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Abstract: This work is concerned with a Kirchhoff-Schrédinger-Poisson (KSP) system posed in a
bounded domain of R?. The model features a singular nonlinearity av=" with 0 < 7 < 1, together with
a coupling term of the form ¢|v|92y, where 2 < g < 3. The singular term destroys differentiability
of the energy functional while the nonlocal potential ¢, causes compactness issues. Using nonsmooth
critical point theory, we establish a key estimate linking the weak slope with the derivative of the
regular part, prove the Palais-Smale (PS) condition, and characterize critical points as weak solutions.
By means of Ekeland’s variational principle and the mountain pass theorem, we establish the existence
of a constant I' > 0 with the property that the system admits two distinct positive solutions whenever
a € (0,).
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1. Introduction and main result

The Kirchhoff-Schrodinger-Poisson (KSP) system originates from the description of charged
quantum particles interacting with their self-generated electrostatic field [1,2]. Its general form [3] is

—(a+b fQ IVv2dx)Av + pv = f(v), inQ,
—A(p = vz, in Q,
v=¢ =0, on 09,
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where the coupling term ¢v appears on the left-hand side of the equation as a linear potential. The
corresponding energy functional contains a positive definite term fg @,v*dx, which helps maintain the
coercivity and compactness properties of the functional, thus this structure is widely adopted (see
[4-8]). When the nonlinearity f(v) is smooth, classical variational methods can be effectively applied.

When a singular term v™* (0 < 7 < 1) is introduced, the problem becomes more delicate. Zhang [8]
obtained two positive solutions using a variational method combined with a perturbation technique
under a general weak singularity assumption. Subsequently, Zhang [7] obtained one positive solution
in the strong singularity case (r > 1) by constructing a special constraint set and applying Ekeland’s
variational principle. Mu and Lu [5] employed the Nehari manifold method to obtain multiple positive
solutions for the (KSP) system in the weak singularity setting. In these works, the coupling term
remains on the left-hand side (i.e., ¢v as a linear term), keeping the nonlocal term positive definite.
They also rely on the Nehari manifold or perturbation methods, which require the functional to be C!
on the relevant space and impose monotonicity conditions on the nonlinearity to ensure uniqueness of
the critical point of the fibering map.

In recent years, some works have focused on the critical growth case. Liang et al. [6] studied a p-
Laplacian KSP-type system involving both singular and critical Sobolev nonlinearities, obtaining one
positive solution via the Nehari manifold method. Feng et al. [9] and Ghosh [10] investigated fractional
KSP systems and critical logarithmic nonlinearities, respectively, also relying on differentiability of the
functional. Meanwhile, sign-changing solutions have been extensively studied; for instance, Chen et
al. [11] and Wang and Zhang [12] obtained sign-changing solutions using perturbation methods and
invariant set techniques. These studies have greatly enriched the theory of KSP systems, but they
share the common premise that the coupling term appears on the left-hand side and the functional is
differentiable.

In this paper, we consider a KSP system with a different structure:

—(a+Db [, IVvPdx)Av = @i v+ v, inQ,
~Ap = )9, in Q, (1.1)
v=¢=0, on 0€,

where 2 < g < 3. This range of ¢ is critical: ¢ > 2 ensures the coupling term grows superlinearly,
which is essential for establishing the mountain pass geometry; on the other hand, g < 3 keeps the
nonlinearity subcritical, so the integral f oyvlfdx is well defined without requiring
concentration-compactness arguments. Compared with the classical form, the coupling term ¢[v|?"2y
appears on the right-hand side as a nonlinear source. This change leads to the emergence of a negative
term _2171 fQ ¢,|v|?dx in the energy functional

a b 1 @
Iv) = =|v|]> + = 4——f Wvld ——f =Ty,
) 2IIVII 4||V|| 2% Q‘P v|?dx T QIVI x

while the singular term av™" makes the functional nondifferentiable. These two difficulties render the
Nehari manifold method, perturbation techniques, and the classical mountain pass lemma
inapplicable. Thus, under the combined difficulties of right-hand side coupling, weak singularity, and
nonlocal interactions, the existence of solutions becomes a nontrivial problem.

To overcome these difficulties, we adopt the theory of weak slope introduced by Degiovanni and
Marzocchi [13] (further developed by Canino and Degiovanni [14] and Liu et al. [15]). For a
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continuous functional defined on a complete metric space, this theory introduces an abstract notion of
gradient, denoted |d f|(v), which is obtained by testing the existence of a descent flow. When f is C!,
one has |df|(v) = ||f'(v)|l; when f is nondifferentiable, the weak slope still allows one to define critical
points [16] and (PS) sequences and to establish deformation lemmas and mountain pass theorems.
Therefore, this nonsmooth critical point theory is a natural tool for handling KSP systems with
right-hand side coupling and weak singularity.

Our main result is the following.

Theorem 1.1 Assume 0 < 7 < 1 and 2 < g < 3. Then there exists I > 0 such that for every a € (0,T),
system (1.1) admits at least two distinct positive solutions v, and v* satisfying [(v,) < 0 < I(v*).

Compared with existing results, our method does not require differentiability of the functional and
applies to a broader range of parameters. It extends the weak slope theory to KSP systems with nonlocal
coupling for the first time and successfully handles the interaction between the Kirchhoff term and the
Poisson term. Under the weak singularity assumption (0 < 7 < 1), we establish the existence of two
positive solutions. In contrast, only one solution is obtained when the singularity is strong.

Our analysis shows that even when the coupling term appears in a way that destroys the positive
definiteness, nonsmooth critical point theory, together with appropriate estimates and limit arguments,
can directly yield existence and multiplicity results within the framework of continuous functionals.
This approach may be extended to other nonlocal singular systems with similar structures, providing a
possible direction for further studies on critical exponents and sign-changing solutions.

The proof is organized as follows. Section 2 recalls the definition of weak slope and properties of ¢,.
Section 3 establishes a key inequality (Lemma 3.1), proves the PS condition (Lemma 3.2), and shows
that points with zero weak slope are weak solutions (Lemma 3.3). Section 4 verifies the mountain pass
geometry and obtains two solutions: a local minimizer with negative energy via Ekeland’s principle and
a second solution with positive energy via the nonsmooth mountain pass theorem. Section 5 contains
concluding remarks.

2. Preliminaries

2.1. Function spaces and notation

Hé(Q) is equipped with the norm |v||* = fg IVv|Pdx. ||| » denotes the L”-norm. S is the best Sobolev
constant for H}(Q) < L°(Q). The positive cone is P = {v € Hy(Q) : v > 0 a.e. in Q}.

2.2. The auxiliary potential ¢,

For any v € Hé(Q), the unique solution of —A¢ = [|v|? with Dirichlet condition is denoted ¢,.
Standard results give the following properties (see [17]).

Proposition 2.1.

1) ¢, =2 0a.e. in Qand ¢, = ti, fort > 0.
2) There exists Cy > 0 depending on Q, q, S such that ||p,|| < Co|[v||? and fQ @, |v[9dx < Co|[v||*.
3) If v, = v strongly in Hy(Q), then ¢,, — ¢, strongly in Hy(Q).
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2.3. Weak slope and nonsmooth critical point theory

Suppose (X, d) is a complete metric space and f : X — R is continuous. For a point v € X, the weak
slope |df|(v) is defined to be the supremum of all 6 > O for which one can find a radius p > 0 and a
continuous map o : B,(v) X [0, p] — X satisfying

flow, 1) < f(w)—6t, d(o(w,t),w) <t,

for every w € B,(v) and t € [0, p].

If no such ¢ exists, set [df|(v) = 0. For C! functionals, |df|(v) = ||f’(v)||l. A point v is critical if
|df(v) = 0. A sequence v, is called a PS sequence at level ¢ whenever |df|(v,) — 0 and f(v,) — c. The
functional f is said to fulfill the PS condition provided every such PS sequence possesses a convergent
subsequence. Moreover, the weak slope is lower semicontinuous: v, — v in H,(Q) implies

ldfI(v) < liminf |df](v,).

We work on P, which is closed in Hé(Q) and hence complete. The functional / is continuous on P.
Consequently, the nonsmooth formulations of Ekeland’s variational principle and the mountain pass
theorem are directly applicable.

3. Nonsmooth analysis of the energy functional

3.1. A key inequality

Lemma 3.1. Assume v € P satisfies |dI|(v) < +oo. Then for everyn € P,

ozfn_vdxs(a+b||v||2)va-V(n—v)dx
Q V° Q

3.1)
- fg%lvlq_zv(ﬂ —v)dx +|dll(v)lin - vl

Proof. Fix ¢ > |dI|(v). We first prove (3.1) with |dI|(v) replaced by c, then let ¢ — |dI|(v). Assume
n # v (otherwise trivial). Choose p > 0 sufficiently small such that || — z|| > %Iln — || > O for all

€ B,(v). Define o(z,1) = z+ t”Z:z” on B,(v) X[0, p]. Then |lo(z,t)—z|| = t and o (z, 1) € P by convexity
of P.

If I(o(z,1)) < I(z) — ct for all (z,1) € B,(v) X [0, p], then by the definition of weak slope, we
have |dI|(v) > c, contradicting ¢ > |dI|(v). Hence, for each p, there exists (z,7) € B,(v) X [0, p] with
I(o(z,1)) > I(z) — ct. Taking p, — 0", we obtain sequences {v,} C P and {¢,} C [0, p,] such that v, — v,
t, > 0" asn — oo, and

1y + tapty) 2 1(vy) = .

Set fn = tn/”n - Vn” —0"asn— oo, then

Iy + &(n = V) 2 1(vy) = c&ylin = vill. (3.2)
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Now substitute the expression of [ into (3.2), subtract /(v,), and divide by &, > 0, and we have

@ f Vo + &M —v)I " =V}
dx
I-7 Q fn
. a Ve + En(m = vi)llF = lIvall? N bllva + &(n - vll* = [val*
-2 & 4 én (3.3)
1 f (Pv,l+§n(17—vn)|vn + é:n(n - Vn)lq - ‘70v,1lvn|q
- = dx
261 Q ‘fn
+ clln — vall.

We analyze each term as n — oo.
Singular term. Let

_ D+ & - vl T =l T

L,
fn(l - T)

Decompose the numerator as

([Vn + fn(ﬂ - Vn)]]_T - [(1 - é‘:n)vn]l_‘r) + ([(1 - é:n)vn]l_‘r - V:,_T)-

Applying the mean value theorem, we find «, between (1 — &,)v, and v, + &€,(n — v,,) such that the first
difference equals (1 — 1)k, "¢,n. Hence,

[vn + é‘:n(n - Vn)]l_T - [(1 - é:n)vn]l_‘r — 2
&(1-1) Ko
Since v, = vae. inQand & — 0,«, > vae. inQasn — oo. Also, n > 0, so n/«;, > 0. Fatou’s
lemma [18] gives

hmﬂf%wz T ax. (3.4)
Q

n—oo Kr oV’

For the second part,

[(A =&l ™=V, 7" _ - &) -1

&l —17) &)
As &, — 0, % — —1land v\™" — v!"" strongly in L'. By dominated convergence [19],
1= =1
lim v,ll_Tde = —fv]_de. 3.5)
noe Jo &l —17) Q

Combining with (3.4) and (3.5), we have

liminfosznde(z(f de—fvl_de):afn_vdx. (3.6)
n—eo Q oV’ Q o V'

Gradient terms. Direct calculations yield

Vs + & = v)lP = IIval?
&n

_» f Vo, - V(7 = va)dx + &l — vall
Q

—>2va-V(n—v)dx, asn — oo,
Q
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and A A
Vi + & = vll* = |vall

&n

=(2 fQ Vv, - VO = v)dx + &l = vl + €0 = vIP + vl

TN f Vv V(7 — V)dx, asn — oo,
Q

Thus, we obtain
allva + &= vl = vall® N b v, + & = vll* = vall*

2 &n 4 &n
—»M+bWWK[V%Vm—VMLawr+m.
Q

Nonlocal term. Write

v —v)Vn + &n —Vn 4 — v lVn q
J = f rpténrvm| &(n N = @y, [val .
Q 'fn

Split J, = J! + J2 with

I Vi + Ea(n7 = vl = [yl
Jl’l = fgovn+§n(n_vn) - ! - - d'x’
o &n

and

Jrzl — f Sovn+§iz(77_vn) ()0\),, |Vn|qu
Q gn

Since ¢ > |#|? is C!, the difference quotient in J,i converges a.e. to gv|?v(y — v)
CONVETZeNce ¢y, .z, ;-v,) — ¢» (Proposition 2.1 (3)) and dominated convergence,

Jy > f gl v(n — v)dx.
Q

For J2, the map v — ¢, is C! (see [17]), thus the difference quotient converges
¢, (n — v), which satisfies —~Ag/ (7 — v) = ¢|v|*>v(n — v). Hence,

.ﬁ—ﬁf¢xn—mex
Q

Integrating by parts and using the equation for ¢, (7 — v),

(3.7)

. Using the strong

(3.8)

strongly in H} to

bf%m—WMMx:jkﬂ%m—wwﬂx=jﬁM¢%m—W%wx (3.9)
Q Q Q

Adding (3.8) and (3.9) gives J, — 2¢q fQ @, V972v(n — v)dx, so

1
——h%—f%MHWrWM.
2q Q

Remaining term. Clearly, c||n — v,|| — c|ln — V|l

(3.10)
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Now take the limit inferior on the left of (3.3) and the limit on the right. Using (3.6), (3.7), (3.10),
and the limit of the last term, we obtain

af nv_ de < (a+b||v||2)va-V(n—v)dx
Q

s
Q

- f @u VI3 v( = v)dax + cllp = VII.
Q

Letting ¢ — |dI|(v) yields (3.1). O

3.2. Compactness

The following gives a compactness result.
Lemma 3.2. If {v,} C P satisfies |dI|(v,) — 0 and I(v,) — c, then {v,} has a strongly convergent
subsequence in Hy(Q).
Proof. Boundedness. Applying Lemma 3.1 with = 2v, gives

afo[’dx < (@ + blvalPlvall* - fgovnlvnlqu+0(l)||vn||. (3.11)
Q Q

From the expression of 1(v,),

b 1
I(vn) = gHVnHZ + Z”VnH4 - Z L¢vnlvn|qu - —1 C_l - fv,ll_’dx.

Using (3.11) to bound the nonlocal term from above,

fwv,,lvnlq < (@ + bl Iv,l® —afv;_TdX+0(1)llvnll-
Q

Q

Substituting into /(v,), we have

a b 1 .
1vy) = =l + = vall* = —=[(@ + blvalPIvall* — afv,lq dx]
2 4 2q Q

& [ vax + oDl
1-71
Rearranging,
alg—1) b(g —2)
Iv,) > qzq vl + "4q [

(3.12)

1 1 1-7
‘“(1—7_Z)fgv” dx + o(D)|[v,|l.

By using Young’s inequality, for any & > 0, there exists C, > 0 such that fQ vi—Tdx < @Ilvnll2 +C..
Choose € so that
( 1 1 )s(l -7) alg-1)
a - — = ,
1-7 2¢q 2 4q
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then

where C := a(- - %})Cs > 0 (independent of n). Inserting this into (3.12) yields

b(g -2
(g )||vn||4 —C + o(D)|[vall.
4q

I(vy) 2 [Ivall® +

alg—1)
4

Since I(v,) — c, the right-hand side is bounded, and the quartic term forces ||v,|| to be bounded. Hence,
{v,} is bounded in Hj(Q).

Strong convergence. Extract a subsequence v, — v in H(‘)(Q). Then v, — v strongly in L?(Q) for
all 2 < p < 6 and a.e. in Q. By Proposition 2.1 (3), ¢,, — ¢, strongly in Hé(Q). By the lower
semicontinuity of the weak slope, we have

|dI|(v) < liminf |dI|(v,) = 0,

hence |dI|(v) = 0 < +o0. Applying Lemma 3.1 with n = v and n = v,, (base point v),

le YV dx < (Cl + b”vn”z) fvvn : V(V - vn)dx - f ‘Pvnlvnlq_zvn(v - Vn)d-x
o Vi Q

+o(D)|lv = vl

and

af In ~ de < (a+bIIP) f VvV, —v)dx — f(,ovlvlq_zv(vn —v)dx.
o V' Q Q

Adding these, we get

V-V V,—V
a ( RN )dx
o' VI vt

n

< (a+b|valP?) f Vv, - V(v = v,)dx + (a + b|v|?) f Vv - V(v, — v)dx
Q Q

- f (@0, Vl" 20, (v = V) + @ MT 20w, = W)]dx + o(Dllv = v,
Q
The sum of the first two integrals equals

—(a + B|valPIv = vl + b([v,l* = [VI*) f Vv - V(v = v,)dx.

Q

Since v, — v in Hy(Q), fQ Vv - V(v —v,)dx — 0as n — oo, and ||v,||* is bounded, the extra term tends
to zero. The nonlocal integral converges to zero because of strong convergence. Moreover, because
t — 17" is decreasing, the left-hand side is nonpositive. Hence,

0 < liminf[—(a + b|v, DIy = v,lI* + o(D)].
n—oo
Since a + b||[v,||> > a > 0, we obtain ||[v — v,|| = 0 as n — oo. o
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3.3. Characterization of critical points

Lemma 3.3. If v € P satisfies |dI|(v) = 0, then v is a weak solution of (1.1). For every ¢ € Hé (),

(a+b”v”2)fv"'v¢dx:f90v|V|q_2vl//dx+aff£dx.
Q 0 Q YT

Proof. From Lemma 3.1 with |dI|(v) = 0, for any n € P,

@ f TV < (a+bvP) f Vv - V(i — v)dx — f 0. V12 — v)dx. (3.13)
Q VvV Q Q

T

We first assume ¢ > 0. Fix such ay € Hy(Q) withy > 0, and for small £ > 0, define ., = (v+&y)* € P.
Substituting 17 = 7. into (3.13) and using

e ey onA;:={x:v(x)+ey(x) >0},
e “|l-v on B, = {x:v(x) + e¥(x) < 0},

we obtain

@ f iy —a f v!7dx < (a + bIVIP)( f Vv - V(sw)dx — f Vv*dx)
A V* Be As B,
_(f (pvlvlq_zv(gl//)dx_f Spvlvlqu)-
Ag B,

As € — 0%, B, shrinks to a subset of {v = 0}. By a property of Sobolev functions, Vv = 0 a.e. on
{v = 0} (Stampacchia’s lemma [20]). Hence, the integrals over B, tend to zero. Moreover, A, — Q in
measure. Using dominated convergence,

va-dexava-dex, f<pV|v|q_2vwdx—>f(pv|v|q_2v1pdx.
Ae Q Ao Q

For the singular term, since ¢ > 0, the integrand ‘i—‘f is nonnegative. By Fatou’s lemma [18], we have

liminfaf %deafzdx.
o0t A, VT o YT

Thus, dividing (3.14) by € > 0 and taking € — 0", we obtain

(3.14)

@ f fdxs(mbnvnz) f Vv - Vydx — f @, VT2 vipdx. (3.15)
oV’ Q Q

Now we prove that (3.15) holds for every ¢ € Hé (QQ) without any sign restriction. Let ¢ € Hé () be
arbitrary and set 7, = (v + &y)* as before. The same computation that led to (3.14) is valid, and after
dividing by &, we obtain

1
@ f Y ix <(a+bvlP f Vv - Vydx — f o, V7 vpdx + —R,. (3.16)
A V' A As €
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Decompose ¢ = ¢ — ¢~ with " = max{y, 0}, ¥~ = max{—y, 0}. Both are nonnegative and belong to
Hé(Q). Because ¢ /v" > 0 and A, — Q in measure as € — 0%, Fatou’s lemma gives

+ +
liminff w—dxzfl//—dx.
o0t A, VT Q YT

For the negative part, y~/v" > 0 and the sets A, are monotone increasing as € — 0% (the condition
v + &y > 0 becomes less restrictive for smaller £). Hence, we may apply the monotone convergence

theorem to obtain ~ ~
lim W_de = f lp—dx.
Q

-0t A, Y VT

+ _
f ﬂdx =f w—dx—f l//—dx.
A, V' A, V' AV

Taking liminf on both sides and using the fact that lim inf(X, — Y,) > liminf X, — lim Y, whenever the
limit of Y, exists, we deduce

N _
liminff £dx > f w—dx— f "l’—dx = f £dx.
£—0+ A, VT Q YT a YT o YT

On the other hand, taking liminf in (3.16) and using lim inf #, < lim inf v, when u, < v,, together with
the convergence of the right-hand side, we obtain

Now observe that

a lim inf f Y ix < (a+ bl f Vv - Vydx — f @, V9 vprd x.
e=0" Jy, VT Q Q
Combining this with the lower bound above yields precisely (3.15) for the general .
Finally, replacing ¥ by —¢ in (3.15) gives the reverse inequality. Hence, equality holds for every
¥ € H)(Q). The integrability of y/v" follows from the finiteness of the right-hand side. O

4. Existence of two positive solutions

4.1. Mountain pass geometry

Lemma 4.1. There exist constants y,6,I" > 0 such that for every a € (0,1'):
(i) I(v) = 6 for all v with ||v|| = y;
(i1) ”ilrllf Iv) <O0;
vil<y
(iii) there exists p € Hé(Q) with ||pl| > v and I(p) < O.
Proof. (i) Using Proposition 2.1 (2) and Holder’s inequality, we have for any v,

a b Co aCy _
1 > — 2 + — 4_ 2qg _ 1-7
W) 2 SIMI7+ Z vl 2qIIVII M
with Cy > 0 depending on €,q,S (the constant from Proposition 2.1 (2)), and C; = Cé"lQl% >

0, where C, is the Sobolev embedding constant. Set ¢ = ||vl| and define F(r) = §¢'*7 — g—q‘)tzq‘l”.

Multiplying by =7 gives r1=I(v) > F(r)— 2<. The function F attains a positive maximum at some

1-7°
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v > 0;let M = F(y). Choose I' = IC;:M. For a € (0,T’) and |[v|| = ¥, we have I(v) > y'="(M - ‘I’TCj) > 0.
Thus, for any fixed a € (0,T), the choice 6 = y'"*(M - %Cj) > 0 satisfies condition (7).

(if) Take a nonzero nonnegative function y € H,(Q) with Y|l = 1. For + > 0, the energy
functional satisfies

a b 124 at'™T
I(t) = =2 || + =t 4——[ Idx — f =Tdx.
(1) 5 |7l + 7 [l] 2 QWIWI X-1_ QIlﬁl x

Since 1 — 7 < 2 < 2q, we have

Jim 1) ___@ f W' dx < 0.
Q

-0+ =T _1 -7
Thus, there exists #, > 0 sufficiently small such that I(zp¢y) < 0 and 7||¢/]| = ty, < 7y, which gives
inf||v||<7 I(V) < 0. .
(iii) For large ¢, the term —% fQ @yl¥l?dx dominates because 2g > 4 > 2 > 1 — 7. Hence,

_ Iw) 1 ,
= “ZZLW"”' dx < 0.

Therefore, we can choose #; large enough so that I(#;) < 0 and #; > . Setting p = t;y yields ||p|]| > ¥
and I(p) < 0, completing the proof of (iii). O

4.2. A local minimizer with negative energy

Theorem 4.2 For a € (0,1), system (1.1) has a positive solution v, with I(v,) < O.

Proof. Let m = inf{I(v) : v € P,||v]| < y}. By Lemma 4.1(ii), m < 0. Take a minimizing sequence
{va} € P with [jv,]| < y. Since B,(0) N P is a complete metric space, Ekeland’s variational principle
(see [21]) gives a new sequence (still denoted {v,}) such that

1 -
Iv,) <m+1/n, Iw) > 1(v,) = =llw=v,ll, Ywe B,(0)NnP.
n

Because I(v,) — m < O and I(v) > 6 > O on [v]| = v, the v, lie in the interior of B,(0) for large
n. Hence, there exists r, > 0 with B, (v,) € B,(0) N P. Fix n € P with ||p|| < y. For small ¢ > 0,
v, +t(n —v,) € B,(0) N P. From the Ekeland inequality,

(v, + 17 = ) > 1(v,) = %nn -

Assume for contradiction that |dI|(v,) > 1/n. Then there exist 6 > 1/n, p > 0 and a continuous map
o : B,(v,) X [0,p] — P with I(0(z,1)) < I(z) — ¢t and |lo(z, 1) — z|| < t. Choose ¢ < min{p, r,,} and set
w = 0(vy, ). Thenw € B,(0) N P and

1
109) 2 10) = ~w = vl = 1) = %

But I(w) < I(v,) — 6t, so I(v,) — 6t > I(v,) — t/n, i.e., 6 < 1/n, which is a contradiction. Hence,
|dI|(v,) < 1/n. Thus, {v,} is a PS sequence at level m. By Lemma 3.2, a subsequence converges
strongly to some v, € P with I(v,) = m < 0. Lower semicontinuity gives |dI|(v,) = 0, and Lemma 3.3
shows v, is a weak solution. Positivity follows from the strong maximum principle. Indeed, from the
weak formulation, we have —Av, > 0 in the distributional sense in Q because ¢,, > 0, [Veli?v, > 0

and av,” > 0 a.e. in Q. Since v, # 0, the strong maximum principle (see [22]) implies v, > 0 in Q.
Thus, v, is exactly the negative energy solution stated in Theorem 1.1. O
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4.3. A second solution with positive energy

Theorem 4.3 For a € (0,I'), system (1.1) has a positive solution v* with I(v*) > 0.
Proof. Take p from Lemma 4.1(iii). Define ® = {{ € C([0,1],P) : £(0) = 0,{(1) = p} and the
mountain pass value

= inf 1(C (D).
c }2®g§§] t403);

Every path must cross the sphere ||v|| = y (since [|0]| = 0 <y < ||o]|), so by Lemma 4.1(i), c > ¢ > O.
The nonsmooth mountain pass theorem [13, Theorem 1.3.1] guarantees a PS sequence {v,} C P with
|dI|(v,) — 0 and I(v,) — c. By Lemma 3.2, a subsequence converges strongly to some v* € P with
I(v*) = ¢ > 0 and |dI|(v*) = 0. Lemma 3.3 then implies v* is a weak solution. As before, the right-hand
side of the equation is non-negative, so —Av* > 0 in the distributional sense. The strong maximum
principle (see [22]) then gives v* > 0 in Q. The v* is exactly the positive energy solution stated in
Theorem 1.1. Combining Theorems 4.2 and 4.3, we obtain Theorem 1.1.

5. Discussion and concluding remarks

We have proved the existence of two positive solutions for a singular KSP system with coupling
exponent 2 < g < 3. The main novelty is the systematic use of nonsmooth critical point theory to
handle the mild singularity and the nonlocal coupling, extending our previous work [24]. Compared
with existing results [5,7,8,23], our method does not require C' regularity and yields multiplicity under
a smallness condition on the singular parameter. Future work may consider the critical case g = 3 or
sign-changing solutions.
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