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Abstract: Octonion-valued neural networks (OVNNSs) provide a powerful framework for modeling
and processing high-dimensional data due to their eight-dimensional normed division algebraic
structure. However, their inherent non-commutativity and non-associativity, coupled with ubiquitous
time delays and stochastic disturbances in real-world systems, make the analysis of their dynamical
behavior a significant challenge. This paper focuses on the complex oscillatory dynamics, specifically
pseudo almost automorphy, within a class of stochastic higher-order Hopfield neural networks (NNs)
based on octonions. To adequately characterize the stochastic processes involved, a novel concept of
pseudo almost automorphic stochastic processes in finite-dimensional distributions is first proposed.
Subsequently, by fixed point theorems and employing inequality techniques, sufficient criteria are
established for the existence and global exponential stability of pseudo almost automorphic solutions
in finite-dimensional distributions for the considered octonion-valued stochastic higher-order Hopfield
NNs with time-varying delays. The obtained results are not only new for the octonionic system, but
also remain novel even when the system degenerates to its real-valued counterpart. Furthermore, the
analytical framework developed herein offers a general methodology applicable to studying pseudo
almost automorphic dynamics in other types of complex-valued NNs.

Keywords: octonion-valued neural networks; stochastic neural networks; pseudo almost
automorphic solutions in finite-dimensional distributions; global exponential stability

1. Introduction

As an eight-dimensional normed division algebra, octonions possess unique algebraic properties
of non-commutativity and non-associativity. Their extended dimensionality and algebraic structure
provide new mathematical tools for high-dimensional data processing and complex system modeling.
Introducing octonions into the field of NNs gives rise to octonion-valued NNs (OVNNs) [1], which
not only break through the dimensional limitations of traditional real-valued, complex-valued, and
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quaternion-valued NNs, but also offer a new paradigm for solving high-dimensional complex tasks.
An in-depth exploration of their dynamical behavior is a core prerequisite for ensuring stable network
operation and expanding application boundaries.

Traditional real-valued, complex-valued, and quaternion-valued NNs have inherent limitations
when handling ultra-high-dimensional data. Complex-valued and quaternion-valued NNs struggle to
handle eight-dimensional and higher-dimensional data such as hyperspectral images and
seven-degree-of-freedom physical systems [2]. In contrast, octonions, as an eight-dimensional
number system, can directly model high-dimensional signals through their rich algebraic structure
while capturing complex correlations among components [2]. For example, in signal processing tasks
such as hyperspectral fluorescence data fusion and salient object detection, octonions can integrate
multi-dimensional features, enhancing the completeness and efficiency of data processing [2, 3].
Moreover, compared to lower-dimensional NNs, OVNNs have greater storage capacity and
information-carrying capability [3], giving them a natural advantage in high-dimensional feature
recognition and representation tasks. They can effectively reduce information loss and computational
redundancy caused by decomposing high-dimensional data [3].

The high-dimensional modeling capability of OVNNs demonstrates unique value in multiple
engineering fields. In robot control, octonion-valued feedforward NNs can directly generate control
inputs for robotic manipulators, enabling trajectory tracking of the end-effector in three-dimensional
space. Their learning performance is comparable to that of quaternion-valued NNs, showing potential
for practical engineering applications [4]. In secure communication, chaos masking techniques based
on the fixed-time synchronization properties of OVNNs can encrypt and decrypt information signals,
enhancing communication security [3].

Recently, various dynamical behaviors of OVNNs have been continuously revealed. For example,
reference [5] studied the Hopf bifurcation problem of fractional-order OVNNSs, reference [3, 6]
investigated the finite-time synchronization of OVNNSs, reference [7] examined the existence and
stability of almost automorphic solutions for stochastic fuzzy OVNNs with delays, and reference [8]
studied Weyl almost periodic synchronization of hypercomplex-valued NNs that include OVNNSs as a
special case. Reference [2] investigated the existence of (uy, u;)-pseudo almost periodic solutions and
p-stability for a class of OVNNs with mixed delays. However, there are currently no results on the
existence of pseudo almost automorphic solutions for stochastic OVNNs. As we know, the dynamical
behavior of OVNNSs is crucial for realizing their engineering applications. The coupling of
non-commutative, non-associative algebraic properties with practical factors such as delays and
impulses makes dynamical analysis a key challenge and focus in OVNN research.

On the one hand, almost automorphy is a generalization of almost periodicity, describing
oscillation phenomena more complex than almost periodic oscillations. Pseudo-almost automorphy
further generalizes almost automorphy. There has been extensive research on pseudo almost
automorphic dynamics in deterministic systems [9-15]. Meanwhile, real-world systems are inevitably
subject to numerous random disturbances, which are important causes of oscillation and
instability [16—18]. In recent years, the study of dynamical behavior in stochastic NNs has become a
hotspot in the field of NN research [19-23]. As noted in [24], for stochastic differential equations, it is
more reasonable to study almost automorphic solutions in the distribution sense. However, results on
pseudo almost automorphic dynamics in the distribution sense for stochastic are still very scarce. It is
well known that the one-dimensional distribution of a stochastic process can only very limitedly
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characterize the process, whereas the finite-dimensional distributions of a stochastic process can
completely determine it. Therefore, studying pseudo almost automorphic oscillations in the
finite-dimensional distributions of stochastic NNs is of great significance.

On the other hand, higher-order Hopfield NNs achieve a qualitative leap by introducing higher-order
interactions between neurons into the energy function compared to classical models that only support
pairwise connections. Their core advantages include an exponential increase in storage capacity, more
accurate modeling of complex constraints, significant reduction of spurious attractors, and stronger
representation capabilities for complex patterns. The main application scenarios include associative
memory systems requiring high-density storage and precise retrieval (such as image or semantic pattern
recovery) and solving combinatorial optimization problems with higher-order dependencies among
variables. Moreover, their theoretical framework provides an important perspective for understanding
the memory dynamics of modern attention mechanisms and Transformer models.

Inspired by the above observations and considering the fact that time delays are unavoidable in
real-world situations, the main purpose of this paper is to propose a concept of pseudo almost
automorphic stochastic processes in the finite-dimensional sense. Taking a class of octonion-valued
stochastic higher-order Hopfield neural networks as an example, we establish the existence and
stability of their pseudo almost automorphic solutions in finite-dimensional distributions.

The main contributions of this paper can be summarized as follows:

(1) A definition of pseudo almost automorphic stochastic processes in finite-dimensional
distributions is proposed.

(2) For octonion-valued stochastic high-order Hopfield NNs with time-varying delays, the
existence and stability of pseudo-almost automorphic solutions in finite-dimensional distributions are
established. This shows that even under simultaneous random disturbances and time-delay effects, the
solutions can retain regular restorative oscillations and dynamic stability. Mathematically, this
confirms the model’s robustness, reliability, and behavioral predictability. Together, these properties
provide a critical foundation for advancing the theoretical model toward practical
engineering applications.

(3) The results of this paper are novel even when the considered system degenerates to a real-
valued system.

(4) The methods presented in this paper can be used to study the pseudo almost automorphic
dynamics of other types of NNs.

The remainder of this paper is structured as follows: Section 2 introduces some definitions,
lemmas, and provides the model description. Section 3 studies the existence and the global
exponential stability of pseudo almost automorphic solutions in finite-dimensional distributions for
octonion-valued stochastic higher-order Hopfield NNs with time-varying delays. Section 4 provides
an example to illustrate the validity of the theoretical results. Section 5 gives a brief conclusion.

2. Model description and preliminaries

The algebra of octonions is defined as

7

0={r=) Yel¢eri=012...7},

=0
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where e, represent the octonion units, 0 < / < 7 and satisfy the following multiplication table:

Table 1. Multiplication table of octonions.

X €o ey () é3 ey €5 €6 e7
€o €o €1 () és €4 €5 €¢ ey
(5] (4] —€ €3 —és €s —€4 —eé7 €q
[5) (%) —€3 —€y €] €e €7 —é€y —é€s
(%] és [5) —e€] —€p €7 —€q €5 —é4
€4 (7 —és —é€q —e7 —€p €1 [5) €3
€5 €5 €4 —€7 €6 —€] —€p —€3 [5)
€q €e €7 €4 —é€s5 —e) (%] —€y —€q
€7 é7 —€q €s €4 —e3 —é) (4] —€y

From Table 1, it is easy to see that the multiplication of O satisfies neither the commutative law nor
the associative law.

7
The conjugate of an octonion x is defined as ¥ = x"ey — 3. x'e; and its norm is defined by ||x||g =
I=1

7
Vxx = Vix = |2 (x)2 Thus, (O, ]| - |lo) forms a Banach space.
=0

7 7 7
The addition of octonions is expressed as x +y = Y. (x! + y)e;, where x = Y xle; and y = 3 yle;.
i=0 i=0 i=0

7
Scalar multiplication is defined by ax = Y (ax')e;. An octonion-valued function z(f) € O can be
1=0

7
written as z(f) = Y z/(t)e;, where each 7/(¢) is a real-valued function. The derivative of z(¢) is given by
i=0

7 7 7

2(t) = X 7(t)e,. For x = Y x'e;, we denote x° = 3 x'e; and set x» = x — x°. For a vector x € 0", its
1=0 1=0 1£0

norm is defined as ||x|ly = max;<;<, {||xillo}. Then (O",]| - ||o) is also a Banach space.

Readers interested in octonion algebra may refer to [25].
The model considered in this paper is the following octonion-valued stochastic high-order Hopfield
NN with time-varying delays:

dx(0) =| = aOx0 + D b Ce0) + Y 08, = 1m0
=1 =1

J J

+ D 0t = B0l — &) + 1i(1) [de
j=1 I=1

+ Z hij(D)6;;(x;(t — vij(®)dw;(),i = 1,2,--- , n, (2.1)
j=1

where x; = X% + xle; + x7e, + X)ez + xles + X)es + x0eq + x]e; € O denotes the state of the ith unit
at time #; O is an octonion-algebra; a;(f) € O represents the self-feedback coeflicient at time 1; b;;(?),
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cij(t), Qij(t), and h;;(t) € O are the connection weights; f;, g;, rj, r; : O — O stand for the activation
functions; /;(¢) € O signifies the external input to the ith unit; 7;;, 6,, &1, vij € R* are the transmission
delays; w(t) = (w(¢), wy(2),--- ,w,(?)) denotes a two sided n-dimensional Brownian motion specified
later; and ¢;; : O — O is a Borel measurable function.

Remark 2.1. In system (2.1), take eq = 1. Ifxl =0foralll=1,2,...,7, then system (2.1) degenerates
into a real-valued system; if x' = 0 forall | = 2,3,...,7, then system (2.1) degenerates into a complex-
valued system; and, if x' = 0 for all | = 3,4,...,7, then system (2.1) degenerates into a quaternion-
valued system. In a word, system (2.1) contains real-valued, complex-valued, and quatenion-valued
systems as its special cases.

Let (Q, 7, P) be a complete probability space. Let {B*(f)};»o and {B~(f)};»o be two independent n-
dimensional standard Brownian motions defined on this space, each satisfying B*(0) = B~(0) = 0. The
two-sided n-dimensional Brownian motion {w(?)},cr is defined as follows:

B*(t), t>0,
w(t) :=
B (-1, t<O.
We write w(t) = (w(f), wa (1), . .., w,(1)), where the components are mutually independent. Define the

filtration {F;},cr by
F, = ﬂa(w(s) :s<u)VN,
u>t

where o(w(s) : s < u) denotes the o-algebra generated by all random vectors {w(s) : s < u}, N :=
(N cQ:3dA € F with N C A and P(A) = 0} is the collection of P-null sets, G; V G, denotes the
smallest o-algebra containing both G| and G», and (),., ensures right-continuity of the filtration.

Then, {¥};cr 1s a complete and right-continuous filtration (i.e., it satisfies the usual conditions), and
{w(?), F1}ier 1s a two-sided n-dimensional Brownian motion with the following properties:

(a) w(0) = 0 almost surely;

(b) For any s < t, the increment w(f) —w(s) is independent of ¥ and follows an n-dimensional normal
distribution N(0, |t — s|I,), where I, denotes the n X n identity matrix;

(c¢) The sample paths are almost surely continuous.

For any a,b,c € O, it is stipulated throughout this paper that abc = (ab)c. For convenience, the
following notations are introduced.

al =infal(s), @ =suplla®llo, bij = supllbij(®)llo,  &; = sup llei;(Dllos
teR teR teR teR

Oujr = sup|Qillo,  hij = supllhj(D)llo, 175 = supmi(0), 6 = sup (),
teR

teR teR teR

&y =sup&(t), vi=supvii(t), I =sup|lli®)llo.
teR teR teR

We denote by BC#o([—p, 0], 0") the set of all bounded, #,-measurable random variables taking

values in C([—p, 0], 0"), where p = max {n}, 65, &5, v
1<i,j,I<n J7 ij ij

System (2.1) is supplemented with initial values given by
xi(s) = ¢i(s) € 0, s € [-p,0], (2.2)
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where y; € BCx,([—p, 0], 0).

Let (X, ||-||) be a Banach space. We denote by BC(R, X)) the collection of all bounded and continuous
functions from R — X. For a random variable X : (Q, 7, P) — X, we signify by u(X) := Po X !its
law and by EX its expectation. Let £2(Q, X) be the space of all X-valued random variables such that
EIXIF = J, IXIPdP < co.

Definition 2.1. [26] A function g € BC(R, Q") is termed almost automorphic if, for every sequence of
real numbers (s))en, one can find a subsequence (sy)ren such that

§(0) = lim g(r + 50)
foreacht e R, and
lim Z(t = 51) = g(0)
for every t € R. The set of all such functions is denoted by AA(R, Q").
. T
Let PAA((R,0") = {g € BC(R,0") lim 57 7 lIg®llodt = 0},

Definition 2.2. [27] A function g € BC(R, Q") is said to be pseudo almost automorphic if it can be
expressed as g = g' + g° where g' € AAR,Q") and g° € PAANR,Q"). The collection of all such
functions will be denoted by PAA(R, Q™).

Remark 2.2. [26] Let g € BC(R, Q") be almost automorphic. Then, § is bounded and sup,, ||8llo» =
sup,cg l1gllon, where g is mentioned in Definition 2.1.

Definition 2.3. /28] A stochastic process X : R — L*(Q, Q") is said to be L*-continuous if for any
tHh € R,

lim E[|1X(¢) — X(to)Il5 = 0.

t—ty

It is said to be L*-bounded if sup,p E||X(t)||(2) < 00,

Definition 2.4. [29] A stochastic process X : R — L*(Q,0Q") is said to be square-mean almost
automorphic if for every sequence of real numbers (s} )ien, there exists a subsequence (sy)ren such that

lim E|IX(r + 5) = X(0)llg = 0
is well defined for each t € R, and
lim E|IX(1 = s1) = XI5 = 0
for each t € R. The family of all such functions is denoted by S AAR, L*(Q, Q™).
Set S PAAy(R, L£L(Q,0") = {X € BC(R, L2(Q,0m)| Tl_igl00 % f_TT E|IX(t)ll3dr = 0}.

Definition 2.5. [29] A stochastic process X : R — L*(Q,0") is said to be square-mean pseudo
almost automorphic if it can be decomposed as X = X' + X°, where X' € SAAR, L*(Q,0")) and
XY € S PAA((R, L2(Q,Q")). Denote by S PAAR, L*(Q, Q") the set of all such functions.
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Let E be a separable Banach space. For any fixed positive integer number m, let B(E™) be the
o-algebra of Borel sets of E” and P(E™) the set of all probability measures on B(E™). We denote by
Cy,(E™,R) the family of all bounded and continuous functions g : E” — R with
lglle := sUp .z {lg (DI} < co.

For any fixed positive integer number m, let B(Q™) be the o-algebra of Borel sets of O™ and (0O™)
the set of all probability measures on B(0™). We denote by C,(0™, R) the family of all bounded and
continuous functions g : O™ — R with ||g]| := sup,gn{lg(x)|} < oo.

For g € C,(E",R) and «, 8 € P(E™), we define

1g(u) — g
lgllz = sup 22— &Y il = max{liglle, ligli), dai(@.B) = sup
wrv A, v) lgllzL<1

fE sdia-p)|

Definition 2.6. [31] A stochastic process X : R — L>(Q,0") is said to be almost automorphic
in finite-dimensional distributions if for all finite points t|,t;,- - ,t, € R and every sequence of real
numbers (s, )ien, there exists a subsequence (Sy)ren such that

Then, (E™, dp;) is a Polish space [30].

]}im dpr(Mx(t + si), Mx(¢)) =0

foreacht € R and
,}1_{?0 dp(Mx(t — s;), Mx(1)) = 0

for everyt € R, where My and My : R — (P(Q"Y™), dg.(-, ) are defined by Mx(t) = u(X(t + t,), X(t +
6, -, X(t+t,) and My = u(X(t+1,), X(t+1,),- - , X(t+1,)), respectively. The collection of all such
functions will be denoted by DAA(R, L*(Q, Q™)).

Lemma 2.1. [32] Assume that X : R — L>(Q, Q") is an L*-bounded stochastic process. Then, for all
finite numbers ti,t,...,t, € Rand each T € R, it holds that

dy, (My(t + ), My(D) <m > EIX(t; + 1+ 1) = X(t; + DI,
i=1
in which Mx(t) is mentioned in Definition 2.6.

An £2-bounded stochastic process belongs to DPAA((R, £L2(Q, 0")) if and only if

T
lim L f dpr(u(X(1)), 60)dt = 0,
-T

where 0y is the distribution of random variable 0.
Lemma 2.2. [33]If X € S PAA\R, L2(Q,Q")), then X € DPAA(R, L*(Q, 0")).

The definition of pseudo almost automorphic stochastic processes in finite-dimensional distributions
introduced in this paper is as follows.

Electronic Research Archive Volume 34, Issue 6, 4005-4036.



4012

Definition 2.7. A stochastic process X : R — L*(Q, Q") is said to be pseudo almost automorphic in
finite-dimensional distributions if it can be expressed as

X=Xx"+Xx°

where X' € DAAR, L2(Q,0") and X° € DPAA(R, L*(Q,0"). The collection of all such functions
will be denoted by DPAA(R, L*(Q, Q™).

Lemma 2.3. [31] Let ¢ : R — R be a continuous function satisfying, for all t € R,

i

0< o) <at)+b f e p(s)ds,

—00

where a : R — R is locally integrable, b and c are positive constants with ¢ > b, and the integral on the

right-hand side is assumed to be convergent. Then, for any d € (0, c — b] such that f_ Ooo e®a(s)ds < oo,
it holds that

t

o) <a()+b f e q(s)ds. (2.3)

—00

The assumptions used in this paper are as follows:

(A) For i, j, | = 1,2, al €  AAR,RY) with df > 0,
a; € AARR, Q), b;j, cjj, Q,ﬂ,hlj,l € PAA(R 0),1.e., b;j = b1 +bO , Cij = c +cl] Qiji = zljz ?ﬂ,
hij = h1 + hO where bll], i Uz’ h1 € AAR,Q), bO U l]z’ ho € PAAO(R 0); nij, Oiji Eiji,

vij € AA(R R*) N C'(R,R), there ex1st constants 77,] 0;;1, L i/l*]

9U,<9 <1, fl,z<§ <1, VUSVU<1

(Ap) For j =1,2,--- ,n, fj, g, rj, 6;; € C(O,0), and there exist positive constants L‘;, Lf, L;., ij, and
M’ such that for all x, y € O,

such that i; < 777, < 1,

1£5(0) = £fillo < Lilx = llo.  llg;(x) = g;llo < LiIx = yllo.

lIrj(x) = rillo < Ljllx = yllos  116:(x) = 6;;0llo < Lillx = yllos  Irj(x)llo < M7;

moreover, f;(0) = g;(0) = r;(0) =¢,;(0)=0
(A3) The positive constant

R =5 max{

max ai > [(c‘z?)2 + Zn)(l?i,-)z i(Lf )2 + Zn’l(a-,-)2 _Zn:(Li)z
+Z(Z(Q,ﬂ) ZW’ )Z(U) +—Z(h,]) Z@ <L

(A4) The positive constant

R’ :=5 max {

max ai - [(Zl?)2 + 2(13},-)2 Zn:(L,f. ) + i(é}j)z Zn:(Lﬁ.)z
+Z(Z(Q,ﬂ) Z(M’ )Z(U) +2 Z(h,,) Z(L <
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1
where bu’ i z]z’

h1 are defined in (H,), lval.lj = supllbl.lj(t)H@, L= sup||cl.1/.(t)||@,
teR teR ’

)
3 - 1
,'][ Sup ”Q,]](t)”@’ h,’j - Szlel]fg ”hu(t)ll@

(As) The posmve constant

1<i<n

(@)? +Z(b ) Z(m +Z( )22(@2%

+an [Z(QU,) Z(MrLr ] +4nZ[Z(Q,,1) Z(zm, d
npa =

T = max{

J= l]l j=1
%o 24+,
e ijl =i Vij
>< ¢Z(h )? Z( i ]} < mm{_f}
— V.. 1<i<n
Vij
where b, ¢! h1 are the same as those defined in (A4).

ij>rij =i ]l >
3. Pseudo almost automorphic solutions in finite-dimensional distributions

Let H denote the set of £2-bounded and £2-uniformly continuous functions from R to £2(Q, Q").
1 .
For ¢ = (¢1,¢2,--+ ,¢,) € H, define the norm |lglls = (sup(Ellg(n)Il3))?. Then, (H,|| - |lz) is a
teR

Banach space.

Let
f - f g f -
©o :(f e s (”)d"ll(s)ds,f el (syds, - - ,f ekl (”)d”In(s)ds),

! t !
L ¢ ¢ ¢
@ :(f e s i (”)d”I;(s)ds,f e b @l (s)ds, - - - ,f e s di (”)d”Irll(s)ds)

and take a constant K > max{||eo||m, ||<,0(1)||H}.

Definition 3.1. An F,-progressively measurable stochastic process is called a mild solution of
system (2.1), if x(t) satisfies the following stochastic integral equation:

xi(t) =xtp)e o 4 f el ai-”<u>du[ — al(s)x,(s) + Z bij(5)f;(x;(s)

+ Z Cif(9)g (s = () + Z Z Qu(5)rj(x (s = Bia())r(xls = £(5))

j=1 I=1

+ I(s) ds + f - J; af du Z hij($)6;;(x;(s = vij($))dw;(s). (3.1)

j=1

Theorem 3.1. If conditions (A)—(As) are satisfied, then system (2.1) has a unique pseudo almost
automorphic solution in finite-dimensional distributions. More precisely, this solution belongs to the
closed ball Hy = {¢ € H | |l¢ — @ollz < K}.
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Proof. According to Definition 3.1, taking the limit as 7y — —co, we obtain
t n n
xi(1) = f = “‘)d"[ a()xi(s) + Y bi()fi(x(9)) + D cij(5)g;(x(s = 71,(5)))
—00 j=1 Jj=1

0 Qi i(xi(s = B )rluls — £(s) + L-(s)]ds
j=1 I=1
+ f [ af du Z hij(5)8:i(x (s = vi($))dw (s), (3.2)

which is also a mild solution of system (2.1).
Define an operator I' : Hy — Hy by I'p = (I'1¢, - - ,I',¢0), where fort e R, i =1,--- ,n,

Tip)(0) = f e Ltwal g (s)%(s)+Zbl,(s)f,(w,(s»+Zc,,<s>g,<¢,(s ni(5)))

j=1

£ Qu)riCp(s = (s )rlpi(s = Eus)) + Ii(s)]ds

j=1 I=1

4 f [ af (wdu Z hij(5)0;i(@;(s — vij())dw;(s).

We will divide the rest of the proof into three steps.
Step 1. We will prove that system (2.1) has a unique solution in Hj. To begin with, we will prove
that the mapping I is a self-mapping from H, to Hj. In fact, for each ¢ € Hj, we have

llpller < ll = ollz + llpollm < 2K (3.3)

and
|

+ 5 sup max {E f e~ [ alwau Z bij(s)fi(p(s))ds
. ‘=

T — @ollz; <5 SupmaX H f “ L@ (s)pi(s)ds

teR l<isn
}
()

‘ n
+ 5 sup max {E f ¢ i aftodu Z ij(9)gi(p(s —mij(s)))ds

teR 1<i<n

)

terR 1<i<n o
t - n_n 2
+ 5 supmax { E f e L0 SN 0u)rieils = it = E(s))ds]| |
teR 1<isn —0 J=1 =1 0]

+ 5 sup max {E f [ afdu Z hij($)6:i(;(s = vij(s)))dw;(s)

terR 1<i<n

)

=L+ L+ 3+ 0+ Js. (34)
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By the Cauchy-Schwarz inequality, we have

f f
Jy <sup max{[f e b “f(”)d”ds][f e “?(”)d”E||af(s)90i(s)||é>ds]}
teR 1<i<n oo —oo

c\2

<5 max {an% }Il -

Similarly, we can get

) <5 gg{@?) Z(b;,) Z(Lf) bl

1y <smax{ Z( &) Z(Lg Nl
Ji <5 ¥nax{ e Z(Z(Q“,-ﬂf Z(M;)Z)Zn]@;)z}nsonﬁ-
stsn Ugy)? 5 NS I=1 j=1

By the It6 isometry, we can obtain

J5S5{nax{2 Z(h”) Z(L6 }||30||12HI-
<i<n Cl

Substituting (3.5)—(3.9) into (3.4), by (3.3) and (A3), we obtain that

— ol < {
ITe — ol _S{rgllg

— 2 _
34(21() =

Therefore, we arrive at ||[I'¢ — ¢ollg < K for every ¢ € H.

aﬁ, - [@?)2 + Zn]a?,-j)z Zn](Lj.” )+ Z"]wijf Z":@j)z
+Z(Z<Qul> Z<M’ )Z@’) +—Z<h,,> Z(L * gl

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

To prove that I'g is uniformly £2-continuous, for every ¢ € Hy, t;, t, € R with #; > t,, we infer that

E|lTCe)(11) = (To) Il

- ax (2] f m o o — g 2t ][ — ats)gis) + S bi(5) o)

1<i<n -
J=1

+ i85 = M) + D D Qi) (s = Oi(Nrleau(s = Eij(s)

=1 j=1 I=1

. L-(s)]ds * f eI “?’<“>““[ = a{(S)pi(s) + Y bij()fi(p(5))

15 j: 1
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+ Z cii(5)g,(pj(s = mij(s) + Z Z ()1 5(s = Oyj(s))rlpi(s — £4(5)))

j=1 I=1

+ Ii(s)]ds + f [e— Jrdlwadn _ - [ “?’@‘)d“] Z hii(5)5;i(¢ (s = vij(5)))dw;(s)
o =

)

e f;l a?(u)du —e f;z a?(u)du

+ f e [ alwdu Z hij(5)0i(p(s = vij(s)))dw;(s)
=1

Q o[

stz [ |
2
ij($)fi(e;(s)) .

x (Ellaf(s)soi(s)||¢2) +E

f;l a?(u)du —e f;z af(u)du

n

Z Cij(S)gj(SDJ(S -

=1

+E‘

; + EILOIR s

ij1($)ri(@i(s = O;u())rilei(s — Eiji

1) " gl t
f e_fsl af(u)duds][f e_fxl ajf’(u)du(E”alg(s)%(s)”é
15 L
2

j=1 I=1

+ 12max{

1<i<n

2
n

2
ij($)fi(@ () S +E Z cij(9)g(p;(s — nij
=1
n n 2
25 Q)i s = 6 ntiils = )|+ BB Jas |
=1 =1
" —ftl u¢(u)du —ftz u¢(u)du 2 ?
+ 12{2[’3{[ [e [ attod _ - [ ] E|S hii(9)8,(0,(s - @ds}
1] _2f11a¢( i 2
+ 12{23X{f el G E ij(5)5ij(‘;0j(s_ @ds}
<i<n t

< max {12[(61021() + Z(b,JLf 2K) + Z(c,ngzK) + Z Z(Q,JIUZK) + (1) ]

Isizn ==
2 ¢ 1,9 2
X[(f e‘”i(’z_s)f a?(u)du—f Cl?(u)du ds) +(f ek “i(“)d”ds) ]}
—00 s s 15
15} 1] 2
f af(u)du—f af’(u)du

2
11 .
+gn_ax{122(huL52K) [ f 2 (2= ds + f e—zfsl“?<“)d“ds]}
<i<n _ f;
<max{12[(ac2l() +Z(b,,Lf2K) +Z(c,ng2K) +ZZ(Q,,,L’2K) +(1+)]

00 2
1<i<n
j=1 I=1

aly\2 @’?
X [(—;) Ity — & + 1ty — lzlz]} + max{12 Z(%Lé 2K) [ It — 6l + 6 - f2|]}
a al

1<i<n

C

< max {12[(¢2K> N Z(b,JLf 2K) + Z(c,,ngK) n Z Z(Q,JIL’ZK) + (1) ][(a : )2 ¥ 1]

1<i<n
j=1 I=1 =i
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cZ"

Z(h,]L‘S 2K) }|z] ~ b +max { 12 Z(huLé 2K) }ltl b,

l

Therefore, we find that E|Te(t;) — l"(,o(tz)ll(z) — 0 as t; — t,, which implies that 7¢ is uniformly
L?-continuous. As a result, we reach the conclusion that I'(H,) ¢ H.
Now, we prove that I" is a contracting mapping. Indeed, for any ¢, ¥ € X,, we can deduce that

)

(I WIIQ

<5 sup max (£ f e L @G ()[i(s) - yi(s)]ds

reR 1<isn

2
+ 5supmaxiE f [ af du Z bii()[fi(ei(s)) = fi((s))]ds }

teR 1<isn

+ ssupmax (£ | IS s = 6 850 s — ()N

1<i<n
teR =1

1<i<
teR 1sisn =1 =1

+ 5 sup max Ef °“’(”)d“ZhU(S) 0ij(@j(s = vif(5))) = 8 (s — vij(5)))]ds

terR 1<izn

+5supmax £ f e a“")d“ZZQlﬂ(s)r](so,(s O ri(pi(s — £(5))ds

<3 Eii{(a¢)z ZU%) Z@f) +Z(%> Z@g)
v Z(Z(Q,,»Z Z(Mr )Z(L’) + 4 Z(W Z<L5 * b - i,

which combined with (A3) yields that

e - rull, < VRle - ol < 5lle - vl

i.e., I' is a contraction mapping. Hence, I" has a unique fixed point x in H,. Therefore, system (2.1)
possesses a unique solution x € Hy.
Step 2. We will show that the system

yilt) = f el a<u>d“[ a(s)y,(s>+2b (s)f,(y,<s>)+Zc,xs)g,(y,(s nij(s)

* Z Z QL) = Bip(MINi(s — &(s) + 1,~1<s>]ds

j=1 =1

¢ n
- [a‘.p u)au
+ f el Rl (56535 = vij(s))dw;(s), (3.10)
e ‘=
possesses a unique solution y that is almost automorphic in finite-dimensional distributions.

Electronic Research Archive Volume 34, Issue 6, 4005-4036.



4018

In fact, similar to Step 1, by using conditions (A;), (A,), and (A4), one can show that system (3.10)
does have a unique solution y € Hj, which satisfies (3.10). We will prove that y is also almost
automorphic in finite-dimensional distributions.

By (3.10), we can get

n

1
Vil + 5) = f e-fs“?*wswdu[-af(”sk>yl~(s+sk>+Zb}j(sﬂkm(ystk»

J=1

+ " cl(s + s0g (s + s —mijls + sON + > > Olils + 5)
j=1

j=1 [=1

X F((5 + Sp = Oi(s + SONROICS + 5p — Ep(s + 500 + I (s + sk>]ds

! n
r ¢
+ f e~ IO N (s + 500305 + s = viyCs + s))AIw,(s + 50 = wi(s)l,

J=1

where i = 1,...,n, wi(s + st) — w;(s¢) 1s a Brownian motion with the same distribution as w;(s). Let
us consider the processes

it + s¢) = [ ek “f'b(”“")d“[ — ai(s + sp)yi(s + si) + Z bij(s + s0f(0j(s + 51)

(o) le

£ clls + 50805+ s = mls + 5N + ) > Olils + 50

j=1 j=1 =1

X F( (5 + Sk = Gi(s + SONROICS + 5p — Eps + 500 + L (s + sk>]ds

i n
- la‘.pu S, u
- f o s 0d N (s + 500355 + 51— viyls + 5))dw(s) (3.11)
. Z
and

$.(6) = f e aé‘w[ —G()FS) + Y BLSO[FH) + D 8585 = Ti(s)

=1 =1

£ 03 0L (s = Bl )Irils — E(s) + f,~1<s>]ds

j=1 =1

+ I e fsliz;b(u)du Z flllj(s)éu(f/](s - f/lJ(S)))dWJ(S) (312)

Under conditions (A;), (A,), and (A4), according to Remark 2.2, in the same way as in Step 1, one can
prove that (3.12) possesses a unique solution y € H.

In view of (A;), for every sequence of real numbers (s))icn, there exists a subsequence (si)ken such
that for each t € R, there hold

lim |af (¢ + 5) =@} ()] = 0, lim [a/(t = s) = a7 (0] = 0,
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lim [la ( + 5 — a3 =0, lim flag (t = 50 — a3 =0,
lim 16}t + si) — BLOIIE = 0, lim 16}t = s:) = b, OI3 = 0,
lim llej(t + s1) — €I =0, lim 18}t = s1) — ;I =0,
lim 101t + s1) = LIl =0, lim 10}t = s1) — QLI =0,
lim N}t + s) = I (D)1Z = 0, lim I (t = s) — I OI3, = 0,

lim 17t + i) = hi;(IIE = 0, lim 1At = s¢) = hi;(DII3 = 0,

J

]11_{{)10 ni(t + s1) = 7;;(OF = 0, gl_)n; 17 (t = s1) = ni;(OF = 0,
1}1_{1010 16t + s1) — Bi()]* = 0, 1}1_{2 16t — s1) — 0D = 0,

,}1_{510 &t + sx) — En(@)IF = 0, ,}Eg &t — 1) — EqnOF =0,

]}im it + s0) — 9O = 0, ]}im 19t = s) — vi; (O = 0.

Since § € UCB(R, L*(Q,0")), for any {#;}, {#;} C R, we have that if |t — ] = 0as k — oo, then

k

Ely(t;) — y(t,’()llg — 0 as k — oo. Thus, for every sequence of real numbers of (s) )iy, there exists a

subsequence (sp)rew Of (5))rerr such that

]}1_{2) E|y(s — n;;(s + s)) — Y(s — ﬁij(s))“(z) =0,
]}1_)1’1;10 E|y(s = 0;j(s + s)) — Y(s — éijl(s))”% =0,
%1_)12 E|y(s — &j(s + ) — (s — gijl(s))”(Z) =0,

lim E|[§(s = vij(s + s1)) = 5(s = ii())lg = 0.
For every 1, € R, by (3.11) and (3.12), we get

Elly(t, + t + s) — 3(t, + t)ll

to+t 2
<17 max E ‘ f e I g (4 ) yits + 50) - Fi(s)]ds )
tq+t g+t ¢ . 2
+17 {E%E fm e L s gt (s + 5) — @ () ]yi(s)ds .
fg+t St g+t ¢ 2
+17 max E f (e_fs a rsdu _ o= 173 (”)d”)&f(s)j)i(s)ds
<i< . )

+ 17 max E I e L s D bls + sOLfi(s + 50) = fi(F(s)]ds

1<i<n o
J=1

2
(0]

(3.13)

(3.14)

(3.15)

(3.16)
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+ 17max E

1<i<n

+ 17max E

1<i<n

+ 17max E

1<i<n

+ 17max E

1<i<n

+ 17max E

1<i<n

+ 17max E

1<i<n

+ 17max E

1<i<n

X ri(§ (s — &(s)))ds

tg+t it o
(e—fr a; (u+s)du __
—00

+17max E

1<i<n

X r(y;(s — g:ijl(s)))ds

+ 17max E

1<i<n

+ 17max E

1<i<n

+ 17max E

1<i<n

— 6;;(F;(s = V;;(5)))]dw;(s)

+ 17max E

1<i<n

+ 17max E

1<i<n

Iyt tq+t & 7 ?
f o Wl wrsdu Z (bi],-(s +85) — b}j(s))fj(jij(S))dS
—00 j=1 ©
tq+t tq+t ¢ . tq+t ¢ 1 ~ 2
f (e et _ o (a0 S BLG3) 15
—00 i o
j=1
g+t tgtt ¢ . a 1 ’
f e L1 di rrsidu Z Cij(S + 5)[g (s + sk = mij(s + 5p) — &;(F;(s — 77i;(5))]ds o
—00 J:1
lqtt g+t ¢ g ?
f e~ S d wrsodu Z(c}j(s + 51) = E())g(Fi(s = 7ij(5)))ds
Iytt g+ 6 g+t ¢ 2 2
f (eﬁ ajutsdu _ o= [ 3] (”)d”) Z & ()85 (s — Tij(s))ds
—00 O

.

X ri(yi(s + sp = E(s + 1)) = r;(5(s = Ou()))rFi(s — szijl(s)))]ds

I
I
/

tg+t gt o n B . .
‘ f e kT it Z(h},-(s + 51) = hij())6;1(F (s = T;(5)))dw ()
oo =

g+t gt g _ [fqtt -9 2 ~ - -
‘ f (e 4 af (utspydu _ e [ a (u)du) Z h,!j(s)éij(yj(s — Vij(S)))de(S)
oo =1

Electronic Research Archive

J=1

tgtt n n
_ Iq+l ¢ S d 1
e ﬁ a (u+si)du Z Z Qijl(s + Sk)[rj(yj(s + S — Oiﬂ(s + Sk)))

j=1 I=1

2
(@)

‘ f e I SN QL5+ 500 = Ol G — ()

J=1 =1
2

(0]
n

n
o af’(u)du)
=1 =1

0 ($)rj(3(s = B;j(s)))

2

O

e fStqHa?(qu)du[Iil(s + Sk) - il.‘(s)]ds

1+t 2

O

(%)

1+t ’ 2
_ (MY Py _ [latt o ~
( e J el (utsiydu _ e i\ a[.(u)du)lil(s)ds
(o)

O

Iq

+t n
_ [ 2 u
e B N s+ 50605 + 8¢ = vig(s + 50))

(o9

J=1

2
(0]

2
(6]

2
(0]
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=" Fi. (3.17)

In view of the Cauchy-Schwarz inequality, we deduce that

1<i<n

1+ W o 1+ w0
F(¢) <17 max EH f e 1 (””")d“dsf e I a0 gl (s 4 s ) (yils + si) — Fi(s))) ds
oo 0

1+t
<max —(a ) f '(t"H_S)EH)’(S + 55) — ?(S)llgds}

1<i<n

<max{—(a) f e VE|ly(t, + s + sx) — (2, +s)||0ds} (3.18)

1<i<n

Since E|[F(s)Ilj < (2K)?, limy_e llas(s + sp) — aS(s)lIF = 0, and by the Cauchy-Schwarz inequality
and the Lebesgue dominated convergence theorem, we can get

17 g+t -
Fat) < max{—¢ f o B st e (s 4y af(s)ngEny(s)ngds} S0ask oo, (3.19)
a’ J-

1<i<n 00

Due to the fact that E|[F(s)[Z < (2K)?, limy_, |af(u + s3) — a(w)* = 0, we can get

fg+t
F5(r) <17 11nax {( f

ty+t ty+t 2
<17 max {( f g4l =) f la(u + 5) - a;?’<u>|duds) (af)zElli(S)Ilé} — 0ask — oo,

e f;qﬂ u?(u+sk)du —e f;qﬂ &f(u)du

ds)2<a:r>2E||y||%}

1<i<n oo
(3.20)
Similarly, it is easy to see that
f lqtt
Fs() < max{ (LYK f ¢mal =9
5 1<i<n Qi Zl
(b (s + 51) — bji(s) ds} — 0ask — oo, (3.21)
. ty+t .
F(1) <max {17 SR YWl [ et
j=1 j=1 —o
1+t 2
x f 0% + 51) - Zlf(u)lduds) } S 0ask - oo, (3.22)
17
Fs(1) <max{ Z(Lg) (2K) f -a; (tq+t s)
I< az j=1
2
(s + 51 = E(s)) ‘ ds} — 0as k — oo, (3.23)
@)

J:
SIRICA Y 2 of 7 s
pA 8 —a; (lg+t=s
Fs(0) S{E%{Z;(Cij) ZI(LJ) k7| f e
J= J=

Electronic Research Archive Volume 34, Issue 6, 4005-4036.
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1+t 2
x f a(u + 51) — Zz?(u)lduds) } —0ask — o, (3.24)
r r —a; (tq+t s)
Fii(0) <n<12x{ Z;(L 2 Z(M 22K)* f e
l J=

Lis + 50— Oy(s) \@} S 0ask — oo, (3.25)

j=1 I=1

Fi(n) < max {17 Zn: [Zn:(Qilﬂ)Z Zn:(Llr)Z] Zn:(MJ’-)Z(ZK)Z( ftq + T
T j=1 " I=1 =1 j=1 -

1+t 2
x f a’(u + 51) — Zz?(u)lduds) } —0ask — o, (3.26)
1 g+t
Fi3(t) <max|— f e G TIN5+ 5) — T (s)||éds} — 0ask — oo, (3.27)
<i<n a

17 et 1+t 5
Fialt) < 1i0n {_ 1) (f e (tqH_S)f |a¢(u + 5) — fl?(u)lduds) } —0ask — oo, (3.28)
Fi(1) < max {17 Z(L 2(2K)? f —2a (ty+1—s5)

X (h (s + 51) — hii(s)

ds} — 0ask — oo, (3.29)

=
Fi7(1) <max{17 Z(h,,) Z(L ) (2K)? f ~2a0(1,+1-s5)
fq+t 2
X (f jaf (u + si) — Zlf’(u)ldu) ds} — 0ask — oo. (3.30)

In addition, we can get

Fit) < {nax{ Z(b,]) Z(Lf ) f e IE|ye, + 5+ 50 = 501, + 9)[ids) (3.31)

ljl

For F;(t), we have

F;(r) <34 maX E

<1<n

‘ f . f’q a (utsp)du Z Cilj(s + Sk)[gj()’j(s + Sp — 77,~j(S + 5¢)))

tqtt . ¢
'f e fq (M+Sk)duzcilj(s + sk)

X [gj@j(s - nij(s + sk))) gj(yj(s Uzj(S)))]dS o
=H(t) + Hy(2). (3.32)

+ 34 max E

1<i<n

- gj@j(s 771](5 + Sk)))]ds
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By the Cauchy-Schwarz inequality and (3.13), we have

n g+t
2 852 l(t+t s)
Ha(0) <max (5 @) §‘1<Lj>[ et

_1]1

X EIT (s = mi(s + 500) = 5,05 = T(MIEds} = 0as k — oo, (333)

For H (1), letting u = s — n;;(s + s¢), we infer that

tg+i—1;j(t+sk) e % (tq+t u—1;;(s+s¢))
H(1) <34 rgfg;{ Sl Z(Lg f T Bl 50 - 5l dul
z Jj=1 ij
n.. I
2 £y2 e ~al(1-s) s 2
Slllslg{ Z;( ) Z;(Lj) T 77+, Ioo e Elly(ty + s+ sp) — y(t, + s)llods}. (3.34)
4 Jj= i
Similarly, we have
4 ¢u sp)du ryr
Fio(2) <rr<11a<§{ _ (Ql,l) f PG Z(ML

Jj=

x Elly (s + si - f,-ﬂ<s +50) = (s — Els + sk»ng)]ds}

n

- t + aa,)(u+sk)du ML’

+ max (Quz) [ ( L
1<i<n ’ =
_1 =

X El[y(s — fijz(s +81)) = Jul(s = Eijz(S))llé)]dS}

¢(u+v )du ryr
+{nax{ ‘ Z(Q,,,) f k Z(ML

X Elly (s + sk — (s + 500) — (5 — Oi(s + sk))né)]ds}

n
¢
+max{ E (0L f " af s > (ML
1<i<n ! ;
—l

J= =1
X I (5 = (s + 500) = (5 - é,-ﬂ(s»né)]ds}
=B (?) + Ba(t) + Bs(t) + Ba(2). (3.35)

By (3.14) and (3.15), we can infer that
B>(t) > 0, B4(t) > 0as k — 0. (3.36)

For By (¢), letting u = s — &;ji(s + s,), we obtain
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68n o] € il
B (?) S{I;lg{z Z [Z(Q,,[) Z(M L) ]1 — ljl
t
y f FEIEIN G, 5+ 5 = 50, + 9)ids). (3.37)

Similarly, we have

68n R £
Bs(1) < max {? ] [Z(Q,,,) Z(M L) ] my
=i j= =1 ij
!
X f e Y <H>E||y(tq +5+ 5 — Pt + s)||3ds}. (3.38)
By the It0 isometry, we obtain
¢
Fis(r) <34 {E%E ’f i (ersdu Z hz](S + 51)0;;(yj(s + s — vij(s + 51)))
<i< =
2
_ 51J(5)J(S — V,'j(S + Sk)))dW](S) o
ly+t 1g+t ¢ d 1 1
+ 34 €r<1;a<),(1E ' f o~ [l a (ursidu Z hij(s + sk)[dij(jzj(s —vij(s + 1))
<i< oo =

2
—0;;(y;(s - ﬁij(s)))]dwj(s)

s%gg{Z(h)Z(L) f e ANy 5 s vi(s + 1)

— V(s —vij(s + Sk))ll@ds}

+34 gg%{Z(hI) Z(L‘S) f &2 LM 5 s = viy(s + 50) = 5,5 = T (o)IBds )
=C (1) + C(2). (3.39)
According to (3.16), we have
Cy(t) > 0 as k — oo. (3.40)

For C(2), letting u = s — v;;(s + sx), we obtain

Ci(h) < max{34Z(h )2 Z(L

—00

e IE|y(t, + 5+ 50 - 50, + 9)ids). G4D
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Therefore, from (3.17)—(3.41), it follows that

t

Elly(t, + t + s) = $(t, + D)llg < J(t) + f e IEy(t, + s + s) = 52, + s)llds,

—00

where a™ = minlsign{c_zf}, T is given in (As), and

Ji(t) =F5(t) + F3(0) + F5(2) + Fe(t) + Fs(t) + Fo(t) + F1(f) + F2(t) + F153(2)
+ Fi4(t) + Fig(t) + F17(t) + Hy(t) + Bo(t) + B4(t) + C2(t) > 0 as k — oo.

Thus, by Lemma 2.3, we can get E|[y(t, + 1+ s;) — y(t, + t)||3 — 0 as k — oo for every t,1, € R, which
means that y(7) is square-mean almost automorphic. By Lemma 2.1, we deduce that y(7) is almost
automorphic in finite-dimensional distributions.

Step 3. We will show that the x obtained in Step 1 is pseudo almost automorphic in
finite-dimensional distributions.

Let z = x —y. Then, x = y + z. From Step 2, we have y € DAA(R, L%(Q,0M). So, to end the proof,
we just need to prove that z € DPAA((R, L2(Q, Q")).

From (3.2) and (3.10), it follows that

T

1
— E||z(t, + 0)||>dt
T ), llz(z, + Dllo

1 T 2
SlOmaX{—f E dt}
1<i<n \2T -T 0

‘ f e W] () (s) — yils)]ds

1 T 1+t . n 2
+ 10{2{2{ﬁ ‘[TE ‘[w PRAACH ;(bij(s) - bgj(s))fj(xj(s))ds @dt}
10 1 TE M wu Y B! d 2d
e 10max (L f T f N ; LU0 = o0 1ds| dr)
0 1 TE tg+t - n 1 4 2d
cromax{o [ g [Ter D€0t®) = e ea = s, /|
1 ! ! —ftqﬂa(.ﬁ(u)du C 1 2
+ 10{2%{ﬁ ITE Iw e ;Cij(s)[gj(xj(s — 1ij(5))) — &;(v(s — m;;(5)))]ds @dl}
+ 10 max{L fT E ftqﬂ PO i [i(Qi 1(s) — Q1-1(S))]
1<i<sn \2T J_r oo ‘i ! Y
2
X Vj(xj(S - 9ijl(S)))”l(xl(S - fijl(s)))ds @df}
T 1+t g+t n n
+ 10 Ilnax{if E 'f e K alwadu Z Z Ql-lﬂ(S)[l’j(Xj(S = 6;(s)))
<i<n T _oo T
2
X (s = E(5)) = 105105 = B NrGits = Ea()Ids]| )
+10 {i fTE'fW [ ) — 1 (s)ld 2d:}
?;fas)szT _T _ooe~ o i S@
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1 T tqtt o n 2
— = [ af (ydu () — BLONS. (x5 — . }
N 1011253{ — f TE' f e ;(h,j(s) 03,5 = v (w9 di
1 T lg+t —ftq-Hd(ﬁ(M)dM 1 1
+ IOElgaé{ﬁ ITE'Iw e s ;hij(s)[éij(xj(s_Vij(s)))
2
= 63,05 = vig($)) |dw(s) @d’}
10
= Z D). (3.42)
i=1
By a change of variables and Fubini’s theorem, we can get
tq+t y 2
Dy(1) =10 {nax f a0 _ gt ()(xi(s) - yi(s))]ds dt}
<i<n 0
fg+t
SIO{naX{—¢(a) —f f e Y HOWS S)E||z(s)||0dsdt}
<i<n al
~10m {i( )2 ““En( bt +t)||2dt)d}
- lsi)r(z ij 4 2T AsTly 0 S
10 {1 )2 B +t)||2dt)d}
= {Igl?éi 5_1? a 2T T+S€ Uy 0 S
1 S
:IOmaX{ % f ~a(r- S> f Ell, +z)||§dz)ds}. (3.43)
I<isn a s=2T

Similarly, we can obtain that

D3(t)<10max{ Z(b )? Z(Lf f e_“?(T_S)(% f S E||z(tq+r)||§dr)ds}. (3.44)
1<izn { g s_2T

For Ds(t), through variable substitutions and Fubini’s theorem, one has

1 n . n 1 T g+t s ~
Ds(0) <10max - ¢Z<c}j>2Z<L§>2ﬁ | f e E(s — ) s
_i j=1 Jj - —o
1) e ! ol tg+=5)
)Z( ) +2T Y E|(s)llgdsd
af =1
:10{25&}{ &Ly Z(Lg)2 al ”+ 57 f f “E||z(s+tq+t)||(2,dtds}
1 P 17]” 0 1 T+s
:10{2;1’,3{7 i 2 [ [ e e i
{l @y Z(Ls)zﬂ f ' e—aﬂ—s)(i f Bl +t)||2dt)ds} (3.45)
Q? AR A AN 2T Jyor ) '
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For D;(1), it can be estimated in a similar way. That is, we have
4 1 v 1 1q+1 g+t ¢
0 SZOH{naX{Z[ (O DMLY [ e B - gyoasal)
+20n gnax{z [Z(Qlﬂ) Z(MFL’) f e 1 E(s - 0 sd |
T =1
AT
ryr —a;(T-9)[ ___ 2
<20n {nax{z [Z(Ql],) Z(M ) ] ff, f e ( - f ity + t)llodt)ds}
r , el ljl
+20n§r<1;a<)§l{Z[Z(Ql,z) Z( L) ]
J=

T 1 X
X f o e T- S>( f Ellz(t, + t)||gdt)ds}. (3.46)
—0 2T s—2T

Next, we will estimate D,(¢). According to Fubini’s theorem, we can get

n 1 T gt n 2
2 2 -~ —a! (ty+1-5) 0
Dy(0) <10max {— §_ (L)) (KY 5 I i I Nak Zb”(s) _

Zb (t,+1—5)

Z b?j(t)'l;dtds}

dsdt}
D Z(UB (2K>f sz e

(
(s
_101113%{61. Z(Lf) 2K) fm = fw Y
nax |
x|

dtds}

1 f tq+T+v
a¢Z(L)(2K)f 1+ 2(T+s)f
1 2 —a?s

Z(L )(2K)? f 2T

Ql J_

Z b?j(t)H;dtds}

dt (3.47)

By the Lebesgue dominated convergence theorem, one has D,(f) — 0 as T — +co. Similarly, we can
get Dy(t) — 0, Dg(t) — 0, Dg(¢) — 0, and Dg(¢) —» 0 as T — +co.
Now, we estimate D((t). By the It6 isometry and the Fubini theorem, we deduce that

1yt
Dio(1) <10max{Z(h )’ Z(Lé) — f f 2= S)Ells—vlj(s)llédsdt}
: ty+t
1528 B T o2y
SlOll‘Isllaé{Z(h ) Z( = T f f Ellz(s)llodsdt}
T T S
0y eV ~24!(T-s) L 2
310{2[_2{2(h )? Z(L I K ( — f B Ellz(tq+t)||0dt)ds}. (3.48)
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Therefore, by (3.32)—(3.48), we have
’ 2 T T—sf 1 ’ 2
57 | EllCy + Dl < 1) + 2 f e >(ﬁ f Bkt + t)||0dt)ds

where () = Dy(t) + D4(t) + Dg(t) + Dg(t) + Do(t) with Dy(t) = 0as T — oo, h = 2,4,6,8,9, and

b+
-_ 10 . N r1w N f\2 APRICAY g2 €M
= = {0+ DB D00 ¢ D D

+2nZ[Z(Qlﬂ) Z(M’L’ ] il +2nZ[Z(QU,) Z(M’L’ |

]1 l]l Jj=1

Galll "’Z(h Z(ﬁ ]} < min{d’}.

1<i<n ™
t]l

By the definition of T in (As), we have E < Y. Hence, by (Ay), E < minls,-sn{gf}.

Since «(f) — 0 as T — +oo, by Lemma 2.3, we obtain that % f_TT El|z(z, + t)||(2)dt —0asT — o0
for any 7, € R. According to Lemma 2.2, we deduce that z € DPAA(R, £*(Q,0"). The proof
is completed.

Remark 3.1. In the proof of Theorem 3.1, we take H to be the space of L*-bounded and L>-uniformly
continuous functions in order to handle the case with time delay; if the system under consideration has
no time delay, then it suffices to take H as the space of L*-bounded and L*-continuous functions.

By adapting the method used in the proof of Theorem 3.2 in [34], one can easily obtain the
following theorem.

Theorem 3.2. Let conditions (Ay) — (As) be fulfilled. Then, system (2.1) admits a unique pseudo
almost automorphic solution in finite-dimensional distributions, which is global exponential stability,

that is, for the pseudo almost automorphic solution in finite-dimensional distributions x = (x,- -+ , x,)
of (2.1) agreeing with (2.2), there are positive constants 1 > 0 and M > 1 such that each solution
x' = (x|, -, x;,) with the initial value ¢ = (¢1,- - , ¢,) satisfies

E|lX'(®) — x()lI§ < M(Ellp — yllg)e™, t > 0,
where
g —wlls = sup Ellg(r) — w03,

s€[-p,0]

4. An example

In system (2.1), letey = 1,n =2, and for i, j, [ = 1,2, take

X; :)C? + x}el + X?€2 + X?eg, + X?€4 + X?€5 + X?€6 + XZ€7,
fi(x) =0.031sin(x%) + 0.015¢, sin(x}) + 0.027¢; tanh(x?) + 0.024e5 sin(x})
+0.025¢, sin(x}) + 0.018es sin(x)) + 0.025¢6 tanh(x%) + 0.029¢7 sin(x)),
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gi(xj) =0.07 sin(x}) + 0.05¢; sin(x}) + 0.04e, sin(x}) + 0.06e; sin(x))
+0.05¢4 sin(x}) + 0.02es sin(x)) + 0.04¢5 sin(x%) + 0.03¢; sin(x}),
rj(x;) =0.04 sin(x?) + 0.02¢; sin(x}) + 0.04e; sin(x}) + 0.03e; sin(x})
+0.04e, sin(x}) + 0.03es sin(x}) + 0.02e4 sin(x?) + 0.01e; sin(x)),
6ij(xj) =0.037 sin(x?) + 0.015e; sin(x}) + 0.017¢, tanh(x}) + 0.023¢; sin(x))
+0.01ey sin(x}) + 0.021es sin(x}) + 0.03 1 e sin(x$) + 0.015¢; sin(x}),
ai(t) =(1.4 + 04 sint) + (0.03 + 0.02 cos V3t)e,

+ (0.03 + 0.02 sin \/Et)ez + (0.04 + 0.02 sin t)e;
+ (0.04 + 0.01 cos t)es + (0.05 + 0.01 cos t)es

+(0.04 + 0.01 cos V31)eg + (0.07 + 0.01 sin V7t)es,
ar(t) =(2.1 — 1.1 cos V51) + (0.08 + 0.02 sin r)e;
+(0.05 + 0.04 cos V31)e, + (0.05 + 0.02 sin V21)es

+(0.05 + 0.01 sin V3t)e, + (0.05 + 0.02 cos V2¢)es
+(0.04 + 0.02 sin £)eg + (0.05 + 0.01 sin r)e,

sint 1

by1(t) =0.07 sint + 0.03¢;—— T , bi(t) = 0.05¢; cost — 0.02e—— —
t
b1 () =0.05¢4 sinz + 0.01e7 sin V2t, by (f) = 0.08¢; cos t — 0.02es IS:I_lt

c11(?) =0.03¢4 sin V51 — 0.01e7cost, c1o(f) = 0.07¢, cos V2t — 0.02e5sin ¢,
sint

c1(1) =0.06sint — 0.02¢3—— T2 2 () = 0.07¢; cost — 0.01¢g sin \/gt,
. . 1
0111(1) =0112(t) = 0.08 sin 7 + 0.01e5 sin V57, Q121(r) = Q122(r) = 0.07¢; cos V5t — 0.02¢6——.
t
0211() =0512(1) = 0.06¢4 cos £ + 0.01e; lsm —, On1(1) = Oma(t) = 0.09¢; sint — 0.02¢5 cos 1,
hy1(t) =0.06 cos ¢t + 0. 0263 1 — , h12(t) = 0.04e, sin V3t - 0. Olegcost,
ho1 (1) =0.08e4 sin V21 + 0.01e7 sint, hy(r) = 0.05e, cos t — 0.02e5 sin V3,
1
() =1.7 cos V3t + 1.5¢;sint + 1.4e, cos( ) + 1.5¢5 sin V21
2 +sint + sin V3t
1 1
+ 1.7e4cost + 1.2e5 + 1.9¢4 cos( ) + 1.8e78int,
1+ 2 + sin 2 + sin V2t
1
L, (1) =1.6sin V5t + 1.7e; cos V21 + 1.4e, sin V3t + 1.5¢;5 cos( )
2 +sinf + sin V2t
1
+ 1.6e4sint + 0.8e5 sin V7t +1. Tegcost + 1. 8671 —a

n (1) =n12(8) = 0.09 + 0.01 sin ¢, 1n1(¢) = () = 0.08 + 0.02 cos ¢,
Eni(®) =&112(1) = E121(1) = E122(1) = 0.07 + 0.02 sin 7,
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E11(1) =6212(1) = Ex1 (1) = Ex0(1) = 0.06 + 0.04 sin 7,
0111(1) =0112(t) = 0121(t) = 0122(t) = 0.07 + 0.03 cos ¢,
0211(1) =0212(t) = 0201(t) = O205(t) = 0.08 + 0.02 sin ¢,
v11(8) =vi2(r) = 0.08 + 0.01 cost, vo1(t) = vo(f) = 0.09 + 0.01 sin 7.

Then, we have

L =0.07,L5 ~ 0.134, L) ~ 0.087, M} = 0.04, L, ~ 0.064,a; ~ 0.154,a ~ 0.197,b}, = 0.07,
by, ~ 0.076,b!, = 0.05, b, ~ 0.054,b, = by ~ 0.051,b), = 0.08, by, ~ 0.082,¢, =&, = 0.1,
&l =& 2 0.073,8), = 0.06,¢; ~ 0.063,¢), = én ~0.071,0!,, =0}, = 0111 = O1n =
0.081,01,, = 0l,, = 0.07, Q121 = Q1 = 0.073, 03,, = 041, = 0.06, 0r11 = 0212 = 0.061,
0l = 0%y = Om1 = 0Ly, ~ 0.092, A1, = 0.06,h;, ~ 0.063,hl, = hyy ~ 0.041,h), = hyy =~
0.081, 73, = hyy = 0.054,a¢ = af = 1,R ~ 0.196,R’ ~ 0.196, T ~ 0.680.

So, (A1) — (As) are satisfied. Hence, we see that system (2.1) has a unique pseudo almost automorphic
solution in finite-dimensional distribution that is globally exponentially stable (see Figures 1-6).

4
——xJ(s)=-2.0,5€[-0.1,0] x%(s)=1.5,s€[-0.1,0]
3 i
= ——x}(s)=-1.0,s€[-0.1,0] —x3(s)=3.5,5€[-0.1,0]
>
= 2 ol
N —
> 1 |
= OGN
— o /
S —
= 1
L L L L L L L L L
o 5 10 15 20 25 30 35 40 45 50
4 t\ T T T
s ——x}(s)=-1.5,5€[-0.1,0] x8(s)=1.0,s€[-0.1,0]
.\f/_ ——x5(8)=-0.5,5€[-0.1,0] —x7(s)=3.7,5€[-0.1,0]
=
>
S
>
w\*:':—
>

| | | | | | | | |
[¢] 5 10 15 20 25 30 35 40 45 50

Figure 1. The states x)(2), x| (2), x3(2), x3(2), x{(2), x3(2), X3(2), x](¢) of system (2.1) all exhibit
almost automorphic oscillations.
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——x2(s)=-1.7,5€[-0.1,0] x2(s)=1.5,s€[-0.1,0]

= ——x}(8)=-0.5,5€[-0.1,0] —x3(s)=3.7,5€[-0.1,0]

) 5 10 15 20 25 30 35 40 45 50
4 t , , , ,
s ——x3(s)=-2.0,5€[-0.1,0] x5(s)=1.0,s€[-0.1,0]
=, ——x5(s)=-0.2,5€[-0.1,0] —x2(s)=3.2,5€[-0.1,0]
>
2

Figure 2. The states x)(1), x;(1), x3(1), x3(), X5(1), x3(1), x5(), x}(r) of (2.1) all exhibit almost
automorphic oscillations.

—x2(s)=-2.0,5€[-0.1,0]  x2(s)=1.0,5€[-0.1,0] | —x}(s)=-1.5,5€[-0.1,0] - x}(s)=1.8,5¢[-0.1,0]||

—x3(s)=-0.5,5€[-0.1,0] —x2(5)=3.8,5¢€[-0.1,0] | —x}(5)=-0.3,5€[-0.1,0] —x|(s)=3.2,5€[-0.1,0]

“o 10 20 30 40 5 o 10 20 30 40 50

t t
4 T T T T 4 ; ; ; ;
. —x4(s)=1.6,5€[-0.1,0] — x2(s)=1.2,5€[-0.1,0] —3(8)=-13,5€[-0.1,0] - x3(s)=2.5,5€[-0.1.,0]
1, |
—x4(s)=-0.8,5€[-0.1,0] —x2(s)=3.4,5¢€[-0.1,0] —x3(8)=-0.2,5€[-0.1,0] —x(s)=4.0,5¢[-0.1.0]

Figure 3. Global exponential stability of states x)(¢), x; (), x7(7), x3(r) of (2.1) with different
initial values.

Electronic Research Archive Volume 34, Issue 6, 4005-4036.



4032

—x}(s)=-1.8,5€[-0.1,0] x;‘(s):z.s,se[fo.noy

—x}(s)=-0.5,5€[-0.1,0] —x}(s)=3.5,5€[-0.1,0]

—x3(s)=-1.4,5€[-0.1,0]  x3(s)=1.7,5€[-0.1,0] |

—x3(s)=-0.3,5€[-0.1,0] —x3(5)=3.8,5€[-0.1,0]

>
’ 0 10 20 30 40 50 10 20 30 40 50
4 : t : : —t :
s —x%(s)=-1.3,5€[-0.1,0]  x%(s)=1.5,5¢[-0.1,0] | —x/(5)=-2.0,5€[-0.1,0] - x/(5)=2.0,5€[-0.1,0] |
—x3(5)=-0.7,5€[-0.1,0] —x%(5)=3.6,5€[-0.1,0] | ——x(5)=-0.9,5€[-0.1,0] —x/(5)=4.0.5¢[-0.1,0]
=
>

Figure 4. Global exponential stability of states x7(7), x3(), x(r), x](7) of (2.1) with different

initial values.

—xY(s)=-1.7,5€[-0.1,0] — x3(s)=1.3,5€[-0.1,0]
——x3(s)=-0.8,5€[-0.1,0] —xJ(5)=3.2,5€[-0.1,0]

——x}(s)=-15,5€[-0.1,0]  x}(s)=1.8,5€[-0.1,0]||

——x}(5)=-0.2,5€[-0.1,0] —x}(s)=4.0,5€[-0.1,0]

“o 10 20 30 40 50
t

4 T T T T
5 —x5(5)=-2.0,5€[-0.1,0] — x2(s)=1.5,5€[-0.1,0]| |
——x5(s)=-1.4,5€[-0.1,0] —x3(s)=3.5,5€[-0.1,0]
5|\ ]
N:_'/(\l
>

10 20 30 40 50
t

—x3(s)=-1.2,5€[-0.1,0] xg(s):2.7,se[—0.1,0]7

—x3(5)=-0.3,5€[-0.1,0] —x3(5)=3.8,5€[-0.1,0]

Figure 5. Global exponential stability of states x)(7), x,(), x3(), x3(7) of (2.1) with different

initial values.
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——x5(8)=-1.8.5€[-0.1,0] — x5(s)=1.4.5€[-0.1,0] | ——x5(s)=-1.5,5€[-0.1,0] — x5(s)=2.3,5€[-0.1,0] |

——x3(5)=-0.2,5€[-0.1,0] —x}(s)=3.5,5€[-0.1,0] | ——x5(s)=-0.5,5€[-0.1,0] —x3(5)=4.0,5€[-0.1,0]

2 ‘ ‘ ‘ ‘ -
0 10 20 30 40 50 0 10 20 30 40 50
4 : : t : , 4 i i t i i
s —x5(s)=-2.0,5€[-0.1,0] — x5(s)=1.0,5€[-0.1,0] ——x1(s)=-1.6,5€[-0.1,0] — x4(s)=1.2,5€[-0.1,0]
L 1 5 |
——x§(s)=-1.0,5€[-0.1,0] —x5(5)=3.0,5€[-0.1,0] ——x1(8)=-0.2,5€[-0.1,0] —x}(s)=3.8,5€[-0.1,0]

“o 10 20 30 40 50 0 10 20 30 40 50

Figure 6. Global exponential stability of states x3(7), x3(7), x5(r), x}(r) of (2.1) with different
initial values.

Figures 1 and 2 show that each component of the state variables of system (2.1) exhibits a certain
recurrent oscillation phenomenon over time, indicating that system (2.1) has a pseudo almost
automorphic solution.

Figures 3—6 show that the same component of the state variables of system (2.1) with different initial
values rapidly coincide over time, indicating that the solution of system (2.1) is exponentially stable.

5. Conclusions

This paper has investigated the pseudo almost automorphic dynamics for a class of octonion-valued
stochastic higher-order Hopfield neural networks with time-varying delays in the finite-dimensional
distribution sense. The main work and contributions are summarized as follows.

First, to achieve a higher accuracy in capturing the oscillatory characteristics of stochastic systems,
a new definition of pseudo almost automorphic stochastic processes based on finite-dimensional
distributions was introduced, which provides a significantly more thorough description than the
conventional one-dimensional distribution sense.

Second, by effectively handling the complexities arising from the non-commutative and
non-associative nature of octonions, stochastic noise, time delays, and higher-order interactions, five
easily verifiable sufficient conditions were derived. These conditions guarantee the existence and
global exponential stability of the finite-dimensional distribution pseudo almost automorphic solution
for the proposed network model. The results significantly extend the dynamical analysis of into the
octonion domain with stochastic perturbations.

Third, the theoretical findings presented in this paper are fundamentally new. Their novelty persists
even when the octonion-valued system is reduced to a quaternion-valued, complex-valued, or real-
valued system, thereby enriching the dynamical theory for across various number systems.

Finally, the research framework and analytical techniques employed, including the fixed-point
theorem and Lyapunov method, are not limited to the specific model studied. They offer a viable and
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general approach for exploring pseudo almost automorphic dynamics and other collective behaviors
in a broader class of stochastic with high-dimensional algebra or complex topology.

Future work may focus on exploring the practical applications of these theoretical guarantees in

areas such as high-dimensional associative memory and secure communication. Additionally,
extending the current analysis to include other complex dynamics, such as multistability or
synchronization in finite-time/fixed-time, and considering a wider class of generalized noise (e.g.,
Lévy noise) or impulsive effects, present important and challenging research directions.
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