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Abstract: In the field of machine learning, the solution of large-scale data optimization problems faces
numerous challenges. Traditional conjugate gradient (CG) algorithms, though possessing excellent
convergence properties, incur high computational costs when dealing with large-scale problems, thereby
restricting their scope of application. On the other hand, stochastic gradient descent (SGD) algorithm,
while being computationally inexpensive, has its convergence rates limited by the variance of gradient
estimates, making it difficult to achieve satisfactory optimization results. To address these limitations,
this paper proposes a biased stochastic three-term conjugate gradient algorithm. The proposed algorithm
integrates the stochastic recursive gradient algorithm (SARAH) and a bandwidth-based step size strategy.
Without incurring additional computational costs, it automatically incorporates upper and lower bounds
on the step size, effectively balancing the flexibility and stability of the step size. Through the theoretical
analysis presented in this paper, we demonstrate that the algorithm converges to a global optimum and
analyze the linear convergence rate of the non-convex (A-gradient dominated) objective functions. The
numerical results of two machine learning models demonstrate the strong competitiveness from the biased
stochastic three-term conjugate gradient algorithm with bandwidth-based step size (SCGBW) algorithm.

Keywords: machine learning; stochastic conjugate gradient; SARAH algorithm; bandwidth-based step
size; three-term conjugate gradient method; non-convex problems

1. Introduction

Within the realm of machine learning, the empirical risk minimization (ERM) model is one of
the core methods used for constructing predictive models. This model seeks for the optimal model
parameters by minimizing the empirical risk on the training data, thereby achieving accurate predictions
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on unseen data. Specifically, the ERM model can be formulated as the following optimization problem:

1 N
min §(w) = Z ¢ (w) + m(w), (1.1)

weRd -
J=1

where the objective function ¢;(w) : R — R, j € 1,..., N corresponds to the jth loss function. The N is
expressed as the number of samples, and m(w) is lower semicontinuous (but possibly non-differentiable)
function, often referred to as the proximal function. In many practical applications, m(w) is commonly
used to introduce regularization terms to prevent model overfitting. For example, in ridge regression,
m(w) is %llwllz; in Lasso Regression, m(w) is A|lwl||;. The full gradient descent algorithm, initially
proposed by Cauchy [1], is a classic approach to tackle this issue. The central idea is to compute the
gradient over the entire dataset to guide parameter adjustments. Each update is a move against this
gradient, a process that systematically lowers the loss function, aligning with the core objective of
minimization. The optimization procedure repeats until a local or global optimum is found. The rise of
machine learning, marked by its swift development and extensive use, has been facilitated by the massive
growth in data and persistent improvements in computational capacity. Consequently, the study and
processing of algorithms for large-scale samples have become particularly important. In order to solve
the large-scale machine learning problems, stochastic gradient decent (SGD) [2] has become a highly
popular method for solving (1.1). Several adaptive optimizers have been developed to advance beyond
standard SGD, with the adaptive subgradient method (AdaGrad), the root mean square propagation
technique (RMSProp), and the adaptive moment estimation approach (Adam) being prominent examples.
A key contribution of AdaGrad [3] is its automation of per-parameter step size configuration, achieved
by accumulating the squares of past gradients. This method obviates the extensive manual search for an
optimal fixed learning rate, a common challenge when applying the basic SGD algorithm. Expanding
upon AdaGrad, RMSProp [4] proposes a learning rate that is dynamically adjusted in accordance with
the observed gradient information. Building further on this foundation, Adam, introduced by Kingma
and Ba [5], enhances RMSProp by integrating a momentum term. Dozat [6] augmented the Adam
algorithm by incorporating Nesterov momentum, thereby markedly enhancing the convergence rate
and the overall learning performance of models. The preference for SGD stems from its economical
computational cost, which is attained by substituting the true full gradient with a gradient estimator.
However, as iterations progress, its convergence rate is capped at i, due to the variance introduced by the
estimator. To tackle this issue, various algorithms have been explored. The stochastic average gradient
(SAG) algorithm [7] computes the average of random gradient values rather than relying exclusively
on the most recent gradient value. However, its high storage cost when dealing with large sample
sizes limits its practical application. The SAGA algorithm [8] overcomes this by providing a more
accurate conditional expectation of the gradient, thereby enhancing theoretical properties. Introduced
by Johnson and Zhang, the stochastic variance reduced gradient (SVRG) [9] algorithm incorporates
a specialized variance reduction strategy. This technique is notable for its ability to accelerate the
convergence of stochastic first-order optimization methods. The SVRG effectively reduces the variance
of gradient estimates to zero as the iterations increase. Nguyen et al. [10] proposed a mini-batch
variant named SARAH, which demonstrates a linear convergence rate for strongly convex objective
functions. Notably, SARAH’s inner loop converges, and its gradient estimator is biased, setting it apart
from the SVRG. With the development of stochastic optimization methods such as SGD, SVRG, and
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SARAH, and to further enhance the efficiency and stability of optimization algorithms in large-scale data
scenarios, researchers have introduced the concept of a conjugate gradient algorithm into the stochastic
optimization framework, leading to the development of the stochastic conjugate gradient(CG) algorithm.
By integrating the efficient convergence properties of conjugate directions with the computational
advantages of stochastic sampling, this approach effectively reduces computational complexity while
maintaining convergence speed, providing another important tool for solving large-scale machine
learning problems.

1.1. Related works

e Conjugate gradient algorithms. CG algorithms are highly efficient for solving large-scale op-
timization problems due to their low memory requirements and strong numerical performance.
The foundational work by Hestenes and Stiefel (HS) [11] introduced the CG algorithm for solving
linear systems, including both symmetric and asymmetric cases. Later, Fletcher and Reeves
(FR) [12] extended this approach to nonlinear optimization, marking a significant advancement
in numerical optimization. Further improvements were made by Dai and Yuan (DY) [13], who
developed a class of CG algorithms that guarantee global convergence under the standard Wolfe
conditions. Around the same time, Polyak [14] and Polak and Ribiere [15] proposed an enhanced
version of the CG algorithm called the Polak—Ribiére—Polyak (PRP) algorithm, which demon-
strated superior performance in numerical experiments. Andrei [16] later introduced a convex
combination of the HS and DY algorithms, outperforming both original algorithms in practice. For
nonconvex optimization, Raydan [17] combined the Barzilai-Borwein(BB) gradient algorithm
with a nonmonotone line search, proving its effectiveness in challenging cases. Meanwhile, Yu
et al. [18] modified the spectral CG algorithm proposed by Birgin and Martinez [19], ensuring
a sufficient descent property that was independent of the line search conditions. In 2007, the
pioneering three-term CG formula was introduced by Zhang et al. [20].

e Stochastic conjugate gradient algorithms. The high computational complexity of the CG
method in large-scale and complex modeling scenarios has motivated the recent development of
numerous stochastic conjugate gradient (SCG) algorithms. Because the traditional CG algorithm
has a high computational complexity when dealing with large-scale data and complex models,
over the past few years, numerous researchers have introduced SCG algorithms. For instance,
Schraudolph and Graepel [21] explored CG algorithms in a stochastic context. They generated
Krylov subspaces of lower dimensions within individual minibatches using fast Hessian-gradient
techniques. This approach enabled their algorithms to converge more rapidly than conventional
SGD methods. Jiang and Wilford [22] put forward a novel SCG algorithm. It bypasses the necessity
to compute and store the covariance matrix for least squares solutions. Alternatively, it used an
inner product derived from random sampling to ascertain the step size, eschewing the meticulous
selection of a fixed step. Byrd et al. [23] developed a Newton-CG algorithm. This approach utilizes
distinct subsamples to approximate the function and gradient values. Moreover, it dynamically
adjusts the sample size in response to the variance of the gradient estimates, consequently setting a
complexity bound for the proposed method. Inspired by both the CG and SVRG algorithms, Jin
and Zhang [24] introduced a SCG algorithm with variance reduction (CGVR). In this algorithm, the
CG is used in lieu of the general gradient, which significantly enhances the convergence rate. More
recently, Alnowibet et al. [25] proposed a new CG algorithm, which showes great promise and
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competitiveness in searching for local optima. Yuan et al. [26] provided a novel perspective on
SCG algorithms through the lens of stochastic differential equations, offering a rigorous continuous-
time analysis framework. Ouyang et al. [27] proposed a new search direction for the three-term
conjugate gradient, combined it with SAGA, and obtained the same convergence rate as SCGA (an
algorithm obtained by combining CG and SAGA) under weaker conditional assumptions.

e Adaptive step size strategies. The choice of step size is critical for the performance of any
first-order optimization algorithm. While constant or diminishing step sizes are common, they
often require tedious manual tuning to achieve optimal performance. Adaptive strategies that
automatically compute the step size are therefore highly desirable. The BB [28] method is a popular
technique that leverages second-order information from the most recent iteration at low cost. A
recent innovative approach is the bandwidth-based step size proposed by Wang and Yuan [29].
This strategy confines the step size within a banded region, ensuring automatic upper and lower
bounds that enhance stability and flexibility without manual intervention. Our work incorporates
this bandwidth-based strategy to dynamically adjust the step size in our algorithm, eliminating the
need for expensive line searches or sensitive hyperparameter tuning.

¢ Synthesis and our algorithm. Our proposed a biased stochastic three-term conjugate gradient
algorithm with bandwidth-based step size (SCGBW) is situated at the intersection of several active
research streams: Stochastic optimization with variance reduction, conjugate gradient methods,
and adaptive step size strategies. Our algorithm distinguishes itself through the following key
components: (i) The SARAH estimator for effective variance reduction, (i1) a modern three-
term conjugate gradient framework for efficient computation of the search direction, and (iii) a
bandwidth-based step size for stable and adaptive learning. Furthermore, we introduce a novel
modification by replacing the standard Y; with Y7, which incorporates both gradient and function
value information, inspired by works on quasi-Newton algorithms [30,31].

1.2. Our contributions

By combining SARAH and the bandwidth-based step size with the improved stochastic three-term
conjugate gradient algorithm, a biased stochastic three-term conjugate gradient algorithm (SCGBW) is
proposed. The main contributions of this study are as follows.

1) We first integrate the three-term CG with the SARAH algorithm. Contrary to conventional stochastic
gradient techniques that determine the step size through meticulous selection of a constant or via line
search methods, we use a bandwidth-based step size, which incorporates an adaptive step size. This
not only utilizes second-order information to dynamically adjust the step size but also ensures that
the step size to automatically remains within a specified bounds.

2) The conventional Y; only contains gradient information. We replace the conventional ¥; with a modified
Y’", which not only includes gradient information but also incorporates function value information.

3) Under the assumptions of gradient Lipschitz continuity and A-gradient dominance, through rigorous
theoretical analysis, we have established the algorithm’s convergence to global optimization and
further demonstrated its linear convergence rate when applied to a class of non-convex functions.

4) We evaluate the proposed method using non-convex support vector machine (SVM) problems and the
non-convex empirical risk minimization (ERM) problem, with the experimental results showing the
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following (i) The selection of the initial step size has a relatively minor impact on the experimental
outcomes of the algorithm. (ii) When the initial step size is small, the algorithm we designed
exhibits a faster rate of descent and reaches a stable point more quickly compared with other classical
algorithms. In summary, the algorithm we designed is highly competitive.

1.3. Work plan

In the Section 2 of this paper, we will present the core motivation behind this research and provide
a comprehensive exposition of the proposed algorithm. This includes a detailed breakdown of its
key components: The SARAH estimator for variance reduction, the three-term CG framework, and
the bandwidth-based step size strategy. Section 3 is dedicated to a rigorous convergence analysis,
with particular emphasis on establishing the linear convergence rate of the algorithm under suitable
conditions. Theoretical guarantees are provided in the form of detailed proofs and discussions on the
influence of key parameters. Finally, the performance of the derived algorithm is evaluated through
extensive numerical experiments against several classic optimization algorithms in Section 4, applied
to two prevalent machine learning models. A detailed analysis and interpretation of the experimental
results are provided to demonstrate the efficiency, robustness, and superiority of the proposed algorithm.

2. Motivation

2.1. The gradient estimator of the SARAH algorithm

Nguyen et al. [10] proposed the SARAH algorithm, tailored for tackling challenges in machine
learning. Recent extensions, such as the work by Mo et al. [32] , demonstrate that integrating inertial
extrapolation with SARAH can further enhance the stability of convergence in non-convex scenarios.
The specific implementation of SARAH is detailed in Algorithm 1.

Algorithm 1 SARAH

Given the step size 7, the initial loop size m and the initial point wy
forr=1,2,...,00do
Wy = X
o = V(wo)
wi = wy — 1Moo
for j=1,2,...,m—1do
Update the step size, randomly select a mini-batch H; € {1, 2, ..., N} of size h;, calculate
i = Vou,(@)) = Vou,(@;j-1) + {1
Wjr1 = Wj = U}éVj
end for
w; = Wy, n is selected randomly from 0, 1,. .., m.
end for

SARAH represents a modification of the SVRG algorithm. SVRG reduces variance by progressively
lowering the upper limit of variance in each iteration. In contrast, SARAH introduces an innovative
approach, characterized by a critical step that leverages a recursive gradient estimation method within
its inner loop. The key update formulas of the SARAH algorithm are as follows:
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(1) Its recursive update formula for the stochastic gradient estimate is

{; = Vouy, (5,') - Vou, (5]‘—1) + 1.

(i1) The iteration update formula is
Wjr1 = wj — ;L)

where Vo (0;) = %Z,EHI Vo¢(w;), and H, € {1,...,N} with hy = |H,|. The parameters of the
SARAH algorithm include the learning rate iy > 0 and the inner loop size m. It is initialized with w,
and then iterations are performed. In each outer loop, first set w, = x,_, calculate the full gradient
b = #2?1:1 V¢ i(wp), and then perform one gradient descent w; = @y — no. Next, in the inner
loop, randomly and uniformly sample H,; from 1,2,..., N, and update {; and wj,; according to the
recursive formula above. Finally, randomly select n from {0, 1, ..., m} and set w; = w,.The subsample
H, selection method of SARAH can be seen in [33-35].

Compared with this, the update formula for SVRG is

(i = Vou, () — (Vou, (@) — o),

where ¢ = Vé(®), which represent a full gradient of @ and @ is viewed as a snapshot point. It should be
noted that {; in SVRG is an unbiased estimator of the gradient, while that in SARAH is not. Specifically:

E[{j] # Vé(w)).

2.2. Stochastic three-term CG algorithm

Considering the following classical unconstrained optimization problem:
min{g(w) | w € RY),

where g : R¢ — R. The CG algorithm demonstrates superior capabilities in search direction generation
and step size selection when solving large-scale linear systems and non-convex problems. In recent
years, the three-term CG method has further extended traditional CG approaches by introducing an
additional correction term, which enhances direction diversity and convergence robustness. The first
three-term CG formula is presented by Zhang et al. [20] for continuous optimization problems (1.1).
Ny odo i — Y S

dj _ {—Vg(wj) + Veg(wj) )Jﬁé;(wji(;;é_]) d,/—ly./’ lf] > 1

-Vg(w)), if j=0.

It is equivalent to

d; =-Vg(w)) +B;d;-1 — 8}y,
Vew)'y; o _ Vew)'d
IVg(w;-DIP> 77— IVg(w-nIP *

Existing studies have demonstrated the favorable numerical properties of the three-term CG method.
Kim et al. [36] applied this approach to the training of artificial neural networks, where it exhibited
competitive performance in comprehensive comparisons with optimizers such as SGD, Adam, AMS-
Grad [37], and AdaBelief Zhuang et al. [38], although its theoretical foundations remain less explored.

where y; = Vg(w;) — Vg(w;-1) and B; =
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In the context of variance-reduced optimization, several hybrid methods have been developed: Kou
and Yang [39] integrated the CG method into the SAGA framework, resulting in the SCGA algorithm.
Yang [40] combined mini-batch SARAH [10] with the FR conjugate gradient method to propose CG-
SARAH-SO, and Huang et al. [41] introduced BSCG by incorporating a modified PRP method with
SARAH. With an increase in the data volume, based on the good properties of three-term conjugate
gradient, Ouyang et al. [27] proposed a new direction inspired by the three-term and integrated it with
the SAGA algorithm, resulting in a stochastic three-term CG algorithm. The specific formulation is
shown below:

b {—Gj+BJ-D;_1 —oyr, ifj>1 o0

N el if j=0.
where D’ represents the descending direction of the sample iteration, G is the gradient estimated by
SAGA, Y]* = G] - Gj—la and

GTy*
B = J J ,
T llYSND G+ el VG + G 1P
T y*
O = Gij‘l
Tl D N+ llYFING I+ 11G 1P

The denominator in the decent direction of B} and O7 is the crucial component. It not only ensures that
each step is a valid descent direction but also maintains the trust region property, thereby ensuring the
stability of the algorithm.

Compared with the SAGA algorithm, the SARAH algorithm uses a recursive gradient estimation
mechanism that achieves smoother variance reduction through the accumulation of historical gradient
information, leading to more stable convergence, while requiring only the storage of current parameters
and gradients, thereby significantly reducing memory requirements. Inspired by this, we attempt to
integrate the new three-term CG search direction (2.1) proposed by Ouyang with the SARAH stochastic
recursive gradient estimator, yielding a novel stochastic three-term CG search direction:

D. = _§j+Bij—1_0ij’ 1f]21
S e if j=0.

where {; is the gradient value estimated by the aforementioned SARAH algorithm and D; represents the
descending direction of the sample iteration, ¥; = {; — {;_; and

GY;
Bi= YDl + VAN + 111
G]TDJA_1
0= YD Il + 1Y+ N1l

2.3. The bandwidth-based step size

It is widely acknowledged that choosing a suitable step size is vital for the optimal performance
of the aforementioned algorithm. When a constant step size 1; = 7 is used for SGD, it demonstrates
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sublinear convergence to the vicinity of the solution for strongly convex objectives and to a stationary
point for non-convex objectives [42,43]. To accelerate the convergence rate of SGD, diminishing step
sizes that meet the following convergence criteria are frequently adopted:

(59

o0
Sz <o
j=1

=1

For instance, consider the step size n7; = %, where 7y denotes the initial step size. When dealing
with a strongly convex function ¢(w), SGD converges to the solution at a sublinear rate [44]. When it
comes to non-convex functions ¢(w), SGD with a step size of n; = % exhibits sublinear convergence to
a stationary point [45]. By contrast, SVRG utilizing a constant step size n; = i achieves convergence
to the solution for both strongly convex and non-convex objectives. Furthermore, when the objective
function is strongly convex, SVRG converges at a linear rate [9,46]. Nevertheless, manually tuning the
aforementioned constant step size to reach optimal performance is a time-consuming process.Therefore,
techniques for automatically determining the step size during the algorithm’s execution have been
devised. One popular selection is the BB step size [28]. The BB methods, put forward by Barzilai and
Borwein [28], target the determination of the step size with diminished computational and storage costs.
It functions as an adaptive step size selection technique used in optimization algorithms. Different from
other line search methods that may require a lot of historical data, the BB method uniquely updates the
step size solely on the basis of information from two consecutive points. This streamlined approach
simplifies the computational process and enhances the convergence rate, especially when tackling
intricate non-convex functions. However, in some iterations, the BB step size may cause the algorithm
to jump out of the neighborhood of the optimal solution and even diverge. We usually need to introduce
upper and lower bounds on the step size to limit the range of the BB step size. Recently, Wang and
Yuan [29] proposed a novel concept known as the bandwidth-based step size. This approach allows the
step size to vary within a specific banded region and automatically remain within specified bounds, i.e.,

bo(j) <m; < B6(j) j=1,

where b < B are positive constants, which is the bound of the step size. The boundary function 6(})
satisfies the aforementioned convergence conditions [47]:

(o) d6 .
Za(j) = +oo, lim &(j) =0, 40U .
puy t—+00 d

If we let 6(j) = 1/, it is obviously satisfied by the convergence conditions. Mini-batch setting should
be considered when utilizing the bandwidth-based step size. Similar to the approach in [41] dividing
the sample size h, reduces the effect of choosing subsamples randomly, so for stochastic optimization
problems, we have

b -c BB _ b
= . < =
J’ lf'7J - J’
/1 _ ). BB ich BB* _ B.
=31 1fj<17j <7 2.2)
B ¢ BB* < B
= if % > =,
J’ '7] =
e _ 1 lsil? _ _
In (2.2), ;" =5 —X]TY]_, and s; = w; — wj_1.
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2.4. A stochastic three-term CG algorithm with parameter correction and bandwidth-based step size

Huang et al. [41] applied SARAH and the modified BB step size to CG methods and obtained
competitive results for noncovex problems.

In the general three-term CG methods, the formula for y; only incorporates gradient information.
Recently, new formulations for y; have been proposed. For example, Wei and Yuan [30] introduced a
new Broyden-Fletcher-Goldfarb-Shanno (BFGS) method in which

i — I
/ 1117

where p; = 2(g(wj-1)—g(w;))+(Vg(w;)+Vg(w j_l))Ts j-1. It can be seen that y}f incorporates both gradient
information and function value information. Yuan and Wei [31] improved upon the aforementioned
BFGS formula and proposed a modified BFGS formula, which is

. max(p;, 0}
=yt s 2.3)
J
We try to apply (2.3) to the stochastic optimization problem:
max{p;,0
Y=Y+ %W, (2.4)
Sj

where p; = 2(¢(w;) — p(w;-1)) + ({; + £;-1)" s;-1. We draw inspiration from their idea. To enable the
step size to vary automatically within a fixed region, we have adopted the bandwidth-based step size.
We aim to investigate whether the combination of a bandwidth-based step size and a three-term CG
algorithm with better performance, coupled with the SARAH algorithm and extending the y’* from the
traditional unconstrained optimization to Y’ in stochastic optimization, will yield superior outcomes. In
this study, we propose a new stochastic three-term CG algorithm that is primarily based on an improved
search direction of the three-term CG, incorporating the SARAH algorithm and bandwidth-based step
size, in conjunction with the modified Y ;" The current algorithm framework is as follows, which is
called SCGBW.
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Algorithm 2 SCGBW

1: Given the constants n,m, b, B, hy, hy, iy, 4>, and wy
2. fort=1,2,...,c0do

3: Wy = W1
4 M=
5 Lo = V(o)
6: vo = 4o
7 Dy = —vy
8 for j=0,1,2,...,mdo
9 (I)j.,_] :(I)j-f'l]}Dj
10: Select a mini-batch H; € {1,2,..., N} of size h; uniformly at random then calculate
1 $;=Vou,(0)) = Vou,(©-1) + {j-1
12: calculate Y ;" by (2.4)
13: B: = []TYT
J /11||Y‘;”IIIID(,'-1||+,Uz||Y}”IIII{jII+I|§f—1||2
14: 0= el
J ,ulIIY;”IIIID,'-lH+/12||Y}”||H§j|\+||§j-1||2
15: Determine D; = —{; + B]D;.1 — O} Y
16: Select a mini-batch H; € {1,2,..., N} of size h, uniformly at random then calculate
i<
17: =4, iflj’. < < ?;
R
18: end for
19: ur =&y
20: w; = Wy
21: end for

3. Global convergence analysis

3.1. Assumption

Assumption I: The loss functions are twice continuous differentiable with a Lipschitz continuous
gradient such that:

IV (w)) — Vo ()l < Lllw; — wall, wi,w; € RLVje L, .., N.
According to Assumption I, the following significant inequalities can be readily derived:
L
P(w1) < p(w2) + (Vh(wa), w1 — wa) + §||w1 - wll*.

Assumption II: (1-gradient dominated) ¢ is A-gradient dominated, i.e., it means that Yw € R?, and
there is a constant A > 0 satisfying:

$(w) — p(w.) < UVHW)I,
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where w, 1s a global minimum point of ¢. On the basis of Assumption II, it can be easily inferred that
every stationary point of the function ¢ is a global minimizer. Importantly, the gradient-dominated
function, a class of non-convex functions introduced by Polyak [48], has been widely utilized by
Nesterov and Polyak [49] as well as Reddi et al. [46].

3.2. Convergence analysis
Lemma 3.1. Assuming that Assumption I is valid, we see that the step size is bounded.

Proof. The step length obviously satisfies the inequality b < 17, < B. Among them, B and b are fixed
positive numbers. We set ;.. = Band /. = b. m]
Lemma 3.2. Assuming that Assumption I holds and considering that {; is defined by SARAH, Vj > 1,
we obtain

J J
E[IV¢(@,) - £jIP1 < > BlliGe — G ilP1+ ) BlIVE(@x) — V(@ IP].
k=1 k=1

Proof. Let ¥y = o(@o, i1, 12, . . ., ix1) be the o-algebra generated by wy, iy, i, ..., ix_1; Fo = F1 = 0(@yp).
Note that ¥ also contains all the information of @y, ..., &, as well as {y, ..., ;. For j > 1, we have

E[|IVé(@x) — &IPIF] = BNV (@i-1) — Liet] + [Vo(@r) — V(@) = [& = Lot 1IPI1F]
= V(&) = Ll + V(@) — V(@r-DII* + BIIZk — Lol PI1F%]
+ 2(Vp(@x-1) — &) (V(@r) — V(@)
= 2(V(@r-1) = &) Bk — G| F]
— 2(Vep(@r) — V(@) ElLk — G| F]
= IVe(@x-1) — i1’ = V(@) — Ve @r-DII* + EllILk — L IP1F],

where the last equality follows from

1
BIG - Gl = B[ ) V@) - Vo@l| 7

i€eH
1 <
=0 Nl ;[V@(@k) — Vi @r1)] = Vo(@r) — V(@)

By taking expectation for the equation above, we have

E[IVe(@r) — &GIIF1 = EUIV(@i-1) — &-1llP] = ELIVe(@r) — Vo(@r-DIP] + EllIde — Gl

Note that
V(o) — &lI* = 0.

By summing over k = 1,...,j (j > 1), we have

J J
BIIIVo(@)) - £iP1 = ) Bllige — &P = ) ElIVe (@) - Vo(@x DIP]
k=1 k=1
O
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Lemma 3.3. Assuming that Assumption Il holds, and combining Lemma 3.1, ¥ j > 1, we have

L* (N - b\ ¥
E[||V¢(@,->—§,-||2]_”m‘”‘ ( I)ZEMHH !

1

Proof. Let
gj = Vo) — V(1)

We have

Elllk = &l | il = IVe(@x) — V@I

—E[H—Z[Vcb(cuk) Vo DIIPIF] - I~ Z[V«ﬁ(wk) V(@)

1€H1
N
o D& -l ) €l
zeHl i=1
1 N N
= —E[Z D 88l =5 D ) 8l
i€eH teH, i=1 =1
N N
E[ > glat Y dlalfil - 0 Y gl
i#teH ieH; i=1 k=1

_ N N
_;2[};((}; DS T, —Zglgz lzzzgfg

1 hy (b —1 Al hy  hy(h —
3 [1(1 ) girgt_'_(_l__l(l ))ZgiT‘

h2 N (N-1)

i=1 r=1
1 (-1 v (N—h)
__N[((N—l) N)Zzgigﬂ‘ N-1) Zgigi]
1 N-h 1
- lN(hl—l) NZ

N

1 N-h 1 ,
=— N—§ : § :
th( )[ IIN gl + > llgill’]

1 N-h
< h—<N—>— Z lgdP

_l(N h1

Z IVgi(@x) = Vi (@r-IP

1Nh1

_h(N—l

Moary Z e lP

= ( )LGmax“gk—lnz'
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Hence, by taking the expectation, we have

Elllk = &1 = ELIV(@) — V(@I < h_l( ) MBI 1P

By Lemma 3.2, for j > 1,

B[IIV¢((@)) - 1] = Z E[lIG — G lP1 - Z B[IIV¢((@0) — V(@ )I]

_h1< _1 n,,,axZE[ngk 1P

This completes the proof. O
Lemma 3.4. We can derive the following property according to the expression of D :
GiD; = -G
Proof. When j = 1, the above mentioned property obviously holds. For j > 1, we have
(Y™ ;D1 = DT (YT

pllEDTID jall + w2l DTN + 11117
(YM'EDT ¢ = DI G,

{Dj =4 |4+

= —[IZ;I* + _— T >
I D il + ol XN+ 1Sl
= [l
From this, it can be concluded that D; is a descent direction. O

Lemma 3.5. If we assume that Assumption I holds, we have

ZE[W( oIP < ( n”“‘“"— )Z E[IZIP] + ”“‘“ZE[WW LIPT+ ——E(16(@0) — 6@ P

j=0 min =0 min

Proof. Before proving this lemma, let us first introduce two equations. These two equations will be
used in the subsequent proof process.

. I ..
(W1, ) = Z(||w1 + ol = Nl — @),

- L. - IR
(W1, @) = 5(”601”2 + ||w2||2) — |léoy — w2||2.

According to Assumption I, it is easy to have

— — — L __ —
Elp(xji1)] < E[¢(x)] + (Vo(X)), Xj41 — Xj) + §||Xj+l - x|
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~ . L
= E[$@)] + (Vo). D) + S D,

— — L
= E[¢(x))] = 7{V(x)), ;) + n{VP(X)), B;Djy + O;YT) + §||77}Dj||2-

From the formula above, the following equation holds true:

— 1 — 1 _
= E[¢(w))] - 77}(§||V¢(wj)||2 + 5||§j||2 —IVo(@;) - £;II»)
1 — . L
+ ZU}[||V¢(CU]‘) +B;Dj_ - OjY;"Hz —IVé(w;) — (B;D;j_ — OjY;")Hz] + E”U}Dj”z
— 1 . 1 —
< Elp(w))] - 7] (§||V¢(wj)”2 + §||§j||2 —IVe(w;) — §j||2)

4

)7. - m m
+ ZJ(||V¢(wj)||2 +|IBiDj-1 — O;Y; I> +11B,D;-y — 0,Y; [&
—~ L, m
—IVe@)I) + 577;2(” —{;+ B;Dj- — O0;Y; %)
—~ (1 ~ 2, Lo - 2
< E[¢(w))] — 7] §||V¢(wj)” + §||§j|| —IVe(w;) = i

’

]7‘

+ ZJ(”Bij—lllz + ||OJ'Y}"||2 +|1B;D;|I* + ||0jY;n||2

+ Lﬂ}2(||§j||2 +11B;D;1|I* + ||0J'Y}"||2)
= E[6@)] — 1, | 2 IV6@)IP + 21¢,IF — IV6@,) — ¢,IP
= D=3 A(w; > ZillF = IVe(w;) = &l

+ 77}||3ij—1||2 + Ln}2[||§j|| +2|IB;D;1"]

I S T B

< El¢(w))] — 7] (§||V¢(wj)||2 + E||§j||2 —IVo(w;) — §j||2)

7, , 2
+ —é||Dj—1||2 + Lﬂj2[||{j||2 + _2||Dj—1||2]
H> Hs

_ g _ o
= BI$@))1 - (5 = LGP + m)IVe@) - 4P = ZIVe@)l

1 > 2) )
+|=5 + Ly 7= |IID -l
(uz T2)

2
< E[¢(@))] + (L — n";")llé“jllz + e IV(@)) = &l — n;i" Vo))l
max 2
+ (77_2 + Ln%mx_z) ||Dj_1||2.
2 H
By rearranging the formula, we derive the following result:
~ |12 2 ~ ~ 277max ~ 2
[Ve@p| < .~ (Blp(@)] - Elp(@;.)]) + o |Ve@) = &
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2 2
+ (Zanax _ 1) ||é,,]||2 + iz (2L77max + nm:.ix)
)

Nmin HNmin Nmin

2
[Dj|["-

Summing the inequality above from j = 0 to m, we obtain

S s <—(E[¢(w0)] El¢(@.)]) + :m“*Zvap(w,) ol

j=0
(e 2 G )

To achieve the result above, it suffices to set the following conditions:

2
D

- 2 2’ max - ~
M vo@p|” < == Elp@o] - Elg@.) + === " [Vo@) - ¢l
J=0 THmin Thmin %520

2 (2L
e 02 o
0 1’1’111’1

The expected result is shown. O

2023 N+ (N= D) (2L,
2L77/311axm

Theorem 3.1. Assuming that Assumptions I and II, and h, > i) hold, we obtain

I 24 . .
E[llVe(0mII°T < WE[cb(wo) — ¢(@7)].

Proof. 1t is known that

2L2n13name + (N - 1)(211771%1aX — min)

hy >
: 2L, m

By transposing the terms, we obtain

L*n (N — hy) ( 2L, )
m+ -1
hlnmln(N_ )

<0.

Nmin

From Lemma 3.2, it is easy to see

2 10 2L (N = I §
T BV @) - ¢ L ( I)ZE”{zlll]

1<
Hmin hl HNmin

Summing up the equation above from j = 1 to m , then adding (ﬂ - 1) ’;-1:0 E[||1£ j||2] to both sides of
the equation , we obtain

277max

< 2Ln? <
S EIIV@,) - £IP + (1) S B P
=0

min j:O nmll’l
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2L2773 N - 2L772 m
- ( Py e R r— )) ;:o [1¢,1P)

Therefore, Lemma 3.5 can be rewritten as

1 = El¢p(@.)D.

J=0

Furthermore , according to the definition of w, in Algorithm 2, we have
1 m
E[IVo(@n)I'1 = —— > E[lIVe(@))II*
[IVé(@,)IP] m+1; IVe@)I]

< W(E[fb(@o)] — E[¢(@.)]).

A sufficient condition for convergence is that — +1)(]E[¢(w0)] E[¢(@.)] < €. A sufficient choice

to satisfy the preceding inequality is m = O (nmne)’ Because 1,,;, = b, therefore, m = O (bie) O

Theorem 3.2. Assume that Assumptlons I, and Assumptlons Il hold and w, is generated by Algorithm 2.

Consider the SCGBW with h; > 2L nmﬂ"NmJ;(Zl D@L Tinin) . Then we have

ElIV¢(w)I’] < p'EllVe(wo)l],

€(0,1).

where p = o (m+l)

Proof. Given w,_| = @ as defined in Algorithm 2, Theorem 1 can consequently be reformulated as follows:
E[[IVé(wplw;-1|I*] = LIV (w,)l@ol]

< W(E[ﬂ@oﬂ — E[¢(@.)])

24
< —  _||Vé(@o)|
e 1)II P(@o)l
24

= —F 2
 Nmin(m + 1)”V¢’(“’r—1)ll .

The last inequality stems from Assumption II. Consequently, by evaluating the aforementioned expecta-
tion, we are able to determine that

2 22 2
E[l[Vo(w)II'] < WE[IIW(M_])II ]

22 Y 5
< (m) E[IVe(wo)l.

Ifweletp = ﬂ, the anticipated outcomes are thereby established.
To ensure the linear convergence of Algorithm 2, Theorem 2 necessitates that the parameter p
satisfies 0 < p < 1. Substituting the expression for p, we obtain the following critical condition on the

arameterS' o= —24__ < 1. Consequently, the parameters must be selected to fulfill the inequalit
p Nmin (M+1) q y p q y

€ (0,1). O

b(m+l)
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4. Numerical experiments

4.1. Overview of the research problems and datasets

Our research primarily centers on finite and minimization problems. Consequently, we assessed the
SCGBW algorithm through the following two models.
Model one (Non-convex SVM model):

.1 2
min — 3" yi(w) + Al
weRd N £
i=1
where ;(w) = 1 — tanh(b{w, a;)), a; € R b i € {=1,1}, and A > 0 is a regularization coefficient.
The SVM model has been extensively utilized across various machine learning domains, including
image recognition, text classification, and recognition of handwritten digits. In assessing the efficiency of
our algorithm, we primarily concentrate on classification tasks, which involve both text and image data.

Model two (ERM model with a non-convex sigmoid loss function):

1 A5
nm—;%wwymu

weR? N

where y;(w) = 1/ [1 + exp (biaiTa))] and A > 0.

The ERM model, particularly when equipped with a non-convex sigmoid loss function, holds
significant importance in numerous practical mathematical problems, with the binary classification
problem being the most exemplary. This type of problem has found extensive application across various
domains. The non-convex ERM model is specifically designed to maximize classification accuracy.
Additionally, it has been empirically demonstrated that the sigmoid function generally outperforms
other loss functions in terms of classification performance.

The experimental evaluation utilized three benchmark datasets: Adult, [JCNN, and Covtype. The
Adult dataset, derived from the 1994 US Census, is extensively cited in literature as a standard for
algorithm performance comparisons. The IJCNN dataset traces its origin to a physical system and was
first used to design the competition tasks for JICNN 2001 [50]. The Covtype dataset catalogs the types
of forest cover across four wilderness areas within Colorado’s Roosevelt National Forest, with each
instance characterized by multiple cartographic attributes; its provenance is accredited to Blackard and
Dean [51]. A summary of the key statistics for these datasets is provided in Table 1.

Table 1. Test datasets.

Datasets Training samples (n) Dimensions (d)

Adult 32,562 123
IJCNN 49,990 22
Covtype 581,012 54

For this study, we used three canonical datasets: Adult, JCNN, and Covtype. Detailed information
regarding these datasets is provided in Table 1. To facilitate a fair and standardized comparison of our
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algorithm with existing methods, we consistently utilized a batch size S = VN across all experiments,
with N denoting the training sample’s size. This approach ensures that comparisons are conducted under
uniform conditions. Moreover, we initialized our algorithm with a zero vector.

4.2. Numerical results

This section focuses on exploring the potential impacts of parameters such as B, b, u;, u,, and the
initial step size 17 on the algorithm’s performance. Meanwhile, to highlight the superiority of our method,
we conducted comparative analyses of the SCGBW algorithm with six other classical algorithms,
namely SVRG, SGD, SAGA, SARAH, Adam, and RMSProp, under the same conditions.

4.2.1. Influence of the initial step size n in SCGBW

We investigate the effect of the initial step size 7 on the SCGBW algorithm, with parameters B = 2,
b =0.1,u = 0.1, up = 10, and A = 1073. The numerical performance of the SCGBW algorithm
is relatively robust with respect to the choice of the initial step size 1. Specifically, even when the
initial step size 7 is subject to substantial variation, the algorithm can still achieve a certain degree of
performance improvement. This subsection provides empirical evidence to support this observation.
Figures 1 and 2, respectively, verify the efficacy of the earlier assertion when solving Model One and
Model Two on the three datasets described in Section 4.1.
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Figure 1. Impact of the initial step size n on Model One for the Adult, JICNN, and Covtype
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4.2.2. Influence of the parameters B and b in SCGBW

The outcomes of the SCGBW algorithm, which uses diverse values of B and b for determining the
step size via the bandwidth-based approach, are depicted in Figures 3—6. As illustrated in these figures,
while the initial choices of B and b exert some influence on SCGBW’s performance, the convergence
behavior remains largely unaffected. Consequently, we opted for B = 2; b = 0.1.
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Figure 3. Impact of the parameter B on Model One for the Adult, IICNN, and Covtype
datasets.
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4.2.3. Influence of the parameters u; and u, in SCGBW

In Figures 7-10 , we tested the influence of the parameters u1 and u2 in the three-term conjugate
direction on the algorithm. In these figures, we set n = 0.001, » = 0.1, and B = 0.2, with u1 taking
values of 0.01, 0.1, 1, 2, and p2 taking values of 1, 5, 10, and 100. It can be observed that the parameters

mu; and u, have little impact on the algorithm. Therefore, this paper selects

= 0.1 and u2 = 10.

Electronic Research Archive

1 1 1r
| #=0.01 l 111=0.01 \ #1=0.01
| §=0.1 0.9 u1=0.1 0.99 #1=0.1
“ p=2 =2 p1=2
| 0.8 0.98
S .l g g
= 08| © ®
= \ 207 > 097
S S S
P g g
3 0.7 | 3 0.6 3 0.96
> | > s
g 5:’, 0.5 ‘ g 0.95
206 |\ a \ =
\\ 0.4 0.94
05 —_— ~
—_— 03 0.93 ~———
0.4 0.2 0.92
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
Number of effective passes Number of effective passes Number of effective passes
Fi 7 f th 1 for th 1
igure 7. Impact of the parameter ¢; on Model One for the Adult, [JCNN, and Covtype
1 1 1
\ os
09 = \ = n2=10
| 42-100 \ 42-100 42-100
| 08 0.98
S ] E}
©08[) © ©
> \ 207 =097
s || g s
S 0.7 ‘y é 0.6 é 0.96
= \ = 2
° 505 5095
S, \ S, 2
0.4 0.94
0.5
0.3 — 0.93
0.4 0.2 0.92
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30

Number of effective passes Number of effective passes Nurmber of effective passes

Figure 8. Impact of the parameter y, on Model One for the Adult, [JCNN, and Covtype
datasets.

Volume 34, Issue 6, 3736-3767.



3756

o
o
°
o

o

o

&

#1=0.01
n1=04

11=0.01
e

#1=0.01
u1=0.1

o <
@
2

o
o
8

=2

0.45 =2 =2

o
=
u
o
@
B

o
o
2

35

0.3
0.25

03 N ~
— 02 —

o
o

|

objective function value
objective function value
objective function value

o o o

$ 2

SR

°
e
3

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Number of effective passes Number of effective passes

°
o

10 15 20 25
Number of effective passes

Figure 9. Impact of the parameter ; on Model Two for the Adult, JICNN, and Covtype
datasets.

objective function value

n2=1
§2=5

12=100

objective function value

o

o
N
&

o
s

35

0.3

2=t
425
#2=10
422100

objective function value

°
=

0.35

0.3

o
N
&

2=1
425
#2=10
1422100

.

02 — 02 —

— — o B

0 5 10 15 20 25 30 0 5 10 15 20 25 30 o 5 10 15 20 25 30
Number of effective passes Number of effective passes Number of effective passes

Figure 10. Impact of the parameter p, on Model Two for the Adult, IICNN, and Covtype
datasets.

4.2.4. Performance of the SCGBW for Models One and Two

A pivotal aspect of our experimental design is the step size strategy, where a constant value 7 is used
for all algorithms under comparison, including SVRG, SGD, SAGA, Adam, SARAH, and RMSProp.
These methods can be categorized into two groups: The first three are established stochastic algorithms,
and the remaining three are widely adopted adaptive optimizers. To ensure equitable comparisons,
we maintained consistent initial step size n and regularization parameter A configurations across all
algorithms within each experimental setting. Specifically, we sequentially assigned n values of 0.001,
0.005, and 0.01, while A was tested at 1073, 107, and 107>, which are the consistent with common
practices in the research literature. The Adam algorithm was configured with hyperparameters 5; = 0.9
and B, = 0.999. Each figure presents a 3 X 3 grid of subplots. Notably, subplots within the same
row share identical 7 values, while those within the same column maintain consistent A values. For
instance, the top row of Figure 11 maintains a fixed  while demonstrating A values of 1073, 107*, and
107> from left to right and sets m = N'/2. To enhance visual discrimination between highly overlapping
algorithm trajectories, we used distinct markers at different iteration intervals. From Figures 11-16, we
can observe that when the initial step size is small, the proposed SCGBW algorithm reaches the steady
state faster than the classical random algorithms (SVRG, SGD, SAGA, Adam, SARAH, and RMSProp)
on Model One and Model Two, which means it has a higher convergence rate. In the theoretical analysis,
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it is shown that for the proposed algorithm SCGBW, a larger inner loop size m leads to a faster descent
speed. Figure 17 tests the descent speed of SCGBW with different values of m on Model One using the
Adult dataset, providing empirical results that support the theoretical analysis. Moreover, as shown in
Figure 17, the descent speed of the algorithm when m = N3/ is better than that when m = N'/2, further

demonstrating that the proposed SCGBW algorithm outperforms the other classical algorithms.
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5. Conclusions

This paper has proposed a biased stochastic three-term CG algorithm with a bandwidth-based step
size (SCGBW) for addressing non-convex stochastic optimization problems. The core innovation
lies in the integration of the SARAH gradient estimator with a modern three-term CG framework,
enhanced by an adaptive bandwidth-based step size strategy. A pivotal element of our approach is the
modification of the conventional gradient difference term y; to y, which incorporates both gradient
and function value information.

Through a rigorous theoretical analysis under gradient Lipschitz continuity and A—gradient dominated
assumptions, we have established not only the almost sure convergence of SCGBW to the global optima
but also demonstrated its linear convergence rate for a class of non-convex functions. This theoretical

guarantee addresses a fundamental challenge in stochastic optimization by ensuring both stability and
rapid convergence.

Comprehensive numerical experiments on established machine learning benchmarks, including non-
convex support vector machines and empirical risk minimization problems, substantiate the efficacy of
our approach. The results consistently demonstrate that SCGBW outperforms widely used optimization
algorithms such as SGD, SVRG, SAGA, SARAH, Adam, and RMSProp across multiple datasets
including the Adult, IICNN, and Covtype datasets. The algorithm exhibits several notable advantages:
(1) Robustness to the initial step size selection, maintaining performance across varying configurations;
(ii) accelerated convergence rates, which are particularly evident when initial step sizes are modest; and
(iii) enhanced stability during training iterations, leading to superior final solution quality.

Future research directions will focus on: (i) developing more sophisticated step size adaptation
mechanisms to achieve faster descent speeds with larger initial step sizes; (ii) investigating novel
strategies for preserving Hessian positive definiteness independent of traditional modification schemes,
similar to the approach explored by Wang et al. [52], to achieve even more robust search directions; (iii)
integrating advanced variance reduction techniques to further enhance computational efficiency; (iv)
extending the framework to distributed and large-scale learning environments, and (v) applying and
rigorously evaluating the algorithm across a broader spectrum of deep learning architectures.
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