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Abstract: We establish Lyapunov-type inequalities for systems of second order quasilinear differen-
tial equations with Dirichlet boundary conditions. By incorporating the positive parts of the coefficient
functions, we correct and extend several known inequalities for quasilinear systems. Our results cover
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1. Introduction

Lyapunov-type inequalities play a fundamental role in the qualitative theory of differential equa-
tions. They provide necessary conditions for the existence of nontrivial solutions of boundary value
problems (BVPs) and have been widely used in oscillation theory, disconjugacy, and the study of
eigenvalue problems. In particular, such inequalities yield explicit lower bounds for eigenvalues of dif-
ferential operators and are closely related to stability and resonance phenomena in nonlinear models.
For the second order linear differential equation

u’' + f(x)u =0, (1.1)

where f € L!(a, b), the classical Lyapunov inequality asserts that if Eq (1.1) admits a nontrivial solution
that satisfies the Dirichlet boundary conditions (BCs) u(a) = u(b) = 0 and u(x) # 0 for x € (a, b), then

b 4
f | f(x)|dx > P (1.2)
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We refer the interested reader to [1, 2] for further details.

This result has been refined and extended in numerous directions. In particular, it was observed by
Wintner [3] and later by several other authors that inequality (1.2) can be sharpened by replacing | f(x)|
with f*(x) := max{0, f(x)}, which is the nonnegative part of f(x), to become the following:

b 4
f fr(x)dx > P (1.3)

Lyapunov-type inequalities have been extensively studied for various scalar equations. For more on
the topic, we refer the interested reader to [4—11] and the references cited therein.

Subsequent generalizations of Lyapunov-type inequalities include extensions to variable coefficient
equations of the form

(r(u’) + f(xu =0, (1.4)
where r € C([a, b],R) such that r(x) > O for x € [a,b]. Specifically, in [12, Chap. XI], Hartman
established that if Eq (1.4) admits a nontrivial solution that satisfies the BCs u(a) = u(b) = 0 and
u(x) # 0 for x € (a, b), then

f ffxdx > —— (1.5)
l(x)dx
More recently, Lyapunov-type inequalities have been developed for second order quasilinear equa-
tions that involve the p-Laplacian. For instance, Yang considered the following equation:

(r(0)@pu") + f(X),u) = 0, (1.6)

where ¢,(x) = |x|P~!x for p > 0. In [13], he proved that if Eq (1.6) admits a nontrivial solution that
satisfies the BCs u(a) = u(b) = 0 and u(x) # 0 for x € (a, b), then

p+1

b
2
ff(x)dx > | ) (1.7)
L P (fabr_f)(x)dx)p

It immediately follows that for p = 1, (1.7) reduces to (1.5). At the time of writing, Yang’s result was
the most general result for a second order quasilinear equation. Dhar and Kelly [8] further generalized
the results by establishing results for higher order, variable coefficient quasilinear equations.

Lyapunov-type results have also been extended to systems of differential equations, but several
questions remain open. Most existing results for systems either require sign restrictions on the coeffi-
cient functions or rely on assumptions that prevent direct applications to problems with sign-changing
nonlinearities. Moreover, some previously published inequalities for quasilinear systems implicitly
assume positivity conditions that are not explicitly stated, which may lead to incorrect conclusions in
general settings. Among the few results that are available for systems of linear or quasilinear differ-
ential equations, Napoli and Pinasco [14] first considered the following one-dimensional quasilinear
elliptic system of resonant type that involve the (p;, p»)-Laplacian operators as follows:

-2 -2
— (W17 2r) = fi Ol 2 |

(2w = fo(laag| ol 2, (1.8)
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where fi, f» € L'(a,b), p\, p» > 1 and @, @, > 0 are such that

@y (1.9)
P P2
together with BCs
ui(@) = uy(b) = ux(a) = ur(b) = 0. (1.10)

In [14], they established that if System (1.8) has a nontrivial solution (u;, u,) that satisfies (1.10), then

b % b % Dait+a;
(f fl(x)dx) (f fg(x)dx) ZW. (111)

It is worth noting that in (1.11), the integrals do not involve the absolute value or the positive parts of the
functions fi, f>. Thus, (1.11) may not be defined for certain functions, namely those where fa ’ fidx <0
for i = 1,2 and the corresponding exponent is non-integer. Therefore, (1.11) does not apply to sign-
changing coefficients in general. In this paper, we have restructured the proof and corrected (1.11) by
replacing the functions fi, f> by f|", f,;" (i.e., the positive parts of f;, f,), which remain meaningful for
sign-changing data and coincide with the earlier results in the special case f; > 0. Our results both
correct the formulation of the previous inequalities and enlarge the class of admissible coefficients.
Later, we provide a generalized result for n quasilinear equations that involve the positive parts of
these functions.

Furthermore, Cakmak and Tiryaki extended results to a system of (py, p,, - - - , p,)-quasilinear equa-
tions in [15]. In particular, they considered the following system of n-quasilinear equations:

!’
- (lu’l Ip'_zu'l) = A [ 2wy || - - u, |

4
= (15772u5) = FoClar | ol -+ |

(1.12)
() = Ful el -
where f; € L'(a, b), p; > 1 and «; are such that
S 1sisa, (1.13)
i1 Pi
together with BCs
u(a)=ub)=0, 1<i<n. (1.14)

Unlike scalar equations, Lyapunov-type inequalities for systems exhibit genuine coupling effects,
where the interaction between components cannot be reduced to independent scalar estimates. In
particular, the balance condition (1.13) plays a critical role in canceling nonlinear interactions and re-
flects a natural scaling invariance of the system. This structural feature is absent in scalar problems
and highlights the necessity of developing system-specific techniques.
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By extending Lyapunov-type inequality results for systems, Cakmak and Tiryaki established the
following inequality for non-zero solutions of System (1.12) that satisfies (1.13) and BCs (1.14):

n

n b % A

i (X > P — ! "+ — Cj He .
l_[( f £ )dx) >[[@-a"+®-c)=] (1.15)
i=1 a

i=1
Tang and He [16] considered the variable coefficient quasilinear elliptic system
= (@) = Al )™ |
— (a2 = Ol o™t -
(1.16)

-2 Y -2
— (ra M) = fulaa| ] - ™

where 1 < p; < oo, @; > 0 satisfies (1.13), r;(x) > O for all ¢ € (a, b), and f;(x) is continuous on R for
i €{1,2,...,n}. For nontrivial solutions to System (1.16) that satisfy BCs (1.14),

ffx)dx>1. (1.17)

f o (@I Py ([T P d )
o ([ Tr@ P + ([ [H@]10-Pdo)

While the obtained result (1.17) is stronger than (1.15), the improvement comes with a correspond-
ing increase in technical complexity. For additional results related to Lyapunov-type inequalities for
systems of equations, see [17-20].

The main purpose of this paper is to establish new Lyapunov-type inequalities for systems of quasi-
linear differential equations subject to Dirichlet BCs. In Section 2, we establish Lyapunov-type inequal-
ities for various quasilinear systems. First, we begin with a quasilinear system of two equations with
constant coefficients; then, we generalize this result for equations which have variable coefficients and
systems with n equations. A discussion of several special cases that illustrate the structure of the results
is included. Our approach systematically incorporates the positive parts of the coefficient functions,
which allows us to correct and extend several known inequalities in the literature, such as [14]. Addi-
tionally, our methods and results are simpler and easier to follow than that of [16]. For completeness,
the results are obtained for both constant and variable coefficient cases and are valid for general n-
dimensional systems of second order quasilinear differential equations. The constants obtained in our
inequalities are consistent with known sharp constants in the scalar cases. Lastly, Section 3 is devoted
to applications to eigenvalue problems, where explicit lower bounds are obtained.

2. Main results

Before stating the main results, we specify the functional setting used throughout the paper. For
eachi € {1,...,n}, we consider solutions u; € W(;’p ‘(a, b). When the expressions

(ri0lu; O uj (x))’
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are distributionally interpreted, Systems (1.8), (1.12), and (1.16) are understood in the weak sense.
In particular, for every test function ¢; € Wé’p ‘(a,b), the ith equation is satisfied in the following
variational form: ) )
f ri(x)|u;|pi_2u§90; dx = f ﬁ(x)luilai_zui l_[ |uj|aj90i dx,
a a j#l

with r; = 1 in the constant-coefficient case. Whenever additional regularity is available, the weak
solutions are classical, and all identities below may be read in the classical sense. Since our arguments
only rely on the weak formulation, the boundary condition, and Sobolev-type estimates, the proofs
remain valid in this framework. In particular, all mathematical tools used in the proofs are justified
within this weak formulation.

Next, we establish Lyapunov-type inequalities for quasilinear systems with constant coefficients
(i.e., r; = 1). We begin with the two-equation system and derive a sharp inequality using Sobolev-
type estimates. Then, we extend the argument to general n-dimensional systems and finally present a
unified framework that prepares for variable coefficient systems treated later. These results form the
foundation for the eigenvalue estimates in Section 3. For all u; € WS ?i(a, b), we define the following:

lillo = sup |u;(x), 1< p; <oco.
x€[a,b]

It is clear that for all x € (a, ) and y > 0, we have the following:
i (O < luill, - (2.1)

In [8], the authors established a Sobolev—type inequality for a higher derivative of the function u.
In particular, they established the following result in [8, Lemma 3.1].

Lemma 2.1. Let 1 < p < co and m € N. Assume u € C"(a, b) and u satisfies u(a) = u(b) = 0. Then,

(b _ a)mp—l p— 1 r-1 fb »
< M| dx. 2.2
Wl < s ey \mp 1) [, N (22)
For the results presented in this paper, it is sufficient to restrict their results for the u € C'(a, b). To
that end, we only use the case m = 1 throughout this paper. Additionally, fori € {1,...,n}, we define
p = p; and u = u;. Then, (2.2) gets reduced to the following:
b — p—1 b
i, < 50— [ x 23)

Now, we present the first Lyapunov-type inequalities for System (1.8). Our proofs rely on (2.3),
and the novelty lies in the systematic use of the integrals of the positive parts of the functions f; and f,
which corrects and strengthens the existing results. In particular, this approach allows us to establish
Lyapunov-type inequalities for systems where the original coefficients change sign, a case not covered
by earlier works.

Theorem 2.1. Assume that (1.9) holds, and System (1.8) has a nontrivial solution u(x) = (u;(x), u(x))
that satisfies BCs (1.10). Then,

b . % b . % 2(21+(12
(‘L‘ fl dX) (j; f2 d)C) > W. (24)
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Proof. By multiplying the first equation of System (1.8) by u; and using integration by parts together
with u;(a) = u;(b) = 0, we have the following:

b b
f | | dx = f 1Ol |* ua|** dx. (2.5)
Recall that f;"(x) = max{0, fi(x)} and a;, @, > 0. Then it follows that
b b
f |y I dx < ||u1IIL’.J||uzIIL’.3f firdx. (2.6)
From (2.3), we have the following:
b-ay
[l |12} < ST ) |u?|P" dx. 2.7)
Using the estimates from (2.7) in (2.6), we see that
P1 b .
a1—pi1 (&)
G <l Pl [ 23)
A similar process for u, yields the following:
2p2 » b N
(431 @z2—p2
m <l llce leello L fy dx. 2.9)

Now, we raise both sides of (2.8) and and (2.9) to the power e; # 0 and e, # O, respectively. After
multiplying the resulting equations, we obtain the following:

opiertprer

< ”ul||g1—p1)el+a|62||u2||gozf31+(az—pz)ez

X ( f b fi dx)m ( f b £ dx)ez . (2.10)

We choose e; and e, such that the exponents of ||u;||. and ||u,]|.c become zero. In other words, we
solve the following system of homogeneous linear equations:

(b - a)(P1—1)61+(P2—1)€2

(a1 —pper +aje; =0
areq + (a’2 - p2)€2 =0. (211)

This system admits a nontrivial solution if and only if the corresponding coefficient matrix has a deter-
minant of 0. This is equivalent to
(03] (0%}
JEE— + JE—
pr D2
which is precisely condition (1.9) for the system. Hence, both the equations in (2.11) are equivalent to
the following:

=1,

@ (03]
e|— =exy—.
P2 P1

Thus, we may choose ¢; = % for i € {1,2}. Using this in (2.10), we see that (2.4) holds.
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Remark 2.1. The proof of Theorem 2.1 mirrors that of [14, Theorem 1.5], thereby correcting the
result by considering f;" and f;". Moreover, the constant appearing in Theorem 2.1 is consistent with
the classical Lyapunov constant in the scalar case and coincides with the bound obtained in [14] when
f; =2 0. This suggests that the inequality is sharp with respect to the interval length b — a.

Example 2.1. Consider the two-equation system (1.8) on (0, ) with
pPL=p2=2, ar=a, =1,
so that (1.9) holds. Let
fi(x) = sinx — %, f2(x) =2 + cos x.
Then,
f f](x)dx—Z—— 0, foﬂfz(x)dx:%r.

Hence, the expression that appears in (1.11) is not meaningful over the reals, since it involves the

following:
(f fl(x)dx) (2—%) .
0

In contrast, Theorem 2.1 applies to the positive parts f;" and f;°, and yields the following:

- . b,
(fo ff(x)dx) (‘fo f2+(x)dx) >7—T.

Thus the formulation of Theorem 2.1 remains well-defined for sign-changing coefficients and covers
cases excluded by (1.11). This shows that the earlier inequality does not provide any information in
this case, whereas Theorem 2.1 yields a valid and nontrivial bound.

Now, we extend the results from Theorem 2.1 to a general system with n quasilinear equations (i.e.,
System (1.12)).

Theorem 2.2. Assume that (1.13) holds, and System (1.12) has a nontrivial solution u(x) that satisfies

BCs (1.14). Then
n b %ﬁ 2B
n(f 7 dx) > G 2.12)

i=1

n
where B = ) «;.
i=1

Proof. First, we rewrite System (1.12) using the associated equation as follows:

n

(1l 2uy) = ot 2w | | . i€ 1, n). (2.13)

j=1j#

By multiplying (2.13) by u; and using integration by parts together with BCs (1.14), we have the
following:
b b n
[wrar= [ geo] T ax 214
a a ]Z]
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Rewriting (2.14), using (2.1) and f;"(x) = max{0, fi(x)} yields the following:

b
f|u |Ptdx<[n||u,||‘”]fﬁdx. (2.15)

—g)Pi- n b
lufis < L0 [ﬂn )l ] [

This, after rearrangement, yields the following:

o T gl f .
dx
(b —ayr! et 112 Ji

b
=[ ]_[ IIMJ-IIQ]IIuiIIZ;‘Pff frdx. (2.16)

J=1j#i

Using (2.3) it follows that

We raise both sides of (2.16) to a power, e; # O:

2plel . .—p)e: b “
b= na [1—[ [l 12 ] [Ju || 7P (f f,-*dx) ) (2.17)

Jj=1,j#i

The procedure outlined above is performed for each equation in System (1.12), that is, for each
i €{l,...,n}. The result is n inequalities in the form of Eq (2.17). Multiplying these n equations yields
the following:

Z piei

T | [T J||"f“]ll[( [ b f,*dx)i
i=1 a

(b a)lzl(p’ Dei i=1 j=1j#i
n ((di—pi)eif i ,a_/ej] b ¢
= lletilloo ( f i dx) : (2.18)
a

We choose {¢;}?_, fori € {1,...,n} such that

n
(a,- —pi)ei + Z aje; = 0.
J=Lj#

In other words, we aim to solve the following system of homogeneous linear equations:

(g —per+aiex+---+a1e, =0

aze; + (@ — pr)er + - +aze, =0

ape, +ae; + -+ (a, — ppe, = 0. (2.19)
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This system admits a nontrivial solution if and only if the corresponding coefficient matrix has a deter-

minant of 0. This is equivalent to
n

Do

Pl

which is precisely condition (1.13) for the system. In fact, (1.13) is essential to balance the nonlinear
coupling terms and ensures the cancellation of the supremum norms, which is crucial for obtaining
an inequality independent of the solution in the proof. From a variational perspective, this condition
reflects a natural scaling invariance of the system. Now, each of the equations in (2.19) may be rewritten
as

aj ;
€; _— = — €j
g Pi Pi i
fori e {1,...,n}. Thus, we may choose ¢; = % forie{l,...,n}. Then,

" Pi€i=ana’i:B

i=1 i=1

and

n

i(;ai—l)ei:i(pi—l)"i{ :iai—Zﬁ:B_l.
i=1 i=1 pi I pi

= i=1

It follows that (2.18) reduces to the desired Lyapunov inequality (2.12).

Remark 2.2. To illustrate the structure of Theorem 2.2, we consider the symmetric case. Consider the
System (1.12) under the symmetric assumptions such as

a=a>0, p,=p>1, f=fellab), foral i=1,2,---n.

Hence, (1.13) implies

and

Then, System (1.12) reduces to the following:

n
-2 Y L_p 4 .
= (1w 2u) = fCld 2w | ] llhs i€, n).

Jj=Lj#i

By applying Theorem 2.2 in this symmetric setting, we obtain the following:

n b . s o»
D(faf dx) >—(b—a)P‘1'
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Since each factor in the product is identical, this reduces to the following:

b+ = b+ o»
([ra) = [ rogm

Although the system consists of n coupled equations, the Lyapunov inequality only depends on the
exponent p and the length of the interval. The number of equations in the system does not explicitly
appear. The above inequality is the classical Lyapunov inequality for quasilinear equations, which was
first obtained by Yang [13]. It is clear that for p = 2, we recover the result for the linear case (i.e.,
(1.3)), which was originally established by Wintner in [3].

Finally, we present a result for a general quasilinear system involving the coefficient functions r;(x).
The result below is the most general and covers all the previous results in the literature.

Theorem 2.3. Assume that (1.13) holds, System (1.16) has a nontrivial solution u(x) that satisfies BCs
(1.14), and let t be such that 1 < t < min{p;, ... p,}. Then,

s b % 23—t+1
+
l:[(j; /i dx) 7 b L )(t—l)(m/pi)’ (2.20)

(b—a)B—fﬁ( r, 7 (x) dx
i=1

a i

where B = ) «;.

i=1
Proof. As before, we consider the associated equation

n

— () = fColt™ 2w [ ] Wt iefl,...n). (2.21)

j=1,j#i

By multiplying (2.21) by u; and applying integration by parts together with BCs (1.14), we have the

following:
b b n
fr,-(x)lul'.lp’dx:ff,-(x)nlujI(’-/dx. (2.22)
a a J:1

Utilizing (2.1) and substituting f;"(x) = max{0, fi(x)} yields the following:

b n b
f ri(x)|u;|1’fdxs[ﬂ||uj||;’.f} f [ dx. (2.23)
a j=1 a

Choose 1 < t < min{p,..., p,}. The restriction ¢ > 1 ensures that the exponent [‘_—11 is well-defined,

while ¢ < p; allows the weighted Sobolev estimate from [8, Lemma 4.1] to be applied to each compo-
nent u;. Hence, for each i, it follows that

— pi—t b 1 =1 b
llua:l 125 < (b—a)(f rl._"(x)) f ri(Oluil” dx. (2.24)

2pi—l+1
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Combining with (2.23) gives the following:

— Di b
lai?: < (2—“)1( f ”(x)) []_[uu,u } f £ dx; (2.25)

rearrangement leads to the following:
opi—t+1 [ b\ b
llu e Jlluilliﬁ_pi (f r (x)) f frdx. (2.26)
(b —ayr Jl:Ll , ;

We raise both sides of (2.26) to a non-zero power, ¢;, and repeat this procedure for each equation in
System (1.12). Multiplying the resulting n equations yields

n
2i§l(p,-—t+l)e,- 4 (@i=pi)ei+ ;12#.@,»6,-
— <[ [l
(b-ay "

X ]—[( f "dx)(t ” nl ( f £ dx) . (2.27)

As in Theorem 2.1, we choose ¢; = % Using (1.13), we see that for each fixed i

n

(@; — pe; + Z aje;=0foralli=1,...,n.

j=1j#i

Furthermore, a simple computation shows that

an(p,-—t+ 1)6,-:Zn:(p,~—t+ HE - Zn:ai—(z‘— 1)2% =B-1+1,
i=1 i=1 Pi I i1 Pi
and similarly
Z(pi_t)ei: Z@i—lZ% =B-1,
i=1 i=1 im1 L

where B = ), @;. Therefore, (2.27) reduces to the desired Lyapunov inequality (2.20).

Remark 2.3. Theorem 2.3 extends the Lyapunov-type inequalities obtained in Theorem 2.2 to systems
with variable coefficients r;(x). In particular, the balance condition (1.13) guarantees the correct scaling
behavior of the associated eigenvalue bounds. When r;(x) = 1, the inequality reduces to the constant-
coeflicient case, thereby showing that Theorem 2.3 is a genuine generalization rather than a separate
result. The presence of the weight functions r;(x) allows applications to a wider class of problems, in-
cluding eigenvalue problems with non-homogeneous or weighted operators, as illustrated in Section 3.
The parameter ¢ enters the estimate through both the factor 287*1(b—a)~~" and the weighted integrals
) * 1(x)"0D dx. Accordingly, different admissible choices of # may lead to different lower bounds. In
applications, one may optimize the right-hand side of (2.20) over 1 < ¢t < min{py,..., p,} whenever
the coefficient functions r; are specified.

Electronic Research Archive Volume 34, Issue 6, 3843-3857.



3854

3. Lower bounds for eigenvalues

In this section, we apply the Lyapunov inequality result derived in Theorem 2.3 to obtain a lower
bound for the generalized eigenvalues for solutions of System (1.16) that satisfy BCs (1.14). We replace
fi(x) in System (1.16) with 4;a;s;(x). Call (1;,4s,...,4,) and {u, us,...,u,} the generalized n-tuple
eigenvalues and the generalized eigenfunctions, respectively, if {u;,u,, ..., u,} are the corresponding
non-trivial solutions of System (1.16) satisfying BCs (1.14). Then, by utilizing techniques similar to
those of Napoli and Pinasco [14], we obtain the following result.

Theorem 3.1. Assume that (1.13) holds. There exists a function h(A,, Az, . .., A,_1) such that
An > WAy, Ap, .o, Asy)

for every generalized eigenvalue (n — 1)-tuple (1,, A2, ..., A,—1), where

p’l/(ln
1 C
h(/ll’/129-'-9/ln—l) = b ) (3'1)
@\ TT, fa sT(x)dx
where
2B—t+1
¢= , D@y —
(b= @ [T ([ o evax) T (i
with B =}, a;.

Proof. Let (4;,4,,...,4,) be a generalized n-tuple of eigenvalues and {u,u,,...,u,} be the corre-
sponding non-trivial solutions of System (1.16) that satisfy BCs (1.14).
Define M = 2] o) where B = )/, @;. Foreachi € {1,2,...,n}, replace

—(az/p
(= T () rcor oD ax)

fi(x) in System (1.16) with A;;s;(x). Then, Theorem 2.3 can be rewritten as follows:

n b @i/ pi
M < (f [T (x) dx) (3.2)
b

@i/ pi
= (f ﬂiais;“(x)dx) (3.3)

i=1
n n b @i/ pi
= (/liai)m‘/[?i . 1_[ (f S;—()C) d)C) 5 (34)

i=1 i=1

B

rearranging gives the following:

M
(i)

pilai
< A, . 3.5)
1 fab sT(x) dx]
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Hence, we have the following:

1 M pila;
Az~ ; (3.6)
O\ [T ia)™P =TT, [ 57 (o) dx
1 C Pnlan
T b ; (3.7)
@n H?:lfa sT(x)dx
where o
C=— (3.8)

-1 i/pi
H?:l (i)™ /P

In particular, for fixed (4, ..., 4,-1), Theorem 3.1 yields an explicit forbidden region
0<d, <hAy,...,4,1),

so the estimate provides a computable spectral exclusion principle for the coupled system, independent
of the particular choice of eigenfunctions. This interpretation highlights how the coupling exponents «;,
the weights r;, and the coeflicient functions s; jointly constrain the admissible generalized eigenvalue
tuples.

When n = 2, ri(x) = 1, and f; = d;a;s:(x) fori € {1,2}, System (1.16) that satisfies BCs (1.14) re-
duces to System (1.8) that satisfies BCs (1.10) and Theorem 2.1 is applicable. The following corollary
is immediate.

Corollary 3.1. There exists a function h(1;, A;) such that 1, > h(A,) for every generalized eigenvalue
pair (11, 1), where

p2/@

hAy) = — i (3.9)

1) =— . .
@ | Qay)a/n (b - aynre-t [ si(x)dx

Remark 3.1. The result of Corollary 3.1 is consistent with the results of [14, Theorem 1.4].
Similarly, for n > 1 and r;(x) = 1, Theorem 2.2 applies and the result below immediately follows.

Corollary 3.2. There exists a function h(Ay, Ay, ..., A,_1) such that A, > h(A;, Ay, ..., A,_1) for every

generalized eigenvalue (n — 1)-tuple (A1, Ay, ..., A,_1), where
1 C pn/an
h(Ay, Aoy .oy Ayy) = — 5 , (3.10)
@ \ T ) s7(x)dx
where
23—t+1

€= B ) alpi
(b —a) " [1isy (Lia)™™"
These estimates show how the coupling parameters and coeflicient functions influence the admis-

sible eigenvalue region. These bounds can also be interpreted as exclusion regions in the generalized
eigenvalue space, thus providing a priori spectral constraints for coupled quasilinear operators.
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