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Abstract: We investigate the metric geometry of gyrogroups, a class of group-like structures whose
binary operation is generally nonassociative. In particular, we extend the notion of the word metric
from finitely generated groups to gyrogroups. This extension enables any gyrogroup to be viewed
as a metric space, providing a suitable framework for proving a Mazur—Ulam-type theorem and for
analyzing its algebraic and combinatorial structure via the associated right Cayley graph in a manner
analogous to the classical setting of groups.
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1. Introduction

The word metric defined on a finitely generated group plays a fundamental role in connecting
algebraic and geometric viewpoints through its realization in Cayley (di)graph representation [1, 2].
Given a finite generating set S of a group I', the word metric measures the minimal number of
generators in S needed to express each element in I', which is translated into a geometric distance
within the Cayley graph Cay(I',S). This metric endows the group with a natural metric space
structure, allowing the study of geometric properties such as the growth rate, isoperimetric
inequalities, and quasi-isometries of finitely generated groups. Consequently, the word metric
provides the foundation of geometric group theory, enabling deep insights into how algebraic
properties of groups are reflected in the large-scale geometry of their Cayley graphs [3,4].

Gyrogroups, whose binary operations are in general nonassociative, provide a suitable
generalization of groups that capture nonassociative structures arising in the study of Einstein’s
velocity addition. Subsequently, gyrogroups offer an algebraic framework for studying analytic
hyperbolic geometry via the concept of gyroassociativity, which is a generalized form of associativity
governed by gyrations [5-8]. The presence of gyrogroup structures allows algebraic methods to be
extended beyond associative settings. For instance, in [9], the authors successfully extended the
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notion of a word metric to the setting of strongly generated gyrogroups and then generalized the
Svarc—Milnor lemma (also known as the fundamental lemma of geometric group theory) for
gyrogroups. In the same spirit, this work represents a further step toward extending classical results
from group theory to the framework of gyrogroups by appropriately addressing the issue
of nonassociativity.

2. Preliminaries

The basic theory of gyrogroups can be found in, for instance [8, 10]. Suppose that G is a nonempty
set equipped with a binary operation @ defined on G. A map f : G — G is called an automorphism
of (G,®) if it is a bijection such that f(a ® b) = f(a) ® f(b) for all a,b € G. The pair (G,®) is
called a gyrogroup if the following conditions hold: there is an element e, called an identity, such
that e ® a = a for all a € G; for any element a € G, there is an element &a in G, called an inverse
of a, such that ©a ® a = e; for each pair of a and b, there is an automorphism gyr [a, b] of (G, ®),
called a gyroautomorphism, such that a @ (b ® ¢) = (a ® b) ® gyr [a, b](c) for all ¢ € G; and for all
a,b € G, gyrla® b,b] = gyr|a,b]. Let G be a gyrogroup. In the case when gyr [a, b] becomes the
identity automorphism of G for all a,b € G, (G,®) forms a group, and we say that G is degenerate.
The coaddition of G, denoted by &, is defined by a 8 b = a ® gyr [a,6b](b) for all a,b € G. Also,
define a B b = a B (6b). We say that a subset H of G is a subgyrogroup of G if H forms a gyrogroup
under the operation inherited from G. If H is a subgyrogroup of G, then the index of H in G is defined
as the number of distinct left cosets a ® H in G, where a® H = {a® h: h € H}. A subgyrogroup H of
G is called an L-subgyrogroup if gyr [a, h](H) = H for all a € G,h € H. For each g € G, the map L, is
defined as L,(x) = g ® x for all x € G, called the left gyrotranslation by g.

Let G be a gyrogroup. A subset A of G is called a generating set for G if the smallest subgyrogroup
of G containing A is equal to G, that is, if

G= ﬂ{H : A C H and H is a subgyrogroup of G}.

Suppose that @; € G for alli € N. Asin [11], we inductively define the following notation: § f(al) =ay,
Si(ay) = ay,

¢ ¢
Sn(alaaZ,‘ .. ,an) =a ®Sn_1(a2aa3,' .. 9an)7

S;(al’a27'- '7al’l) = S;—l(alaaz’---’an—l)eaan'

Then, S and S’ are maps from G" to G for all n € N. For each nonempty subset A of G, define
©A = {6a: a € A}. Also, define ©0) = (). For convenience, define A = A U ©A, called the symmetric
hull of A. A subset A of G is called a left generating set for G if for each g € G, there are ay, a,, ..., a,
in @ A such that g = S/(ay,a,...,a,) [11]. A right generating set can be defined in a similar fashion.
A subset A of G is gyro-invariant if gyr [a, b](A) = A for all a,b € G.

Let G be a gyrogroup, and let S be a subset of G. As in Definition 2.8 of [12], the right Cayley
digraph of G with respect to S is defined as the digraph with vertex set G and arc set given by
{(g,g®s): s €S}, denoted by R—C—a}; (G, S). The right Cayley graph of G with respect to S is defined
as the underlying graph of R—C—a); (G,S), denoted by R-Cay (G, S). The basic theory of graphs and
digraphs can be found in, for instance, [13]. We close this section with an important identity in a
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gyrogroup that corresponds to the familiar group identity (gh)~'(gk) = h~'k. This identity proves
useful in Section 3. We also mention a few results on gyrogroups for reference.

Proposition 2.1. Let G be a gyrogroup. Then,

S(gDy) @ (gdx) =gyrlg,yl(©y & x) (2.1)
forall g, x,y € G.
Proof. Using Theorems 2.32, 2.34, and 2.15 in [8], we obtain that
(eyog) @ (g®x)
(eyog)@gyrly, gl(g ® x))

(eyo g) @ gyr[oy, ©gl(g ® x))
&y & x),

o(gdy)®(gdx) =gyrlg.y
=gyrlg.y
=gyrlg.y
=gyrlg.y

—_ e e

as required.

Proposition 2.2 (Proposition 1, Section 3 of [11]). If ¢ is a homomorphism from a gyrogroup G to a
gyrogroup H, then

@S, ar, ... a)) = Sye(a), ¢(@),. .., pa,))
and
(S (ar,as,...,a,) = S (plar), p(az), . .., p(a,))

foralln € N and for all a,ay,...,a, €G.

Proposition 2.3 (Proposition 2, Section 3 of [11]). Let G be a gyrogroup with a nonempty subset A.
Suppose that gyr [a,b](2 A) C @A forall a,b € G.

(1) For all m,n € N, if aj,as,...,a,,b1,b,,...,b, are in ®A, then there are ki, ks, ..., ky., in ©A
such that
Stai,az....an)®SEb1, by, ... b)) =SE, (ki ko k).

m+n

(2) For each n € N, if ay,as,...,a, are in @A, then there are ky, k, ...,k, in €A such that
OSL(ar,an, ..., an) = S kiska, ... ).

Proposition 2.4 (Proposition 3, Section 3 of [11]). Let G be a gyrogroup with g € G, and suppose
that 0 + A C G. If gyrla,bl(@A) C @A for all a,b € G, then for all ay,a,,...,a, € @A, there are
bi,by,...,b,in®A suchthat S' (g, a1,as,...,a,) = S", (8, b1,b, ..., by).

3. Main results

In Section 3.2 of [9], the authors successfully extended the notion of a word metric, originally
defined for finitely generated groups, to the setting of strongly generated gyrogroups. In this section,
we build upon and refine that result. Specifically, we show that the existence of a left generating set
whose symmetric hull is gyro-invariant allows for the definition of a metric analogous to the word
metric on finitely generated groups. This naturally motivates the study of right Cayley graphs as a

Electronic Research Archive Volume 34, Issue 6, 4037—4050.



4040

means of visualizing the structure of gyrogroups. We refer the reader to [12] for previous work on
Cayley (di)graphs of gyrogroups. Suppose that S is a left generating set for a gyrogroup G such that
@S is gyro-invariant. For all x,y € G, define

if x =y;

0
de(x,y) = 3.1
s () {min{neN:ey@x:Sf;(al,az,...,an),a,-E@S} if x # y. G-

Note thatif x,y € Gand x # y, theney ® x = Sﬁ(al,az, ...,a,) forsome ay,a,,...,a,in®S,as S is a
left generating set for G. Hence, d{(x, y) is meaningful by the well-ordering principle. We remark that
d{ depends on the set §. Furthermore, we obtain the following theorem, whose proof strongly relies
on Propositions 2.2 and 2.3.

Theorem 3.1. Suppose that S is a left generating set for a gyrogroup G such that ¢ S is gyro-invariant.
Then, dg is a metric on G so that (G, dy) forms a metric space.

Proof. Clearly, dg(x,y) > 0 for all x,y € G, and dg(x,x) = O for all x € G. Now, suppose that
di(x,y) = 0. If x # y, then d{(x, y) would be a positive integer, a contradiction. Hence, x = y.

Let x,y € G. If x = y, then d{(x,y) = 0 = d{(y, x). Therefore, assume that x # y. There are
ai,a,...,a,ineS for which oy®x = Sf;(al, a,...,a,) and n = d¢(x,y). By part 2 of Proposition 2.3,
there are ky, ks, ..., k, ineS such that @y ® x) = ©S%(a,as,...,a,) = S'(ki, ka, ..., k,). Hence,

gyr [ey’ X](ex @ y) = Sf;(kl, k2’ ) kn)
It follows from Proposition 2.2 that

ox®y = gyr[x,oy1(Si(ki, ky, . . ., k)
= S (gyr [x,ey](ky), gyr [x, ©y](k2), . . ., gyr [x, ©y](ky)).

Because & § is gyro-invariant, gyr [x, ©y](k;), gyr [x, &y](k>), ..., gyr [x,©y](k,) belong to @S. Thus,
di(y,x) < n = d{(x,y) by minimality of d{'(y, x). This, in fact, proves that d¢'(u,v) < d{(v,u) for all
u,v € G. Hence, d{(x,y) < d(y, x), and so equality holds.

Assume that x # y and y # 2z Then, there are ay,a,,...,a, in @S for which
eydx = Sf;l(al,az, ...,ay) and m = d{(x,y). In a similar fashion, one finds by, b,,...,b, in&§ such
thateoz @y = S(by,bs, ..., b,) and n = d¥(y, z). We obtain that

Oz@x = (0z8y) ® gyr[oz, yl(©y & x)
= S5(b1,ba, ..., by) ® gyr[02,y1(Sh (a1, az, . . ., an))
= Sﬁ(bl’ b2a ey bn) @ Sr{;l(gyr [GZ, Y](al), gyr [GZ, )’](02), ey gyr [SZ, )’](am)),

noting that the first equality follows from Theorem 2.15 of [8], and the third equality follows from
Proposition 2.2. By part 2 of Proposition 2.3, there are ki, k, ..., k4 In @S such that

Sfl(bl’ b27 ey bn) ® Sr{;l(gyr [eza y](al)a gyr [GZ, y](aZ)’ ceey gyr [9Z7 y](am))
= S1€1+n(kl’ kZ’ D) km+n)-
It follows that d§'(x,z) < m +n = d{(x,y) + dg(y, z) by minimality of d{'(x, z).
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3.1. An analog of the Mazur—Ulam theorem for gyrogroups

The Mazur—Ulam theorem states that every surjective distance-preserving mapping between real
normed vector spaces is an affine transformation, and in particular any distance-preserving mapping
that sends the origin to the origin is linear. A gyrogroup version of the Mazur—Ulam theorem and
related work can be found in, for instance, [14—16]. One of the main goals of this subsection is to
prove an analog of the Mazur—Ulam theorem for gyrogroups endowed with their generalized word
metric. We begin with proving fundamental properties of the metric mentioned in Theorem 3.1. To
verify that d¢ can be induced by a gyronorm (see Definition 2 in [17]) in the standard way, we first
prove the following theorem, which is important in its own right.

Theorem 3.2. Let G be a gyrogroup with a left generating set S such that S is gyro-invariant.
(1) Then, L, is an isometry of (G,dy) for all g € G.
(2) If ¢ is an automorphism of G such that §(&S) = &S, then ¢ is an isometry of (G, dy).

Proof. Let g € G. By Theorem 10 of [18], L, is a bijection from G to G. Let x,y € G. Assume
that x # y. This implies that L,(x) # L,(y). Then, there are ki, k»,...,k, in &S such that ©y & x =
Sfl(kl, ks, ..., k,). By Propositions 2.1 and 2.2,

OL,(y)® Ly(x) =(g®y) ® (gD x)
= gyrlg, yl(©y @ x)
= gyr[g. VIS ki ko, k)
= S(gyrlg, ylki), gyr [, ¥1(ko), - . ., gyr [g. ¥ (ky)).

Because gyr [g, yl(ky), gyr [g, ¥](k2), ..., gyr [g, y](k,) belong to S, it follows that

dg (Lg(x), Lg(y)) < n = dg(x,y)

by minimality of d¢(L,(x), Ly(y)). This, in fact, proves that dg'(L,(u), Ly(v)) < dg(u,v) for all h,u,v €
G. Hence, dg(x,y) = d(Leg(Lg(x)), Leg(Ly(y))) < dg(Lg(x), Lg(y)), and so equality holds. This proves
part 3.2.

Let x,y € G. Assume that x # y. Then, there are ki,k;,...,k, in &S such that
oy ®x = Si(ky,k,...,k,). Because ¢ preserves the gyrogroup operation,

OP(y) ® ¢(x) = p(Cy & x) = ¢(S (k1. ka, . . . kn)) = S (p(ky), p(ka), . .., p(kn)),

and so d{(¢(x), ¢(y)) < n = d{(x,y). Because ¢! is also an automorphism of G such that ¢~!(&S) =
&S, it follows that d{'(x,y) = dg”'(qﬁ‘l(gb(x)), ¢ (p(y)) < d{(¢(x), #(y)), and so equality holds. This
proves part 3.2.

In light of part 3.2 of Theorem 3.2, the metric dy is left invariant under the gyrogroup operation, but
it need not be right invariant. Moreover, as suggested by Theorem 11 of [17], neither gyroaddition nor

negation is necessarily continuous with respect to the topology induced by d.
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Theorem 3.3. Let G be a gyrogroup with a left generating set S such that ®S is gyro-invariant. Then,
the function || - ||§ defined by the formula

llxlly = dg (e, x) (3.2)

Jorall x € G is a gyronorm on G that induces the same mefric dy.
Proof. The theorem follows directly from Theorems 3.1 and 3.2, together with Theorem 9 in [17].

Let G be a gyrogroup with a left generating set S such that S is gyro-invariant. In light of
Theorem 3.3, we obtain that

(D) [lxlly > 0 for all x € G, and ||x|[y = 0 if and only if x = e;
(2) llexllg = |lxll§ for all x € G;

Q) llx@ylly < lIxll§ + [Iyll§ for all x,y € G; and

4) llgyr [a, b1l = [IxIl§ for all a, b, x € G.

Furthermore, in light of Theorem 3.3, every finite gyrogroup can be viewed as a normed gyrogroup in
a nontrivial way. As we will see shortly, it is reasonable to refer to the metric di as a word metric. Let
n € N. The element Sf;(hl, hy, ... hy) with hy, hy, ..., h,ineS is called a left-minimal word of length n
with respect to S if SE(hy, ho, ..., h,) # S (ki ko, ... ky) for all ki, ks, ..., k, €S and for all m < n.
The identity of G is defined to be a left-minimal word of length zero with respect to S. Conversely,
any left-minimal word of length zero is the identity. By the well-ordering principle, every element of
G can be expressed as a left-minimal word with respect to S. The following lemma justifies the use of
the term “left-minimal”.

Lemma 3.4. Let G be a gyrogroup with a left generating set S such that S is gyro-invariant. Let
hi,hy,...,h, €S. Then, Sf;(hl, hy, ..., hy,) is a left-minimal word of length n with respect to S if and
only if ISi(hi, ha, ..., By = n.

Proof. The case when n = 0 is clear. Therefore, assume that v = S%(hy, hy, ..., h,) is a left-minimal
word of length n > 0 with respect to S. Note that v # e. Because ©e @ v = Sﬁ(hl,hz, Lo hy), it
follows that V|| = d{(e,v) = d§(v,e) < n. Assume to the contrary that |[v|[{ = m < n. Thus,
V= Sf;(kl ko, ..., k) for some ki, ks, ..., k, € ®S, which is a contradiction because v is a left-minimal
word of length n with respect to S. Hence, ||v|[¢ = n as claimed.

Next, suppose that ||S;(hy, ha, ..., B)IY =n > 0. Setv = Si(hy, hy, ..., h,). Let m < n. Assume to
the contrary that there are ki, k5, ..., k, € ®S suchthatv = § fn(kl ,ka, ..., k,). From the minimality of
d{(v,e), we obtain that d{(v,e) < m < n, a contradiction. Therefore, v is a left-minimal word of length

n with respect to §.

Using Lemma 3.4, one can prove the following proposition, which gives a characterization of a
permutation of G preserving the gyronorm || - |5

Proposition 3.5. Let G be a gyrogroup with a left generating set S such that S is gyro-invariant.
Suppose that p is a permutation of G. Then, the following statements are equivalent:

@ lleolls = llxllg for all x € G;
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(1) for all integers n > 0, p sends a left-minimal word of length n with respect to S to a left-minimal
word of length n with respect to S.

It turns out that any isometry of (G, dy), which preserves the gyrogroup identity, also preserves
the corresponding gyronorm, as shown in the following proposition. In contrast, any nonidentity left
gyrotranslation is an isometry of (G, dy) that does not preserve the corresponding gyronorm because if
g # e, then |le||y = 0, whereas ||L,(e)l[§ = llgll§ > O.

Proposition 3.6. Let G be a gyrogroup with a left generating set S such that &S is gyro-invariant. If p
is an isometry of (G, dy) such that p(e) = e, then |lp(x)|l§ = ||xlls for all x € G.

Proof. Let x € G. Then, |lo(x)lly = dg(e,p(x)) = dg(p(e), p(x)) = di(e,x) = |lxll, which completes
the proof.

Example 3.7. In Example 8 of [10], a finite gyrogroup of order 15, denoted by Gs, is presented, with
its gyroaddition and gyration tables given explicitly in Tables 6 and 7 of [10]. In this example, we
point out that the converse of Proposition 3.6 is not, in general, true. Consider the gyrogroup Gis,
and let T = {1,4}. Then, T is a left generating set for G,5. Furthermore, S = {1,4,5,6,7,10} is a
gyro-invariant left generating set for Gis. As 6S = {2,3,8,9, 11, 14}, it follows that

{g € Gis: liglly = 0} = {0},
{ge€Gis: liglls = 1} =1{1,2,3,4,5,6,7,8,9,10, 11, 14},
{g € Gis: llglls = 2} = {12,13},

because 12 = 1@ 11 and 13 = 1 @ 8. Define a map p by

i ifieGis\{2,5)
pi) =42 ifi=275;
5 ifi=2.

Because |12|[s = [I5][¢, it follows that [lo()|ls = [|||§ for all i € G5. Hence, p is a gyronorm-preserving
bijection from G5 to G;5. However, p is not an isometry of (Gis, dy) because d¢(1,2) = 1, whereas

dg(p(1), p(2)) = dg(1,5) = 2.

In view of Proposition 3.6, we obtain the following theorem that describes factorization of an
isometry of (G, dy), analogous to the well-known Mazur-Ulam theorem for normed linear spaces.

Theorem 3.8. Let G be a gyrogroup with a left generating set S such that &S is gyro-invariant. Then,
every isometry o of (G,dy) can be factored as L, o p, where a € G, and p is a
gyronorm-preserving isometry.

Proof. By Theorem 11 of [18], o = L, o p, where p € Sym(G) with p(e) = e. By part 3.2 of
Theorem 3.2, L, is an isometry of (G,d{). Hence, p = Lgl o o is an isometry of (G,dy). By
Proposition 3.6, [lo(x)|l§ = Ilxlly for all x € G. Thus, p is a gyronorm-preserving isometry.
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3.2. Cayley graphs of gyrogroups and their generalized word metrics

In this section, we show that the right Cayley graph R-Cay (G,#S) is a combinatorial object that
naturally represents the space (G, dy), where G is a finite gyrogroup, and § is a left generating set for
G whose symmetric hull is gyro-invariant. We begin by proving the following lemma, which provides
a characterization of an edge in a right Cayley graph of a gyrogroup.

Lemma 3.9. Let G be a gyrogroup with ) # S C G. Then, {x,y} is an edge in the right Cayley graph
R-Cay (G, S) if and only if there is s € S for whichy = x® sory = xBs.

Proof. Suppose that {x, y} is an edge in R-Cay (G, S ). In the case when (x, y) is an arc in R—C—a)>/ (G,S),
we obtain that y = x @ s for some s € §. In the case when (y, x) is an arc in R—CTl})l (G,S), we
obtain that x = y @ s for some s € §. Applying a right cancellation law in a gyrogroup yields
y = x® gyr[x, s](©s) = x 8 s as required.

To prove the converse, let x,y € G. Suppose thaty = x® s or y = x ® gyr [x, s](©s) for some s € §.
In the former case, we obtain that (x,y) is an arc in R—C—a}; (G, S). In the latter case, we obtain that
y =x®gyr[x, s](6s) = x B (Ss), and so x = y @ s by a right cancellation law. Thus, (y, x) is an arc in
R-Cay (G, S).

We are now in a position to characterize a left generating set via a right Cayley graph, under the
condition of gyro-invariance, as follows. This result refines Theorem 4.8 in [19].

Theorem 3.10. Let G be a gyrogroup with S C G. If S is gyro-invariant, then the following
statements are equivalent:

(1) The right Cayley graph R-Cay (G, S) is connected;
(2) S is a right generating set for G,
(3) S is a left generating set for G.

Proof. The theorem holds trivially when G = {e} or § = (0. Therefore, assume that G # {e} and S # 0.

To prove the implication (3.10) = (3.10), suppose that g € G. In the case when g = e, we write
g=06s5®ds5=_5,(0s,s) for some s € §. Assume that g # e. By assumption, there is a path from e to g,
say, € = £0,81,82,--->8n-1-& = & By Lemma 3.9, g; = g, ®k; withk; ine S fori = 1,2,...,n. By
substitution, g = g, = S, (ki, ka, ..., k,). This shows that § is a right generating set for G.

The implication (3.10) = (3.10) follows directly from Corollary 1 in Section 3 of [11].

To prove the implication (3.10) = (3.10), let g and /4 be distinct elements of G. By assumption
ogdh = Sfl(kl,kz, ..., k,) for some ki, ky,...,k, € ®S. By a left cancellation law in a gyrogroup,
h = g ® Sikiky... k) = St (& ki k... k). By Proposition 2.4,
S,‘;H(g,kl,kg,...,kn) = 8. (g ki, k], ... k) for some k|,k),...,k, € @S. Define go = g, and for
i = 1,2,...,n, define g; = gi_y ® k.. By Lemma 3.9, {g;_;,g;} is an edge in R-Cay (G,&S) for
i =1,2,...,n. Because g, = h, it follows that g = go, g1,82,--.,8u-1,8&: = h contains a path from g
to h.

It is well-known in geometric group theory that if dy is the word metric defined on a finitely
generated group (I',S), then dy(g,h) is equal to the length of the shortest path from g to 4 in
Cay (I, S) and is equal to the minimum number of generators from S needed to express g~ 'h. We
generalize this result to the setting of gyrogroups as follows.
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Theorem 3.11. Suppose that S is a left generating set for a nontrivial gyrogroup G such that &S is
gyro-invariant. Then, the distance between two arbitrary points g and h in G measured by the metric
d{ coincides with the shortest length of a path joining vertices g and h in R-Cay (G,&S).

Proof. Let g,h € G with g # h. By Theorem 3.10, R-Cay (G,= §) is connected. Hence, the shortest
length of a path joining vertices g and /& in R-Cay (G, S) exists, say, m. Suppose that dg'(h, g) = n.
Then, ©g ® h = S'(ki, ks, ..., k,) with k;in®S, and 6g® h # Si(ay,as,...,a,) for all t < n and for all
a; € @S. As in the proof of Theorem 3.10,

8=280.81,82---+8n-1-8n=h

contains a path from g to 4. Hence, m < n by minimality of m. Suppose by contradiction that m < n.
Let g = hy,hy,...,h, = h be a path from g to h. Note that m > 2 because g # h. Furthermore,
hi = hi_y @ k; with k] ineS§ fori = 2,3,...,m. By substitution, h = h,, = S, (g,k},k},...,k;,). By
Proposition 2.4, S, (g, k5, kS, ..., k},) = Sf;l(g, kY, kY, ... k) for some k), k,... k€ eS. Hence, h =
ge s 51—1 (k3. K%, ... k), which implies that 6g & h = § f;l_l (K3, kY, ... k), contrary to the minimality
of n. This shows that m = n, and the theorem follows.

In light of Theorem 3.11, the family of isometries of the space (G, d) coincides with the family of
graph automorphisms of R-Cay (G, &S ), as shown below.

Theorem 3.12. Suppose that S is a left generating set for a nontrivial gyrogroup G such that S
is gyro-invariant. Then, o is an isometry of (G,dy) if and only if o is a graph automorphism of
R-Cay (G,s9).

Proof. The forward implication follows from Theorem 3.11 and the observation that an edge
corresponds to a path of length one between two vertices. Suppose conversely that o is an
automorphism of R-Cay (G,&S). Let x,y € G with x # y. Assume that d¢(x,y) = n. Hence, n > 0,
and there is a path x = go,81,...,8» = y. Hence, {g;-1,g;} is an edge in R-Cay(G,sS) for
i =1,2,...,n. By assumption, {o(g;_1),0(g;)} is an edge in R-Cay (G,&S) fori = 1,2,...,n, and so
o(x) = 0(go),o0(g1),...,0(g,) = o(y) contains a path from o(x) to o(y) of length at most n. This
implies that d¢(o(x), o(y)) < n = dg(x,y). Because o1 is also an automorphism of R-Cay (G,&S), it
follows that d} (x,y) = di (o™ (o(x)), o™ (o (1))) < d¥(o(x), 0(y)), and so equality holds.

It turns out that the right Cayley graph R-Cay (G,®S) is vertex-transitive whenever S is a left
generating set for a gyrogroup G whose symmetric hull is gyro-invariant. We obtain this fact as a
consequence of Theorems 3.2 and 3.12.

Theorem 3.13. Suppose that S is a left generating set for a nontrivial gyrogroup G such that &S is
gyro-invariant. Then, R-Cay (G, ) is vertex-transitive.

Proof. Letu,v € G. By Lemma 2.19 of [8], there is g € G for which g® u = v. In fact, g = vE (6u) =
v @ gyr [v,u](©u). By part 3.2 of Theorem 3.2, L, is an isometry of (G, dy’). Furthermore L, sends u
to v because L,(u) = g ® u = v. By Theorem 3.12, L, is an automorphism of R-Cay (G,# ), and the
proof completes.

The following proposition presents the metric space analog of Theorem 3.13.
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Proposition 3.14. Suppose that S is a left generating set for a nontrivial gyrogroup G such that ¢S is
gyro-invariant. Then, (G, dy) is isometrically homogeneous.

Proof. As in the proof of Theorem 3.13, for all points u, v in G, Lyggyr [v.ujew 1 an isometry of (G, dy)
that sends u to v.

We now derive several consequences from the fact that R-Cay (G, S5) is vertex-transitive.

Proposition 3.15. Suppose that S is a left generating set for a nontrivial finite gyrogroup G such that
@S is gyro-invariant. Then, R-Cay (G,&S) is | @ S|-regular.

Proof. By Theorem 3.13, R-Cay (G,=S) is vertex-transitive. Hence, by Lemma 1.3.1 of [13], every
vertex of R-Cay (G, S) has the same degree. Hence, R-Cay (G, #S) is regular. Moreover, by a left
cancellation law in a gyrogroup, g ®k = g® k' if and only if k = k' for all g € G,k € 5. Hence, any
vertex in R-Cay (G, ) is of degree | & S/|.

According to Proposition 3.15, all unit spheres in (G, d{) are equinumerous, as shown in the
following corollary. In fact, this corollary is the metric space analog of Proposition 3.15.

Corollary 3.16. Suppose that S is a left generating set for a nontrivial finite gyrogroup G such that
®S§ is gyro-invariant. For all xo € G, [{x € G: d{(xp,x) = 1}| = |& §|.

Proof. By Proposition 3.15, each vertex x, in R-Cay (G, S) has |@ S| neighbors, and these neighbors
have a distance of one from x;.

Corollary 3.17. Suppose that S is a left generating set for a nontrivial finite gyrogroup G such that
@S is gyro-invariant. Then, the edge-connectivity of R-Cay (G, S ) equals |« S|.

Proof. The corollary follows from Proposition 3.15 and Lemma 3.3.3 of [13].

Corollary 3.18. Suppose that S is a left generating set for a nontrivial finite gyrogroup G such that
@S is gyro-invariant. Then, the vertex-connectivity of R-Cay (G,«S) is greater than or equal to
2/3(le S|+ 1).

Proof. The corollary follows from Proposition 3.15 and Theorem 3.4.2 of [13].

It is known in algebraic graph theory that a Cayley graph Cay (I', S ), where I is a finite group and
S 1s a symmetric generating set for I' not containing the identity of I', is bipartite if and only if I" has a
subgroup of index 2 that is disjoint from §. See, for instance, Lemma 4 of [20]. We extend this result to
the setting of gyrogroups in the following theorem. In particular, this theorem relates a graph-theoretic
property of gyrogroups to an algebraic property of gyrogroups.

Theorem 3.19. Suppose that S is a left generating set for a nontrivial finite gyrogroup G not
containing e such that &S is gyro-invariant. Then, R-Cay (G,®S) is bipartite if and only if G has an
L-subgyrogroup of index 2 that is disjoint from & S.

Proof. Suppose that R-Cay (G, ®S) 1s bipartite. Hence, there are disjoint subsets A and B of G such that
G = A U B, and every edge connects a vertex in A to a vertex in B. Without loss of generality, assume
that e € A. This implies that @S C B because {e, k} is an edge forall k e S. Set g = Sf;(kl, kry ..., k)
with k; in &S. We claim that if n is even, then g € A. By Proposition 2.4, g = §,(k}, k), ... ,k;)
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with k! in @§. Note that k| € B implies k| ® k’, € A because {k|, k| @ k}} is an edge. This in turn
implies that (k] @ k) @ k; € B. Hence, ((k] ® k) ® k}) @ kj € A. Continuing this process shows that
S, (ki,k,, ... k) € A. This also implies that if n is odd, then g lies in B. As a consequence of this fact,
if Sf;(kl, kr,....k,) = Sf;(k’, K, ..., k,) with k;,k” ine§, then n and m have the same parity. Hence, A
consists precisely of elements of the form § f;(kl ko, ..., k,), where niseven and k; € 5 ; and B consists
precisely of elements of the form § f;(kl, ky,...,k,), where n is odd and k; € €S . By Proposition 2.3,
A forms a subgyrogroup of G. Furthermore, B = g® A for all g € G \ A. Hence, A partitions G into
disjoint left cosets A and g ® A for some g € B. It follows that A forms an L-subgyrogroup of G of
index 2. Because @S C B, we obtainthat ANa&S = 0.

(<) Suppose that H is an L-subgyrogroup of G of index 2 that is disjoint from &S . Hence, there is
g € G for which (g®@H)NH =0and G = HU(g®H). Note that g ¢ H. Let u;,u, € H with u; # u,, and
letvy, v, € g®H with v; # v,. Assume to the contrary that {u,, u,} is an edge in R-Cay (G, # S ). Hence,
there is k € S for which u, = u; ®k or uy = uy ® gyr [u;, k](6k). In the former case, k = cu, ®u, € H,
a contradiction. In the latter case, k = ogyr [k, u;](Gu; ® u,) € H (because H is an L-subgyrogroup),
a contradiction. Next, assume to the contrary that {v;,v,} is an edge in R-Cay (G,#S). Note that
vi = g®u) and v, = g ® ), for some u|,u, € H. By part 3.2 of Theorem 3.2 and by Theorem 3.12,
L, is an automorphism of R-Cay (G, &S) so that {u], u}} is an edge, a contradiction. Now, assume that
{u,v} is an edge. Then, as shown above, u and v cannot both lie in H, nor can they both lie in g ® H.
This shows that H and g @ H are partite sets for G.

In Example 1 of [10], a finite gyrogroup of order 8, denoted by Gg, is presented, with its
gyroaddition and gyration tables given explicitly in Tables 3 and 4 of [10]. For example, the right
Cayley graph of Gg with respect to {1,2,4,6} (thatis, S = {1,4, 6}) is depicted in Figure 1, which is
the complete bipartite graph K4 4. Hence, Gg has an L-subgyrogroup of index 2, which is {0, 3,5, 7}.

1 2 4 6

Figure 1. The right Cayley graph of Gg with respect to {1, 2,4, 6}.

It can be proved that an L-subgyrogroup of a gyrogroup G of index 2 must be normal in G.
Moreover, every normal subgyrogroup is an L-subgyrogroup. Hence, Theorem 3.19 implies that if S
1s a left generating set for a nontrivial finite gyrogroup G not containing e such that &S is
gyro-invariant, then R-Cay (G, s 5) is bipartite if and only if G has a normal subgyrogroup of index 2
that is disjoint from .S . We demonstrate the usefulness of Theorem 3.19 in the following example.

Example 3.20. In Example 18 of [18], a finite gyrogroup of order 16, denoted by K¢, is presented,
with its gyroaddition and gyration tables given explicitly in Tables 1 and 2 of [18]. In the gyrogroup
Kis, S = {4, 8,9} is a left generating set for K;s. Moreover, &S = {4, 6, 8,9} is gyro-invariant. The right
Cayley graph of K¢ with respect to {4, 6, 8,9} is depicted in Figure 2. Note that R-Cay (Kj4,25) is
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bipartite, as it is 2-colorable. By Theorem 3.19, K¢ has an L-subgyrogroup of index 2 not containing
{4,6,8,9}, whichis {0, 1,2,3,12,13, 14, 15}.

Figure 2. The right Cayley graph of K¢ with respect to {4, 6, 8, 9}.

4. Conclusions

In this work, we developed a generalized word metric, arising from left generating sets with gyro-
invariant symmetric hulls, on gyrogroups, thereby extending a fundamental geometric concept from
group theory to the nonassociative setting of gyrogroups. This framework enabled us to establish
an analog of the Mazur-Ulam theorem, showing that every isometry of a gyrogroup equipped with
the generalized word metric factors into a left gyrotranslation and a gyronorm-preserving isometry.
Furthermore, we demonstrated that the metric geometry of such gyrogroups is reflected in their right
Cayley graphs, whose structural properties, vertex-transitivity and bipartiteness, correspond directly to
algebraic characteristics of the underlying gyrogroups. These results provide new tools for studying
the interplay between algebraic and geometric features of gyrogroups.
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