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Abstract: This paper presents a high-order numerical method for nonlinear Volterra integral equations
of the third kind (VIE3) with weakly singular kernels. To overcome the accuracy loss caused by
the unbounded derivatives of the solution near the origin, we propose a fractional Adams-Simpson-
type method on a graded mesh. The stability and convergence of the proposed scheme, along with
detailed error estimates, are rigorously established. It is shown that the method achieves an optimal
convergence order of 4 − α − λβ, provided the mesh grading exponent λ is chosen appropriately.
Numerical experiments are presented to validate the theoretical convergence results and to demonstrate
the effectiveness of the method in resolving initial singularities.
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1. Introduction

In this paper, we consider the Volterra integral equation of the third kind (VIE3) as follows:

tβu (t) = f (t) +
∫ t

0
(t − s)−αK (t, s) u (s) ds, t ∈ I = [0,T ] , (1.1)

with the initial condition u(0) = u0, where α ∈ [0, 1), β ∈ (0,+∞), f (·) is a continuous function on
the interval I, and u (·) is an unknown function. The given continuous function K (·, ·) is defined on
D = {(t, s) : 0 ≤ s ≤ t ≤ T }.

Theoretical and numerical studies of Volterra integral equations have received sustained attention
in recent years. Early works focused on the existence and regularity of analytic solutions: e.g., Allaei
et al. [1] established the existence, uniqueness, and regularity theory of solutions for Volterra integral
equations containing weakly singular kernels coupled with smooth kernels. Gennadi Vainikko
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proposed the transformation conditions for transforming them into cordial Volterra integral
equations [2, 3]. Meanwhile, it is shown that the regularity of solutions is closely related to the
singularity of the kernel function and the type of equations [4]. Even if the input function is
sufficiently smooth, the derivative order of the solution is still limited by the singularity exponent of
the kernel function α, which needs to be compensated by the theory of non-uniform grids or
weighted spaces.

Time-fractional differential equations are known to exhibit solution singularities at the initial time
that are closely related to those arising in VIE3. Consequently, numerical techniques developed for
handling singularities in time-fractional differential equations can be adapted to the numerical
solution of weakly singular Volterra integral equations. The development of such numerical methods
can be traced back to the foundational work of Lubich, who introduced fractional linear multistep
methods based on convolution quadrature for weakly singular Volterra integral equations of the
second kind [5, 6]. Subsequently, the stability analysis of convolution quadrature methods was
established [7]. In parallel, Diethelm et al. developed an Adams-type predictor-corrector method for
time fractional differential equations [8, 9], which was later refined by Li and Tao [10] and further
improved by Yan et al. [11] with a segmented quadratic interpolation technique.

However, the weak singularity at the initial moment is still the bottleneck of the numerical method.
Fractional order integral approximation techniques effectively solve the difficulty of accuracy decay
near the singularity by introducing special weighting functions and integral transformation strategies
when dealing with the weak singular kernel problem of the Volterra integral equation. However, the
introduction of weighting functions usually requires additional integral transformation steps, leading
to an increase in algorithmic complexity. As a result, non-uniform grid compensation strategies have
been widely adopted. Liu et al. [12, 13] analyzed the error characteristics of fractional rectangular,
trapezoidal, and predictive correction methods on hierarchical grids and extended Adams’ method to
singular problems. Lyu and Vong [14] combined segmented quadratic interpolation with hierarchical
grids to achieve a higher-order approximation. The present work focuses on equations with a constant
singularity exponent α. Another important class of problems involves variable-exponent kernels, where
α = α(t). For example, Zheng [15] presented a general framework for analyzing such models.

This paper aims to construct a class of efficient high-order Adams-Simpson-type methods for the
VIE3 (1.1). First, we introduce a generalized non-uniform grid, building on the concept of a
non-uniform grid that covers special hierarchical grid cases, to handle the initial singularity. Next, we
reconstruct the piecewise quadratic interpolation process to reduce the computational complexity
within the block discrete framework. Finally, we analyze the error of the proposed method under the
non-uniform grid. The remainder of this paper is organized as follows. In Section 2, the fractional
Adams-Simpson-type numerical scheme is derived using the Lagrange interpolation method. In
Section 3, we construct a non-uniform grid and analyze the local truncation error of the proposed
numerical method. The convergence and stability of the method are also studied via a modified
fractional Grönwall inequality. Several numerical experiments are provided in Section 4 to
demonstrate the high-order accuracy of the numerical method. Section 5 concludes the paper and
discusses future research prospects.
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2. Construction of the fractional Adams-Simpson-type scheme

The existence, uniqueness, and regularity properties of solutions to (1.1) for α ∈ (0, 1) and β > 1
have been studied in [1]. When β = 1, a unique continuous solution exists if K(0, 0) < 1. The case
K(0, 0) ≥ 1 may lead to non-existence and non-uniqueness or require additional regularity conditions,
depending on the kernel structure. For 0 < β < 1, the equation admits a unique continuous solution
under smooth kernel assumptions. For β > 1, the behavior of the solution depends critically on the
kernel’s structure, particularly when K(t, x) takes the form xβ−1h(t, x) with h continuous. In the weakly
singular case 0 < α < 1, the interplay between α and β further refines solvability: The condition
α+β < 1 ensures a unique solution, while α+β ≥ 1 introduces more complicated singular behavior. In
particular, when α + β > 1, to facilitate the analysis of the solution’s singularity structure, the kernel is
often assumed to take the form xα+β−1h(t, x) with h continuous. Under such assumptions, the solutions
may exhibit a power-law structure u(t) = tσv(t), where σ ∈ (0, 1) depends on α and β and v(t) is at least
continuous on [0,T ]. This suggests that u(t) behaves as Ctσ, which was first strictly proved in [16].

Assumption 2.1. Assume that the solutions u(t) of VIE3 (1.1) lies in C4 (0,T ] and there exist a constant
C > 0 such that ∣∣∣u(l) (t)

∣∣∣ ≤ C
(
1 + tσ−l

)
, t ∈ (0,T ] , l = 0, 1, 2, 3, 4, (2.1)

where σ ∈ (0, 1) is a real number and C may depend on σ but is independent of t.

Assumption 2.1 assumes a weakly singular behavior of u at t = 0. While u remains continuous,
its derivatives u(l) (l = 1, 2, 3, 4) exhibit blow-up characteristics. The singular index σ is determined by
the parameter coupling relationship of α+ β and the specific form of the kernel. Specifically, when the
kernel behaves as xβ−1h(t, x), one typically has σ = β − 1; when the kernel takes the form xα+β−1h(t, x),
one has σ = α + β − 1. Thus, for a given equation, σ can be estimated a priori by examining the
asymptotic behavior of K(t, s) near s = 0. This can ensure that the initial singularity of the solution is
controllable. When α = 0, the kernel (t − s)−α reduces to 1, and Eq (1.1) becomes a standard VIE3.
In this paper, we will solely discuss the efficient numerical solutions for this type of VIE3 (1.1) with
α ∈ [0, 1). The numerical scheme and the theoretical analysis presented below remain valid for α = 0.
Throughout this paper, the symbol C denotes a generic positive constant that may take different values
at different occurrences.

Next, we construct the fractional Adams-Simpson-type scheme. Let Ca+1 (0,T ] denote the set of
all continuous functions with their (a + 1)-th derivatives also continuous on (0,T ]. Let 0 = t0 < t1 <

· · · < tN = T with τn = tn − tn−1, 1 ≤ n ≤ N as the step length. Then, for any function u lying in
L1 [0,T ] ∩ Ca+1 (0,T ], the Lagrange interpolation polynomial of degree a for u relative to the nodes
tb, tb−1, · · · , tb−a, with two given nonnegative integers a, b ∈ N satisfying a ≤ b, is defined as

L0,bu (t) = u (tb) , La,bu (t) =
b∑

k=b−a

lk,a,b (t) u (tk), a > 0,

where the coefficients lk,a,b(t) are

lk,a,b (t) =
∏b

k∗=b−a, k∗,k (t − tk∗)∏b
k∗=b−a, k∗,k (tk − tk∗)

, k = b − a, . . . , b.
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The corresponding interpolation error is represented by

Ra,bu (t) := u (t) − La,bu (t) . (2.2)

By standard Lagrange interpolation theory, if u ∈ Ca+1(0,T ], the remainder Ra,bu(t) can be expressed
in integral form involving u(a+1). The explicit expressions of Ra,bu(t) used in the subsequent analysis
will be given later.

For n ≥ 1, taking t = tn in Eq (1.1), we get

tβnu (tn) = f (tn) +
∫ tn

0
(tn − s)−αK (tn, s) u (s)ds. (2.3)

To approximate the above integral, we denote

0 Îαt u (t1) =
∫ t1

t0
(t1 − s)−αK (t1, s) L0,0u (s) ds,

0 Îαt u (t2) =
∫ t2

t0
(t2 − s)−αK (t2, s) L1,1u (s) ds.

When n ≥ 3 and n is odd, let

0 Îαt u(tn)=

n−3
2∑

k=0

∫ t2k+2

t2k

(tn − s)−αK(tn, s)L2,2k+2u(s) ds+
∫ tn

tn−1

(tn − s)−αK(tn, s)L2,n−1u(s) ds.

When n ≥ 4 and n is even, let

0 Îαt u(tn)=

n−4
2∑

k=0

∫ t2k+2

t2k

(tn − s)−αK(tn, s)L2,2k+2u(s) ds+
∫ tn

tn−2

(tn − s)−αK(tn, s)L2,n−1u(s) ds.

Then, we approximate the integral in (2.3) by∫ tn

0
(tn − s)−αK (tn, s) u (s) ds ≈ 0 Îαt u (tn) , 1 ≤ n ≤ N. (2.4)

The quadrature error of this approximation will be analyzed in detail in the next section, where it is
shown that the local truncation error achieves the order min{λ(σ+1−α), 4−α} under the non-uniform
grid assumptions.

For simplicity, we introduce the coefficients q(α)
k,i, j defined as

q(α)
0,0,1 =

∫ t1

t0
(t1 − s)−αK (t1, s) ds,

q(α)
k,1,2 =

∫ t2

t0
(t2 − s)−αK (t2, s) lk,1,1 (s) ds, k = 0, 1,

and for k = n − 3, n − 2, n − 1 with n ≥ 3, there is

q(α)
k,n−1,n =


∫ tn

tn−1

(tn − s)−αK(tn, s)lk,2,n−1(s)ds, n is odd,∫ tn

tn−2

(tn − s)−αK(tn, s)lk,2,n−1(s)ds, n is even.
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For k = b − 2, b − 1, b, 2 ≤ b ≤ n − 1, n ≥ 3, we denote

p(α)
k,b,n =

∫ tb

tb−2

(tn − s)−αK (tn, s) lk,2,b (s)ds.

Note that b ≤ n−1, so tn− s > 0 on [tb−2, tb] and the integral is well defined. Then, the above expression
can be rewritten as

0 Îαt u (t1) =
∫ t1

t0
(t1 − s)−αK (t1, s) u (t0) ds = q(α)

0,0,1u (t0) ,

0 Îαt u (t2) =
∫ t2

t0
(t2 − s)−αK (t2, s)

 1∑
k=0

lk,1,1 (s) u (tk)

 ds =
1∑

k=0

q(α)
k,1,2u (tk),

and for all odd integers not less than 3, it has

0 Îαt u(tn) =

n−3
2∑

k=0

∫ t2k+2

t2k

K(tn, s)
(tn − s)α

2k+2∑
m=2k

lm,2,2k+2(s)u(tm)

 ds +
∫ tn

tn−1

K(tn, s)
(tn − s)α

 n−1∑
k=n−3

lk,2,n−1(s)u(tk)

 ds

=

n−3
2∑

k=0

2k+2∑
m=2k

p(α)
m,2k+2,nu(tm) +

n−1∑
k=n−3

q(α)
k,n−1,nu(tk)

=

n−3
2∑

k=0

p(α)
2k,2k+2,nu(t2k) +

n−3
2∑

k=0

p(α)
2k+1,2k+2,nu(t2k+1) +

n−3
2∑

k=0

p(α)
2k+2,2k+2,nu(t2k+2) +

n−1∑
k=n−3

q(α)
k,n−1,nu(tk).

For all even integers not less than 4, it gets

0 Îαt u(tn) =

n−4
2∑

k=0

∫ t2k+2

t2k

K(tn, s)
(tn − s)α

2k+2∑
m=2k

lm,2,2k+2(s)u(tm)

 ds +
∫ tn

tn−2

K(tn, s)
(tn − s)α

 n−1∑
k=n−3

lk,2,n−1(s)u(tk)

 ds

=

n−4
2∑

k=0

2k+2∑
m=2k

p(α)
m,2k+2,nu(tm) +

n−1∑
k=n−3

q(α)
k,n−1,nu(tk)

=

n−4
2∑

k=0

p(α)
2k,2k+2,nu(t2k) +

n−4
2∑

k=0

p(α)
2k+1,2k+2,nu(t2k+1) +

n−4
2∑

k=0

p(α)
2k+2,2k+2,nu(t2k+2) +

n−1∑
k=n−3

q(α)
k,n−1,nu(tk).

Furthermore, we define

Q(α)
0,1 = q(α)

0,0,1, Q(α)
k,2 = q(α)

k,1,2 (k = 0, 1) , Q(α)
k,3 = p(α)

k,2,3 + q(α)
k,2,3, k = 0, 1, 2,

Q(α)
k,4 =


p(α)

0,2,4, k = 0,
p(α)

k,2,4 + q(α)
k,3,4, k = 1, 2,

q(α)
3,3,4, k = 3,

Q(α)
k,5 =


p(α)

k,2,5, k = 0, 1,
p(α)

2,2,5 + p(α)
2,4,5 + q(α)

2,4,5, k = 2,
p(α)

k,4,5 + q(α)
k,4,5, k = 3, 4,

Q(α)
k,6 =


p(α)

k,2,6, k = 0, 1,
p(α)

2,2,6 + p(α)
2,4,6, k = 2,

p(α)
k,4,6 + q(α)

k,5,6, k = 3, 4,
q(α)

5,5,6, k = 5.
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When n ≥ 7 and is odd, it is

Q(α)
k,n =



p(α)
0,2,n, k = 0,

p(α)
2m+1,2m+2,n, k = 2m + 1,m = 0, 1, · · · , n−5

2 ,

p(α)
2m,2m,n + p(α)

2m,2m+2,n, k = 2m,m = 1, · · · , n−5
2 ,

p(α)
n−3,n−3,n + p(α)

n−3,n−1,n + q(α)
n−3,n−1,n, k = n − 3,

p(α)
k,n−1,n + q(α)

k,n−1,n, k = n − 2, n − 1.

When n ≥ 8 and is even,

Q(α)
k,n =



p(α)
0,2,n, k = 0,

p(α)
2m+1,2m+2,n, k = 2m + 1,m = 0, 1, · · · , n−6

2 ,

p(α)
2m,2m,n + p(α)

2m,2m+2,n, k = 2m,m = 1, · · · , n−4
2 ,

p(α)
k,n−2,n + q(α)

k,n−1,n, k = n − 3, n − 2,
q(α)

n−1,n−1,n, k = n − 1.

For implementation purposes, the coefficients Q(α)
k,n for k = n − 3, n − 2, n − 1 can be computed directly

from the definitions of p(α)
k,b,n and q(α)

k,n−1,n using numerical quadrature since the integrands involve only
explicitly known Lagrange basis functions and the kernel.

Therefore, a compact form of (2.4) is given by

∫ tn

0
(tn − s)−αK (tn, s) u (s) ds ≈

n−1∑
k=0

Q(α)
k,nu (tk), 1 ≤ n ≤ N.

Although the above definitions distinguish between odd and even values of n, the construction of Q(α)
k,n

follows a unified principle: On each subinterval [t2k, t2k+2], a quadratic interpolation is employed, and
on the final subinterval, which may cover one or two steps depending on the parity of n, a quadratic
interpolation over the last three nodes is used. Moreover, these coefficients satisfy certain boundedness
properties, which will be established in Lemma 3.4.

By implementing the above approximation on Eq (1.1), we propose the numerical scheme as

tn
βun = f (tn) +

n−1∑
k=0

Q(α)
k,nuk, 1 ≤ n ≤ N, (2.5)

where Q(α)
k,n represents approximation coefficients defined above and uk is the numerical solution of u at

tk. We call scheme (2.5) the fractional Adams-Simpson-type method.

3. Properties of the fractional Adams-Simpson-type method for VIE3

In this section, the local truncation error, convergence, and stability of the proposed scheme for
VIE3 (1.1) are studied.
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3.1. Local truncation error analysis

Subtracting scheme (2.5) from scheme (2.3) gives

tn
β · u (tn) = f (tn) +

n−1∑
k=0

Q(α)
k,nu (tk) + Rn, (3.1)

where Rn is the local truncation error given by

Rn =

∫ tn

0
(tn − s)−αK (tn, s) u (s) ds −

n−1∑
k=0

Q(α)
k,nu (tk) .

Combined with the definition of the interpolation error given in (2.2), we get

R1 =

∫ t1

t0
(t1 − s)−αK (t1, s) R0,0u (s) ds, R2 =

∫ t2

t0
(t2 − s)−αK (t2, s) R1,1u (s) ds,

Rn =



(n−3)/2∑
k=0

∫ t2k+2

t2k

K(tn, s)R2,2k+2u(s)
(tn − s)α

ds +
∫ tn

tn−1

K(tn, s)R2,n−1u(s)
(tn − s)α

ds, n ≥ 3 is odd,

(n−4)/2∑
k=0

∫ t2k+2

t2k

K(tn, s)R2,2k+2u(s)
(tn − s)α

ds +
∫ tn

tn−2

K(tn, s)R2,n−1u(s)
(tn − s)α

ds, n ≥ 4 is even.

By construction, Rn consists of the interpolation error from replacing u(s) by its piecewise Lagrange
interpolant, integrated against the weakly singular kernel. The explicit decomposition of Rn in terms
of the interpolation remainders Ra,bu(s) is given in the following lemma.

Lemma 3.1. Let Assumption 2.1 hold. For t > 0, it has [17]

R0,0u (t) = t
∫ 1

0
u′ (st) ds, (3.2)

R1,1u (t) = −
1∑

k=0

lk,1,1 (t) (t − tk)2
∫ 1

0
u(2) (tk (1 − s) + ts) ds, (3.3)

R2,2u(t) = −
2∑

k=0

lk,2,2 (t)(t − tk)2
∫ 1

0
u(2) (tk (1 − s) + ts) sds, (3.4)

R2,bu (t) =
1
2

b∑
k=b−2

lk,2,b (t) (t − tk)3
∫ 1

0
u(3)(tk (1 − s) + ts)s2ds, b ≥ 2. (3.5)

In addition, the function K (t, s) mentioned in (1.1) is a continuous function, which is bounded in
a finite closed interval. This is a property frequently utilized in the subsequent inequality estimates of
the relevant terms. We now proceed to analyze the local truncation error.

Choose the non-uniform grid 0 = t0 < t1 < · · · < tN = T with τn = tn − tn−1 incorporating
a tunable parameter λ ≥ 1, where λ-dependent coefficients ρ1 and ρ2 govern the non-uniform grid
configuration through

(i) ρ1 ≤
τn

τn+1
≤ 1, 1 ≤ n ≤ N − 1;
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(ii) τn = ρ2N−1t1− 1
λ

n , 1 ≤ n ≤ N;

(iii) τn+1 − τn ≤ ρ2N−2t1− 2
λ

n , 2 ≤ n ≤ N − 1;

(iv) tn ≤ ρ2tn−1, 2 ≤ n ≤ N.

Such grids have shown excellent performance in solving similar problems; see the literature [13,
18–21] for details. Note that σ ∈ (0, 1) and α ∈ [0, 1) imply σ + 1 − α > 0, then the error bound of the
local truncation error in the following theorem decays as N → ∞.

Theorem 3.1. Assume that the solution u of VIE3 (1.1) satisfies Assumption 2.1, then the local
truncation error Rn satisfies

|Rn| ≤ CN−λ(σ+1−α), n = 1, 2,
|Rn| ≤ CN−min{λ(σ+1−α),4−α}, 3 ≤ n ≤ N. (3.6)

Proof. From (3.2) and (2.1), we have

∣∣∣R0,0u (t)
∣∣∣ ≤ Ct

∫ 1

0
(st)σ−1ds =

C
σ

tσ. (3.7)

Thus, by using the conditions of non-uniform grid configuration (i), (ii) and scheme (3.7), and
employing the beta function, we have

|R1| ≤
C
σ

∫ t1

t0
(t1 − s)−α|K(t1, s)|sσds ≤

C
σ

∫ t1

t0
(t1 − s)−αsσds.

Let s = t1u, then ds = t1du and∫ t1

t0
(t1 − s)−αsσds = t1−α+σ

1

∫ 1

0
(1 − u)−αuσdu = t1−α+σ

1 B(1 − α, σ + 1),

where B(·, ·) is the Beta function defined by B(x, y) =
∫ 1

0
ux−1(1 − u)y−1du. Using the relation B(1 −

α, σ + 1) = Γ(1 − α)Γ(σ + 1)/Γ(2 + σ − α), we obtain

|R1| ≤
C
σ

t1−α+σ
1

Γ(1 − α)Γ(σ + 1)
Γ(2 + σ − α)

≤ CN−λ(1−α+σ).

Then, from (3.3), (2.1), and the conditions of non-uniform grid configuration (iii), (iv), for t ∈
(t0, t2), we have

∣∣∣R1,1u (t)
∣∣∣ ≤ |t − t1| t2

τ1

∫ 1

0

∣∣∣u(2) (ts)
∣∣∣ sds +

|t − t1| t2

τ1

∫ 1

0

∣∣∣u(2) (t1 (1 − s) + ts)
∣∣∣ sds

≤ C |t − t1| t
[∫ 1

0

∣∣∣u(2) (ts)
∣∣∣ sds +

∫ 1

0

∣∣∣u(2) (t1 (1 − s) + ts)
∣∣∣ sds

]
≤ C |t − t1| tσ−1.
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Using the above equation, we can get

|R2| ≤ C
∫ t2

t0
(t2 − s)−α |K (t2, s)| |s − t1| sσ−1ds ≤ CN−λ(1−α+σ).

Consider the case where n ≥ 3 and is odd. We divide Rn into three parts as

Rn = R1n + R2n + R3n,

where

R1n =

∫ t2

t0
(tn − s)−αK (tn, s) R2,2u (s) ds,

R2n =

n−3
2∑

k=1

∫ t2k+2

t2k

(tn − s)−α K (tn, s) R2,2k+2u (s) ds,

R3n =

∫ tn

tn−1

(tn − s)−αK (tn, s) R2,n−1u (s) ds.

This decomposition separates the contributions with different forms of the interpolation remainder, as
given in Lemma 3.1.

(i) Estimation of R1n

By using (3.5) and (2.1), it follows that, for t ∈ (t0, t2), there is

∣∣∣R2,2u(t)
∣∣∣ ≤ C

t2
∫ 1

0

∣∣∣u(2) (ts)
∣∣∣ sds + t

2∑
k=1

|t − tk|

∫ 1

0
u(2) (tk (1 − s) + ts) sds


≤ Ct2tσ−1,

and thus we have

|R1n| ≤ Ct2

∫ t2

t0
(tn − s)−αK (tn, s) sσ−1ds ≤ Ct2

σ+1−α ≤ CN−λ(σ+1−α).

(ii) Estimation of R2n

From (3.5), for k ≥ 1, we have

R2,2k+2u (t) =
1
2

2k+2∑
m=2k

lm,2,2k+2 (t) (t − tm)3
∫ 1

0
u(3) (tm (1 − s) + ts) s2ds

=
1
6

u(3) (t2k+2)
2k+2∑
m=2k

lm,2,2k+2 (t) (t − tm)3 +
1
2

2k+2∑
m=2k

lm,2,2k+2 (t) (t − tm)3um,2k+1 (t) ,

where

um,2k+1(t) =
∫ 1

0

[
u(3) (tm (1 − s) + ts) − u(3) (t2k+2)

]
s2ds.

Define ω2k (t) = (t − t2k) (t − t2k+1) (t − t2k+2). According to divided difference theory, it holds that

2k+2∑
m=2k

lm,2,2k+2 (t) (t − tm)3 = ω2k (t)
2k+2∑
m=2k

(t − tm)2

ω′2k (tm)
= ω2k (t) .
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Thus, it gets

R2,2k+2u (t) =
1
6

u(3) (t2k+2)ω2k (t) +
1
2

2k+2∑
m=2k

lm,2,2k+2 (t)(t − tm)3um,2k+1 (t) .

Based on the above equation, we rewrite that

R2n = R21n + R22n,

where

R21n =
1
6

n−3
2∑

k=1

u(3) (t2k+2)
∫ t2k+2

t2k

(tn − s)−αK (tn, s)ω2k (s) ds,

R22n =
1
2

n−3
2∑

k=1

∫ t2k+2

t2k

(tn − s)−αK (tn, s)
2k+2∑
m=2k

lm,2,2k+2 (s) (s − tm)3um,2k+1 (s) ds.

Note that for odd n, the subintervals [t2k, t2k+2] for k = 1, . . . , (n−3)/2 exactly cover the region [t2, tn−1],
matching the mesh index range.

Next, we first estimate R21n, so we define

ω̄∗2k (t) =
∫ t2k+2

t
ω2k (s)ds.

Then, using the integration by parts, we get

R21n =
1
6

n−3
2∑

k=1
u(3) (t2k+2) (tn − t2k)−αK (tn, t2k)ω

∗

2k (t2k)

+1
6

n−3
2∑

k=1
u(3) (t2k+2)

∫ t2k+2

t2k

[
α(tn − s)−α−1K (tn, s) + (tn − s)−α ∂K(tn,s)

∂s

]
ω∗2k (s) ds.

The first and second items in the above formula are recorded as

R211,n =
1
6

n−3
2∑

k=1

u(3) (t2k+2) (tn − t2k)−αK (tn, t2k)ω
∗

2k (t2k) ,

R212,n =
1
6

n−3
2∑

k=1

u(3) (t2k+2)
∫ t2k+2

t2k

[
α(tn − s)−α−1K (tn, s) + (tn − s)−α

∂K (tn, s)
∂s

]
ω∗2k (s) ds,

and ∣∣∣R211,n

∣∣∣ ≤ C max
1≤k≤ n−3

2

{
tσ+1−α−3
2k+2 (τ2k+2 + τ2k+1)2 (τ2k+2 − τ2k+1)

}
×

n−3
2∑

k=1

(tn − t2k)−α |K (tn, t2k)|tα−1
2k+2 (t2k+2 − t2k) .
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Through simple calculation, we establish that
n−3

2∑
k=1

(tn − t2k)−α |K(tn, t2k)| tα−1
2k+2(t2k+2 − t2k) ≤ C

n−3
2∑

k=1

∫ t2k+2

t2k

(tn − s)−αsα−1 ds

≤ C
∫ tn

t0
(tn − s)−αsα−1 ds = CB(α, 1 − α).

We get ∣∣∣R211,n

∣∣∣ ≤ C max
1≤k≤ n−3

2

{
tσ+1−α−3
2k+2 (τ2k+2 + τ2k+1)2 (τ2k+2 − τ2k+1)

}
.

Define γ = min
{
λ
2 (σ + 1 − α) , 2

}
. It holds that

∣∣∣R211,n

∣∣∣ ≤ C max
1≤k≤ n−3

2

tσ+1−α
2k+2

(
τ2k+2

t2k+2

)2 (
τ2k+2 − τ2k+1

t2k+2

)
≤ C max

1≤k≤ n−3
2

tσ+1−α
2k+2

(
τ2k+2

t2k+2

)γ(
τ2k+2 − τ2k+1

t2k+2

) γ
2


≤ CN−2γ max
1≤k≤ n−3

2

{
tσ+1−α− 2γ

λ

2k+2

}
≤ CN−2γ = CN−min{λ(σ+1−α),4}.

Consider R212,n. We have

|R212,n| ≤ C
(n−3)/2∑

k=1

tσ−3
2k+2

∫ t2k+2

t2k

∣∣∣∣∣α(tn − s)−α−1K(tn, s) + (tn − s)−α
∂K(tn, s)
∂s

∣∣∣∣∣|ω∗2k(s)| ds.

Reuse the conditions of the non-uniform grid configuration. We get∣∣∣R212,n

∣∣∣ ≤ C max
1≤k≤ n−3

2

{
tσ−3
2k+2τ

4
2k+2

}
τ−αn

= C max
1≤k≤ n−3

2

tσ+1−α
2k+2

(
τ2k+2

t2k+2

)3+1−α

τα2k+2

 τ−αn

≤ C max
1≤k≤ n−3

2

tσ+1−α
2k+2

(
τ2k+2

t2k+2

)min{λ(σ+1−α),3+1−α}


≤ CN−min{λ(σ+1−α),4−α} max
1≤k≤ n−3

2

{
t
σ+1−α−min{σ+1−α, 4−αλ }
2k+2

}
≤ CN−min{λ(σ+1−α),4−α}.

So far, we know that
|R21n| ≤ CN−min{λ(σ+1−α),4−α}.

Then, we continue to estimate R22n. For t ∈ (t2k, t2k+2) and m = 2k, 2k + 1, 2k + 2(k ≥ 1), it holds that∣∣∣um,2k+1 (t)
∣∣∣ ≤ ∫ 1

0

∣∣∣u(4) (ξt)
∣∣∣ |tm (1 − s) + ts − t2k+2| s2ds

≤
2
3

(τ2k+1 + τ2k+2) sup
η∈(t2k ,t2k+2)

∣∣∣u(4) (η)
∣∣∣ ,
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and ∣∣∣∣∣∣∣
2k+2∑
m=2k

lm,2,2k+2 (t) (t − tm)3

∣∣∣∣∣∣∣ ≤ (τ2k+1 + τ2k+2)4

τ2k+1
+

(τ2k+1 + τ2k+2)5

τ2k+1τ2k+2
+

(τ2k+1 + τ2k+2)4

τ2k+2
.

Reusing (2.1) and the conditions of non-uniform grid configuration, we get

|R22n| ≤ C max
1≤k≤ n−3

2

{
τ4

2k+2t1−α
2k+2tσ−4

2k

} ∫ tn−1

t2
(tn − s)−αsα−1ds

≤ C max
1≤k≤ n−3

2


(
τ2k+2

t2k+2

)4

tσ+1−α
2k+2

 ≤ C max
1≤k≤ n−3

2


(
τ2k+2

t2k+2

)min{λ(σ+1−α),4}

tσ+1−α
2k+2


≤ CN−min{λ(σ+1−α),4} max

1≤k≤ n−3
2

{
t
σ+1−α−min{σ+α, 4λ }
2k+2

}
≤ CN−min{λ(σ+1−α),4}.

Therefore, we can conclude that
|R2n| ≤ CN−min{λ(σ+1−α),4−α}.

(iii) Estimation of R3n

For the purpose of estimating R3n, we begin by giving a bound of R2,n−1u (t). When t belongs to
(tn−1, tn), applying (2.1) leads to ∣∣∣R2,n−1u(t)

∣∣∣ ≤ Cτ3
ntσ−3. (3.8)

Using (3.8), we can get

|R3n| ≤ Cτ3
n

∫ tn

tn−1

(tn − s)−αsσ−3ds

≤ Ctσ−3
n−1 τ

3+1−α
n ≤ Ctσ+1−α

n−1

(
τn−1

tn−1

)min{λ(σ+1−α),3+1−α}

≤ CN−min{λ(σ+1−α),4−α}.

In summary, conclusion (3.6) holds for all n ≥ 3, and n is odd. The proof for even n follows a
similar argument to the odd case and is thus omitted for brevity.

3.2. Convergence analysis

We first give the fractional Grönwall inequalities that are needed in the following proof.

Lemma 3.2 (A fractional Grönwall inequality [22]). Let g0 and C0 be two positive constants, the step
length be τ j+1 = t j+1 − t j, and {φn}

N
0 be a set function that satisfy

φ0 ≤ g0, φk ≤ C0

k−1∑
j=0

τ j+1

(
tk − t j

)−α
φ j + g0

for k = 1, 2, · · · ,N. Then, it holds that

φn ≤ ε (1 − α) g0,
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where
ε (1 − α) = E1−α

(
C0Γ (1 − α) T 1−α

)
, (3.9)

with C0 being the same constant as in the assumption above. For µ = 1 − α ∈ (0, 1], the Mittag-Leffler
functions Eµ (z) are defined as

Eµ (z) =
∞∑

k=0

zk

Γ (kµ + 1)
, (3.10)

which converge for all z ∈ C.

Lemma 3.3 (A modified fractional Grönwall inequality [17] ). Let g0, C0, and δ be positive constants
and {Xn}

N
0 be a set function that satisfy

(i) For any 1 ≤ n ≤ N, if max
0≤k≤n−1

Xk ≤ δ, then Xn ≤ C0

n−1∑
k=0
τk+1(tn − tk)−αXk + g0.

(ii) X0 ≤ g0, ε (1 − α) g0 ≤ δ, where ε (1 − α) is defined by (3.9).

Then, for all 0 ≤ n ≤ N, we have Xn ≤ ε (1 − α) g0.

The threshold δ takes different values depending on the specific problem.

Lemma 3.4. Assume that the non-uniform grid configuration assumption (i) holds, then the coefficients
Qαk,n satisfy ∣∣∣Q(α)

k,n

∣∣∣ ≤ Cτk+1(tn − tk)−α, 0 ≤ k ≤ n − 1, 1 ≤ n ≤ N. (3.11)

Proof. Obviously, there is

∣∣∣q(α)
0,0,1

∣∣∣ = ∣∣∣∣∣∣
∫ t1

t0
(t1 − s)−αK(t1, s) ds

∣∣∣∣∣∣ ≤ C
∫ t1

t0
(t1 − s)−α ds = C

τ−α+1
1

−α + 1
≤ Cτ1(t1 − t0)−α,

∣∣∣q(α)
k,1,2

∣∣∣ = ∣∣∣∣∣∣
∫ t2

t0
(t2 − s)−αK(t2, s) lk,1,1(s) ds

∣∣∣∣∣∣ ≤ C
∫ t2

t0
(t2 − s)−α ds ≤ C(t2 − t0)−α+1

= Ct2(t2 − t0)−α ≤ Cτk+1(t2 − tk)−α, k = 0, 1.

When n ≥ 3 and k = n − 3, n − 2, n − 1, we have

∣∣∣q(α)
k,n−1,n

∣∣∣ ≤  C
∫ tn

tn−1
(tn − s)−αds ≤ Cτk+1(tn − tk)−α, n is odd,

C
∫ tn

tn−2
(tn − s)−αds ≤ Cτk+1(tn − tk)−α, n is even.

Next, we will estimate p(α)
k,b,n for n ≥ 3, 2 ≤ b ≤ n − 1, k = b − 2, b − 1, b. By the definition of p(α)

k,b,n
and (i), we have

∣∣∣p(α)
k,b,n

∣∣∣ = ∣∣∣∣∣∣
∫ tb

tb−2

(tn − s)−αK (tn, s) lk,2,b (s)ds

∣∣∣∣∣∣ ≤ C
∫ tb

tb−2

(tn − s)−αds

≤ C (τb + τb+1) (tn − tb)−α ≤ Cτk+1(tn − tb)−α.
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Since 0 < α < 1, we have

(tn − tb)−α = (tn − tk)−α
(
tn − tb

tn − tk

)−α
≤ (tn − tk)−α

(
tn − tb

tn − tb−2

)−α
≤ (tn − tk)−α

(
tb+1 − tb

tb+1 − tb−2

)−α
= (tn − tk)−α

(
τb

τb−1 + τb + τb+1

)−α
≤ 3−α(tn − tk)−α.

This leads to ∣∣∣p(α)
k,b,n

∣∣∣ ≤ Cτk+1(tn − tk)−α, n ≥ 3, 2 ≤ b ≤ n − 1, k = b − 2, b − 1, b.

By the definition of the coefficient Q(α)
k,n and combining the above equations, we can get that (3.11)

holds.

Now, we are at the position of the following theorem.

Theorem 3.2. Let the solution u (t) of VIE3 (1.1) satisfy Assumption 2.1 and un be the numerical
solution of the fractional Adams-Simpson-type scheme (2.5) with the grid satisfying the assumptions
(i)–(iv). Then, there exists a constant N0 > 0, independent of N and n, such that for all N ≥ N0, it
holds that

|u (tn) − un| ≤ CNλβ−min{λ(σ+1−α),4−α}, 0 ≤ n ≤ N. (3.12)

Proof. Let en = u (tn) − un. From (2.5) and (3.1), we have

e0 = 0, en = t−βn

 n−1∑
k=0

Q(α)
k,n [u (tk) − uk] + Rn

 , 1 ≤ n ≤ N.

Taking the absolute value and applying Theorem 3.1 and Lemma 3.4, we have

|en| ≤ Ct−βn

 n−1∑
k=0

τk+1(tn − tk)−α |ek| + N−min{λ(σ+1−α),4−α}

 .
Then, from the grid assumptions (ii) and (iv), noting that tn = (n/N)λT ≥ N−λT , it follows that

t−βn ≤ T−βNλβ. (3.13)

Therefore,

|en| ≤ C0

n−1∑
k=0

τk+1(tn − tk)−α |ek| + g0,

where C0 = T−βNλβ, g0 = CNλβ−min{λ(σ+1−α),4−α}. Let N ≥ N0 be a sufficiently large number. From the
definition (3.9), we have

ε (1 − α) g0 = Cε (1 − α) Nλβ−min{λ(σ+1−α),4−α} ≤ 1.

Therefore, the nonnegative set function {|en|}
N
0 satisfies the conditions of Lemma 3.3 when N ≥ N0.

Thus, it can be obtained that

|en| ≤ ε (1 − α) g0 = Cε (1 − α) Nλβ−min{λ(σ+1−α),4−α}.

This shows that (3.12) holds.
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Theorem 3.2 rigorously validates that the fractional Adams-Simpson-type scheme (2.5) with the
non-uniform grid guarantees a minimum convergence rate of min {λ (σ + 1 − α) , 4 − α} − λβ for the
VIE3, which fulfills Assumption 2.1. The optimal convergence order is achieved when the two terms
inside the minimum are balanced, i.e., λ(σ + 1 − α) = 4 − α, which gives the optimal grid parameter
λ = (4−α)/(σ+1−α). The resulting convergence order is 4−α−λβ. Excessive λ values induce nodal
clustering proximal to t = 0; when λ ≥ (4 − α) / (σ + 1 − α), the convergence order decreases with
increasing λ. Otherwise, if λ ≤ (4 − α) / (σ + 1 − α), the convergence order increases with the increase
of λ. Therefore, λ = (4 − α) / (σ + 1 − α) is recommended as the optimal choice of grid parameter.
For instance, when σ ≈ 0.5 and α = 0.1, the optimal grading parameter is λ ≈ 2.79. If λ is chosen
smaller than this optimal value, the term λ(σ + 1 − α) dominates the error; otherwise, the term 4 − α
dominates. Moreover, note that the exponent in (3.12) may become negative if β is sufficiently large.
In such cases, the convergence order can be improved by choosing a smaller λ, though the optimal
theoretical rate is limited by the singularity strength. This reflects an inherent feature of VIE3 with a
strongly degenerate factor tβ.

3.3. Stability analysis

This section conducts a sensitivity analysis of the numerical solution un under initial value
disturbances. Consider perturbations of the form u0 → u0 + ϕ0 in the governing Eq (2.5), where ϕ0

represents bounded variations. Let ũn denote the resulting perturbed solution generated by the
modified initial condition.

Theorem 3.3. Let the approximation un be constructed using the scheme (2.5) with the grid
assumptions (i)–(iv). Then, for a sufficiently small u0 + ϕ0, it holds that

|un − ũn| ≤ C |ϕ0| , 0 ≤ n ≤ N. (3.14)

Proof. Let z̃n = ũn − un. We have the following perturbation scheme: z̃n = t−βn

n−1∑
k=0

Q(α)
k,n (ũk − uk) , 1 ≤ n ≤ N,

z̃0 = ϕ0.

Taking absolute values and employing (3.13) leads to

|z̃n| ≤ CNλβ
n−1∑
k=0

∣∣∣Q(α)
k,n

∣∣∣ |ũk − uk|.

Using Lemma 3.4 it can be obtained that

|z̃n| ≤ C0

n−1∑
k=0

τk+1(tn − tk)−α |z̃k| + g0,

where C0 = CNλβ, g0 = |ϕ0|. When |φ0| is sufficiently small, ε (1 − α) g0 = ε (1 − α) |ϕ0| ≤ 1/2. Finally,
using Lemma 3.3, we can obtain |z̃n| ≤ ε (1 − α) g0 = ε (1 − α) |ϕ0| , which completes the proof.

The constant C in (3.14) may depend on N and the problem parameters through the
Mittag-Leffler function.
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3.4. Computational complexity

We briefly discuss the computational cost of the proposed scheme (2.5). At each time step tn, the
numerical solution un is obtained via an explicit recurrence, which requires O(n) operations. Summing
over all n = 1, . . . ,N, the total cost of the time-stepping procedure is O(N2). The coefficients Q(α)

k,n are
computed by numerical quadrature over the corresponding subintervals, with each coefficient requiring
O(1) operations. Since there are O(N2) coefficients in total, the precomputation also requires O(N2)
operations, and the storage requirement is O(N2) to store the coefficient matrix.

For a given accuracy tolerance, the non-uniform graded mesh requires significantly fewer nodes
than a uniform mesh to resolve the initial singularity. Within the block discrete framework, the
piecewise quadratic interpolation further allows the coefficients to be evaluated efficiently by
organizing the integrals over shared subintervals. Consequently, although the asymptotic complexity
with respect to N is O(N2), the actual computational effort to achieve a prescribed accuracy is
substantially reduced compared with uniform-mesh methods.

4. Numerical experiments

In this section, the effectiveness of the fractional Adams-Simpson-type algorithm is verified by
several numerical experiments. In these examples, a non-uniform grid with parameter λ ≥ 1 is used,
and its nodes are constructed as tn = (n/N)λT , 0 ≤ n ≤ N, where N represents the number of total
subdivision steps. To evaluate the precision of the numerical solution, each example selects a test
problem with an analytical solution for comparative analysis by calculating the maximum absolute
error E (N) = max

0≤n≤N
|u (tn) − un| between the numerical solution and the exact solution in T = 1 and

analyzing the convergence order O (N) = log2 [E (N)/E (2N)].

Example 1. Consider the VIE3 (1.1) in the case β = 1 defined in the interval t ∈ [0, 1] with K(t, s) =
1/2 and

f (t) = t
7
2 −

1
2

∫ t

0
(t − s)−αs

5
2 ds.

The exact solution of (1.1) is u(t) = t5/2. We solve the problem using the numerical scheme (2.5) with
different values of α and λ. The results are presented in Table 1. It shows that the fractional Adams-
Simpson-type algorithm achieves its theoretical convergence order of 4 − α − λβ when λ = 2.5 for the
case β = 1. Moreover, the convergence order decreases as λ increases with other parameters fixed,
which aligns with the theoretical analysis in Theorem 3.2.

To assess the performance of the proposed fractional Adams-Simpson-type method, we compare
it with the standard fractional Euler method on a uniform mesh, which approximates the integral
in (1.1) using the left rectangular rule [23].

Table 2 compares the errors and convergence orders of the fractional Euler method on a uniform
mesh and the proposed method on a graded mesh with λ = 2.5 and λ = 2. It can be observed that the
proposed method achieves substantially higher accuracy and faster convergence than the Euler
method. The convergence order of the Euler method remains around 0.95, whereas the proposed
method achieves orders around 2. These results clearly demonstrate the superior accuracy and
efficiency of the proposed fractional Adams-Simpson-type method.
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Table 1. Maximum errors and convergence orders for the fractional Adams-Simpson-type
scheme (2.5) applied to Example 1 with β = 1.

λ N
α = 0.1 α = 0.15 α = 0.2

E(N) O(N) E(N) O(N) E(N) O(N)

2.5

24 1.9256e-02 1.11 2.0114e-02 1.05 2.1036e-02 1.05
25 8.9121e-03 1.63 9.4896e-03 1.64 1.0128e-02 1.65
26 2.8870e-03 1.97 3.0527e-03 2.10 3.2259e-03 2.28
27 7.3556e-04 – 7.1278e-04 – 6.6473e-04 –

3

24 2.0011e-02 0.89 2.0750e-02 0.86 2.1530e-02 0.82
25 1.0792e-02 1.51 1.1444e-02 1.51 1.2161e-02 1.51
26 3.7897e-03 1.88 4.0199e-03 1.97 4.2657e-03 2.09
27 1.0285e-03 – 1.0276e-03 – 1.0012e-03 –

3.5

24 1.9805e-02 0.67 2.0378e-02 0.63 2.0962e-02 0.59
25 1.2465e-02 1.40 1.3165e-02 1.39 1.3933e-02 1.38
26 4.7301e-03 1.80 5.0235e-03 1.86 5.3395e-03 2.07
27 1.3556e-03 – 1.3802e-03 – 2.7080e-02 –

Table 2. Comparison of the fractional Euler method on a uniform mesh and the proposed
fractional Adams-Simpson-type method on a graded mesh for Example 1 with β = 1.

α N
Fractional Euler method Proposed method λ = 2.5 Proposed method λ = 2

E(N) O(N) E(N) O(N) E(N) O(N)

0.05

24 2.0854e-02 0.93 1.8446e-02 1.14 1.9239e-02 0.70
25 1.0694e-02 0.96 8.3794e-03 1.62 1.1814e-02 1.41
26 5.4146e-03 0.98 2.7258e-03 1.88 1.3171e-03 2.00
27 2.7241e-03 0.99 7.3899e-04 2.12 3.2919e-04 2.34
28 1.3662e-03 0.99 1.6967e-04 – 6.4932e-05 –
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Figure 1. Graphs of u(t) and the absolute error for Example 1 with β = 1. (a) Comparison of
the exact solution (red curve) and numerical approximations (blue markers) for λ = 2.5. (b)
Absolute error at each node for different values of α and λ = 2.5.
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The graphs of u (t) and the absolute error E(N) are shown in Figure 1. Figure 1 intuitively shows
the accuracy of the numerical method for VIE3 (1.1) with β = 1.

Example 2. Consider the VIE3 (1.1) in the case β = 1.5 on the interval t ∈ [0, 1] with parameters
K(t, s) = 1

√
2π

s and

f (t) = t
33
10 −

1
√

2π

∫ t

0
(t − s)−αs

14
5 ds.

The exact solution of (1.1) in this case is u(t) = t
9
5 . We apply the numerical scheme (2.5) for different

values of α and λ, and the results are summarized in Table 3.

From Table 3, the theoretical convergence order 4−α− λβ is achieved when λ = 2.5 for VIE3 (1.1)
in the case β > 1. For fixed α and β, the convergence order decreases as λ increases, consistent with
Theorem 3.2.

Table 3. Maximum errors and convergence orders for the fractional Adams-Simpson-type
scheme (2.5) applied to Example 2 with β = 1.5.

λ N
α = 0.1 α = 0.2 α = 0.25

E(N) O(N) E(N) O(N) E(N) O(N)

2.5

24 3.6034e-03 1.14 3.8385e-03 1.18 3.9583e-03 1.20
25 1.6317e-03 1.74 1.6976e-03 2.05 1.7208e-03 2.31
26 4.8691e-04 2.43 4.1051e-04 4.09 3.4810e-04 1.64
27 9.0386e-05 – 2.4041e-05 – 1.1185e-04 –

3

24 3.7028e-03 0.93 3.9328e-03 0.95 4.0519e-03 0.97
25 1.9380e-03 1.61 2.0323e-03 1.82 2.0725e-03 1.99
26 6.3613e-04 2.24 5.7462e-04 4.11 5.2206e-04 2.88
27 1.3483e-04 – 3.3296e-05 – 7.0962e-05 –

4

24 3.5769e-03 0.55 4.0392e-03 0.58 3.9115e-03 0.57
25 2.4366e-03 1.36 2.7013e-03 1.67 2.6381e-03 1.57
26 9.4751e-04 1.98 8.4651e-04 3.61 8.9061e-04 4.14
27 2.4075e-04 – 2.7080e-02 – 5.0452e-05 –

Figure 2 shows the graphs of u(t) and the absolute errors. The numerical results in Table 3 and
Figure 2 confirm this theoretical prediction and the accuracy of the numerical method for VIE3 (1.1)
in the case β > 1.

For this example, the comparison between the proposed method and the fractional Euler method
yields similar conclusions to those in Example 1. The corresponding results are therefore omitted
for brevity.
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Figure 2. Graphs of u (t) and the absolute error for Example 2 with β = 1.5. (a) The contrast
of the exact solution (red curve) against discrete numerical approximations (blue markers)
with λ = 2.5. (b) The absolute error at each node under different α values and λ = 2.5.

Example 3. Consider the VIE3 (1.1) in the case β = 0.6 on the interval t ∈ [0, 1] with parameters
K(t, s) = 1 and

f (t) = t
34
15 −

∫ t

0
(t − s)−αs

5
3 ds.

The exact solution is u(t) = t
5
3 . We solve the problem using the numerical scheme (2.5) to vary α and

λ, and the results are presented in Table 4.
Consistent with the previous examples, the scheme achieves the theoretical convergence order 4 −

α − λβ when λ = 2.5 in the case β < 1. As λ increases, with other parameters fixed, the convergence
order decreases, aligning with Theorem 3.2. The numerical results in Table 4 and Figure 3 validate
these theoretical findings.

Table 4. Maximum errors and convergence orders for the fractional Adams-Simpson-type
scheme (2.5) applied to Example 3 with β = 0.6.

λ N
α = 0.1 α = 0.2 α = 0.3

E(N) O(N) E(N) O(N) E(N) O(N)

2.5

24 3.9054e-02 1.41 4.7580e-02 1.39 6.8513e-02 1.33
25 1.4697e-02 1.85 1.8118e-02 1.99 2.7267e-02 2.13
26 4.0888e-03 2.29 4.5511e-03 3.53 6.2454e-03 3.46
27 8.3324e-04 – 3.9388e-04 – 5.6633e-04 –

3

24 4.2525e-02 1.25 5.1407e-02 1.24 7.3678e-02 1.20
25 1.7875e-02 1.74 2.1810e-02 1.85 3.1978e-02 1.97
26 5.3356e-03 2.18 6.0333e-03 3.02 8.1878e-03 4.48
27 1.1809e-03 – 7.4525e-04 – 3.6656e-04 –

4

24 4.6008e-02 0.95 5.5223e-02 0.94 7.8650e-02 0.94
25 2.3791e-02 1.56 2.8699e-02 1.62 4.0953e-02 1.69
26 8.0840e-03 2.00 9.3407e-03 2.44 1.2694e-02 3.46
27 2.0251e-03 – 1.7172e-03 – 1.1541e-03 –
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Figure 3. Graphs of u (t) and the absolute error for Example 3 with β = 0.6. (a) The contrast
of the exact solution (red curve) against discrete numerical approximations (blue markers)
with λ = 2.5. (b) The absolute error at each node under different α values and λ = 2.5.

Figure 3 compares the exact solution u(t) with numerical approximations and displays the absolute
errors, which illustrate the precision of the numerical method and demonstrate the impact of different
values of α on the error.

The three numerical experiments demonstrate the robustness of the fractional
Adams-Simpson-type algorithm for VIE3 (1.1) across different cases, namely β = 1, β > 1, and β < 1,
with varying parameters of K(t, s), α, λ and distinct exact solutions. In all cases, the observed
convergence order gradually approaches the theoretical convergence order as the step size decreases,
confirming the effectiveness of the scheme for solving VIE3. The consistent agreement between the
numerical results and Theorem 3.2 further underscores the reliability of the proposed method. From
Figures 1–3, one can observe that for slightly larger α, the absolute errors exhibit more oscillations
across the nodes but are overall smaller in magnitude. The smaller error level is expected since a
larger α corresponds to a weaker kernel singularity and thus a smoother solution, leading to higher
numerical accuracy. The oscillations arise from the non-uniform distribution of the grid nodes: The
graded mesh is highly refined near t = 0 to resolve the initial singularity and becomes coarser as t
increases, causing the error distribution to fluctuate. This behavior is fully consistent with the
theoretical stability result in Theorem 3.3, which guarantees that the numerical scheme remains stable
for all α ∈ [0, 1).

5. Conclusions

In this work, a fractional Adams-Simpson-type numerical scheme with non-uniform grid strategy
is established to solve VIE3. A modified fractional Grönwall inequality is employed to rigorously
analyze the stability and convergence of the algorithm. Theoretical analysis shows that the algorithm
can achieve the optimal convergence order 4 − α − λβ when the grid parameter
λ = (4 − α) / (σ + 1 − α). Numerical experiments validate the theoretical conclusions and confirm the
computational precision of the proposed scheme in handling VIE3. An interesting direction for future
research is the extension of the proposed method to VIE3 with variable-exponent weakly singular
kernels, where the exponent α = α(t) depends on time. The non-uniform grid strategy and high-order
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interpolation framework developed in this paper may provide a useful foundation for such an
extension. More broadly, modern scientific machine learning approaches such as physics-informed
neural networks (PINNs) and neural operators have been rapidly developed for solving VIEs. While
these methods offer mesh-free flexibility and can handle high-dimensional problems, they often lack
rigorous error guarantees when solutions exhibit initial singularities. In contrast, the proposed method
provides provable convergence rates even for non-smooth solutions. Furthermore, the graded mesh
theory developed here may offer useful guidance for designing adaptive sampling or collocation
strategies in neural network-based solvers for singular integral equations.
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