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Abstract: This work investigated the fault-resilient output-feedback control problem for delayed
memristor-based neural networks (MBNNs) subject to actuator faults and external disturbances. To
overcome the practical limitation that full-state measurements are often unavailable, an output-feedback
controller was designed to rely solely on measurable outputs. By constructing a Lyapunov-Krasovskii
functional and employing the Bessel-Legendre inequality together with the generalized reciprocally
convex combination inequality, a sufficient condition was established to simultaneously guaranteeH∞
and L2 − L∞ disturbance attenuation for the considered MBNNs. Decoupling techniques were then
introduced to eliminate nonlinear coupling terms, and the controller synthesis was formulated in terms of
linear matrix inequalities that are solvable with existing convex optimization tools. Finally, a numerical
example was provided to corroborate the reduced conservatism of the proposed analysis condition and
the effectiveness of the synthesis method in achieving the desired dual-performance guarantees.
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1. Introduction

Over the past few years, delayed memristor-based neural networks (MBNNs), a special class of
recurrent neural networks (NNs) [1], have attracted increasing research attention due to their distinctive
nonlinear characteristics [2, 3], memory-dependent dynamics [4], and hardware-friendly implementa-
tion [5]. By incorporating memristive synaptic weights into recurrent NN architectures, such systems
can effectively model complex biological learning behaviors and exhibit rich dynamic phenomena,
including multistability [6], chaos [7], and state-dependent switching dynamics [8]. These features
enable wide-ranging applications in areas such as associative memory [9], image segmentation [10],
pattern recognition [11], secure communications [12], and neuromorphic computing [13]. The dynamic
behaviors of delayed MBNNs play a fundamental role in these applications. Consequently, quantitative
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analysis and control synthesis for delayed MBNNs have become important research topics, and a grow-
ing body of literature in recent years has reported significant theoretical and methodological advances in
this area [14–18].

In real-world dynamical systems, external disturbances are unavoidable due to practical operating
conditions. To mitigate their adverse effects, various robust control strategies with disturbance atten-
uation capabilities have been developed. Yan et al. [19] established stabilization criteria for delayed
memristive NNs via sampled-data control with quantization. In parallel, Lin et al. [20] exploredH∞
synchronization for coupled memristive NNs featuring reaction-diffusion terms and delays with both
state and spatial diffusion coupling. By contrast, Huang and Li [21] studied derivative-coupled delayed
memristive NNs and introduced the notions of general decayH∞ anti-synchronization grounded in ψ-
type stability, thereby enabling explicit convergence-rate characterization within an anti-synchronization
framework. TheH∞ performance bounds the induced L2 gain from disturbance to output, reflecting
energy-to-energy attenuation. Meanwhile, the L2 − L∞ performance limits the peak response, pro-
viding an energy-to-peak robustness measure. Wang et al. [22] addressed the finite-time L2 − L∞

synchronization analysis for inertial NNs with semi-Markov jumps via sampled-data control, where
the time-varying delay is piecewise differentiable. In a related study, Wang and Zhu [23] investigated
memristive NNs experiencing time-dependent delays that do not strictly require differentiability and
established an L2 − L∞ stability criterion via a suitably constructed Lyapunov-Krasovskii functional
(LKF). Most of the aforementioned studies are based on state-feedback control strategies, which rely on
the full availability of neuron states. In a practical system, full-state measurements are either unavailable
or difficult to obtain accurately due to limited accessibility, communication constraints, or measurement
noise [24]. By contrast, output-feedback control, which only utilizes measurable outputs for controller
design, is more favorable for implementation. This motivates the investigation of disturbance attenuation
control strategies for MBNNs based on output feedback.

From another practical standpoint, actuator faults are ubiquitous in many control systems due to
component aging, hardware degradation, and harsh operating environments, potentially leading to
performance degradation, instability, or even catastrophic system damage [25–27]. To mitigate such
adverse effects, fault-resilient control strategies have been extensively scrutinized over the past few
years [28–32]. It has been shown that appropriately designed fault-resilient controllers can compensate
for fault effects, preserve system stability, and recover system performance to a desired level, thereby
ensuring reliable system operation under unexpected actuator malfunctions. Representative studies
cover diverse systems: Liu and Dong [33] proposed a privacy-preserving hierarchical control framework
for heterogeneous multi-agent systems under actuator faults. Du et al. [34] addressed asymmetric wing
damage in fixed-wing aircraft via an integrated scheme of extended state observation, dynamic regressor
extension and mixing, and adaptive control allocation. Furthermore, Jamali et al. [35] developed a
distributed finite-time fault-resilient control strategy for isolated AC microgrids. Regarding dynamic
NNs, Zhou et al. [36] investigated anti-synchronization for stochastic delayed reaction–diffusion NNs
and proposed a fault-resilient controller design strategy, Chen et al. [37] examined synchronization of
uncertain quaternion-valued NNs via a fault-resilient dual-controller scheme, and Radhika et al. [38]
presented a fault-resilient state estimation method for competitive NNs using high-order integral LKFs.
Despite these advancements, research on fault-resilient control for delayed MBNNs remains relatively
scarce, particularly in the context of output-feedback design.

Inspired by the preceding discussions, this research focuses on addressing the fault-resilient output-

Electronic Research Archive Volume 34, Issue 6, 4051–4079.



4053

feedback control problem for delayed MBNNs subject to actuator faults and external disturbances. The
main contributions of this paper can be summarized as follows:

1) An output-feedback control scheme is presented for delayed MBNNs subject to actuator faults and
external disturbances. Unlike existing works relying on full-state measurements (e.g., [19–21]), the present
scheme only utilizes measurable outputs, which makes it more practical for real-world applications with
limited state accessibility. Furthermore, in contrast to single-performance studies [22,23], the proposed
scheme simultaneously guarantees both H∞ and L2 − L∞ disturbance attenuation, providing a more
comprehensive robustness characterization.

2) Two conditions for analysis and controller synthesis of the considered MBNNs are successively
derived. By employing the Bessel-Legendre inequality (BLI) and the generalized reciprocally convex
combination inequality (GRCCI), the approximation errors during the bounding process of integral
terms are reduced. Numerical results confirm that the proposed analysis condition yields larger allowable
upper delay bounds than those reported in [19, 23, 39], even under more stringent dual-performance
requirements.

The rest of this paper is organized as follows. Section 2 introduces the delayed MBNN model,
actuator fault description, uncertain system transformation, and the required preliminaries. Section 3
presents a condition for the dualH∞ and L2 − L∞ performance analysis by constructing an LKF and
employing the BLI and GRCCI. Section 4 develops a synthesis condition using several decoupling
techniques to eliminate nonlinear coupling terms. Section 5 provides a numerical example to corroborate
the reduced conservatism of the proposed analysis condition and the effectiveness of the synthesis
method in achieving the desired dual-performance guarantees. Finally, Section 6 concludes the paper
and discusses possible future research directions.

2. Preliminaries

This section describes the delayed MBNN model and actuator failures, outlines the process of
uncertain system transformation, presents the performance definitions, assumption, and key lemmas,
and details the fault-resilient output-feedback control problem under investigation. The notations used
in this and subsequent sections conform to those outlined in [40–42], except where otherwise specified.

2.1. System model and actuator failure description

The model for the time-delayed MBNN under investigation is established as

η̇(t) = −Dη(t) + A(η(t))ς(η(t)) + Ad(η(t))ς(η(t − ρ(t))) + Bu f (t) + Ew(t), (2.1)
y(t) = Cη(t),

where the vector η(t) = col{η1(t), η2(t), . . . , ηn(t)} ∈ Rn represents the neural state, y(t) ∈ Rp the
measurable system output, and ρ(t) a bounded time-dependent delay such that ρ(t) ∈ [ρ1, ρ2], with ρ1 and
ρ2 being constants. The nonlinear activation function is expressed by ς(·) = col{ς1(·), ς2(·), . . . , ςn(·)} ∈
Rn, and it satisfies ςk(0) = 0 for all k = 1, 2, . . . , n [43]. The matrix D = diag{d1, d2, . . . , dn} denotes
a positive diagonal matrix characterizing self-feedback. Meanwhile, A(η(t)) = (ai j(ηi(t)))n×n and
Ad(η(t)) = (adi j(ηi(t)))n×n describe the memristive coupling weights for the current-state and delayed-
state channels, respectively. In addition, w(t) ∈ Rq stands for the disturbance input and is assumed to lie
in L2[0,∞). The matrices B ∈ Rn×m, C ∈ Rp×n, and E ∈ Rn×q are known and dimensionally compatible.
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Following [36], the actuator failure model is described as

u f (t) = (F0 + F1λ)u(t), |λ| ≤ I,

where F0, F1, and λ are defined as

F0 = diag
{
( f̂1 + f̌1)/2, . . . , ( f̂m + f̌m)/2

}
,

F1 = diag
{
( f̂1 − f̌1)/2, . . . , ( f̂m − f̌m)/2

}
,

λ = diag {λ1, λ2, . . . , λm}

with 0 ≤ f̌k ≤ fk ≤ f̂k, k ∈ {1, . . . ,m}. Here, u f (t) denotes the actual control input applied to the plant
after actuator degradation, while u(t) is the nominal control input generated by the controller. The
diagonal matrix F0 represents the nominal effectiveness level of each actuator, and F1 characterizes
the admissible variation range of actuator effectiveness. The uncertain diagonal matrix λ describes
time-varying fault factors satisfying |λ| ≤ I. For each actuator channel k, f̌k and f̂k denote the lower and
upper bounds of the corresponding effectiveness coefficient, respectively.

In contrast to most existing control strategies, such as the event-triggered impulsive control in [44],
the intermittent control in [45], and the bumpless transfer control in [46], which rely on state-feedback,
this work aims to develop an output-feedback control law of the form

u(t) = Ky(t), (2.2)

where u(t) ∈ Rm denotes the control input and K ∈ Rm×p is the output-feedback gain matrix to be designed.

2.2. Uncertain system transformation

Throughout this paper, the memristive connection weights in the MBNN system (2.1) are assumed
to obey piecewise constant switching rules determined by the neuron states, namely,

ai j(ηi(t)) =

ǎi j, |ηi(t)| ≤ ϑi,

âi j, |ηi(t)| > ϑi,
i, j ∈ ι,

adi j(ηi(t)) =

ǎdi j, |ηi(t)| ≤ ϑi,

âdi j, |ηi(t)| > ϑi,
i, j ∈ ι,

where ϑi > 0 is the switching threshold, and ǎi j, âi j, ǎdi j, and âdi j are prescribed constants.
Since the memristive weights depend explicitly on the system states, system (2.1) is essentially

a state-dependent switching system. In light of the Filippov theory for differential equations with
discontinuous right-hand sides, the memristive weights can be described by set-valued maps and
differential inclusions. Based on this formulation, the state-dependent switching terms can be further
transformed into an equivalent uncertain system representation. To facilitate the subsequent analysis,
we introduce the following auxiliary functions:

Ξa
i j(ηi(t)) =

sign(ǎi j − âi j), |ηi(t)| ≤ ϑi,

− sign(ǎi j − âi j), |ηi(t)| > ϑi,

Ξb
i j(ηi(t)) =

sign(ǎdi j − âdi j), |ηi(t)| ≤ ϑi,

− sign(ǎdi j − âdi j), |ηi(t)| > ϑi.
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Accordingly, the memristive weights can be equivalently expressed as

ai j(ηi(t)) =
ǎi j + âi j

2
+

ǎi j − âi j

2
Ξa

i j(ηi(t)),

adi j(ηi(t)) =
ǎdi j + âdi j

2
+

ǎdi j − âdi j

2
Ξb

i j(ηi(t)),

which shows that each memristive weight consists of a constant nominal part and a state-dependent
deviation term. We define

A0 =
(
(ǎi j)n×n + (âi j)n×n

)
/2, Ad0 =

(
(ǎdi j)n×n + (âdi j)n×n

)
/2,

and

µa
i j =

√
|ǎi j − âi j|

2
, µb

i j =

√
|ǎdi j − âdi j|

2
.

Based on these definitions, the factor matrices can be constructed as

A1 = (µa
11e1, . . . , µ

a
1ne1, . . . , µ

a
n1en, . . . , µ

a
nnen)n×n2 ,

Ad1 = (µb
11e1, . . . , µ

b
1ne1, . . . , µ

b
n1en, . . . , µ

b
nnen)n×n2 ,

A2 = (µa
11e1, . . . , µ

a
1nen, . . . , µ

a
n1e1, . . . , µ

a
nnen)T

n×n2 ,

Ad2 = (µb
11e1, . . . , µ

b
1nen, . . . , µ

b
n1e1, . . . , µ

b
nnen)T

n×n2 ,

Ξa(η(t)) = diag{Ξa
11(η1(t)), . . . ,Ξa

1n(η1(t)), . . . ,Ξa
n1(ηn(t)), . . . ,Ξa

nn(ηn(t))},
Ξb(η(t)) = diag{Ξb

11(η1(t)), . . . ,Ξb
1n(η1(t)), . . . ,Ξb

n1(ηn(t)), . . . ,Ξb
nn(ηn(t))},

where ei denotes the column vector whose i-th entry is one and all the others are zero. The uncertainty
matrices are introduced as

∆(η(t)) ∈ co
[
Ξa(η(t))

]
, ∆(η(t − ρ(t))) ∈ co

[
Ξb(η(t − ρ(t)))

]
,

where co[·] denotes the convex hull. Since each diagonal entry of Ξa(η(t)) and Ξb(η(t)) belongs to
{−1, 1}, it follows that

∆T (η(t))∆(η(t)) ≤ I, ∆T (η(t − ρ(t)))∆(η(t − ρ(t))) ≤ I.

Therefore, the memristive matrices can be represented in the compact uncertain forms as

A(η(t)) = A0 + A1∆(η(t))A2, Ad(η(t − ρ(t))) = Ad0 + Ad1∆(η(t − ρ(t)))Ad2.

Accordingly, similar to [39,47,48], the MBNN in (2.1) can be transformed into the following equivalent
uncertain system:

η̇(t) = − (D − B(F0 + F1λ)KC)η(t) + (A0 + A1∆(η(t))A2)ς(η(t))
+ (Ad0 + Ad1∆(η(t − ρ(t)))Ad2)ς(η(t − ρ(t))) + Ew(t). (2.3)
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2.3. Performance definitions, an assumption, and lemmas

Definition 1. System (2.3) is said to possessH∞ disturbance-attenuation level γ1 > 0, if, under zero
initial states, ∫ ∞

0
yT (r)y(r)dr ≤ γ2

1

∫ ∞

0
wT (r)w(r)dr (2.4)

holds for any w(t) ∈ L2[0,∞).

Definition 2. System (2.3) is said to possess L2 − L∞ disturbance-attenuation level γ2 > 0, if, under
zero initial states,

sup
t≥0
{yT (t)y(t)} ≤ γ2

2

∫ ∞

0
wT (r)w(r)dr (2.5)

holds for any w(t) ∈ L2[0,∞).

Assumption 1. There exists a positive definite diagonal matrix Ψ = diag{Ψ1, . . . ,Ψn} such that for any
h, v ∈ R and k ∈ {1, . . . , n},

|ςk(h) − ςk(v)| ≤ Ψk|h − v|. (2.6)

Remark 1. Assumption 1 presents a standard Lipschitz-type condition commonly utilized in the studies
of recurrent neural networks [49–53]. It is satisfied by various typical activation functions, including
the hyperbolic tangent, sigmoid, and piecewise linear saturating functions.

Lemma 1. [54] (BLI) Given a matrix W ∈ S+n and a differentiable function η : [l, u]→ Rn,∫ u

l
η̇T (r)Wη̇(r) dr ≥

1
u − l

η̄T diag{W, 3W, 5W} η̄

holds, where

η̄ =


η(u) − η(l)

η(u) + η(l) −
2

u − l

∫ u

l
η(r)dr

η(u) − η(l) −
6

u − l

∫ u

l
βl,u(r)η(r)dr

 , βl,u(r) = 2
(

r − l
u − l

)
− 1.

Lemma 2. [55] (GRCCI) We begin with a matrix O(ϖ) ∈ Sm parameterized by ϖ, such that the
convex inequality

O(ϖ) ≤ (1 −ϖ)O(0) +ϖO(1)

is valid for anyϖ in [0, 1]. Suppose there exist a matrix W̃ in Sn
+ and two matrices Z1,Z2 in Rm×n renderingO(ϖ) − ΓTW(ϖ)Γ − He

(
ΓT

[
(1 −ϖ)ZT

1
ϖZT

2

])
∗

ϖZT
1 + (1 −ϖ)ZT

2 −W̃

 < 0

for ϖ = {0, 1}, where

W(ϖ) =
[
(2 −ϖ)W̃ 0

0 (1 +ϖ)W̃

]
.

Then,
O(ϖ) − ζ(ϖ) < 0,∀ϖ ∈ (0, 1),
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holds, where

ζ(ϖ) = ΓT


1
ϖ

W̃ 0

0
1

1 −ϖ
W̃

Γ.
Lemma 3. [56] For any vectors h, v ∈ Rn, a scalar q > 0, and a positive definite matrix S ∈ Rn×n, the
following inequality holds:

2hT v ≤
1
q

hT S h + qvT S −1v.

Lemma 4. [57] (Schur’s complement) Let η̄ ∈ Sn be partitioned as η̄ =
[
R11 R12

∗ R22

]
, and then η̄ < 0

holds if and only if
R22 < 0, R11 − R12R−1

22 RT
12 < 0.

Lemma 5. [58] Let m ∈ N. If there exist positive scalars ϑi and matrices Ω, Pi, Qi, Ri (i = 1, . . . ,m)
such that [

Ω P1 + ϑQ1 · · · Pm + ϑmQm

∗ diag{−ϑ1R1 − ϑ1RT
1 , · · · , −ϑmRm − ϑmRT

m}

]
< 0,

then the following inequality holds:

Ω +

m∑
i=1

He
(
PiR−1

i QT
i

)
< 0.

Now, the problem under consideration can be formulated as follows: For the MBNN in (2.1) with
time-varying delays, we design a fault-resilient output-feedback controller to simultaneously guarantee
the H∞ and L2 − L∞ disturbance attenuation of the resulting closed loop of the MBNN in (2.3), as
defined in Definitions 1 and 2, respectively.

3. H∞ and L2 − L∞ performance analysis

To improve readability, several augmented vectors and selector matrices are introduced to represent
the current state, delayed states, and related integral terms in a unified form. Specifically, the selector
matrices κi extract the corresponding components, while the vectors δ0(t)–δ6(t) characterize the delay-
related state information and integral terms. The overall vector δ̂(t) then collects all variables needed in
the subsequent analysis. The following notations are adopted:

κi = [0n×(i−1)n In 0n×(18−i)n], i = 1, . . . , 18,

ϖ =
ρ(t) − ρ1

ρ12
, 1 −ϖ =

ρ2 − ρ(t)
ρ12

, ρ12 = ρ2 − ρ1,

κ0 =
[
κT

15 κ
T
1 − κ

T
2 κ

T
1 + κ

T
2 − 2κT

5 κ
T
2 − κ

T
4 κ̂

T
0
]T
,

κ̂0 = ρ12(κ2 + κ4) − 2(κ11 + κ13),

κ1(ϖ) = [κT
1 ρ1κ

T
5 ρ1κ

T
6 κ

T
11 + κ

T
13 κ̂1

T
(ϖ)]T ,

κ̂1(ϖ) = (1 −ϖ)ρ12(κ11 + κ14) +ϖρ12(κ12 − κ13),
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κ2 = [κT
1 − κ

T
2 κ

T
1 + κ

T
2 − 2κT

5 κ
T
1 − κ

T
2 − 6κT

6 ]T ,

κ3 = [κT
2 − κ

T
3 κ

T
2 + κ

T
3 − 2κT

7 κ
T
2 − κ

T
3 − 6κT

8 ]T ,

κ4 = [κT
3 − κ

T
4 κ

T
3 + κ

T
4 − 2κT

9 κ
T
3 − κ

T
4 − 6κT

10]T ,

Γ = [κT
3 κ

T
4 ]T , ηt(r) = η(t + r),

ρ1,κ(ϖ) = ϖρ12[κT
7 κ

T
8 ]T − [κT

11 κ
T
12]T ,

ρ2,κ(ϖ) = (1 −ϖ)ρ12[κT
9 κ

T
10]T − [κT

13 κ
T
14]T ,

δ0(t) =
[
ηT (t) ηT (t − ρ1) ηT (t − ρ(t)) ηT (t − ρ2)

]T
,

δ1(t) =
1
ρ1

[∫ 0

−ρ1

ηT
t (r)dr

∫ 0

−ρ1

β1(r)ηT
t (r)dr

]T

,

δ2(t) =
1

ρ(t) − ρ1

[∫ −ρ1

−ρ(t)
ηT

t (r)dr
∫ −ρ1

−ρ(t)
β2(r)ηT

t (r)dr
]T

,

δ3(t) =
1

ρ2 − ρ(t)

[∫ −ρ(t)

−ρ2

ηT
t (r)dr

∫ −ρ(t)

−ρ2

β3(r)ηT
t (r)dr

]T

,

δ4(t) =
[∫ −ρ1

−ρ(t)
ηT

t (r)dr
∫ −ρ1

−ρ(t)
β2(r)ηT

t (r)dr
]T

,

δ5(t) =
[∫ −ρ(t)

−ρ2

ηT
t (r)dr

∫ −ρ(t)

−ρ2

β3(r)ηT
t (r)dr

]T

,

δ6(t) =
[∫ −ρ1

−ρ2

ηT
t (r)dr ρ12

∫ −ρ1

−ρ2

β4(r)ηT
t (r)dr

]T

,

δ̂(t) =
[
δT

0 (t) . . . δT
5 (t) η̇T (t) ςT (η(t)) ςT (η(t − ρ(t))) wT (t)

]T
,

where
β1(r) = 2

r + ρ1

ρ1
− 1, β2(r) = 2

r + ρ(t)
ρ(t) − ρ1

− 1,

β3(r) = 2
r + ρ2

ρ2 − ρ(t)
− 1, β4(r) = 2

r + ρ2

ρ12
− 1.

Using the aforementioned notations, we now present the analysis condition for the MBNN in (2.3).

Theorem 1. The MBNN in (2.3) possesses H∞ and L2 − L∞ disturbance-attenuation levels γ1 > 0
and γ2 > 0, respectively, if, for prescribed delay bounds ρ1 > 0 and ρ2 > 0, there exist matrices
L1, L2 ∈ R

n×n, M1,M2 ∈ R
18n×2n, Π = (Π jk)5×5 ∈ S

5n
+ , N1,N2,W1,W2 ∈ S

n
+, positive diagonal matrices

Q1,Q2,Θ1,Θ2,Θ3,Θ4, and matrices Z1,Z2 ∈ R
18n×3n satisfying

Oi
0(ϖ,Z) ϖZ1 + (1 −ϖ)Z2 Φ1 Φ2 Φ3 Φ4

∗ −W̃2 0 0 0 0
∗ ∗ −Θ1 0 0 0
∗ ∗ ∗ −Θ3 0 0
∗ ∗ ∗ ∗ −Θ2 0
∗ ∗ ∗ ∗ ∗ −Θ4


< 0, (3.1)

γ2
2Π11 − γ

2
1CTC ≥ 0 (3.2)

Electronic Research Archive Volume 34, Issue 6, 4051–4079.



4059

for any ϖ ∈ {0, 1}, where

Oi
0(ϖ,Z) = Oi

0(ϖ) + κT
1 CTCκ1 + (1 − γ2

1)κT
18Iκ18 − Γ

TW2(ϖ)Γ − He
(
ΓT

[
(1 −ϖ)ZT

1
ϖZT

2

])
,

Oi
0(ϖ) = He

[
(κT

1 (ϖ)Πκ0) + M1ρ1,κ(ϖ) + M2ρ2,κ(ϖ)
]
+ N̂ − κT

2 W̃1κ2 + Û

+ 2κT
1 (−LT

1 − DT
KL2)κ15 + 2κT

1 (LT
1 A0 + Q1Ψ)κ16

+ 2κT
15LT

2 A0κ16 + 2κT
1 LT

1 Ad0κ17 + 2κT
15LT

2 Ad0κ17 + 2κT
3 Q2Ψκ17

+ 2κT
1 LT

1 Eκ18 + 2κT
15LT

2 Eκ18 − κ
T
18κ18,

N̂ = diag {N1, −N1 + N2, 0n×n, −N2, 014n×14n} ,

Û = diag{He(−LT
1 DK), 013n×13n, He(−LT

2 ) + ρ2
1W1 + ρ

2
12W2,

He(−Q1) + AT
2 (Θ1 + Θ2)A2, He(−Q2) + AT

d2(Θ3 + Θ4)Ad2, 0n×n},

W̃i = diag{Wi, 3Wi, 5Wi},

Wi(ϖ) =
[
(2 −ϖ)W̃i 0

0 (1 +ϖ)W̃i

]
,

DK = D − B(F0 + F1λ)KC,

Φ1 =
[
AT

1 L1 02n×17n

]T
,

Φ2 =
[
AT

d1L1 02n×17n

]T
,

Φ3 =
[
02n×14n AT

1 L2 02n×3n

]T
,

Φ4 =
[
02n×14n AT

d1L2 02n×3n

]T
.

Proof. With the notations defined above, we have

η(t) = κ1δ̂(t), ρ1δ1(t) =
[
ρ1κ5

ρ1κ6

]
δ̂(t).

From δ6(t), the first n components are given by∫ −ρ1

−ρ2

ηt(r)dr =
∫ −ρ1

−ρ(t)
ηt(r)dr +

∫ −ρ(t)

−ρ2

ηt(r)dr

= κ11δ̂(t) + κ13δ̂(t) = (κ11 + κ13)δ̂(t).

For the other n components, β4(r) admits two equivalent representations, each obtained from β2(r) and
β3(r) in turn. Specifically, we have

ρ12β4(r) = ρ12(2
r + ρ2

ρ12
− 1) = 2(r + ρ2) − (ρ2 − ρ1) = 2r + ρ2 + ρ1

= 2r + 2ρ(t) − 2ρ(t) + ρ2 + ρ1 = 2(r + ρ(t)) − (ρ(t) − ρ1) − (ρ(t) − ρ2)

= (ρ(t) − ρ1)(2
r + ρ(t)
ρ(t) − ρ1

− 1) + (ρ2 − ρ(t))

= (ρ(t) − ρ1)β2(r) − (ρ2 − ρ(t))
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= 2r + 2ρ2 − (ρ2 − ρ(t)) − (ρ(t) − ρ1) = 2(r + ρ2) − (ρ2 − ρ(t)) − (ρ(t) − ρ1)

= (ρ2 − ρ(t))(2
r + ρ2

ρ2 − ρ(t)
− 1) − (ρ(t) − ρ1)

= (ρ2 − ρ(t))β3(r) − (ρ(t) − ρ1). (3.3)

Substituting (3.3) into the remaining n components yields

ρ12

∫ −ρ1

−ρ2

β4(r)ηt(r)dr = ρ12

(∫ −ρ1

−ρ(t)
β4(r)ηt(r)dr +

∫ −ρ(t)

−ρ2

β4(r)ηt(r)dr
)

= ρ12β4(r)
∫ −ρ1

−ρ(t)
ηt(r)dr + ρ12β4(r)

∫ −ρ(t)

−ρ2

ηt(r)dr

= [(ρ(t) − ρ1)β2(r) + (ρ2 − ρ(t))]
∫ −ρ1

−ρ(t)
ηt(r)dr + [(ρ2 − ρ(t))β3(r) − (ρ(t) − ρ1)]

∫ −ρ(t)

−ρ2

ηt(r)dr

= (ρ2 − ρ(t))
[∫ −ρ1

−ρ(t)
ηt(r)dr + β3(r)

∫ −ρ(t)

−ρ2

ηt(r)dr
]

+ (ρ(t) − ρ1)
[
β2(r)

∫ −ρ1

−ρ(t)
ηt(r)dr −

∫ −ρ(t)

−ρ2

ηt(r)dr
]

= (ρ2 − ρ(t))(κ11 + κ14) + (ρ(t) − ρ1)(κ12 − κ13) = (1 −ϖ)ρ12(κ11 + κ14) +ϖρ12(κ12 − κ13)

= κ̂1(ϖ).

Accordingly, we obtain

η̃(t) =


η(t)
ρ1δ1(t)
δ6(t)

 =


κ1

ρ1κ5

ρ1κ6

κ11 + κ13

κ̂1(ϖ)


δ̂(t) = κ1(ϖ)δ̂(t). (3.4)

Given the notations introduced earlier, we can also deduce that

ρ1δ̇1(t) =

 η(t) − η(t − ρ1)

η(t) + η(t − ρ1) −
2
ρ1

∫ 0

−ρ1
ηt(r)dr

 =
[

κ1 − κ2

κ1 + κ2 − 2κ5

]
δ̂(t),

δ̇6(t) =

 η(t − ρ1) − η(t − ρ2)
ρ12(η(t − ρ1) + η(t − ρ2)) − 2(

∫ −ρ1

−ρ(t)
ηt(r)dr +

∫ −ρ(t)

−ρ2
ηt(r)dr)


=

[
κ2 − κ4

ρ12(κ2 + κ4) − 2(κ11 + κ13)

]
δ̂(t) =

[
κ2 − κ4

κ̂0

]
δ̂(t),

which further implies

˙̃η(t) =


η̇(t)
ρ1δ̇1(t)
δ̇6(t)

 =


κ15

κ1 − κ2

κ1 + κ2 − 2κ5

κ2 − κ4

κ̂0


δ̂(t) = κ0δ̂(t). (3.5)
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In addition, by applying the defined structure of δ̂(t), it becomes evident that

ρ1,κ(ϖ)δ̂(t) = (ϖρ12

[
κ7

κ8

]
−

[
κ11

κ12

]
)δ̂(t) = ((ρ(t) − ρ1)

[
κ7

κ8

]
−

[
κ11

κ12

]
)δ̂(t)

= (ρ(t) − ρ1)δ2(t) − δ4(t) = 0,

ρ2,κ(ϖ)δ̂(t) = ((1 −ϖ)ρ12

[
κ9

κ10

]
−

[
κ13

κ14

]
)δ̂(t) = ((ρ2 − ρ(t))

[
κ9

κ10

]
−

[
κ13

κ14

]
)δ̂(t)

= (ρ2 − ρ(t))δ3(t) − δ5(t) = 0.

With the aid of the matrices ρ1,κ(ϖ) and ρ2,κ(ϖ) introduced above, one can obtain the following
equality for arbitrary matrices M1,M2 ∈ R

18n×2n:

2δ̂T (t)(M1ρ1,κ(ϖ) + M2ρ2,κ(ϖ))δ̂(t) = 0. (3.6)

Subsequently, by introducing the free-weighting matrices L1, L2 ∈ R
n×n as in [59], the dynamics of the

MBNN in (2.3) guarantee the satisfaction of the following relation:

0 = 2
[
ηT (t)LT

1 + η̇
T (t)LT

2
][
−η̇(t) − DKη(t) + A0ς(η(t)) + Ad0ς(η(t − ρ(t)))

]
+ 2

[
ηT (t)LT

1 + η̇
T (t)LT

2
][

A1∆(η(t))A2ς(η(t)) + Ad1∆(η(t − ρ(t)))Ad2ς(η(t − ρ(t))) + Ew(t)
]
. (3.7)

Noting that the uncertainty matrices satisfy ∆(η(t))∆(η(t)) ≤ I and ∆(η(t − ρ(t)))∆(η(t − ρ(t))) ≤ I, and
introducing positive diagonal matrices Θ1, Θ2, Θ3, and Θ4, the following inequalities can be derived by
applying Lemma 3:

2ηT (t)LT
1 A1∆(η(t))A2ς(η(t)) ≤ ηT (t)LT

1 A1Θ
−1
1 AT

1 L1η(t) + ςT (η(t))AT
2Θ1A2ς(η(t)), (3.8)

2η̇T (t)LT
2 A1∆(η(t))A2ς(η(t)) ≤ η̇T (t)LT

2 A1Θ
−1
2 AT

1 L2η̇(t) + ςT (η(t))AT
2Θ2A2ς(η(t)), (3.9)

2ηT (t)LT
1 Ad1∆(η(t − ρ(t)))Ad2ς(η(t − ρ(t)))

≤ ηT (t)LT
1 Ad1Θ

−1
3 AT

d1L1η(t) + ςT (η(t − ρ(t)))AT
d2Θ3Ad2ς(η(t − ρ(t))), (3.10)

2η̇T (t)LT
2 Ad1∆(η(t − ρ(t)))Ad2ς(η(t − ρ(t)))

≤ η̇T (t)LT
2 Ad1Θ

−1
4 AT

d1L2η̇(t) + ςT (η(t − ρ(t)))AT
d2Θ4Ad2ς(η(t − ρ(t))). (3.11)

Utilizing the Lipschitz condition for the neuron activation functions given in (2.6), the subsequent
inequalities are obtained:

0 ≤ 2ηT (t)Q1Ψς(η(t)) − 2ςT (η(t))Q1ς(η(t)), (3.12)
0 ≤ 2ηT (t − ρ(t))Q2Ψς(η(t − ρ(t))) − 2ςT (η(t − ρ(t)))Q2ς(η(t − ρ(t))). (3.13)

To analyze the dual performance of the MBNN in (2.3), we construct the following LKF:

V(t) = V1(ηt) + V2(ηt) + V3(ηt, η̇t),
V1(ηt) = η̃T (t)Πη̃(t),

V2(ηt) =
∫ t

t−ρ1

ηT (r)N1η(r)dr +
∫ t−ρ1

t−ρ2

ηT (r)N2η(r)dr,

V3(ηt, η̇t) = ρ1

∫ 0

−ρ1

∫ t

t+s
η̇T (r)W1η̇(r)drds + ρ12

∫ −ρ1

−ρ2

∫ t

t+s
η̇T (r)W2η̇(r)drds,

Electronic Research Archive Volume 34, Issue 6, 4051–4079.



4062

where
η̃(t) =

[
ηT (t) ρ1δ

T
1 (t) δT

6 (t)
]T
.

Utilizing (3.4)–(3.6), the derivatives of V1(ηt), V2(ηt), and V3(ηt) can be computed as follows:

V̇1(ηt) = 2η̃T (t)Π ˙̃η(t) = 2δ̂T (t)κT
1 (ϖ)Πκ0δ̂(t) = δ̂T (t)He(κT

1 (ϖ)Πκ0)δ̂(t)

= δ̂T (t)He
[
(κT

1 (ϖ)Πκ0) + M1ρ1,κ(ϖ) + M2ρ2,κ(ϖ)
]
δ̂(t), (3.14)

V̇2(ηt) = ηT (t)N1η(t) − ηT (t − ρ1)N1η(t − ρ1) + ηT (t − ρ1)N2η(t − ρ1) − ηT (t − ρ2)N2η(t − ρ2)
= δ̂T (t)N̂δ̂(t),

V̇3(ηt, η̇t) = ρ1

[ ∫ 0

−ρ1

(
η̇T (t)W1η̇(t) − η̇T (t + s)W1η̇(t + s)

)
ds

]
+ ρ12

[ ∫ −ρ1

−ρ2

η̇T (t)W2η̇(t) − η̇T (t + s)W2η̇(t + s)ds
]

= ρ2
1η̇

T (t)W1η̇(t) − ρ1

∫ 0

−ρ1

η̇T (t + s)W1η̇(t + s)ds

+ ρ2
12η̇

T (t)W2η̇(t) − ρ12

∫ −ρ1

−ρ2

η̇T (t + s)W2η̇(t + s)ds

= η̇T (t)
(
ρ2

1W1 + ρ
2
12W2

)
η̇(t) − ρ1

∫ t

t−ρ1

η̇T (r)W1η̇(r)dr − ρ12

∫ t−ρ1

t−ρ2

η̇T (r)W2η̇(r)dr. (3.15)

Then, by combining the system dynamics in (3.7) with the uncertainty bounds in (3.8)–(3.13), an upper
bound of V̇2(ηt) is obtained as

V̇2(ηt) ≤ δ̂T (t)
(
N̂ + Û + 2κT

1 (−LT
1 − DT

KL2)κ15 + 2κT
1 (LT

1 A0 + Q1Ψ)κ16 + 2κT
15LT

2 A0κ16

+ 2κT
1 LT

1 Ad0κ17 + 2κT
15LT

2 Ad0κ17 + 2κT
3 Q2Ψκ17 + 2κT

1 LT
1 Eκ18 + 2κT

15LT
2 Eκ18

+ Φ1Θ
−1
1 Φ

T
1 + Φ2Θ

−1
3 Φ

T
2 + Φ3Θ

−1
2 Φ

T
3 + Φ4Θ

−1
4 Φ

T
4

)
δ̂(t). (3.16)

Drawing upon Lemmas 1 and 2, we arrive at

− ρ1

∫ t

t−ρ1

η̇T (r)W1η̇(r)dr

≤ −


η(t) − η(t − ρ1)

η(t) + η(t − ρ1) −
2
ρ1

∫ t

t−ρ1
η(r)dr

η(t) − η(t − ρ1) −
6
ρ1

∫ t

t−ρ1
β1(r)η(r)dr


T

W̃1


η(t) − η(t − ρ1)

η(t) + η(t − ρ1) −
2
ρ1

∫ t

t−ρ1
η(r)dr

η(t) − η(t − ρ1) −
6
ρ1

∫ t

t−ρ1
β1(r)η(r)dr


= −δ̂T (t)


κ1 − κ2

κ1 + κ2 − 2κ5

κ1 − κ2 − 2κ6


T

W̃1


κ1 − κ2

κ1 + κ2 − 2κ5

κ1 − κ2 − 2κ6

 δ̂(t)
= −δ̂T (t)κT

2 W̃1κ2δ̂(t),

and

− ρ12

∫ t−ρ1

t−ρ2

η̇T (r)W2η̇(r)dr = −ρ12

∫ t−ρ(t)

t−ρ2

η̇T (r)W2η̇(r)dr − ρ12

∫ t−ρ1

t−ρ(t)
η̇T (r)W2η̇(r)dr
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≤ −
ρ12

ρ2 − ρ(t)
δ̂T (t)


κ3 − κ4

κ3 + κ4 − 2κ9

κ3 − κ4 − 6κ10


T

W̃2


κ3 − κ4

κ3 + κ4 − 2κ9

κ3 − κ4 − 6κ10

 δ̂(t)
−

ρ12

ρ(t) − ρ1
δ̂T (t)


κ2 − κ3

κ2 + κ3 − 2κ7

κ2 − κ3 − 6κ8


T

W̃2


κ2 − κ3

κ2 + κ3 − 2κ7

κ2 − κ3 − 6κ8

 δ̂(t)
= −

1
1 −ϖ

δ̂T (t)κT
4 W̃2κ4δ̂(t) −

1
ϖ
δ̂T (t)κT

3 W̃2κ3δ̂(t)

= −δ̂T (t)ζ2(ϖ)δ̂(t),

where

ζ2(ϖ) = ΓT


1
ϖ

W̃2 0

0
1

1 −ϖ
W̃2

Γ.
Substituting the above two inequalities into (3.15), the derivative of V3(ηt, η̇t) can be upper-bounded as

V̇3(ηt, η̇t) ≤ η̇T (t)(ρ2
1W1 + ρ

2
12W2)η̇(t) − δ̂T (t)κT

2 W̃1κ2δ̂(t) − δ̂T (t)ζ2(ϖ)δ̂(t)

= δ̂T (t)(κT
15(ρ2

1W1 + ρ
2
12W2)κ15 − κ

T
2 W̃1κ2 − ζ2(ϖ))δ̂(t). (3.17)

Since V(t) = V1(ηt) + V2(ηt) + V3(ηt, η̇t), using (3.14), (3.16), and (3.17) yields

V̇(t) ≤ δ̂T (t)(He
[(
κT

1 (ϖ)Πκ0
)
+ M1ρ1,κ(ϖ) + M2ρ2,κ(ϖ)

]
+ N̂ − κT

2 W̃1κ2 − ζ2(ϖ) + Û

+ 2κT
1 (−LT

1 − DT
KL2)κ15 + 2κT

1 (LT
1 A0 + Q1Ψ)κ16

+ 2κT
15LT

2 A0κ16 + 2κT
1 LT

1 Ad0κ17 + 2κT
15LT

2 Ad0κ17 + 2κT
3 Q2Ψκ17

+ 2κT
1 LT

1 Eκ18 + 2κT
15LT

2 Eκ18 + Φ1Θ
−1
1 Φ

T
1 + Φ2Θ

−1
3 Φ

T
2 + Φ3Θ

−1
2 Φ

T
3 + Φ4Θ

−1
4 Φ

T
4 )δ̂(t)

= δ̂T (t)(Oi
0(ϖ,Θ) − ζ2(ϖ))δ̂(t) + wT (t)w(t), (3.18)

where

Oi
0(ϖ,Θ) = Oi

0(ϖ) + Φ1Θ
−1
1 Φ

T
1 + Φ2Θ

−1
3 Φ

T
2 + Φ3Θ

−1
2 Φ

T
3 + Φ4Θ

−1
4 Φ

T
4 .

To establish the dual performance criterion given zero initial conditions, we formulate the subsequent
index function:

J(t) = V̇(t) + yT (t)y(t) − γ2
1wT (t)w(t)

≤ δ̂T (t)(Oi
0(ϖ,Θ) − ζ2(ϖ))δ̂(t) + wT (t)w(t) + ηT (t)CTCη(t) − γ2

1wT (t)w(t)

= δ̂T (t)
[
Oi

0(ϖ,Θ) + κT
1 CTCκ1 + (1 − γ2

1)κT
18Iκ18 − ζ2(ϖ)

]
δ̂(t). (3.19)

By virtue of Lemma 4, it follows from (3.1) thatOi
0(ϖ,Θ) + κT

1 CTCκ1 + (1 − γ2
1)κT

18Iκ18 − Γ
TW2(ϖ)Γ − He

(
ΓT

[
(1 −ϖ)ZT

1
ϖZT

2

])
∗

ϖZT
1 + (1 −ϖ)ZT

2 −W̃2

 < 0
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holds for any ϖ ∈ {0, 1}. In light of Lemma 2, this implies that

Oi
0(ϖ,Θ) + κT

1 CTCκ1 + (1 − γ2
1)κT

18Iκ18 − ζ2(ϖ) < 0

for any ϖ ∈ [0, 1]. Consequently, in view of (3.19), we can write

V̇(t) ≤ −yT (t)y(t) + γ2
1wT (t)w(t). (3.20)

Invoking the Newton-Leibniz formula under the premise of zero initial states provides:

V(∞) − V(0) =
∫ ∞

0
V̇(t)dt ≤ −

∫ ∞

0
yT (t)y(t)dt + γ2

1

∫ ∞

0
wT (t)w(t)dt. (3.21)

By transforming, we can express (3.21) as∫ ∞

0
yT (t)y(t)dt ≤ γ2

1

∫ ∞

0
wT (t)w(t)dt − V(∞).

Since V(∞) ≥ 0, we obtain (2.4), which implies the desiredH∞ performance is satisfied by Definition 1.
Subsequently, we proceed to analyze the L2 − L∞ performance of the MBNN. Combining (3.20) and
the fact that yT (t)y(t) ≥ 0, it holds that

V̇(t) ≤ γ2
1wT (t)w(t). (3.22)

Postulating a zero initial condition where V(0) = 0, integrating (3.22) from 0 to any t > 0 yields

V(t) =
∫ t

0
V̇(r)dr ≤ γ2

1

∫ t

0
wT (r)w(r)dr ≤ γ2

1

∫ ∞

0
wT (r)w(r)dr. (3.23)

From the definition of the LKF, it holds that

V(t) ≥ η̃T (t)Πη̃(t) ≥ ηT (t)Π11η(t). (3.24)

Combining (3.23) and (3.24), we obtain that

ηT (t)Π11η(t) ≤ γ2
1

∫ ∞

0
wT (r)w(r)dr. (3.25)

According to (3.2) and the output relation y(t) = Cη(t), it follows that

γ2
1yT (t)y(t) ≤ γ2

2η
T (t)Π11η(t). (3.26)

Multiplying both sides of (3.25) by γ2
2 leads to

γ2
2η

T (t)Π11η(t) ≤ γ2
2γ

2
1

∫ ∞

0
wT (r)w(r)dr. (3.27)

By combining (3.26) with (3.27), we have

γ2
1yT (t)y(t) ≤ γ2

2γ
2
1

∫ ∞

0
wT (r)w(r) dr.

Dividing both sides by γ2
1 and taking the supremum over t > 0, we arrive at (2.5), which implies the

desired L2 − L∞ performance is satisfied by Definition 2. The proof of the theorem is hereby complete.
□
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Remark 2. The derivation of Theorem 1 follows a unified framework to guarantee bothH∞ andL2−L∞

disturbance attenuation for delayed MBNN (2.3). First, auxiliary terms are introduced to reformulate
the time-varying delay components into an augmented representation. Then, by incorporating free-
weighting matrices, the system dynamics are embedded into the analysis, and an LKF consisting of three
components is constructed to capture the state, distributed delay, and derivative information. Finally,
by employing the BLI, GRCCI, and Lipschitz condition, a delay-dependent condition ensuring dual
disturbance attenuation is derived. Notably, the BLI is more general than the Jensen inequality and the
Wirtinger-based integral inequality, while the GRCCI encompasses the classical reciprocally convex
combination inequality as a special case [55, 60]. The combined use of the BLI and GRCCI helps
reduce approximation errors in bounding the integral terms in (3.18), thereby alleviating conservatism
in the derived condition.

Remark 3. The computational complexity of the proposed condition can be evaluated in terms of the
number of decision variables (NDVs). The NDVs of the methods in [19,23,39] are 126n2 + 17n + 1,
118n2 + 15n + 1, and 13.5n2 + 10.5n, respectively, while the proposed approach involves 212.5n2 + 6.5n
decision variables. It can be observed that all methods exhibit a similar polynomial growth with respect
to the system dimension, i.e., on the order of O(n2).

Following the derivation of Theorem 1, setting w(t) ≡ 0 leads to V̇(t) < 0. Thus, by Lyapunov’s
stability theory, the following corollary is obtained:

Corollary 1. If the matrix inequities specified in Theorem 1 are satisfied, then the MBNN in (2.3) with
w(t) ≡ 0 is asymptotically stable.

4. Controller design

Theorem 2. For prescribedH∞ performance level γ1 > 0, L2 − L∞ performance level γ2 > 0, lower
bound ρ1 > 0, upper bound ρ2 > 0 of the time-varying delay ρ(t), ε1 > 0, and ε2 > 0, assume the
existence of L1, L2 ∈ R

n×n, M1,M2 ∈ R
18n×2n, Π = (Π jk)5×5 ∈ S

5n
+ , N1,N2,W1,W2 ∈ S

n
+, positive diagonal

matrices Q1,Q2,Θ1,Θ2,Θ3,Θ4, and matrices Z1,Z2 ∈ R
18n×3n satisfying (3.2) and

Õi
0(ϖ,Z) ϖZ1 + (1 −ϖ)Z2 Φ1 Φ2 Φ3 Φ4 Φ5 Φ6

∗ −W̃2 0 0 0 0 0 0
∗ ∗ −Θ1 0 0 0 0 0
∗ ∗ ∗ −Θ3 0 0 0 0
∗ ∗ ∗ ∗ −Θ2 0 0 0
∗ ∗ ∗ ∗ ∗ −Θ4 0 0
∗ ∗ ∗ ∗ ∗ ∗ −ε1(P + PT ) + ε2I 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε2I


< 0 (4.1)

for any ϖ ∈ {0, 1}, where

Õi
0(ϖ,Z) = Õi

0(ϖ) + κT
1 CTCκ1 + (1 − γ2

1)κT
18Iκ18 − Γ

TW2(ϖ)Γ − He
(
ΓT

[
(1 −ϖ)ZT

1
ϖZT

2

])
,

Õi
0(ϖ) = He

[
(κT

1 (ϖ)Πκ0) + M1ρ1,κ(ϖ) + M2ρ2,κ(ϖ)
]
+ N̂ − κT

2 W̃1κ2 + Û
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+ 2κT
1 (−LT

1 − DT L2)κ15 + 2κT
1 (LT

1 A0 + Q1Ψ)κ16

+ 2κT
15LT

2 A0κ16 + 2κT
1 LT

1 Ad0κ17 + 2κT
15LT

2 Ad0κ17 + 2κT
3 Q2Ψκ17

+ 2κT
1 LT

1 Eκ18 + 2κT
15LT

2 Eκ18 − κ
T
18κ18 + 2κT

1 BF0VCκ1 + 2κT
1 (BF0VC)Tκ15,

Û = diag{He(−LT
1 D), 013n×13n,He(−LT

2 ) + ρ2
1W1 + ρ

2
12W2,

He(−Q1) + AT
2 (Θ1 + Θ2)A2,He(−Q2) + AT

d2(Θ3 + Θ4)Ad2, 0n×n},

Φ5 =
[
FT

0 BT L1 − PT FT
0 BT + ε1VC 0n×13n FT

0 BT L2 − PT FT
0 BT 0n×3n

]T
,

Φ6 =
[
FT

1 BT L1 0n×13n FT
1 BT L2 0n×3n

]T
,

and the other notations employed are consistent with those in Theorem 1. Then, MBNN (2.3) possesses
bothH∞ and L2 − L∞ disturbance attenuation if the controller gain is designed as

K = P−1V. (4.2)

Proof. The core of the proof lies in showing that the feasibility of the condition in (4.1) ensures
the satisfaction of (3.1) under the proposed control law. To maintain conciseness and avoid redundant
algebraic manipulations, we focus on the pivotal transformation steps. The matrix inequality originally
expressed in (3.1) can be equivalently reformulated as follows:

Ω1 + He
(
∆B,L(F0 + F1λ)K∆C

)
< 0, (4.3)

where

Ω1 =



Õi
0(ϖ,Z) ϖZ1 + (1 −ϖ)Z2 Φ1 Φ2 Φ3 Φ4

∗ −W̃2 0 0 0 0
∗ ∗ −Θ1 0 0 0
∗ ∗ ∗ −Θ3 0 0
∗ ∗ ∗ ∗ −Θ2 0
∗ ∗ ∗ ∗ ∗ −Θ4


,

∆B,L =
[
BT L1 0n×13n BT L2 0n×11n

]T
,

∆C = [C 0n×25n] .

By substituting (4.2) into (4.3), the original nonlinear term can be decomposed into a nominal part and
an uncertainty-related remainder as

∆B,L(F0 + F1λ)K∆C =


LT

1 B
013n×n

LT
2 B

011n×n

 (F0 + F1λ)P−1V[C 0n×25n] =


LT

1 B(F0 + F1λ)P−1VC 0n×25n

013n×n 013n×25n

LT
2 B(F0 + F1λ)P−1VC 0n×25n

011n×n 011n×25n


=


BF0VC + (LT

1 B(F0 + F1λ) − BF0P)P−1VC 0n×25n

013n×n 013n×25n

BF0VC + (LT
2 B(F0 + F1λ) − BF0P)P−1VC 0n×25n

011n×n 03n×25n

 .
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To facilitate the separation of the linear term involving V , let us define an auxiliary matrix ∆B and
compute the product ∆BF0V∆C:

∆B =


B

013n×n

B
011n×n

 , ∆BF0V∆C =


BF0VC 0n×25n

013n×n 013n×25n

BF0VC 0n×25n

011n×n 011n×25n

 .
Meanwhile, calculating the product involving the matrix difference (∆B,L(F0 + F1λ) − ∆BF0P) leads to
the following expression:

(∆B,L(F0 + F1λ) − ∆BF0P)P−1V∆C =




LT
1 B

013n×n

LT
2 B

011n×n

 (F0 + F1λ) −


B

013n×n

B
011n×n

 F0P

 P−1V[C 0n×25n]

=


(LT

1 B(F0 + F1λ) − BF0P)P−1VC 0n×25n

013n×n 013n×25n

(LT
2 B(F0 + F1λ) − BF0P)P−1VC 0n×25n

011n×n 011n×25n

 .
Based on the above derivations, the term ∆B,L(F0 + F1λ)K∆C can be perfectly reconstructed as:

∆B,L(F0 + F1λ)K∆C = ∆BF0V∆C + (∆B,L(F0 + F1λ) − ∆BF0P)P−1V∆C, (4.4)

where the first term is linear, while the second term contains the residual coupling caused by the fault
uncertainty and the matrix P. In view of (4.4), we can re-express (4.3) as

Ω1 + He(∆BF0V∆C + (∆B,L(F0 + F1λ) − ∆BF0P)P−1V∆C) < 0. (4.5)

We denote

Φ̄5 =
[
(F0 + F1λ)T BT L1 − PT FT

0 BT + ε1VC 0n×13n (F0 + F1λ)T BT L2 − PT FT
0 BT 0n×3n

]T
.

Then, by Lemma 5, (4.5) is inherently satisfied if the following holds:

Õi
0(ϖ,Z) ϖZ1 + (1 −ϖ)Z2 Φ1 Φ2 Φ3 Φ4 Φ̄5

∗ −W̃2 0 0 0 0 0
∗ ∗ −Θ1 0 0 0 0
∗ ∗ ∗ −Θ3 0 0 0
∗ ∗ ∗ ∗ −Θ2 0 0
∗ ∗ ∗ ∗ ∗ −Θ4 −ε1(P + PT )


< 0.

This condition can be equivalently written as

Ω2 =



Õi
0(ϖ,Z) ϖZ1 + (1 −ϖ)Z2 Φ1 Φ2 Φ3 Φ4 Φ5

∗ −W̃2 0 0 0 0 0
∗ ∗ −Θ1 0 0 0 0
∗ ∗ ∗ −Θ3 0 0 0
∗ ∗ ∗ ∗ −Θ2 0 0
∗ ∗ ∗ ∗ ∗ −Θ4 −ε1(P + PT )


+ He(∆ψλ∆ξ) < 0, (4.6)
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where
∆ψ =

[
FT

1 BT L1 0n×13n FT
1 BT L2 0n×12n

]T
,

∆ξ = [0n×26n 1n×n] .

Noting λTλ ≤ I, by Lemma 3, (4.6) holds true if the following inequality is satisfied:

Ω2 + ε
−1
2 ∆ψ∆

T
ψ + ε2∆

T
ξ ∆ξ < 0,

which, by Lemma 4, can be re-organized as (4.1). The proof of the theorem is hereby complete. □

Remark 4. Theorem 2 provides a feasible synthesis condition for the fault-resilient output-feedback
controller. In contrast, Theorem 1 only gives a sufficient condition to guarantee the dualH∞ and L2 −L∞

performance for the considered delayed MBNN with actuator faults when the controller gain K is known.
However, due to the presence of nonlinear coupling terms, the main inequality involved in the condition
is nonconvex and thus not amenable to a direct solution. By introducing suitable inequalities together
with the lemmas, Theorem 2 transforms the nonlinear inequality into a linear matrix inequality (LMI),
facilitating the computation of the controller gain. This enables a tractable controller synthesis procedure.

5. Numerical example

The following simulation example demonstrates the practical feasibility of the designed output-
feedback controller, alongside the theoretical H∞ and L2 − L∞ performance guarantees for delayed
MBNNs experiencing actuator faults and external disturbances.

5.1. Simulation setup and parameter selection

Let us examine a two-dimensional MBNN described by (2.1). The activation functions are selected
as ς(η j(t)) = tanh(η j(t)) for j = 1, 2, fulfilling the condition in (2.6) with Ψ = diag{1, 1}. The system
parameters are chosen based on [23]:

D(η(t)) =
[
d1(η1(t)) 0

0 d2(η2(t))

]
,

A(η(t)) =
[
a11(η1(t)) 0.6

0.5 a22(η2(t))

]
, Ad(η(t)) =

[
−0.1 ad12(η1(t))

ad21(η2(t)) −0.2

]
,

where

d1(η1(t)) =

1, |η1(t)| ≤ 0.5,
0.9, |η1(t)| > 0.5,

d2(η2(t)) =

0.9, |η2(t)| ≤ 0.5,
1, |η2(t)| > 0.5,

a11(η1(t)) =

0, |η1(t)| ≤ 0.5,
−0.1, |η1(t)| > 0.5,

a22(η2(t)) =

−0.1, |η2(t)| ≤ 0.5,
0, |η2(t)| > 0.5,

ad12(η1(t)) =

0.6, |η1(t)| ≤ 0.5,
0.1, |η1(t)| > 0.5,

ad21(η2(t)) =

0.3, |η2(t)| ≤ 0.5,
0.2, |η2(t)| > 0.5,
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w(t) =
[
1.8e−0.5t 1.8e−0.5t

]
, ρ(t) = 1 + 3| sin(t)|,

D =
[
0.95 0

0 0.95

]
, B =

[
4 2
1 3

]
, E =

[
0.1 0.2
0.3 0.4

]
, C =

[
1 2
1 2

]
,

F̂ =
[
1.0 0
0 0.9

]
, F̌ =

[
0.6 0
0 0.7

]
,

from which we can write

A0 =

[
−0.05 0.6

0.5 −0.05

]
, Ad0 =

[
−0.1 0.35
0.25 −0.2

]
,

A1 =

[√
0.05 0 0 0
0 0 0

√
0.05

]
, AT

2 =

[√
0.05 0 0 0
0 0 0

√
0.05

]
,

Ad1 =

[
0
√

0.25 0 0
0 0

√
0.05 0

]
, AT

d2 =

[
0 0

√
0.05 0

0
√

0.25 0 0

]
,

F0 =

[
0.8 0
0 0.8

]
, F1 =

[
0.2 0
0 0.1

]
.

Table 1. Comparison of maximum allowable delay bound ρ2 (time in seconds) for various
lower delay bounds ρ1 (time in seconds) under the unified performance setting γ1 = γ2.

γ1 = γ2 Method
ρ2 for different ρ1

ρ1 = 0 ρ1 = 0.5 ρ1 = 1 ρ1 = 1.5 ρ1 = 2 ρ1 = 2.5 ρ1 = 3

0.4

Theorem 1 of this paper 3.46 3.79 4.10 4.41 4.76 5.17 5.61
Theorem 1 of [19] 3.11 3.52 3.90 4.26 4.63 5.05 5.49
Theorem 1 of [23] 2.81 3.22 3.60 3.95 4.31 4.70 5.12
Theorem 1 of [39] 3.20 3.61 3.98 4.33 4.70 5.12 5.55

0.6

Theorem 1 of this paper 3.73 4.05 4.40 4.72 5.09 5.46 5.88
Theorem 1 of [19] 3.38 3.79 4.17 4.53 4.90 5.32 5.76
Theorem 1 of [23] 3.04 3.46 3.85 4.21 4.59 5.01 5.46
Theorem 1 of [39] 3.20 3.61 3.98 4.33 4.70 5.12 5.55

0.8

Theorem 1 of this paper 3.98 4.34 4.65 4.87 5.26 5.70 6.11
Theorem 1 of [19] 3.65 4.06 4.44 4.80 5.17 5.59 6.03
Theorem 1 of [23] 3.25 3.67 4.06 4.42 4.80 5.23 5.68
Theorem 1 of [39] 3.20 3.61 3.98 4.33 4.70 5.12 5.55

5.2. Comparative analysis of delay bounds

The comparative results presented in Table 1 reveal that the proposed analysis method provides
larger maximum allowable bounds ρ2 than those reported in [19, 23, 39] for all given values of the lower
delay bound ρ1 under the unified performance setting γ1 = γ2. Notably, the condition in [19] guarantees
only the H∞ performance, the condition in [23] considers only the L2 − L∞ performance, and the
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condition in [39] focuses solely on stability analysis without performance constraints. In contrast, the
proposed condition simultaneously ensures bothH∞ and L2 − L∞ performance specifications under
the same system setting. Despite imposing these more stringent dual performance requirements, the
derived delay-dependent condition still admits strictly larger allowable delay bounds. As ρ1 increases, the
corresponding allowable upper delay bound ρ2 increases accordingly, confirming the effectiveness of the
proposed condition in handling time-varying delays. Furthermore, as the disturbance-attenuation level γ
increases, the corresponding allowable upper delay bound ρ2 also increases, which is consistent with the
fact that less-stringent performance requirements generally lead to less-conservative delay bounds.

5.3. Simulation results and robustness evaluation

In order to clearly demonstrate the effectiveness of the proposed control strategy, the H∞ and
L2 − L∞ performance indices are evaluated both before and after the controller is applied. Specifically,
the following functions are introduced:

H(t) =


∫ t

0
yT (r)y(r) dr∫ ∞

0
wT (r)w(r) dr


1/2

, L(t) =

 yT (t)y(t)∫ ∞
0

wT (r)w(r) dr


1/2

.

These two functions are employed to assess theH∞ and L2 −L∞ performance in this study, respectively.
We set γ1 = 0.6, γ2 = 0.8, and η(s) = [2, 4]T , t ∈ [−4, 0] . Then, under a zero control input, the

state trajectories are depicted in Figure 1, while the evolutions of H(t) and L(t) are shown in Figures 2
and 3, respectively. It is clearly observed that the unforced trajectories cannot achieve convergence to
the equilibrium point, and the prescribedH∞ and L2 − L∞ performance requirements are not met in the
absence of control.

0 20 40 60 80 100

0

0.5

1

1.5

2

2.5

3

3.5

4

Figure 1. Open-loop state trajectories (time in seconds).
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Figure 2. Evolution of H(t) for the open-loop MBNN (time in seconds).
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Figure 3. Evolution of L(t) for the open-loop MBNN (time in seconds).

Based on the time-varying delay configuration, the delay bounds are set as ρ1 = 1 and ρ2 = 4.
With these prescribed bounds, the LMIs in Theorem 2 are found to be feasible, yielding the following
controller gain:

K =
[
−0.7055 −0.1476
0.2513 0.0664

]
.
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By applying control law (2.2) with the above calculated gain, the closed-loop state trajectories and the
evolutions of H(t) and L(t) are shown in Figures 4–6. As shown in Figure 4, the proposed control scheme
effectively regulates all state variables to the equilibrium point. Figures 5 and 6 further demonstrate
that H(∞) < 0.6 and supt≥0 L(t) < 0.8, verifying that the proposed controller effectively suppresses the
influence of external disturbances and provides dual robust performance guarantees.
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Figure 4. Closed-loop state trajectories (time in seconds).

0 10 20 30 40 50

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Figure 5. Evolution of H(t) for the closed-loop MBNN with γ1 = 0.6 (time in seconds).
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Figure 6. Evolution of L(t) for the closed-loop MBNN with γ2 = 0.8 (time in seconds).

Table 2. Comparison of the values of the performance pair (H(∞), supt≥0 L(t)) under different
actuator fault factors and disturbance intensities.

Fault level λ0
(H(∞), supt≥0 L(t))

e = 0.2 e = 0.4 e = 0.6
No fault 0 (0.334, 0.429) (0.385, 0.482) (0.454, 0.543)
Moderate fault 0.5 (0.432, 0.550) (0.485, 0.612) (0.531, 0.673)
Severe fault 1 (0.503, 0.643) (0.570, 0.709) (0.624, 0.768)

To further assess the effectiveness of the proposed control strategy under different actuator faults and
external disturbances, the fault matrices and the disturbance matrix are assigned as follows:

F0 = I, λ = λ0I, F1 =

[
0.6 0
0 0.8

]
, E =

[
0.1 0.2
0.3 e

]
,

where the scalar e characterize the disturbance intensity.
For each combination of f and λ0 listed in Table 2, the corresponding controller gain K is obtained by

solving the conditions in Theorem 2. Then, based on the closed-loop simulations, the performance pair
(H(∞), supt≥0 L(t)) is summarized in Table 2. As shown in the table, for a fixed disturbance intensity e,
both H(∞) and supt≥0 L(t)) increase as the fault-level coefficient λ0 becomes larger. This implies that
more severe actuator fault degradation leads to a degradation in the disturbance attenuation performance.
Nevertheless, the performance indices satisfy H(∞) < γ1 = 0.6 and supt≥0 L(t) < γ2 = 0.8 in all
considered cases, demonstrating that the controller obtained from Theorem 2 can effectively tolerate
actuator faults. Moreover, for a fixed fault level λ0, increasing e leads to larger values of H(∞) and
supt≥0 L(t)), which indicates that stronger external disturbances have a more significant influence on
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the system response. These results confirm that the proposed output-feedback controller maintains
satisfactory robustness under different actuator fault levels and disturbance intensities.

6. Conclusions

This paper investigates the fault-resilient output-feedback control problem for delayed MBNNs
subject to actuator faults and external disturbances. By constructing an appropriate LKF and incorpo-
rating the BLI together with the GRCCI, a fault-resilient output-feedback controller is designed via
nonlinear decoupling techniques, which successfully transforms the dualH∞ and L2 −L∞ performance
requirements into solvable LMIs. A numerical example is provided to validate the proposed approaches.
Notably, despite the more stringent dual performance requirements, the derived delay-dependent con-
dition admits a larger allowable upper delay bound than existing methods, indicating the reduced
conservatism of the derived analysis result. The simulation results also confirm that the designed
controller can not only stabilize delayed MBNNs with actuator faults and external disturbances, but also
realize the expected dual robust performance. Future work will focus on event-triggered fault-resilient
output-feedback controller designs for more complicated MBNNs, such as stochastic MBNNs and
coupling MBNNs.
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