

+∞, p ≥ N.
(F3) The functional defined by F̄(t) = f (t)t − pF(t) is of class C1, and F′(t)t ≥ αF̄(t),∀t ∈ R, where α
is mentioned in (F2).

In the case of p = 2 and V(x) ≡ 0, under the assumptions (F1) and (F2), Jeanjean [29] proved that
the energy functional satisfies the mountain pass geometry and that a bounded Palais–Smale sequence
exists. By the embedding H1

r ↪→ Lp(RN) being compact for p ∈ (2, 2∗), Jeanjean obtained a radial
normalized solution when N ≥ 2.

For the potential function in this article, we focus on the non-trapping potential, that is, lim
|x|→+∞

V(x) = 0.

If limsup
|x|→+∞

V(x) =: V∞ < +∞ exists, we can make a replacement that does not affect the existence of

a normalized solution. Inspired by [19, 20], we make the following assumptions about the potential
function V(x) in this paper:

(V1) lim
|x|→+∞

V(x) = sup
x∈RN

V(x) = 0 , and there exists σ1 ∈

[
0, 1 −

p2

N(α − p)

)
such that∣∣∣∣∣∫

RN
V(x)|u|pdx

∣∣∣∣∣ ≤ σ1 ∥∇u∥pp , ∀u ∈ E.

(V2) ∇V(x) exists a.e. in RN . Putting W(x) = 1/p ⟨∇V(x), x⟩ , there exists 0 < σ2 <

min
{
N(1 − σ1)(α − p)/p2 − 1, [βp − (β − p)N]/βp

}
such that∣∣∣∣∣∫

RN
W(x)|u|pdx

∣∣∣∣∣ ≤ σ2 ∥∇u∥pp , ∀u ∈ E.

(V3) ∇W(x) exists a.e. in R. Let Y(x) = ⟨∇W(x), x⟩ + (Nα/p − N) W(x), there exists σ3 ∈[
0, N

pα − p − N
)

such that ∫
RN

Y+(x)|u|pdx ≤ σ3 ∥∇u∥pp , ∀u ∈ E,

where Y+(x) = max{0,Y(x)}.
Remark: We emphasize that such potential functions do exist, and the conditions for these potential
functions are sufficient but not necessary.
Examples of potentials satisfying (V1)–(V3).
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Radial smooth decay. Let
V(x) = −εe−|x|

2
, ε > 0 small,

where x ∈ RN , N ≥ 3, and 1 < p < N. By the weighted Sobolev inequality, we can verify that
V(X) satisfies (V1)–(V3).

In addition, V(x) = −ε sin2(|x|/(1 + |x|N+1), and ε > 0 also satisfies (V1)–(V3).

Sufficiency. The assumptions (V1)–(V3) are sufficient for our main result (Theorem 1.2), but they are not
necessary. Weaker conditions (e.g., different smallness thresholds or weighted norms) could be explored
in future work. The present formulation is chosen to balance generality with technical feasibility.

Although recent years have witnessed significant progress in the study of normalized solutions for
p-Laplacian equations with mass constraints, existing works, such as [11, 14,19], are largely confined to
settings without potential, with trapping potentials, or with specific power-type nonlinearities. In contrast,
this paper addresses the existence of ground state normalized solutions in a more general and technically
challenging framework involving non-trapping potentials and mass supercritical nonlinearities of general
type. The main novelties and contributions of this work can be summarized as follows:

• Non-trapping potentials: Unlike previous works that focus on trapping potentials or zero potential,
we introduce hypotheses (V1)–(V3) that allow for non-trapping potentials. By constructing weighted
terms W(x) and Y(x) from the potential, we establish precise control over the energy functional,
ensuring the stability of the Pohozaev manifold.
• A new condition for general nonlinearities: Although we adopt the general mass supercritical

assumptions (F1)–(F2) from [11], we replace the monotonicity condition (H3) in [11] with a new
inequality (F3). This modification is better suited to handle the presence of a non-trapping potential
and facilitates the proof that the Pohozaev manifold is a natural constraint. For t > 0, set

f (t) = |t|q−2t
(
1 + ε cos(log |t|)

)
, t , 0, f (0) = 0,

where q ∈ (p, p∗), and 0 < ε ≪ 1. Then, we verify:

– (F1) holds (oddness and continuity).
– (F2) holds by choosing α = q − δ, β = q + δ with sufficiently small δ > 0.
– (F3) holds for sufficiently small ε because F̄′(t)t/F̄(t) is uniformly close to q > p.
– The monotonicity condition f (t)/tp−1 being nondecreasing fails because its derivative changes

sign (e.g., log t = π/2 gives a negative derivative, and log t = 0 gives a positive derivative).

This example clearly shows that (F3) is strictly weaker than the monotonicity condition and
therefore extends the applicability of the theory to a wider class of nonlinearities, including those
with oscillatory growth rates.
• Unified variational framework: Inspired by [30, 31], we construct an auxiliary functional J(u) =
Ψu(s)|S (c) that simplifies the construction of Palais–Smale sequences and provides a flexible
framework extendable to other nonlocal operators.

The combination of a general nonlinearity satisfying (F1)–(F3) with a non-trapping potential satisfying
the smallness conditions (V1)–(V3) represents a comprehensive and technically challenging framework
that extends previous results in [11, 29].

After showing the assumptions of the nonlinear term f and the potential function V(x), our main
result are shown as follows.
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Theorem 1.2. Assume that N ≥ 3, 1 < p < N, f satisfies the assumptions (F1)–(F3), and V(x) . 0
satisfies the hypotheses (V1)–(V3). Then, for any c > 0, there exists a couple (λc, uc) ∈ R+ ×E that solves
Eq (1.1) satisfying

∫
RN |uc|

pdx = c. Moreover, uc is a normalized ground state solution.

The remaining parts of this paper are arranged as follows. In the next section, we will show some
preliminary results and the so-called Pohozaev identity. The rest of this paper is devoted to the proof
of Theorem 1.2. Throughout the paper, the notation ∥u∥p denotes the Lp-norm, and the notation ⇀
stands for weak convergence. Capital latter C and Ci denote positive constants whose precise value may
change from line to line.

2. Preliminaries

In this section, we show some important lemmas that will be used in the subsequent proof, and we
construct a submanifoldPc on S c based on the Pohozaev identity, which can be found in [9,11,12,14,19],
and so forth.

To begin, we give the Gagliardo–Nirenberg inequality [11, 32] and introduce some properties of F
shown in [11] under the assumptions (F1) and (F2).

Lemma 2.1. [(1.7) in 11]For ∀s ∈ (p, p∗), there exists a positive constant CN,s depending on N and s
such that

∥u∥s ≤ CN,s ∥∇u∥γs
p ∥u∥

1−γs
p , ∀u ∈ W1,p(RN),

where γs := N(s − p)/sp.

Lemma 2.2. [[11], Lemma 2.1] Assume that (F1) and (F2) hold, then for all s ∈ R and t ∈ R, we have|s|βF(t) ⩽ F(ts) ⩽ |s|αF(t), if |s| ⩽ 1,
|s|αF(t) ⩽ F(ts) ⩽ |s|βF(t), if |s| ⩾ 1.

(2.1)

Lemma 2.3. [[11], Lemma 2.2] Assume that (F1) and (F2) hold; then, with t ∈ R, we have 1
β−p F̄(t) ⩽ F(t) ⩽ 1

α−p F̄(t),
β

β−p F̄(t) ⩽ f (t)t ⩽ α
α−p F̄(t).

(2.2)

Next, we introduce the so-called Pohozaev identity for the p-Laplacian equation. The Pohozaev
identity for the p-Laplacian operator was first established in [33] for the Laplacian case and was extended
to the p-Laplacian in [34]. For a modern exposition, see also [18, Section 2].

Lemma 2.4. Let N ≥ 3, p ∈ (1,N), and λ ∈ R. If u ∈ E is a weak solution of Eq (1.1), then the
Pohozaev identity

P(u) =
∫
RN
|∇u|pdx −

1
p

∫
RN
⟨∇V(x), x⟩ |u|pdx −

N
p

∫
RN

f (u)u − pF(u)dx

= ∥∇u∥pp −
∫
RN

W(x)|u|pdx −
N
p

∫
RN

F̄(u)dx = 0
(2.3)

holds.
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Proof. First we suppose u ∈ C2(RN). Multiplying by (x · ∇u) and integrating by parts in RN , we obtain∫
RN

(∆pu)(x · ∇u)dx =
N∑

j=1

∫
RN

div(|∇u|p−2∇u)x jux jdx

=

N∑
i, j=1

∫
RN

(
|∇u|p−2uxi

)
xi

x jux jdx

= −

N∑
i=1

∫
RN
|∇u|p−2uxiux jdx −

N∑
i, j=1

∫
RN
|∇u|p−2uxi x juxi x jdx

= −

∫
RN
|∇u|pdx −

N∑
i, j=1

∫
RN

(
|∇u|p

p

)
x j

x jdx =
N − p

p

∫
RN
|∇u|pdx

and ∫
RN
|u|p−2u(x · ∇u)dx =

N∑
j=1

∫
RN

(
|u|p

p

)
x j

x jdx = −
N
p

∫
RN
|u|pdx.

In the same way, we can get∫
RN

f (u)(x · ∇u)dx =
N∑

i=1

∫
RN

f (u)xiuxidx =
N∑

i=1

∫
RN

∂F(u)
∂xi

dx

= −

N∑
i=1

∫
RN

F(u)dx = −N
∫
RN

F(u)dx,

∫
RN

(
V(x)|u|p−2u

)
(x · ∇u)dx =

N∑
j=1

∫
RN

V(x)|u|p−2ux jux jdx

=

N∑
j=1

∫
RN

(
|u|p

p

)
x j

x jV(x)dx

= −

N∑
j=1

|u|p

p

(
V(x) + x jV(x)x j

)
dx

= −
N
p

∫
RN

V(x)|u|pdx −
1
p

∫
RN
⟨∇V(x), x⟩ |u|pdx.

Therefore, we have

p − N
N

∫
RN
|∇u|pdx −

N
p

∫
RN

V(x)|u|pdx −
1
p

∫
RN
⟨∇V(x), x⟩ |u|pdx

−
N
p
λ

∫
RN
|u|pdx = −N

∫
RN

F(u)dx.
(2.4)

We multiply (1.1) by u and integrate on RN , obtaining∫
RN
|∇u|pdx +

∫
RN

V(x)|u|pdx + λ
∫
RN
|u|pdx =

∫
RN

f (u)udx. (2.5)
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Combining (2.4) with (2.5), we have the Pohozaev identity P(u) = 0.
The above derivation assumes u ∈ C2(RN). For weak solutions u ∈ E of Eq (1.1), we note that

C∞c (RN) is dense in E. Hence, there exists a sequence un ⊂ C∞c (RN) such that un → u in E. For each un,
the Pohozaev identity P(un) = 0 holds by the computation above. By the growth conditions (F1)–(F2)
and the Sobolev embedding theorem, each term in P(u) is continuous with respect to the E-norm.
Therefore, passing to the limit n→ ∞ yields P(u) = 0. Consequently, the Pohozaev identity is valid for
all weak solutions u ∈ E of (1.1). □

According to the Pohozaev identity, the Pohozaev manifold is defined by

Pc = {u ∈ S c : P(u) = 0} .

It is well-known that any critical point of I|S c stays in Pc. Then we shall see that Pc is also a natural
constraint (see Lemma 3.2). To find the normalized ground state of (1.1) for a given c > 0, we define
the ground state energy

Ec = inf
u∈Pc

I(u).

To study the behavior of I(u) on the sphere S (c), we introduce a scaling transformation. For any
u ∈ S (c) and s ∈ R, define (s ∗ u)(x) = eNs/pu(esx). A direct computation shows that ∥s ∗ u∥pp = ∥u∥

p
p = c,

and ∥∇(s ∗ u)∥pp = eps∥∇u∥pp. Substituting this scaled function into I(u) yields the fibering map

Ψu(s) = I(s ∗ u) =
1
p

eps
∫
RN
|∇u|pdx +

1
p

∫
RN

V
( x
es

)
|u|pdx − e−Ns

∫
RN

F
(
e

Ns
p u(x)

)
dx. (2.6)

By a direct calculation, we find that dΨu(s)/ds = P(s ∗ u), and thus, we have another way to define the
Pohozaev manifold:

Pc =
{
u ∈ S c : Ψ

′

u(0) = 0
}
.

In this direction, we consider the decomposition of Pc into the disjoint union Pc = P
+
c ∪ P

0
c ∩ P

−
c ,

in which

P+c =
{
u ∈ Pc : Ψ′′u (0) > 0

}
;P0

c =
{
u ∈ Pc : Ψ′′u (0) = 0

}
;P−c =

{
u ∈ Pc : Ψ′′u (0) < 0

}
.

3. Proof of Theorem 1.2

In this section, we will present the the proof of Theorem 1.2. Several lemmas that play an important
role in the proof process are established.

Lemma 3.1. Assume that V(x) and f satisfy (V1)− (V3) and (F1)− (F3), respectively. For any u ∈ E \{0},
we have

(i) Ψu(s)→ 0+ as s→ −∞.

(ii) Ψu(s)→ −∞ as s→ +∞.

Proof. By (2.1), we have

F(1) min
{
|t|α, |t|β

}
⩽ F(t) ⩽ F(1)

(
|t|α + |t|β

)
, ∀t ∈ R. (3.1)
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Thus, for any fixed u ∈ E\{0}, the quantities ∥u∥p and ∥∇u∥p are finite positive constants. Then, by
(3.1) and the Gagliardo–Nirenberg inequality,

Ψu(s) ≥
1
p

eps||∇u||pp +
1
p

∫
RN

V
( x
es

)
|u|pdx − e−NsF(1)

∫
RN

∣∣∣∣e Ns
p u

∣∣∣∣α + ∣∣∣∣e Ns
p u

∣∣∣∣β dx

=
1
p

eps||∇u||pp +
1
p

∫
RN

V
( x
es

)
|u|pdx − F(1)eαγαs||u||αα − F(1)eβγβs||u||ββ

≥
1
p

eps||∇u||pp +
1
p

∫
RN

V
( x
es

)
|u|pdx −C1eαγαs||∇u||αγαp −C2eβγβs||∇u||βγβp ,

where C1 = F(1)Cα
N,α||u||

α(1−γα)
p , C2 = F(1)Cβ

N,β||u||
β(1−γβ)
p .

Further,

Ψu(s) ≤
1
p

eps||∇u||pp +
1
p

∫
RN

V
( x
es

)
|u|pdx − e−NsF(1)

∫
RN

min
{
e

Ns
p α|u|α, e

Ns
p β|u|β

}
≤

1
p

eps||∇u||pp +
1
p

∫
RN

V
( x
es

)
|u|pdx − F(1)min

{
eαγαs, eβγβs

}
×min

{
||u||αα, ||u||

β
β

}
.

Because 0 < p < αγα ≤ βγβ, we get Ψu(s)→ 0+ as s→ −∞,Ψu(s)→ −∞ as s→ +∞. □

Lemma 3.2. Assume that the assumptions (F1)–(F3) and (V3) hold; then, P−c = Pc is closed in E, and it
is a natural constraint of I|S c .

Proof. We divide the proof into three steps.

Step 1 : P−c = Pc.
For any u ∈ Pc, we have

∥∇u∥pp −
∫
RN

W(x)|u|pdx =
N
p

∫
RN

F̄(u)dx. (3.2)

A direct computation of Ψ′′u (0) yields

Ψ′′u (0) = p||∇u||pp +
∫
RN
⟨∇W(x), x⟩ |u|pdx −

N2

p2

∫
RN

F̄′(u)udx +
N2

p

∫
RN

F̄(u)dx.

Applying (F3), we obtain

Ψ′′u (0) ≤ p||∇u||pp +
∫
RN
⟨∇W(x), x⟩ |u|pdx +

N
p

(
N −

N
p
α

) ∫
RN

F̄(u)dx.

Furthermore, by combining the identity (3.2) with the definition of Y(x) and (V3), we obtain

Ψ′′u (0) ≤
(
N + p −

N
p
α

)
∥∇u∥pp +

∫
RN

(
⟨∇W(x), x⟩ +

(
N
p
α − N

)
W(x)

)
|u|pdx

=

(
N + p −

N
p
α

)
||∇u||pp +

∫
RN

Y(x)|u|pdx

≤ −

(
N
p
α − N − p − σ3

)
||∇u||pp < 0.

Therefore, P+c = P
0
c = ∅, which implies that P−c = Pc. Moreover, Pc is closed in E as the preimage

of {0} under the continuous map P.
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Step 2 : Pc is a C1 manifold.
To show that Pc is a C1 manifold, it suffices to prove that P′(u) , 0 for all u ∈ Pc. A direct
computation gives

P′(u)u = p
[∫
RN
|∇u|pdx −

∫
RN

W(x)|u|pdx
]
−

N
p

∫
RN

F̄′(u)udx.

By (3.2) and the hypotheses (V2) and (F3), we obtain

P′(u)u ≤ (p − α)
(
||∇u||pp −

∫
RN

W(x)|u|pdx
)

≤ (p − α)(1 + σ2)||∇u||pp < 0,

where we use (V2) to estimate
∫
RN W(x)|u|pdx ≤ σ2∥∇u∥pp. Hence, P′(u)u , 0 for all u ∈ Pc, and

by the implicit function theorem, the manifold Pc is class of C1 for all c > 0.
Step 3 : Pc is a natural constraint.

Let u be a critical point of I(u) as a constraint on Pc; then, we construct the Lagrangian function

Φ(u) = I(u) +
1
p
λ||u||pp + µP(u),

in which λ and µ are Lagrange multipliers. If u ∈ Pc is a critical point of I|Pc , then there exist
λ, µ ∈ R such that

I′(u) + λ|u|p−2u + µP′(u) = 0. (3.3)

Evaluating dΦ(s ⋆ u)/ds at s = 0 and using P(u) = 0 and Ψ′′u (0) < 0 (from Step 1), we obtain
µΨ′′u (0) = 0, which forces µ = 0. Hence, u is also a critical point of I|S (c), proving that Pc is a
natural constraint.

□

Lemma 3.3. Under the assumptions (V1)–(V3) and (F1)–(F3), for any u ∈ E \ {0}, the following
results hold:

(i) There exists a unique su ∈ R such that P(s ∗ u) = 0.

(ii) Ψu(su) > Ψu(s) for any s , su and Ψu(su) > 0.

(iii) The mapping u 7→ su is continuous for u ∈ E \ {0}.

Proof. (i) From (3.1), we know

lim
s→−∞
Ψu(s) = 0+, lim

s→+∞
Ψu(s) = −∞;

then, Ψu(s) reaches the global maximum at some su ∈ R. According to the continuity of Ψu(s) and
Fermat’s theorem,

Ψ′u(su) = P(su ∗ u) = 0.

To prove the uniqueness of Ψu(s), we use proof by contradiction. Suppose that there exist s1, s2 ∈ R

such that P(s1 ∗ u) = P(s2 ∗ u) = 0. Without loss of generality, we can assume that s1 < s2. Then, by
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Lemma 3.2, s1 and s2 are local maximum points of Ψu(s). Therefore, there exists a point s3 ∈ (s1, s2)
such that s3 is a local minimum point of Ψu(s), and then Ψ′u(s3) = 0,Ψ′′u (s3) ≥ 0, which implies
s3 ∗ u ∈ P0

c ∪ P
+
c and contradicts with Lemma 3.2.

(ii) On the basis of (i) and Lemma 3.1, we find that Ψu(s) reaches the global maximum point at su,
and su is unique; thus, Ψu(su) > Ψu(s) for any s , su and Ψu(su) > 0.

(iii) Because of (i), the mapping u 7→ su is well-defined. (iii) is equivalent to prove the following:
Let u ∈ E \ {0} and {un} ⊂ E \ {0} be any sequence such that un → u in E, then up to a subsequence
sun → su as n→ ∞.

First, we claim that
{
sun

}
is bounded in R. Suppose

{
sun

}
is unbounded; then, one of lim

n→∞
s(un) = +∞

and lim
n→∞

s(un) = −∞ is true.

Case 1: lim
n→∞

s(un) = +∞.
We define a function gν : R→ R as follows:

gν(t) =


F(t)

|t|
α+p̄

2

+ ν, for t , 0,

ν, for t = 0.

Then we obtain F(t) = gν(t)|t|(α+ p̄)/2 − ν|t|(α+ p̄)/2 for all t ∈ R. The purpose of introducing gnu is to
extract the dominant growth term |t|(α+β)/2 while ensuring the remaining factor is non-negative, which
allows us to apply Fatou’s lemma or direct comparison to obtain a contradiction as sun → +∞. Based
on (F2) and (3.1), we know that gν(t) is continuous, and

gν(t)→ +∞ as t → +∞.

So, we can take ν > 0 large enough such that gν(t) ≥ 0 for all t ∈ R. Thereby,

lim
s→+∞

∫
RN

gν
(
e

Ns
p u

)
|u|

α+p̄
2 dx ≥ 0.

On account of Lemma 3.3(ii) and (V1), we have

0 ≤ Ψun(sun) =
1
p

epsun ||∇un||
p
p +

1
p

∫
RN

V
( x
esun

)
|un|

pdx

− e−Nsun

∫
RN

F
(
e

Nsun
p un

)
dx

≤
1
p

epsun ||∇un||
p
p − e−Nsun

∫
RN

F
(
e

Nsun
p un

)
dx

=
1
p

epsun ||∇un||
p
p − e−Nsun

∫
RN

g0

(
e

Nsun
p un

) ∣∣∣∣e Nsun
p un

∣∣∣∣ α+p̄
2

dx

=
1
p

epsun ||∇un||
p
p − e

( N(α+p̄)
2p −n

)
sun

∫
RN

g0

(
e

Nsun
p un

)
|un|

α+p̄
2 dx

→ −∞ as sun → +∞,

which is a contradiction.
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Case 2: lim
n→∞

s(un) = −∞.
It follows from (ii) and un → u in E that Ψun(sun) ≥ Ψun(su), and sun ∗ un → su ∗ u in E. Accordingly,
Ψun(sun) = Ψu(su) + on(1), and by Fatou’s lemma, we have

limsup
n→∞

Ψ(un)(sun) ≥ Ψu(su) > 0,

which is a contradiction with lim
n→∞

s(un) = −∞ due to lim
s→−∞

Ψu(s) = 0+ (see Lemma 3.1(i)).

In conclusion, we obtain that
{
sun

}
is bounded ∈ R; then, there exist an s1, and a subsequence still

denoted by
{
sun

}
such that sun → s1, and sun ∗ un → s1 ∗ u in E. On the other hand, P(sun ∗ un) = 0 for

any n ∈ N, and it follows that P(s1 ∗ u) = 0. Based on the uniqueness mentioned in (i), we have s1 = su,
and (iii) is completed. □

Lemma 3.4. Assume that the hypotheses (V1)–(V2) and (F1)–(F3) hold. Then:

(i) P , ∅.

(ii) I(u) is coercive on Pc.

(iii) inf
u∈Pc
∥∇u∥pp > 0.

(iv) inf
u∈Pc

I(u) > 0.

Proof. (i) On the basis of the definition of Pc and Lemma 3.3(i), we know that P , ∅.
(ii) For any u ∈ Pc, by (2.2) and (2.3), under the assumption of (V1) and (V2), we obtain

(1 + σ2) ∥∇u∥pp ≥ ∥∇u∥pp −
∫
RN

W(x)|u|pdx =
N
p

∫
RN

F̄(u)dx

≥
N
p

(α − p)
∫
RN

F(u)dx

and

I(u) ≥
1
p

(1 − σ1) ∥∇u∥pp −
∫
RN

F(u)dx ≥
[

1
p

(1 − σ1) −
p(1 + σ2)
N(α − p)

]
∥∇u∥pp . (3.4)

Thus, I(u) is coercive on Pc.
(iii) Based on (F1), we know F̄ ≥ 0 a.e. in RN . If there exists {un} ⊂ Pc such that ∥∇un∥p → 0, then

P(un) = 0. On the other hand,

P(u) = ∥∇u∥pp −
∫
RN

W(x)|u|pdx −
N
p

∫
RN

F̄(u)dx > (1 − σ2) ∥∇u∥pp > 0.

Combining with the above two aspects, we get a contradiction, and inf
u∈Pc
∥∇u∥p > 0.

(iv) At the beginning, we claim that for any c > 0, there exists δ > 0 small enough such that
I(u) ≥ (1 − σ1) ∥∇u∥pp /(2p) for u ∈ S c and ∥∇u∥p < δ.
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For any u ∈ S c, it follows from (V1), (2.1), and the Gagliardo–Nirenberg inequality that

I(u) =
1
p

∫
RN
|∇u|pdx +

1
p

∫
RN

V(x)|u|pdx −
∫
RN

F(u)dx

≥
1
p

(1 − σ1) ∥∇u∥pp − F(1)
∫
RN
|u|α + |u|βdx

≥

[
1
p

(1 − σ1) − F(1)Cα
N,αc

α(1−γα)
p ∥∇u∥αγα−p

p − F(1)Cβ
N,βc

β(1−γβ)
p ∥∇u∥βγβ−p

p

]
∥∇u∥pp .

So, we can take δ > 0 small enough such that

I(u) ≥
1 − σ1

2p
∥∇(u)∥pp .

For u ∈ Pc, based on (2.6) and Lemma 3.3(i), we know that I(u) = Ψu(0) ≥ Ψu(s) for all s ∈ R. Let
δ > 0 small enough and s̄ = ln

(
δ/ ∥∇u∥p

)
; then, ∥∇(s̄ ∗ u)∥p = δ.

I(u) ≥ Ψu(s̄) = I(s̄ ∗ u) ≥
1 − σ1

2p
∥∇(s̄ ∗ u)∥pp > 0.

Therefore, the proof of (iv) is completed. □

Lemma 3.5. Let {un} be a bounded sequence in E and {an} be a sequence satisfying lim
n→∞

an = 1. Then,
lim
n→∞
|I(anun) − I(un)| = 0.

Proof. Based on a direct calculation, we obtain

I(anun) − I(un) =
1
p

(ap
n − 1)

∫
RN
|∇u|pdx +

1
p

(ap
n − 1)

∫
RN

V(x)|u|pdx

−

∫
RN

F(anun) − F(un)dx.

By a change of form,∫
RN

F(anun) − F(un)dx =
∫
RN

(∫ 1

0
f (un + (an − 1)θun) (an − 1)undθ

)
dx

= (an − 1)
∫
RN

(∫ 1

0
f (un + (an − 1)θun) undθ

)
dx.

Hence, we only need to prove that
∫
RN

(∫ 1

0
f (un + (an − 1)θun) undθ

)
dx is bounded.

On the other hand, combining 0 ≤ |un + (an − 1)θun| < (an + 2)|un| with | f (t)t| ≤ βF(1)
(
|t|α + |t|β

)
, we

have that ∫
RN

(∫ 1

0
f (un + (an − 1)θun) undθ

)
dx

≤ βF(1)
∫
RN

(∫ 1

0

(
|un + (an − 1)θun|

α−1un + |un + (an − 1)θun|
β−1un

)
dθ

)
dx

≤ βF(1)
∫
RN

(∫ 1

0
(an + 2)α−1|un|

α + (an + 2)β−1|un|
β

)
≤ C

(
∥∇un∥

αγα
p ∥u∥

α(1−γα)
p + ∥∇un∥

βγβ
p ∥u∥

β(1−γβ)
p

)
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is bounded because {un} is bounded in E. □

Lemma 3.6. For any u ∈ S c, esu either satisfies esu[(α−p)N/p−p] ≤ C ∥∇u∥pp /∥u∥
α
α or esu[(β−p)N/p−p] ≤

C ∥∇u∥pp /∥u∥
β
β, where C = C(σ2, p,N, α) is a constant.

Proof of Lemma 3.6. By Lemma 3.3(i), we have su ∗ u ∈ Pc, so the Pohozaev identity gives∫
RN
|∇(su ∗ u)|pdx −

∫
RN

W(x)|su ∗ u|pdx =
N
p

∫
RN

F̄(su ∗ u)dx.

Using (V2) and Lemma 2.3, we obtain

(1 + σ2)∥∇(su ∗ u)∥pp ≥
N
p

(α − p)
∫
RN

F(su ∗ u)dx.

By (F2) and (3.1), we have F(t) ≥ F(1) min{|t|α, |t|β} for all t ∈ R. Hence,∫
RN

F(su ∗ u)dx ≥ F(1)
∫
RN

min{|su ∗ u|α, |su ∗ u|β}dx.

Note that |su ∗ u|α = eNαsu/p|u|α and |su ∗ u|β = eNβsu/p|u|β. Therefore,

min{|su ∗ u|α, |su ∗ u|β} ≥ min{eNαsu/p, eNβsu/p} ·min{|u|α, |u|β}.

Integrating and using the fact that ∥∇(su ∗ u)∥pp = epsu∥∇u∥pp, we obtain

(1 + σ2)epsu∥∇u∥pp ≥
N
p

(α − p)F(1) min{e
Nαsu

p , e
Nβsu

p }min{∥u∥αα, ∥u∥
β
β}.

Rearranging the terms, we get

min
{
esu( Nα

p −p)
∥u∥αα, esu( Nβ

p −p)
∥u∥ββ

}
≤

p(1 + σ2)
N(α − p)F(1)

∥∇u∥pp.

Because Nα/p − p = N(α − p)/p, and Nβ/p − p = N(β − p)/p, we conclude that either

esu( α−p
p N−p)

≤ C
∥∇u∥pp
∥u∥αα

or esu( β−p
p N−p)

≤ C
∥∇u∥pp
∥u∥ββ

,

where C = p(1 + σ2)/[N(α − p)F(1)]. This completes the proof. □

Lemma 3.7. Assume that 1 < p < N and F satisfy (F1)–(F2). Then, the function c 7→ Ec is continuous
and nonincreasing on (0,+∞).

Proof. For any 0 < c2 < c1, we shall prove that Ec1 ≤ Ec2 . Based on the definition of Ec, we first have
that, for any ϵ > 0, there exists u ∈ Pc2 such that

I(u) ≤ Ec2 +
ϵ

2
. (3.5)
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Let γ ∈ C∞0 (RN , [0, 1]) be a cut-off function that satisfies

γ(x) =


1, |x| ≤ 1,
∈ [0, 1], |x| ∈ (1, 2),
0, |x| ≥ 2.

For δ > 0 small enough, we define uδ(x) = u(x) · γ(δx) ∈ E \ {0}. It is easy to check uδ → u in E as
δ→ 0+. Because u 7→ su is continuous, we then get lim

δ→0+
suδ = su = 0 and suδ ∗ uδ → su ∗ u = u in E as

δ→ 0+. Therefore, there exists a constant δ > 0 small enough such that

I(suδ ∗ uδ) ≤ I(su ∗ u) +
ϵ

4
= I(u) +

ϵ

4
. (3.6)

Take v ∈ C∞0 (RN) such that supp(v) ⊂ B(0, 1 + 4/δ) \ B(0, 4/δ), and set

v̄ =
(c1 − ∥uδ∥pp
∥v∥pp

) 1
p

v.

For any µ < 0, we defineωµ = uδ+µ∗v̄ = uδ+e
N
p µv̄(eµx). Note thatωµ ∈ S c1 , and supp(uδ)∩supp(µ∗v̄) =

∅. Next, we claim that sωµ is bounded from above as µ→ −∞. If sωµ → +∞ as µ→ −∞, we observe
that I(sωµ ∗ ωµ) > 0 by Lemma (3.4)(iv). On the flip side, we obtain

I(sωµ ∗ ωµ) =
1
p

epsωµ
∥∥∥∇ωµ

∥∥∥p

p
dx +

1
p

∫
RN

V
( x
esωµ

)
|u|pdx

− e−Nsωµ

∫
RN

F
(
e

Nsωµ
p ωµ

)
dx

≤
1
p

epsωµ
∥∥∥∇ωµ

∥∥∥p

p
dx − F(1)min

{
e

Nsωµ
p α−Nsωµ , e

Nsωµ
p β−Nsωµ

} ∫
RN

min
{
|u|α, |u|β

}
dx

→ −∞ as sωµ → +∞,

which is a contradiction, so the claim is true.
Next, because

sωµ + µ→ −∞ as µ→ −∞,

we deduce that ∥∥∥∇[(sωµ + µ) ∗ v̄]
∥∥∥

p
→ 0,∣∣∣∣∣∫

RN
V(x)|(sωµ + µ) ∗ v̄|pdx

∣∣∣∣∣ ≤ σ1

∥∥∥∇[(sωµ + µ) ∗ v̄]
∥∥∥

p
→ 0,

(sωµ + µ) ∗ v̄→ 0 in L p̄(RN).

By [[11], Lemma 2.3], we obtain F((sωµ + µ) ∗ v̄) → F(0) in L1(RN). Then, we deduce that for any
X > 0 large enough, when µ < −X,

I((sωµ + µ) ∗ v̄) ≤
ϵ

4
. (3.7)
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In the end, in view of Lemmas 3.3(ii) and (3.5)–(3.7), we obtain

Ec1 ≤ I(sωµ ∗ ωµ) = I(sωµ ∗ uδ) + I(sωµ ∗ (µ ∗ v̄))
≤ I(suδ ∗ uδ) + I((sωµ + µ) ∗ v̄)

≤ I(u) +
ϵ

4
+
ϵ

4
≤ Ec2 + ϵ.

Hence, the function c 7→ Ec is nonincreasing on (0,+∞).
Next, we prove the continuity of the function c 7→ Ec. For any fixed c > 0, we know that

Ec−h ≥ Ec ≥ Ec+h for h > 0. Consequently, lim
h→0+

Ec−h ≥ Ec ≥ lim
h→0+

Ec+h. So, it is sufficient to prove
that lim

h→0+
Ec−h ≤ Ec ≤ lim

h→0+
Ec+h. In the first, we claim lim

h→0+
Ec−h ≤ Ec. Let u ∈ Pc, c > h > 0, and then

P(u) = 0. Setting uh(x) = (1 − h/c)
1
p u(x), it is easy to check uh ∈ S c−h; thus, there exists sh ∈ R such

that P(sh ∗ uh) = 0. It follows from Lemma 3.6 that

esh( α−p
p N−p)

≤ C
∥∇uh∥

p
p

∥uh∥
α
α

= C

(
1 − h

c

)(
1 − h

c

α
p

) ∥∇u∥pp
∥u∥αα

or

esh( β−p
p N−p)

≤ C
∥∇uh∥

p
p

∥uh∥
β
β

= C

(
1 − h

c

)
(
1 − h

c

β
p

) ∥∇u∥pp
∥u∥ββ

.

In either case, it follows that sh is bounded as h → 0+. Hence, sh ∗ u is bounded in E. Based on
Lemma 3.5, we deduce

Ec−h ≤ I(sh ∗ uh) ≤ I(sh ∗ u) + on(h) ≤ I(u) + on(h).

By the arbitrariness of u ∈ Pc, the claim is true.
For lim

h→0+
Ec+h ≤ Ec, we take u ∈ Pc and for any h > 0. Let vh(x) = (1 + h/c)

1
p u(x). The rest is similar,

so we omit it.
So far, we have completed the proof that under the assumptions (F1) and (F2), the function c 7→ Ec

is continuous and nonincreasing on (0,+∞). □

Lemma 3.8. Assume that V(x) satisfies (V1)–(V3), and f satisfies (F1)–(F3). If there exist u ∈ S c with
I(u) = Ec and λ ∈ R such that

−∆pu + V(x)|u|p−2u + λ|u|p−2u = f (u),

then the function c 7→ Ec is strictly decreasing in a right neighborhood of c if λ > 0, and the function
c 7→ Ec is strictly increasing in a left neighborhood of c if λ < 0.

Proof. For any t > 0 and s ∈ R, we set ut,s := s ∗ (tu) = eNs/ptu(esx) ∈ S ct when u ∈ S c, and it is clear
that ut,s → u in E as (t, s)→ (1, 0). Define

a(t, s) = I(ut,s) = I(s ∗ tu)

=
1
p

tpeps
∫
RN
|∇u|pdx +

1
p

tp
∫
RN

V
( x
es

)
|u|pdx − e−Ns

∫
RN

F
(
te

Ns
p u(x)

)
dx.
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We compute that
∂

∂t
a(t, s) = tp−1eps

∫
RN
|∇u|pdx + tp−1

∫
RN

V
( x
es

)
|u|pdx

− e−Ns
∫
RN

f
(
te

Ns
p u(x)

)
· e

Ns
p u(x)dx

=
1
t

I′(ut,s)ut,s

and
I′(u)u = ∥∇u∥pp +

∫
RN

V(x)|u|pdx −
∫
RN

f (u)udx = −λ ∥u∥pp = −λc.

If λ > 0, then there exists a constant δ̄ > 0 small enough such that

∂

∂t
a(t, s) < 0 for any (t, s) ∈

(
1, 1 + δ̄

]
×

[
−δ̄, δ̄

]
.

It follows from the mean value theorem that

a(t, s) = a(1, s) + (t − 1)
∂

∂t
a(ξ, η) < a(1, s), (3.8)

where (ξ, η) ∈
(
1, 1 + δ̄

]
×

[
−δ̄, δ̄

]
. Because the mapping u 7→ su is continuous, one has stu → su = 0 as

t → 1. In particular, for any c′ in a right neighborhood of c, we set

t :=
c′

c
∈

(
1, 1 + δ̄

]
and s := stu ∈

[
−δ̄, δ̄

]
.

Therefore, we conclude that

Ec′ ≤ a(t, stu) < a(1, stu) = I(stu ∗ u) ≤ I(u) = Ec.

In the case of λ < 0, we can similarly obtain the desired result. □

In the next, in order to establish the existence of a normalized ground state of (1.1); inspired by [31], we
introduce the homotopy stable family to construct a Palais–Smale sequence for the constrained functional
I|S c at the level Ec. To begin, we introduce the homotopy stable family introduced in [ [31], Section 5].

Definition 3.9. [[31], Definition 5.1] Let B be a closed subset of X. We shall say that a class F of
compact subsets of X is a homotopy-stable family with extended boundary B if for any set A in F and
any η ∈ C([0, 1] × X; X) satisfying η(t, x) = x for all (t, x) ∈ ({0} × X) ∪ ([0, 1] × B), we have that
η({1} × A) ∈ F .

We remark that because B = ∅ is admissible, it is sufficient to adopt the usual convention sup(∅) =
−∞.

Inspired by [30], we define the functional Ψ : E \ {0} → R by

Ψ(u) = I(su ∗ u)

=
1
p

epsu

∫
RN
|∇u|pdx +

1
p

∫
RN

V
( x
esu

)
|u|pdx − e−Nsu

∫
RN

F
(
e

Nsu
p u(x)

)
dx,
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where su ∈ R is a unique number mentioned by Lemma 3.3. Moreover, it is clear that Ψ(u) is of class
C1, and

dΨ(u)[v] = epsu

∫
RN
|∇u|p−2∇u∇vdx +

∫
RN

V
( x
esu

)
|u|p−2uvdx

− e−Nsu

∫
RN

f
(
e

Nsu
p u

)
e

Nsu
p vdx

=

∫
RN
|∇(su ∗ u)|p−2∇(su ∗ u)∇(su ∗ v)dx

+

∫
RN

V(x)|su ∗ u|p−2(su ∗ u)(su ∗ v)dx −
∫
RN

f (su ∗ u)(su ∗ v)dx

= dI(su ∗ u)[su ∗ v]

for all su ∗ v ∈ Tsu∗uS c. In addition, for any c > 0, we can define the constrained functional

J := Ψ|S c : S c → R.

It is clear that the constrained functional is class of C1 and

dJ(u)[v] = dΨ(u)[v] = dI(su ∗ u)[su ∗ v]

for all u ∈ S c and v ∈ TuS c. The following result show the existence of a Palais–Smale sequence at the
level Ec,F .

Lemma 3.10. Assume that F is a homotopy stable family of compact subsets of S c with B = ∅, and let

Ec,F = inf
A∈F

max
u∈A

J(u).

If Ec,F > 0, then there exists a Palais–Smale sequence {un} ⊂ Pc for the constrained functional I|S c at
the level Ec,F .

Proof. Let {An} be an arbitrary minimizing sequence at the level Ec,F . We define a continuous mapping

η : (0, 1) × S c → S c,

(t, u) 7→ (tsu) ∗ u.

We observe that η(t, u) = u for all (t, u) ∈ ({0} × S c). It follows from Definition 3.9 that

Mn = η(1, An) = {su ∗ u|u ∈ An} ∈ F .

Based on Lemma 3.3(i), it is obvious that {Mn} ⊂ Pc. In addition,

max
Mn

J(u) = max
An

J(u)→ Ec,F ,

so {Mn} is another minimizing sequence of Ec,F . By Theorem 3.4 in [31], there exists a sequence
{vn} ⊂ S c such that

(i) lim
n→∞

J(vn) = Ec,F .
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(ii) lim
n→∞
∥dJ(vn)∥E∗ = 0.

(iii) lim
n→∞

distE(vn,Mn) = 0.

Set un = svn ∗ vn, and then, {un} ∈ Pc, and ∥∇un∥
p
p = epsvn ∥∇vn∥

p
P. Due to Lemma 3.4(iii), e−psvn =

∥∇vn∥
p
p / ∥∇un∥

p
p is well-defined, and ∥∇u∥pp is bounded from below by a positive constant. Furthermore,

{Mn} ⊂ Pc ⊂ S c for any n, and
inf max

Mn
J = inf max

Mn
I → Ec,F .

By virtue of Lemma 3.4(ii), we know that {Mn} is bounded in E for every n ∈ N. On the other hand, it
follows from lim

n→∞
distE(vn,Mn) = 0 that ∥∇vn∥p is bounded. Combining with the above argument, we

know that e−psvn is bounded, that is, svn is bounded from below. Therefore, for any φ ∈ E, there exists a
constant C such that ∥∥∥(−svn ∗ φ)

∥∥∥
p
≤ C ∥φ∥p ,

∥∥∥∇(−svn ∗ φ)
∥∥∥

p
≤ C ∥∇φ∥p .

Based on the initial analysis, we obtain

lim
n→+∞

I(un) = lim
n→+∞

J(un) = lim
n→+∞

J(vn) = Ec,F .

Below, we prove that {un} is a Palais–Smale sequence for I at the level Ec,F . For any ψ ∈ TunS c, it is
easy to check that (−svn) ∗ ψ ∈ TvnS c, and

∥∥∥(−svn ∗ ψ)
∥∥∥ ≤ C ∥ψ∥. We take ∥·∥u,E∗ to denote the norm of

(TuS c)∗; then,
∥dI(un)∥un,E∗ = sup

ψ∈TunS c ,∥ψ∥≤1
|dI(un)[ψ]|

= sup
ψ∈TunS c ,∥ψ∥≤1

∣∣∣dI(svn ∗ vn)[svn ∗ ((−svn) ∗ ψ)]
∣∣∣

= sup
ψ∈TunS c ,∥ψ∥≤1

∣∣∣dJ(vn)[(−svn) ∗ ψ]
∣∣∣

≤ ∥dJ(vn)∥vn,E∗ · sup
ψ∈TunS c ,∥ψ∥≤1

∥∥∥(−svn) ∗ ψ
∥∥∥

≤ C ∥dJ(vn)∥vn,E∗ .

Because {vn} ⊂ S c is a Palais–Smale sequence of J at the level Ec,F , we yield that ∥dI(un)∥un,E∗ → 0.
Therefore, we have proved that {un} is a Palais-Smale sequence for I at the level Ec,F . □

Lemma 3.11. There exists a Palais–Smale sequence {un} ⊂ Pc for I|S c at the level Ec = inf
u∈Pc

I(u).

Proof. In virtue of Lemma 3.4(iv), we know Ec > 0. By Lemma 3.10, we only need to prove Ec = Ec,F .
First, we note that

Ec,F = inf
A∈F

max
u∈A

J(u) = inf
u∈Pc

I(su ∗ u).

On the one hand, for any u ∈ S c, su ∗ u ∈ Pc and I(su ∗ u ≥ Ec), Ec,F ≥ Ec is implied. On the other hand,
for any u ∈ Pc taking su = 0, we have I(u) = I(0 ∗ u) ≥ Ec,F , and thus, Ec ≥ Ec,F . Combining the above
two aspects, we obtain Ec = Ec,F . □

Lemma 3.12. Assume that {un} ∈ Pc is any bounded Palais–Smale sequence for I|S c at the level Ec.
Then, there exists (u, λ) ∈ (S c,R

+) such that up to a subsequence, still denote by {un}, un → u ∈ E and

−∆pu + V(x)|u|p−2u + λ|u|p−2u = f (u).
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Proof. Because {un} ⊂ S c is bounded in E, we obtain the existence of lim
n→∞
∥∇un∥

p
p, lim

n→∞

∫
RN V(x)|un|

pdx,

and lim
n→∞
∥un∥

p
p. Moreover, lim

n→∞

∫
RN F(un)dx and lim

n→∞

∫
RN f (un)undx exist according to (F2), (3.1), and the

Gagliardo–Nirenberg inequality. By applying Lemma 3 from [35] and ∥dI(un)∥un,E∗ → 0, we have

−∆pun + V(x)|un|
p−2un + λn|un|

p−2un − f (un)→ 0 on E∗ as n→ ∞,

where

λn = −
⟨I′(un), un⟩

c
=

1
c

(∫
RN

f (un)undx − ∥∇un∥
p
p −

∫
RN

V(x)|un|
pdx

)
is bounded. Thus there exists λ ∈ R such that λn → λ.

Next, we claim that {un} is nonvanishing. By contradiction that {un} is vanishing, by Lemma I.1 in [36],
we get un → 0 in Lα(RN) for α between p and N p/(N − p). Afterward in virtue of Lemma 2.3 in [11],
we derive that F(un) → 0 in L1(RN), and f (un)un → 0 in L1(RN), and therefore,

∫
RN F̄(un)dx → 0.

Combining with P(un)→ 0 and (V2), we get

(1 − σ2) ∥∇un∥
p
p ≤ ∥∇un∥

p
p −

∫
RN

W(x)|un|
pdx→

N
p

∫
RN

F̄(un)dx→ 0.

Hence,

I(un) =
1
p

∫
RN
|∇un|

pdx +
1
p

∫
RN

V(x)|un|
pdx −

∫
RN

F(un)dx→ 0,

which contradicts with Ec > 0. Therefore, {un} is nonvanishing. Then, there exist {y1
n} ∈ R

N and
u1 ∈ E \ {0} such that the translated sequence

vn(x) = un(x + yn)

satisfies (up to a subsequence)
vn(x) ⇀ u1 in E;
vn(x)→ u1 in Lr

loc(R
N) for all 1 ≤ r < p∗;

vn(x)→ u1 a.e. in RN .

(3.9)

By translation, we have

∥∇vn∥p = ∥∇un∥p, ∥vn∥p = ∥un∥p,

∫
RN

F(vn)dx =
∫
RN

F(un)dx

and ∫
RN

V(x)|vn|
pdx =

∫
RN

V(x − yn)|un|
pdx,

∫
RN

W(x)|vn|
pdx =

∫
RN

W(x − yn)|un|
pdx.

From P(un) = 0, we obtain

P(vn) =
∫
RN

[W(x) −W(x − yn)]|un|
pdx. (3.10)
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Subsequently, we employ the Lions concentration–compactness principle to prove the boundedness
of {yn}. Assume by contradiction that |yn| → ∞. Because vn ⇀ u1, there exist R > 0 and δ > 0 such that∫

BR(0)
|vn|

pdx ≥ δ > 0,
∫

BR(yn)
|un|

pdx ≥ δ > 0 for all sufficiently large n. (3.11)

Now, apply the Lions concentration–compactness principle [36] toLemma I.1 to {un}. Because {un} is
bounded in E, there exists a subsequence such that one of the following three cases occurs:

(i) Compactness: there exists zn ∈ R
N such that un(x + zn) converges strongly in Lp(RN);

(ii) Vanishing: limn→∞ supy∈RN

∫
BR(y)
|un|

pdx = 0 for all R > 0;
(iii) Dichotomy: there exist α ∈ (0, 1) and Rn → ∞ such that∣∣∣∣∣∣

∫
BRn (0)

|un|
pdx − αc

∣∣∣∣∣∣→ 0,
∫

B2Rn\BRn (0)
|un|

pdx→ 0,

∫
RN\B2Rn (0)

|un|
pdx→ (1 − α)c.

(3.11) excludes the vanishing case.
Assume dichotomy occurs. By the Lions concentration-compactness principle [36] Theorem II.1, for

the energy functional I at level c, we claim that the strict subadditivity inequality

Ec < Eαc + E(1−α)c (3.12)

holds for all α ∈ (0, 1). For any ε > 0, choose u1 ∈ Pαc, u2 ∈ P(1−α)c such that I(u1) < Eαc + ε/2,
I(u2) < E(1−α)c + ε/2. By translation, we may assume supp(u1) ∩ supp(u2) = ∅. Set u = u1 + u2, and
then ∥u∥pp = αc+ (1− α)c = c and I(u) = I(u1)+ I(u2) < Eαc + E(1−α)c + ε. By Lemma 3.3, there exists a
unique su ∈ R such that su ∗ u ∈ Pc and Ψu(su) ≥ Ψu(0) = I(u). Hence,

Ec ≤ I(su ∗ u) = Ψu(su) ≤ I(u) < Eαc + E(1−α)c + ε.

Letting ε→ 0+ gives Ec ≤ Eαc + E(1−α)c.
If equality holds, then the above argument forces su = 0 and u ∈ Pc with I(u) = Ec. But then,

Ψ′′u (0) < 0 by Lemma 3.2, contradicting the fact that su = 0 is a global maximum of Ψu (a maximum
would require Ψ′′u (0) ≤ 0). Thus, the inequality is strict. This completes the proof of (3.12).

Next, we construct splittting sequences in the dichotomy case. Take a cut-off function φ ∈ C∞c (RN)
satisfying 0 ≤ φ ≤ 1, φ(x) = 1 for |x| ≤ 1, φ(x) = 0 for |x| ≥ 2 and |∇φ| ≤ 2. Define

φ1
n(x) = φ

(
x

Rn

)
, φ2

n(x) = 1 − φ
(

x
Rn

)
and set

u1
n = φ

1
nun, u2

n = φ
2
nun.

Then, we have

• un = u1
n + u2

n;
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• supp(u1
n) ⊂ B2Rn(0), supp(u2

n) ⊂ RN \ BRn(0);
• ∥u1

n∥
p
p → αc, ∥u2

n∥
p
p → (1 − α)c,

∫
B2Rn\BRn

|un|
p dx→ 0.

From ∇ui
n = φ

i
n∇un + un∇φ

i
n, we get∫

RN
|un∇φ

i
n|

pdx ≤
C
Rp

n

∫
Rn<|x|<2Rn

|un|
pdx→ 0.

Hence,
∥∇un∥

p
p = ∥∇u1

n∥
p
p + ∥∇u2

n∥
p
p + o(1). (3.13)

By the disjointness of supports,∫
RN

V(x)|un|
pdx =

∫
V |u1

n|
pdx +

∫
V |u2

n|
pdx + o(1), (3.14)

∫
RN

W(x)|un|
pdx =

∫
W |u1

n|
pdx +

∫
W |u2

n|
pdx + o(1). (3.15)

On the other hand, by the Brezis–Lieb lemma and the growth condition in (F2),∫
RN

F(un) dx =
∫

F(u1
n) dx +

∫
F(u2

n) dx + o(1), (3.16)

∫
RN

F̄(un) dx =
∫

F̄(u1
n) dx +

∫
F̄(u2

n) dx + o(1). (3.17)

Based on P(un) = 0 and the above discussions, we obtain

P(u1
n) + P(u2

n) = o(1), I(un) = I(u1
n) + I(u2

n) + o(1). (3.18)

By Lemma 3.3, for each ui
n, there exists a unique si

n ∈ R such that

si
n ∗ ui

n ∈ P∥ui
n∥

p
p

and I(si
n ∗ ui

n) ≥ E∥ui
n∥

p
p
.

By the mean value theorem,

I(ui
n) − I(si

n ∗ ui
n) =

∫ 0

si
n

P(t ∗ ui
n) dt.

The boundedness of the sequence {ui
n} implies that there exists a constant C1 > 0 such that

|P(t ∗ ui
n)| ≤ C1

for all n and all |t| ≤ |si
n|. Hence,

|I(ui
n) − I(si

n ∗ ui
n)| ≤ C1|si

n|. (3.19)

Because P(t ∗ ui
n) is strictly decreasing in t (as Ψ′′u (t) < 0), there exists a constant κ > 0 such that

|P(ui
n)| = |P(0 ∗ ui

n) − P(si
n ∗ ui

n)| ≥ κ|si
n|.

Thus,
|si

n| ≤ κ
−1|P(ui

n)|. (3.20)
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Suppose lim sup |P(u1
n)| = δ > 0. Then, there exists a subsequence such that |P(u1

n)| ≥ δ/2. By 3.18,
it follows that |P(u2

n)| ≥ δ/4 and P(u2
n) = −P(u1

n) + o(1). Using (3.18)–(3.20) and I(si
n ∗ ui

n) ≥ E∥ui
n∥

p
p
, we

obtain
I(un) ≥ E∥u1

n∥
p
p
+ E∥u2

n∥
p
p
−C1κ

−1(|P(u1
n)| + |P(u2

n)|
)
+ o(1).

Taking the limit and using the continuity of Ec (Lemma 3.7), we get

Ec ≥ Eαc + E(1−α)c −C1κ
−1δ. (3.21)

By the strict subadditivity (3.12) from the Lions principle, Ec < Eαc + E(1−α)c. Hence, we must have
δ = 0, that is, P(u1

n)→ 0. Similarly, P(u2
n)→ 0.

From P(ui
n)→ 0 and (3.20), we have si

n → 0. Substituting into (3.19) yields

I(ui
n) = I(si

n ∗ ui
n) + o(1) ≥ E∥ui

n∥
p
p
+ o(1). (3.22)

Inserting (3.22) into (3.18) gives

I(un) ≥ E∥u1
n∥

p
p
+ E∥u2

n∥
p
p
+ o(1).

Taking the limit and using the continuity of Ec, we obtain

Ec ≥ Eαc + E(1−α)c,

which contradicts the strict subadditivity (3.12). Therefore dichotomy cannot occur.
Because vanishing and dichotomy are excluded, the only possibility is compactness, so there exists

zn ∈ R
N such that un(x + zn) converges strongly in Lp. By (3.11), the balls BR(yn) and BR(zn) must

intersect (otherwise, the mass would disperse to infinity, contradicting strong convergence); hence,
|yn − zn| ≤ 2R. Strong convergence implies that {zn} is bounded (otherwise the translated sequence
would vanish), so {yn} is bounded. In addition, there exist y0, z0 ∈ R

N such that yn → y0, zn → z0, and
un(x + zn)→ u1(x + z0 − y0) in Lp(RN). Setting u(x) = u1(x − y0), we obtain ∥un − u∥p → 0 and u ∈ S c.

From the convergence established in front, for any φ ∈ C∞c (RN), using the strong convergence un → u
in Lp(RN), the continuity of V(x), and the dominated convergence theorem controlled by (F2), we obtain∫

RN
|∇u|p−2∇u · ∇φ dx +

∫
RN

V(x)|u|p−2uφ dx + λ
∫
RN
|u|p−2uφ dx =

∫
RN

f (u)φ dx.

By density, u satisfies
−∆pu + V(x)|u|p−2u + λ|u|p−2u = f (u) in RN (3.23)

and P(u) = 0.
Applying the Brezis–Lieb lemma to the functional I, we obtain

Ec = lim
n→∞

I(un) = I(u) + lim
n→∞

I0(un − u),

where I0(u) = 1/p∥∇u∥pp −
∫

F(u) dx.
Due to I(un)→ Ec, it follows that

Ec = I(u) + lim
n→∞

I0(un − u). (3.24)

Electronic Research Archive Volume 34, Issue 6, 4131–4157.



4154

On the one hand, because u ∈ Pc, by Lemma 3.7, we have I(u) ≥ Ec. On the other hand, from
∥un − u∥p → 0 and (F2), we obtain that lim infn→∞ I0(un − u) ≥ 0. Combining with (3.24), we finally
obtain I(u) = Ec and ∥∇un∥p → ∥∇u∥p.

Finally, for u ∈ Pc, it follows from (V1) and (V2), (2.2), and (2.3) that

λ ∥u∥pp =
∫
RN

f (u)udx − ∥∇u∥pp −
∫
RN

V(x)|u|pdx

≥

∫
RN

f (u)udx − ∥∇u∥pp ≥
β

β − p

∫
RN

F̄(u)dx − ∥∇u∥pp

=
β

β − p
p
N

(
∥∇u∥pp −

∫
RN

W(x)|u|pdx
)
− ∥∇u∥pp

≥

(
βp

(β − p)N
(1 − σ2) − 1

)
∥∇u∥pp > 0.

Therefore, we deduce that λ > 0 (because of Lemma 3.4(iii)). □

Proof of Theorem 1.2. In virtue of Lemma 3.4(ii), Lemmas 3.10 and 3.11, we obtain a bounded
Palais–Smale sequence {un} ⊂ Pc for the constrained functional I|S c at the level Ec > 0. This together
with Lemma 3.12 gives the existence of a ground state ū ∈ S c at the level Ec.
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