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Abstract: We study a one-parameter family of polynomial J-fractions whose coefficients depend
polynomially on the index and on an integer parameter u > 0. After a factorial normalization of the
denominator sequence, the difference of two consecutive convergents factors into the fixed central-
binomial Apéry-type term 1/ (nz(Z:)) and a rational factor determined by a normalized polynomial
family P,. We construct P, by an explicit parameter-raising operator. We then prove a parameter-shift
telescoping identity, which allows induction on « and gives

2u\’ 7
X(Lt) = ~o T Pus Pu € Q
ul 18

Thus, the operator identity and the telescoping identity provide the algebraic mechanism behind the
evaluation of the whole family.

Keywords: continued fractions; polynomial continued fractions; J-fractions; parameter-raising
operators; central binomial coefficients; telescoping; 7

1. Introduction

Polynomial continued fractions may contain a simple kernel behind complicated coefficients. In
this paper, the kernel is the central-binomial Apéry-type series for 72. Our aim is to explain why the
same kernel appears for a whole family of J-fractions.
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We study the polynomial J-fraction

1
X(u) = . N, 1.1
(1) b u € Ny (1.1)
a(u) + o)
u
a(u) + 7
az(u) + .
with
a,(u) = 5n* + (14u — Hn + BGu — 1)%, bo(u) = =2n(2n — 1)(n + u)>. (1.2)

The family fits naturally into the theory of polynomial J-fractions, where convergents satisfy three-
term recurrences with polynomial coeflicients; see [1-8].
The underlying summation kernel of (1.1) is the classical central binomial identity

1 2
Z nz(Zn) - 71T_3 (1.3)

n>1 n

which is a standard Apéry-type series evaluation; see for instance Apéry, Beukers, van der Poorten, and
Borwein—Girgensohn [9—-12]. The point of the present construction is that the consecutive convergent
differences of (1.1) retain exactly this kernel after normalization. The parameter dependence is
concentrated in a normalized denominator polynomial family P,.

This family is closely related to Cohen’s parametric continued fractions for 72, £(3), and other
constants [13]. Cohen’s work provides important motivating and structural background for such
families. Here, we give a proof mechanism for (1.1). We build a difference operator £, and a
parameter-raising operator ‘¥,; the latter sends solutions at level u to solutions at level u + 1.

We now explain the main idea of the proof. The continued fraction gives a three-term recurrence
for its denominator sequence. We write this recurrence as an operator equation and denote the operator
by £,. This notation is useful because it lets us compare the recurrence for the parameter u with the
recurrence for the next parameter u + 1. We then construct a parameter-raising operator. This operator
sends a solution at level u to a solution at level u + 1. In this way, we obtain the normalized polynomial
family P,.

The role of the polynomials P, is to separate two parts of the problem. One part is universal and
contains the central-binomial Apéry-type kernel. The other part depends on the parameter u. After this
separation, we prove a parameter-shift telescoping identity. This identity compares the summand at
level u + 1 with the summand at level u. It allows induction on u and therefore proves the evaluation
for every integer u > 0:

— + Oy v € Q.
T pu €Q

Thus, the polynomial identities are not merely formal identities. They are the algebraic mechanism,
which makes the induction possible.

The surrounding literature has several related but distinct strands. Classical continued-fraction
theory provides the analytic and recurrence background [1-6]. Flajolet’s theory explains many
continued fractions through combinatorial models [7]. Apéry’s proof and its later interpretations show
how binomial kernels can encode special values such as £(2) and £(3) [9-12]. Symbolic summation

3 2
X(u) = (ZM) bis

u
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and holonomic methods often reduce identities to finite algebraic checks [14—17]. The present paper
uses ideas close to these methods, but its role is more specific. The distinctive feature of the approach is
that the parameter shift is realized by an explicit first-order parameter-raising operator. This operator is
then combined with a telescoping identity for the summand itself, which turns the construction into an
induction on the parameter u. To the best of our knowledge, this is the first use of an explicit first-order
parameter-raising operator as the main proof mechanism for evaluating a complete parametric family
of polynomial J-fractions for 72,

Our first theorem records the structural decomposition that drives the rest of the paper. Its
significance is that the u-independent m*-producing factor and the parameter-dependent algebraic
factor are separated in a precise form: central-binomial term is fixed, while all dependence on u
is concentrated in two consecutive values of one polynomial family generated by the parameter-
raising operator.

The polynomials P, in the following theorem are constructed in Section 3; they are normalized by
P,0)=1.

Theorem 1.1. For each fixed u € Ny and every n > 1, the convergents of (1.1) satisfy

(n+Z—l)2 1

(%) PumPu(n=1)

Xn(u) = X1 (u) =

n
where P, is the normalized denominator polynomial defined in Section 3.

Remark 1.2. Theorem 1.1 separates the problem into a u-independent central-binomial factor and a
parameter-dependent algebraic factor. The factor

1
(%)
is the same factor that appears in (1.3), while the factor
(n+u—1)2
P,(n)P,(n—1)

contains the full dependence on u. This separation is the main structural point of the paper.

The paper is organized as follows: Section 2 derives the convergent recurrence and the central-
binomial increment formula. Section 3 constructs the parameter-raising operator and the normalized
denominator polynomials P,. Section 4 proves the parameter-shift telescoping identity and evaluates
the full family.

2. Convergents and the central-binomial kernel
Definition 2.1. Set by(«) := 1. Define sequences (p,(#)),>-1 and (g,(4)),>-1 by
P—l = la POZO, 6]—1 :0’ (]0: 1’
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and forn > 1,
Pn = an(u)pn—l + bn—l(u)pn—Z’ qn = an(u)Qn—l + bn—l(u)qn—Z- (21)

Whenever ¢, (u) # 0, the nth convergent of (1.1) is
X, () = P28,
qn(u0)

Proposition 2.2. For each fixed u € N, the denominator sequence satisfies q,(u) > 0 for all n > 0.
Consequently, every truncation X,(u) is well defined. If one sets

= 2 n>0, (2.2)

then the consecutive convergent differences satisfy

(n+Z—1)2 :

Xo(u) — X1 (u) = = , n>1, (2.3)
n2(Y)  PuwPun-1)
and the normalized sequence obeys
n)2n — DHP,(n) = a,(w)P,(n — 1) — (n + u — 1)>P,(n - 2), n>2, (2.4)
with initial values
PA0) =1, Em:my)

Proof. We begin by proving positivity of the denominator sequence. Write
cn(u) := =by(u) = 2n(2n — 1)(n + u)* > 0.
For N > 1, consider the symmetric tridiagonal matrix

aj(u)  Vei(u)
Vei(u)  ax(u) Vea(u)
Tn(u) = . . . :
Ven-1(u)  an(u)
Its leading principal minors satisfy the same recurrence as gy () with the same initial values, so gy(u) =

det Ty(u). We show that Ty(u) is strictly diagonally dominant with positive diagonal. First, a,(u) > 0
foralln>1andu > 0. Forn > 2,

\V2n(2n — 1) < 2n, \/Z(n -D@2n-3)<2n-1),

hence
Ven(w) < 2n(n + u), Veo1w) <2(m—1D(n+u—1).

So, it is enough to prove

a,(u) =2nn+u)+2n—-1)(n+u-1), n>?2.

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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A direct simplification gives
a,(u) = Cn(n+u) +2(n - Dm+u—-1)) =n* + 10un + 9u* —4u—1> 0.
Atn = 1, there is only one oft-diagonal entry, and
ai) =9 +8u+2> V2u+1) = ye,(w).

Thus, Ty(u) is strictly diagonally dominant and has positive diagonal. Since 7T'y(u) is real and
symmetric, all its eigenvalues are real. By Gershgorin’s theorem, every eigenvalue lies in an interval
la; — r;, a; + r;], where q; is a diagonal entry and r; is the sum of the absolute values of the oftf-diagonal
entries in the same row [18, Section 6.1]. Strict diagonal dominance gives a; — r; > 0 for every
row, so all these intervals are contained in (0, o). Hence, all eigenvalues are positive, and Ty (u) is
positive definite. By Sylvester’s criterion, its leading principal minors are positive [18, Section 7.2].
These leading principal minors satisfy the same determinant recurrence as gy(u), and hence gy(u) =
det Tx(u) > 0.

To derive the increment formula, we use the standard determinant identity for J-fractions. It follows
by applying the recurrence to p,q,-1 — pn-19,- This gives

Pe P GO TSbiw) (DT bjw)
qn qn-1 qnqn-1 9nqn-1
since bo(u) = 1. For j > 1,

bj(u) = =2j2j ~ D(j +u)’.

Hence,

n—

n—1 n—1
biw) = (1] J2i2i- D) [G+w?) = D@ - 21w+ DL,
j=1 j=1

1
j=1
The signs cancel, so
2n-2)(u+ 1)%_1

qnqn-1

Xu(u) — Xpo1(u) =

Substituting ¢, = (2n)!P,(n) gives
(u+1)>

Xo(u) — X1 (u) = = = .

Finally,

n+u—1 (n—1"? 1
+ 1), =m-1)! , = ,
@+ Do = (2 = 1) ( u ) el )
which yields (2.3). N
To obtain the recurrence, substitute g, = (2n)!P,(n) into (2.1), divide by (2n)!, and use
bup1(u) = =2(n — D2n —3)(n +u — 1)%
Then
by 1w)(2n—-4)!  (n+u- 1)?
(2n)! - en@n-1)
which gives (2.4). The initial values follow from gy = 1 and g; = a;(u).
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3. A parameter-raising operator for the parametric family

The operator £, is a gauge-equivalent form of the normalized denominator recurrence. This form
is useful because it makes it possible to compare the recurrence at level u with the recurrence at level
u+ 1. The parameter-raising operator ‘¥, connects these two recurrence operators by a precise algebraic
identity. Together with ¥,, the operator £, converts the fixed-parameter recurrence into an induction
on the parameter u.

For a function F : Z — Q, define

(LF)n)=22n—-1)n+uwFn)—a,u)Fn-1)+mn-1)n+u—-1)Fn-2). 3.1
Also define
—n2 _ _ 2 _
o) = (n+u+1)(-n inu 6n + 3u 2), (32)
2 2
) = 22n + 1)(n* + 10nu +38n + 21u® + 34u + 13)’ (3.3)
and let
(Y, F)(n) = y(n,u)F(n) + 1 (n,u)F(n + 1).
Theorem 3.1. For every function F : Z — Q,
(L1 (YuF))(n) = B(n,u)(L,F)(n) + € (n, u)( LF)n + 1), (3.4)
where
(n + u)(—n?* — 6nu — 2n + 3u* + 12u + 6)
PBn,u) = 3 , 3.5)
_ 2 2
Sln ) = 2(2n — 1)(n* + 10nu +38n +21u” + 34u + 13). (3.6)

In particular, if Q, satisfies L,(Q,) = 0, then Q,,1 := Y, (Q,) satisfies L,,1(Qu1) = 0.
The factors 1/3 in (3.2), (3.3), (3.5), and (3.6) are only part of our normalization convention.

Proof. The identity (3.4) is an operator identity. We prove it by applying both sides to an arbitrary
function F and comparing the coefficients of the shifted values of F.
Write

Foo=Fn+1), Fy:= Fn), Fi:=Fn-1), F,:=Fn-2).
Since W, F uses only F(n) and F(n + 1), the expression £, (¥, F) can involve only
F+19 FOa F—l’ F—2'

The right-hand side of (3.4) involves the same four shifted values. Therefore, the difference between
the two sides has the form
E F a+EFy+E_[F_+E_F_,.

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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Here, each E; is a polynomial in n and u after clearing the common factor 1/3.
For example, the coefficient of F,; comes from the F(n + 1)-part of £,,;(¥,F) and from the term
E(n,u)(L,F)(n+1). Thus, this coefficient is

E,=2Q2n-1Dn+u+ DA (n,u) —22n+ 1)(n +u+ 1)6(n, u).

Using (3.3) and (3.6), this is identically zero.
The remaining three shifted coefficients are computed analogously. After substituting <%, <7, %4, €,
one obtains
Egn=Ey=E_=E_,=0.

The explicit expressions before cancellation are recorded in Appendix A. Hence, (3.4) holds for every
function F.
Finally, if £,(F) = 0, then both terms on the right-hand side of (3.4) vanish. Therefore,

Ly (FuF) = 0.

Thus, the parameter-raising operator sends a solution of the recurrence at level u to a solution of the
recurrence at level u + 1.

We start from Qy(n) = 1. Repeated use of W, gives a chain of solutions. The normalization used
next makes P,(0) = 1 and matches the normalized denominator sequence in Proposition 2.2.
We now prove Theorem 1.1. Starting from the constant solution Qy(n) = 1, we define

Qu+l = \Pu(Qu)» u>0.

By Theorem 3.1, each Q, satisfies
L,(0.,)=0.

We now identify this operator-generated family with the normalized denominator polynomials from
Proposition 2.2. Evaluate £,(Q,) =0 atn = 1:

a(u)

0=2(u+ 1Q0,(1) — a1(uw)Q.(0), Q.(1) = N+ 1)Qu(O)-

Now evaluate the raising recursion Q. = ¥,(Q,) atn = 0:

Qu+1(0) = (0, ) Q,(0) + (0, ) Q,(1).
Substituting the formula for Q,(1) and simplifying yields

Qu+1(0) = 8Qu + 1)°0,(0), 00(0) = L.
Therefore,

e . (@)
0,(0) = 1;01 82k + 1)° = (7) (3.7)

because

u—1
[Tex+1= 2u)!

uy)
o 2uy!

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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Define )
. _ (uw)! _(n+ 1),
D, :=u! Q,0) = W) Py(n) := D—uQu(n)-
Then | N
Py~ QO
D,

To identify P, with the normalized denominator family, rewrite

_ D.P,(n)

Qu(n) = ),

and substitute into L,(Q,) = 0. Multiplying by (n + 1), gives

201 = D + )Py — ay@ 2P = 1)+ (1= D+ 1 - DT Dep n— 2y = 0,
(n), (n-1),
Using

(n+1), n+u (n+1), m+wn+u-—1)
n),  n’ n-1, nn—-1) ’

we obtain
T

220 = 1)(n + u)P,(n) — a, ()" Z “pn—1y+ 2T ”)(”n+ “=1 p w_2y=0.

Multiplying by n/(n + u) yields
(2n)(2n — DP,(n) = a,(w)P,(n— 1) = (n + u— 1)’P,(n - 2),

which is exactly (2.4). The initial value at n = 1 follows from the earlier relation

_ a(u)
0.(1) = 50777500
fndeed. 2) @+ au) (1)
_ u 1) ) a(u _au
Pul) = 5O = ===+ 5075 00) = 5=

Therefore, P, and Fu satisfy the same second-order recurrence for n > 2 with the same initial values, so
P,(n) = Fu(n) forall n > 0.

This proves Theorem 1.1.
The degree and the leading coefficient of P, are also transparent from the raising recursion. Write

Qu(n) = Kun3u + 0(n3u_])-

From (3.2) and (3.3),
%(l’l, l/l) = —%HB + 0(”2), Jyl(n’ u) = gn3 + O(nz)a

Electronic Research Archive Volume 34, Issue 6, 3895-3913.



3903

and
O.(n+ 1) = k1 + O™ ™).

Hence,
O.s1(n) = Fo(n, )0, (1) + < (n, )0, (n + 1) = k™" + OM***?),

S0 K,+1 = kK, and deg Q,.1 = 3u+3. Since Qy = 1, we have x, = 1 and deg Q,, = 3u for all u. Therefore,

1
mw=@%ﬁgw

has degree 4u, and its leading coefficient is 1/D,.
Finally, the continued fraction converges. By Theorem 1.1,

N (n+u—1)2 1
&@=§]ﬂ%'mwmm4Y

n=1

2n 4" 1 o
( )x \/ﬁ’ nz(Zn) < 4732,

n

Using Stirling’s estimate,

Also 5
) < n?, P, (n)P,(n—1) < n,

so the summand is
0(4—nn—3/2—6u).

The series therefore converges absolutely, and the limit
X(u) = Al/im Xn(u)
exists.

4. Telescoping and evaluation of the full family

We now pass from the parameter-raising construction to the value of the continued fraction.
Lemma 4.1 compares the summands at levels u and u# + 1. Theorem 4.2 then sums this relation and
gives the evaluation for all u > 0.

Set ) 5
Fu(n) = (n T 1) ’ Su(n) = 2 Fu(n) ’ Cu = (2u) .
u ()P (m)Py(n — 1)

By Theorem 1.1,
X(u) = Z S . (n).

nx1
Also put
Cur1 _ 8QCu+ 1)}

C C ary M = 8(u+ 1)2u + 1)

A, =

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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We now prepare the induction step from u to u + 1. Since

Cu+1
C,’

A, =

the term 4,5 ,(n) has the correct next coefficient C,,; in front of the u-independent central-binomial
factor. Thus, it remains to prove that the difference

Su+1(n) - /luS u(n)

is telescoping.
We choose the denominator of ®,(n) to contain

Py(n = DPy(n—1).
After replacing n by n + 1, this becomes

P, (n)Py.1(n),

which is the denominator needed in the comparison of S,,;(n) and S ,(n). The shifted raising formula
atm =n— 1 gives
(n+uway(n —1,u) nei(n—1,u)

Pu(n—1)= A Pu(n = 1) + —————Pu(n).

Thus, the coeflicient 7 (n — 1, u) is the one that enters the cancellation. The remaining normalization
is fixed by
A, 8w+ 1DQu+1)°

P - 4
L 8Qut ety b

This leads to the following definition of ®,(n).

Since - .
\(n—1,u) = L(n2 + (10u + 6)n + 21u” + 24u + 6),
we put
C,(n) := n* + (10u + 6)n + 21u’ + 24u + 6

and define F it .

0,(n) = — 2(") = 1w . 4.1

(+ 14 n3)Pun = DP i (= 1)
Equivalently,
2F,(n)(2n - 1)¢,(n
0,(1) = (2 )( ) (1) .
3+ 1 n(?)Pu(n = DPyi(n = 1)
Lemma 4.1. For every u € Ny and everyn > 1,
Sun1(n) = 4,8 ,(n) = B,(n) = O,(n + 1). (4.2)

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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Proof. The proof has three steps. We first express the two values of P,,; through two values of P,.
Then we divide out the common hypergeometric factor. Finally, the identity reduces to a quadratic
polynomial in A = P,(n — 1) and B = P,(n).
Let
A:=P,(n-1), B := P,(n), U:=P,(n-1), Vi=P,a(n).

Recall that
A, =8+ DQu+ 1)°.

Step 1: shifted raising formula. We first derive the shifted raising formula for the normalized
polynomials. By definition,

+ D)y
Pantmy = D0 ), Q) = om0 Qum) + A, 1 0,m + 1),
u+l
Using
_ D,P,(k)
0u(k) = ),
gives
_ D, o(m,w)P,(m) — a\(m,u)P,(m+ 1)
Pu+1(m) - Du+1 (m + 1)u+l ( (m + l)u + (m + 2)u )
Row (m+1) (m+ 1)
m+ 1), _ m+ 1), _
mil), =m+u+1, —(m+2)u =m+1,
and D
l;:‘ = 8w+ DQu+1)7° =A,.
Therefore,
P (m) = (m+u+ )aty(m, u)Pu(m);- (m + )a/y(m, u)P,(m + 1)- 43)
Using (4.3) atm = n — 1 gives
U =aA + BB,

where
(n+u)a(n—1,u) neti(n—1,u)
a = p=—-.

AL[ ’ B AL[
Using (4.3) at m = n and eliminating P,(n + 1) by

P 1 _ an+1(u)Pu(n) - (I’l + u)zPu(n - 1)
1) = 2n+ D2n+ 1) ’

we obtain
V =vyA + 0B,

where
(it wPhnu)

2(2n + DA,

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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and
_(ntu+Dahnu)  A(n,u)a,, (1)

+
A, 22n + DA,
Step 2: reduction to an algebraic identity. We now verify (4.2). Divide both sides by the
common factor

o

and use
Fua(n)  (n+u)? F,(n+1)  (n+u?

Fun) — (u+1?¥ Fn) —  n
G)
(n+ D7) 22+ D)
After this division, the two boundary terms become

0.n A= 1u
Fu(n)/(zf) T (u+ DAnAU

b

together with

and
O,n+1) (n + u)> .o (n, u)

P ) X D Y

Hence, the desired identity becomes equivalent to

(W A _An-Lw i+ wleAnw
(u+ 122UV n2AB (u+ 1)*nAU  2Q2n+ )(u+ 1)*n*BV’

Multiplying by (u + 1)*n>ABUYV, this is equivalent to
(u+ D*n+u?AB- AUV

(n + u)*AU o (n, u) 4.4)
2Q2n+ 1) )

Step 3: coefficient comparison. Substitute U = @A + B and V = yA + 6B into (4.4). The coefficient
of B? vanishes because

= -nBVa/i(n—-1,u)+

Auﬂ = I’lJZ{l(I’l - 1’ I/t)
The coefficient of A2 vanishes because

_(n+ u)>.t|(n, u)

Ay =
Y 22+ 1)

It remains to verify the coefficient of AB. We need
Aa@d = By) = (u+ 1)*(n + u)*. (4.5)

The remaining AB-coefficient vanishes precisely by (4.5). After substituting 2%, </, and a,,; and
clearing denominators, the difference between the two sides is the zero polynomial in n and u; see
Appendix B. Thus, all coefficients vanish, and (4.2) follows.

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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Theorem 4.2. For every integer u > 0,

To +pm pu € Q

2u\’ 7
18

X(u) = (

u

Moreover, the rational correction is determined by
po=0

and

8Qu + 1)3 21u® +34u + 13
= , > 0. 4.6
w+1p ¥ 3u+ 1)F ! (46)
Proof. The induction is carried out at the level of summands. We show that S ,(n) is the u-independent

central-binomial factor multiplied by C,, plus a telescoping difference. We prove by induction on u
that there exists a sequence G,(n), built recursively from G, = 0 and the terms ®,, ..., ®,_;, such that

Pu+1 =

Su(n) = Cu; +Gu(n) - G,(n+ 1), Gu(n) — 0. 4.7)
)

For u = 0, we have Py(n) = 1, Fo(n) = 1, and Cy = 1. Hence,

So(n) =

1
=)
so (4.7) holds with Gy(n) = 0.
Assume (4.7) holds for a fixed u. By Lemma 4.1,

Sur1(n) = 4,8 u(n) + Oy(n) — Oy(n + 1).

Substituting the induction hypothesis gives

1
Sup1(n) = /IL,CL,—2 + (1.G,(n) +0,(n) - (1,G,(n+ 1)+ 0O,(n+ 1)).
()
Since 4,C, = C,41, the induction continues with

Gu+l(n) = /luGu(n) + ®u(n)

It remains to check the tail condition. For u = 0, Go(n) = 0. Suppose G,(n) — 0. Since

! 1
Pu(l’l) = D_n4u + O(I’l4u_l), Pu+1(l’l) — D_n4u+4 + O(n4u+3)’

u u+l

the denominator P,(n — 1)P,,1(n — 1) has polynomial growth. On the other hand,

-1
(2") = 0(4"n'?).

n

Electronic Research Archive Volume 34, Issue 6, 3895-3913.
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The remaining factors in (4.1) are polynomial in » for fixed u. Hence, ®,(n) — 0, and therefore
Gu+1(n) = /luGu(n) + ®u(n) — 0.

Thus, the tail condition holds for every u > 0 by induction.
Summing (4.7) fromn = 1 to N gives

N N
|
; S.n) =C, Z::‘ m +Gu(1) = Gu(N + 1).

Letting N — oo and using

1 n?
Z nz(Znn) = E’

n>1

we obtain )

n
X(u) = Cuﬁ + G,(1).

Finally, G,(1) € Q because all quantities used in the recursion defining G, are rational at n = 1. Thus
the theorem follows with p, = G,(1).
The recurrence for p, follows by evaluating the recursion

Gui(n) = /luGu(n) + ®u(n)

atn = 1. Since X
F, (1) =1, P,(0)=P,1(0) =1, ( ) =2,

1
and
£,(1) = 21u?* + 34u + 13,
we have )
21u” + 34u + 13
0,1)=-
M 3(u+1)*
Therefore,
8Qu + 1) 21u? + 34u + 13
u+l = /lu uw t+ G)u 1) = u = ,
as claimed.

Examples. The first cases illustrate the evaluation formula.
Example 4.3. For u = 0, one has Py(n) = 1 and Fy(n) = 1. Hence,

1
So(n) = .
()
Since Cy = 1 and py = 0, Theorem 4.2 gives
2
Vs
X(0) = —.
0) 13
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Example 4.4. For u = 1, the normalized polynomial is

Py(n) = n+ D@ + 98n2 +20n + 8)’ C =8

The correction term comes from (4.6):

_g 13 13
P1 =000 3 -3¢
Therefore,
n? 472 13
X(1)=C,— = — - —.
(1) T + P01 9 3

Example 4.5. For u = 2, the normalized polynomial is

n+1DHn+2)
3456
+5506n> + 5712n + 1728),

Py(n) = (n® + 33n° + 397n* + 21751°

and C, = 216. The correction term is again obtained from (4.6):

_ o7 17 1421
P2 = 21p - 1
Hence,
7 1421
XQ2) = Cy— = 127" — ——.
(2) 13 + 02 s B

5. Conclusions

We have proved the evaluation of the family (1.1) for every integer u > 0:

To +pu’ Pu € Q

2u 37r2
18

X(u) = (

u
The parameter-raising operator constructs the normalized denominator polynomials P,, and the
parameter-shift telescoping identity turns this construction into an induction on u. Thus, the polynomial
identities are not only auxiliary computations but form the algebraic structure behind the induction.

It remains natural to ask whether the same idea can be used for other Apéry-like constants, for

example £(3). That case seems more rigid because the usual kernels involve higher-order recurrences
and more delicate cancellations.
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Appendix

A. Coefficient check for the parameter-raising identity

This appendix records the coefficient comparison used in Theorem 3.1. After applying both sides
of (3.4) to an arbitrary F, the four coefficients of F(n + 1), F(n), F(n — 1), and F(n — 2) are as
follows. With

P(n,u) := n® + 10nu + 8n + 21u* + 34u + 13,

the common coefficient of F(n + 1) on the two sides of (3.4) is
4
5(211 -DR2n+D(n+u+ 1)P(n,u).

For the coefficient of F(n), both sides reduce to

2
—§(2” = D Qo(n, u),

where
Qo(n,u) = 6n* + 72nu + 48n® + 264n*u® + 342nu + 109>

+ 384nu® + 732nu* + 458nu + 94n
+ 186u* + 462u° + 425u* + 172u + 26.

For the coefficient of F(n — 1), both sides reduce to

n+u

3

Q—l (l’l, l/l),

where
O_1(n,u) = 9n* + 84n’u + 36n> + 162n°u* + 54nu — n?

+ 120 = 216nu* — 110nu
—27u* = 90u® + 15u° + 24u — 6.

Finally, the common coeflicient of F(n — 2) is
1
—§(n — D+ w)n+u— 11>+ 6nu+2n - 3u® — 12u — 6).

Thus, all four shift coefficients agree. This proves identity (3.4) without imposing any additional
condition on the function F.
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B. Algebraic check in the parameter-shift identity

This appendix records the algebraic check used in Lemma 4.1. We need to verify

Au(@d = By) = (u+ 1)°(n + u)*.

Recall that
A, =8+ DQu + 1)>.
Write ( 1)Bo(n, ) 22n + 1)By(n, )
+u+ -+ ,
o) = LTI ) = PR
3 3
where
Bo(n, u) = —n* — 6nu — 6n + 3u* - 2
and

Bi(n,u) = n* + 10nu + 8n + 21u* + 34u + 13.
We also use the shifted quantities
By(n,u) :== Bo(n — 1,u) = —n* — 6nu — 4n + 3u” + 6u + 3,

Bi(n,u) := Bi(n— 1,u) = n* + (10u + 6)n + 21u* + 24u + 6,

and
ar(nu) = ap () =5+ D>+ (14u -4+ 1) + Gu - 1)>°.

With this notation, the four coeflicients become

. (n+ u)zBa(n, u)
3A, ’

5= 2n(2n — 1)B; (n, u)
3A, ’

(n + u)’B,(n, u)

3A, ’

and

_ (n+u+17By(n,u) + By(n,u)a,(n, u)
- 3A, '

Therefore, the desired determinant identity is equivalent, after cancelling the common factor (n +
2
u)”/(9A,), to

)

B, (n, u)((n +u+ 1)’By(n, u) + Bi(n, w)a,(n, u))
+2n(2n - 1)B] (n, u)B,(n, u)
=72u+ 17 Qu+ 1),
To make the cancellation visible, define
&(n,u) = B(n, u)((n +u+ 1)*Bo(n, u) + By(n, wa.(n, u))
+2n(2n — 1)B; (n, u)B(n, u).

Electronic Research Archive Volume 34, Issue 6, 3895-3913.



3913

A direct expansion gives

En,u) = 576u’ + 25921° + 4752u* + 45361 + 2376u* + 648u + 72.

Equivalently,

Em,u) = 72w+ 1D’Qu + 1.

Thus, all coefficients of n*, k > 1 cancel. This proves the required determinant identity

% AIMS Press

>

Electronic Research Archive

Aad —By) = u+ 1) (n + u)’,

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 34, Issue 6, 3895-3913.


https://creativecommons.org/licenses/by/4.0

	Introduction
	Convergents and the central-binomial kernel
	A parameter-raising operator for the parametric family
	Telescoping and evaluation of the full family
	Conclusions

