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Abstract: This paper investigates the adaptive tracking control problem for a class of uncertain
nonlinear systems subject to time-varying state constraints and input saturation. To avoid the repeated
differentiation encountered in conventional recursive design, a command-filter-based predefined-time
adaptive control scheme is developed. Fuzzy logic systems (FLSs) are employed to approximate the
unknown nonlinear functions, while a fuzzy observer is constructed to estimate the unmeasurable
states. In addition, an auxiliary compensation mechanism is introduced to reduce the influence of
filtering errors, and a smooth saturation decomposition together with an auxiliary signal is incorporated
to handle the mismatch between the designed control input and the actual actuator output caused by
input saturation. By combining recursive design with a time-varying barrier Lyapunov function (BLF),
it is shown that all closed-loop signals remain bounded, the prescribed state constraints are not violated,
and the tracking error enters a small neighborhood of the origin within a predefined time. Finally,
simulation results based on an RLC circuit example are provided to demonstrate the effectiveness of
the proposed method.

Keywords: adaptive tracking control; command-filtered design; predefined-time stability;
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1. Introduction

Finite-time and fixed-time control have received sustained attention in nonlinear control systems
due to their attractive transient-performance characteristics [1-4]. Finite-time control can drive the
system states to the desired region in finite time, which makes it appealing in applications requiring
fast response, such as autonomous vehicles, robotic systems, and aerospace systems [5—7]. However,
the settling time in finite-time control generally depends on the initial conditions, which limits its
applicability when the initial state cannot be specified in advance. To overcome this drawback, fixed-
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time control was developed to guarantee convergence within a uniform upper bound independent of
the initial conditions [8—10]. Although fixed-time control improves the predictability of the transient
process, the convergence bound is still determined implicitly by the controller parameters.

Predefined-time control further extends this line of research by allowing the convergence time
to be assigned explicitly in advance [11-15]. This feature is particularly useful in control tasks
with prescribed transient-performance requirements. In [16], predefined-time full-state constrained
control was investigated for a mobile robot system with delay. For an RLC circuit, a predefined-time
command-filtered control strategy was studied in [17]. In [18], a practical predefined-time stability
criterion was established for strict-feedback nonlinear systems with uncertainties and disturbances.
These results indicate that predefined-time control provides a flexible framework for balancing
transient-speed requirements and closed-loop robustness in nonlinear systems.

Another issue that frequently arises in recursive adaptive control is the so-called explosion of
complexity. In conventional backstepping design, repeated differentiation of virtual control laws
becomes increasingly cumbersome as the system order grows, which limits practical implementation.
Dynamic surface control (DSC) has been widely employed to alleviate this problem by introducing
first-order filters [19]. Nevertheless, the filter dynamics inevitably introduce filtering errors, and
these errors may affect the achievable control performance if they are not explicitly compensated. To
address this issue, command-filter-based design has been developed and successfully applied to various
nonlinear control problems [20-22]. Compared with standard DSC, command filtering provides a
more convenient way to construct recursive controllers and to incorporate compensation signals for
mitigating filter-induced mismatch.

In addition to the above challenges, practical nonlinear systems are often subject to actuator
limitations and state constraints. Input saturation is one of the most common actuator nonlinearities
and may significantly deteriorate system performance or even lead to instability if ignored in the
controller design [23-25]. For instance, input saturation has been considered in multi-agent consensus
control and nonlinear adaptive control problems [26]. On the other hand, state constraints are also
essential in many engineering systems for safety, physical feasibility, and performance preservation.
Barrier Lyapunov functions (BLFs) have been shown to be effective in handling constrained-control
problems [27-30]. In particular, time-varying BLFs provide a useful tool for enforcing prescribed state
bounds that may change over time, which is desirable in practice when the allowable operating region
is not fixed.

Motivated by the above observations, the considered problem is technically challenging because
it involves the simultaneous treatment of unavailable full-state information, unknown nonlinearities,
time-varying state constraints, actuator saturation, and filter-induced errors caused by the command-
filter technique. In addition, predefined-time tracking performance is required in the presence of these
factors, which further increases the difficulty of controller design. To address these challenges, a
command-filter-based predefined-time adaptive tracking control scheme is developed for uncertain
nonlinear systems by combining fuzzy approximation, fuzzy state observation, recursive design, and
time-varying BLF techniques.

Compared with related existing results, the main contributions of this paper are summarized
as follows:

1) A command-filter-based predefined-time adaptive tracking control framework is developed for
uncertain nonlinear systems with time-varying state constraints and actuator saturation. By

Electronic Research Archive Volume 34, Issue 6, 3713-3735.



3715

integrating a time-varying BLF with fuzzy approximation and fuzzy state observation, the
proposed method guarantees constraint satisfaction and ensures that the tracking error enters a
small neighborhood of the origin within a predefined time.

2) A command-filter-based controller construction together with an auxiliary compensation mecha-
nism is introduced to avoid repeated differentiation and explicitly handle filter-induced errors in
the recursive design, which facilitates the implementation of the predefined-time control scheme
under time-varying state constraints.

3) A smooth saturation decomposition together with an auxiliary signal is employed to alleviate the
mismatch caused by actuator saturation, which improves the practical implementability of the
proposed control scheme under asymmetric input saturation.

2. Problem formulation and preliminaries

2.1. System descriptions

Consider the following output-feedback nonlinear system:

X; = Xiy1 + gl‘(X) + Wi(t), 1<i<n- 1,

X = u(v) + gn(X) + wy(2), (2.1)
y = X1,
where x = [xq,...,x,]7 € R" denotes the system state vector, and y € R is the measurable output.
The functions g;(x) are unknown smooth nonlinearities, and the external disturbances w;(¢) satisfy
lwi(®)] < w;,i = 1,...,n. The actuator input is subject to asymmetric saturation and is described by
Fha U(t) > Fh,
u(v) = sat(v) = qu(t), —F; <u(t) <Fy, (2.2)

—F4, u(t) < —Fy,

where F;, > 0 and F; > 0 are saturation bounds, and v(¢) denotes the designed control input.

Assumption 1. The reference signal y, is continuous and bounded. Then, there exists a compact set
Q,, such that Q,, = {[yr, vy +y% < )7,0} , where ,, > 0 is a constant.

Assumption 2. Each unknown function g;(+) satisfies the Lipschitz condition |g,(G) — g(H)| < Xi||G —
H||, for any G, H € R", where X; > 0 are constants, i = 1,...,n.

Assumption 3. For any given constant K;,, > 0, there exist positive constants Ry, Ry, ..., R, such that
the reference signal y, and its derivatives up to order n satisfy |y, ()] < Ry < K,,, and |y£')(t)| <R,i=
1,2,...,n.

Lemma 1. ( [27]) For any c,; € R and € > 0, the following inequality holds:
Ca
0 <|cy4| — ¢4 tanh (—) < 0.2785€.
€
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Lemma 2. ( [27]) To address the asymmetric saturated input in (2.2), let sat(v) = ¥Y(v) + E(v) and
define its smooth function as follows:

r

W) = rtanh(v(t) - J) +F

where Z(v) is a bounded term, |Z(v)| < U. r = F"JZ'F”’, r= F”_TF", J = —rartanh(—7/r).

Definition 1. ( [11]) Let the origin be the equilibrium point of the nonlinear system described by
Xx(t) = f(x). For any t > Ty, if there exist constants € > 0 and T, > 0 such that ||x(xg, 1)|| < €, then the
equilibrium point of the system is considered practical predefined time stable (PPTS).

Remark 1. In conventional finite-time control, the settling time usually depends on the initial
conditions. In fixed-time control, although the settling time becomes independent of the initial
conditions, its upper bound is still implicitly determined by the controller parameters. In contrast,
predefined-time control allows the convergence time to be explicitly assigned in advance, which is more
suitable for practical engineering applications with prescribed transient-performance requirements.

Lemma 3. ( [11]) For a predefined time T, > 0, suppose that there exists a positive definite Lyapunov
function V(x) for the nonlinear system (2.1) such that V < - Vi*i - %’;Vl‘% + A, where 0 < u < 1,
o = V2, and A > 0 is a constant. Then, the origin of the system is PPTS with the predefined time T,
Moreover, the system trajectory ultimately enters the bounded set Q = {V(x) :V(x) < @}

Lemma4. ( [12]) For any Py >0, P, > 0, and c, > 0, one has

(& 1 1+c l+c
P]”(Pz—Pl)S 1+CP(P2 P_P1 1’).

Lemma S. ( [12]) For a bounded function b,, the following inequality holds:
" p? oY (&)
N il i C,.

_ k _
where h; > 0,k > 1,0 <h <1, and Cy = (1 - h)hlr%h + 20 (%) , with b; being positive constants
satisfying |b;| < b;.
Lemma 6. ( [16]) For q; € R, i = 1,...,n, the following inequalities hold:

(Zn: |‘]i|) < an lgil', (Zn: |(]i|) <n™! Zn: lqil’
i1 i1 i=1 i=1

where 0 <7< landr > 1.

Lemma 7. ( [17]) Forany X e R", Y € R", ¢ > 0, ¢, > 0, and w > 0, one has

c _4a .
WIX|T + — Ly |y,

X9y < —2
q+ ¢4 q Ty
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2.2. Fuzzy logic systems

FLSs have been widely used to approximate unknown nonlinear functions in nonlinear control
systems [27]. Due to their universal approximation capability for continuous nonlinear functions on
compact sets and their linearly parameterized form, FLSs are well-suited for the subsequent adaptive-
law design and Lyapunov-based stability analysis under the output-feedback framework.

R If yyis AL, yois AL, ..., and y, is AL, then

B is B, 1=1,2,...,N,,

where y = [x1,X2,.--,Xxx]" is the input vector, 3 is the output of the FLS, and N, denotes the number of
fuzzy rules. The membership functions associated with the fuzzy sets Ai. and B' are denoted by u Al D)
and ug(B), respectively.

Then, the FLS can be written as

ﬁ(X) B Z?irl Bl Hj:ll'tAI/(X])
Zﬁrl 7:1 :uAﬁ.(Xj) ,

(2.3)

where B; = maxger 1z (B).

T ~ Y
Define Y () = [¥100), ... ¥n, )1, W = [Bu,... By ] > waln) =

rewritten as

[Ty myr )
J

N
l='l 1_17:1 #AI/(Xj)

. Then, (2.3) can be

Blx) = Why(y). (2.4)

Lemma 8. ( [27]) Given that f(x) is a continuous function on the compact set , for all ¢ > 0, there
exists an FLS that satisfies

sup |£ () = Wy (0)| < 2.

XEQ

2.3. Design of the fuzzy observer

Since only the output signal y is measurable in (2.1), a fuzzy state observer is introduced to estimate
the unmeasured states.
According to Lemma 8, each unknown nonlinear function g;(x) can be approximated by an FLS as

gi(®) = WTyi(®) + &, (2.5)

where 1;(%) is the fuzzy basis function vector, W} is the ideal weight vector, £ is the estimated state
vector, and ¢ is the approximation error satisfying |¢;| < €, where € > 0 are unknown constants.
Define g; = gi(x) — gi(X),i = 1,...,n. Then, by combining (2.1) and (2.5), one obtains

%= X + WTY(R) + 8 + € + wiD),
xn = I/l('U) + W;:Tl//n()?) + gn + €, + Wn(t)’ (26)

y = Xi.
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The fuzzy state observer is designed as

Xi = i1 + W,-T'/’i(ff) + Li(y — X1),

%0 = u@) + WI () + L(y — %), 2.7
y=2x,

where ; > 0 are design parameters, and W; denotes the estimate of W. Define the estimation error
W,’ = Wl* - Wl‘.
The observation error is defined as

e=x—%=[e,....&]". (2.8)

By using (2.6)—(2.8), the observation-error dynamics can be derived as

e=Ae+ ) BW yi(®)+G+E+D, (2.9)
i=1
g1 -1 €1 wi
- g -1 I, € w
where B, = [0.....0.1,0... 0. G = | [ a=|"? "l e=|D b=
—_— : : : :
l & -, 0 --- O €, Wy

Remark 2. The parameter l; is selected appropriately to construct the matrix A as a strictly Hurwitz
matrix, guaranteeing the existence of a symmetric matrix S that satisfies the equation ATS + SA = —Q
for every positive definite matrix Q = Q.

Choose the following Lyapunov function:
Vo=¢'Se. (2.10)
The time derivative of V is
Vo = —&" Qs +26"'S (Z BW yi(3)+G+E+D|. (2.11)
i=1
Using 0 < ¢! (£)y,(%) < 1, Assumption 2, and Young’s inequality, one has
26"S( > BW yi(®)+ G+ E+ D) < > XJllelP + ) W Wi+ |IEI” + [IDIP + 3 + IS IPlleiP,

i=1 i=1 i=1
(2.12)

where D = [wy,...,w,]".
Combining (2.11) and (2.12) yields

Vo < =Aollell® + > W/'Wi + N, (2.13)

i=1

where Ao = Awin(Q) = B + WIISI? = XL, X7, and No = [|EII* + DI
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2.4. The predefined-time filter

To avoid the repeated differentiation involved in the recursive controller design, an auxiliary
predefined-time filter is introduced as

(2.14)

—
Cr0
; 1+ 1- 2
/li:—clai”—czai”tanh[ . )_pio-i,
Ti

A(0) = ;(0),

where 0; = i1 . —@; represents the ﬁlterlng error; A;+1.(t) = 4;(t) and ¢; denote the output and input of
the filter, respectively; ¢; = ﬂyT‘l, cy = 9 - I withn = Quy2 5= V2,9 =259 =25 u=pu/w,
and y; and u, satisfy p; < wo; Ty denotes the predefined time, which is a positive design parameter;
and 7; > 0 and p; > 1/2 are designed parameters.

Theorem 1. The filtering error o; enters the bounded set Q) = {0‘ =[o1,...,00]" 1V, < %}
within the predefined time T,, where V, = ZZ;{ %0‘?.
Proof. Consider the Lyapunov function
n—1 1 5
50 (2.15)
¢=1

From (2.14), one has o = Acy1 . — @, and therefore

n—1 n—1

V(, ZO‘CO'C Z (/lﬁl’c—a/g)
=1
-1

[ —cllo P = eolo [ tanh(

(2.16)

colo

S

2 .
) — PO — aga/g].
¢=1
From the recursive controller construction, together with the boundedness of the reference signal
and the adaptive estimates, one can conclude that . is bounded. Hence, there exists a positive constant
@, such that |¢¢| < @.,¢ = 1,...,n — 1. Then, by Young’s inequality,

1 1
—ob < 20‘ *+3 .. (2.17)

Moreover, by Lemma 1, one has —c2|0'g|2 ~# tanh (M) < —czlo'glz‘“ +0.27857,. Substituting this

inequality and (2.17) into (2.16), and using p. > 1/2, yields

n—1 n—1
V, < - Z; cilo P - Z; A (2.18)
§= 5=

where A, = 2/} (4a2 +0.27857 ).
By Lemma 6 and the definitions of ¢; and ¢,, one obtains

1+5 nr

V, < ——V(T V - + A, (2.19)
uTy uTy
Then, according to Lemma 3, the filtering error o; enters the bounded set Q; =
{0' =[oy,...,001]" 1V, < MT”’A"} within the predefined time 7. The proof is complete.
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3. Controller design and stability analysis

In this section, a command-filter-based predefined-time adaptive control scheme is developed for
system (2.1). To facilitate the recursive design, we define the following coordinate transformation:

S1=Y=Yr
s,-:fc,-—/l,-,c,i:Z,...,n—l, (31)
Sp = )%n _/1n,c_)(u»

where s; denotes the tracking error and y, is an auxiliary signal introduced to compensate for the
actuator saturation effect.
Define the filter compensation signal v; as

. 1 1—
Vi =va + (e — @) — arlvi| sgn(vy) — axlvi| #sgn(vy),

. 1 1-

Vi =Vis1 + (Aig1c — @) — Vi — aq|vil +“sgn(vi) — a|vi| Hsgn(vy), (3.2)

. 1 1—
Vi = — Vpor — a1Vl sgn(v,) — aalval Hsgn(v,),

_ n _ s
where ap = I-W’ a) = W
Then, define the compensated error variables as

zi=8-—-v, i=12,...,n 3.3)
For notational simplicity, define %; = [%,...,%]" € R,i=1,...,n.
3.1. Predefined-time adaptive backstepping control design
Step I: From (2.6)—(2.8), (3.1), and (3.3), the derivative of z; is given by
Li=sa+ e+t e+ Wiy (R) + 8 +e +w -3, — V. (3.4)
The barrier Lyapunov function is constructed as

1 K,@® 1. 1.
Vi=Vo+=log———— + -W'W, + =M?, 3.5
1 0 2 Og Kgl (t) _ Z% 2 1 1 2 1 ( )
where |z1| < Kj, (1), M, = M7 - M,, and M = ||W;‘||2.
The time derivative of V| is

. . 21 ~ T A <1 «T ) (= «T ) s
Vi=Vo+ ——@+g1+te+w) - W W+ ———=(-W (X)) + W] ¢1(X)
I 0 Kgl(t)—z% 2+ 81t € 1 L Wi Kﬁl(t)—z%( (X 1 )
V4 Kbl(t)zl AT ~ A 2 o . .
+ |52+ — +Wigh(x) |- MM, + ——— (W, i1 (X)) =y, — V1)
K2 () -2 2 ¥ e e () 1M, K,fl(t)—z%( L Yi(x) -y 1)
(3.6)
By Young’s inequality and Assumption 2, one obtains
21 a4 2 Lo 2, 1,
S aE@+&i+rea+w) < ——— + Slell” + —llell” + Sllell” + S, (3.7)
2 2 2 .
Khl(t) -1 (szl (l) _ Z%) 2 2 2 2
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222M; 1
(WiTvn () = WiTyn (@) < — 1 4 2 (3.8)
(k3,0 =)

<1
K; (0 -1z

Substituting (2.13) and (3.6)—(3.8) yields

. 8 ; 5 2 2uM
Vi< — Adllell? + Ny + W7 Zz”“—(xl)z—W]]+ ! 2[ L S Lt
K, (1) -z K, () -z]| K, () -z K, () -7
Kn] < ] O
+ (e = ar) + W (%) = 3 =¥ = L 1]+ZW1'TW1'+M1 —]Z_Ml ;
K, (1) =1 (KlfI Ok Z%)

X2 -
where A; = Ag— 1 — 55, Ny = No + IEIP + 302 + L.

We design the virtual controller oy, the adaptation laws W;, M, and the compensation signal v, as

N
1+/1 1—/1 C2 (KZ - 2) .
@ =—c ngn(Zl)|Zl|2 — — 0 an(ZI)lzlzl — tanh by . i _ WlTwl(Xl) +)‘)r
(Kbl(t) -3) (Kbl(’) - Zl) :
274 271 M, Ky, (Nz1 1+ -
- - + —ai|vi| sgn(vy) — as|vi| Hsegn(vy), 3.10
K,i(t)—zf KZI(I)—Z% Ko, () il #sgn(vy) — ax|vi| #sgn(vy) (3.10)
Vi = (Ao — @1) + o — agvi|sgn(vy) — aolvi| *sgn(vy), (3.11)
e LA D (3.12)
K (1) -z
A 27} o T oo

M) = ———— - dci M, H—o6c,M ", (3.13)

where 6 =2 + 1,6 =2 — L.

Remark 3. From (3.10)—(3.13), the hyperbolic tangent function is introduced to ensure that the
derivative of a; remains well-defined as z; — 0, thereby avoiding control singularity in the
recursive design.

Substituting (3.10)—(3.13) into (3.9), and using Lemma 1 together with Young’s inequality
4W1TW1 < 2WIW, +2W;TW;, gives

2 1+5 2 1-5
. Zl Zl = <132
V]S—Cl e Y —C 2 2 +N1+—2 )
Kbl(t) -3 Kb] (- 2 Kbl (t) - 4

+ O WEW; 4+ Sey MK + Sy ML = Agllel? = Wi W,
i=2

(3.14)

where Ny = Ny + 0.27857; + 2W;TW;.
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Step i (2 < i < n—1): Differentiating z; yields
G= 8= Vi = St dire + WH(®) + Ly — £1) = Aie — i (3.15)

We choose the Lyapunov function

1 K3 (1) 1. 1.
Vi=Vii+=log ——— + -W'W, + =M?, 3.16
1+20gK§,_(t)—zf > M (3.16)

where |7| < K, (t), M; = M; — M;, and M} = ||W}|]%.
Then, the time derivative of V; is

Zi * = * A Y A
V Vz 1+ W ( Wi Tl//i(xi) + Wi T%(x)) - WI.TWi + W (l (y xl) - W l//l(X))
— ~. 9 . —Z —_ V. — h . —Z r T Kbi(r)Zi
MlMl K2 (l) _ (Sl+1 + /ll+1 ,C Vi /ll,(,‘) K2( ) _ (W Wz(xz) + W '7[’ ( l) Kbi(t) )
(3.17)
By Young’s inequality, one has
Zi «T «T ZZ?M;k 1
—— =W (X)) + Wy, _ — + -, 3.18
K2() - ( Uil%) + W gi()) < (- zf)z + (3.18)
Z—( W/ gi(%) + Ly = #1)) < i s Lwrw s Lejep. 3.19
0 | o=y 2 o

Then, we design the virtual controller «;, the adaptation laws W;, M;, and the compensation signal

V; as

2 —u/2
i sgn(z;)|zi| sgn(z;)|zi| 2 (KZ,.W—Z?) 2uM
@i ==0 w2 2 —u/2 tanh . e 2
(K20 -2) (k20 -2) i n(D =7

2
1 1 1—

s—2i-1 — ailvil #sgn(vi) — aalvil sgn(vi) = viey
15

Kg[(t) -z Kgi_l (n-z,

o . Kh.(t)zi
= WIg(®) + e + ———, (3.20)
v T K@)
Vi = (i1e — @) + Vier — Vi — arlvil"sgn(vy) — aalvi #sgn(vy), (3.21)
W, = S sy (3.22)
K1) -2
> 2Z12 Sl < rl—p
My = — ey NI = e, (3.23)

(sz,-(t) - le)
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Substituting (3.18)—(3.23) into (3.17), and using Lemma 1 together with Young’s

SWIW; < —3WI'W; + 2W;TW;, one obtains

i 2 1+5 i 2 1-5 n i
. Z Z W .
fo‘ClZ Kn-2 ‘C2Z K-z # L WiWe= 0 Wi,

¢=i+1 o=1
2 1+u 1-u ZiZi+1 -
~ Adllel +2501M M +Z§c2M M LR,
¢=1 =1 K, () -z

where N,' = %‘/V;FT‘/V:< + 0.27857; + Ni—l + %, A=A — %llz
Step n: According to Lemma 2, the derivative of z, is

= E@W) + W, (R) + L,y = 1) = dye + Yu + U — Vs

where the auxiliary signal y, is designed as y, = —y, — v + ¥Y(v).
We choose the Lyapunov function

V.=V, + 1l —KZ”(t) + ! VW, + 11\712
n— Vn- ~ 1o A a5 Wy
15 gKgn(t)—zg 2 2

where |z,| < K, (1), M, = M — M, and M = ||W?|]%.
Then, the derivative of V,, is

| — *
Vo = Vi + g = (W0 = W)
R R,
+ Ki@—z,%( W) + Ly - 20) = WIW,
Zn

t————(xu+ U= Ao =V + E@)) -
TRl ’ @)

Zn =T _ Kb,l(t)zn AT _
+ ———|W, ¥, (X)) — + W, (x,)].
rAEE ( T = S Un(5)
By Young’s inequality, it follows that
Zn \ . 1 25,M,
1(2—( w, Tlr//n(xn) + W, Tlr//n(x)) < E -
5, (D =2 (Kzn(t) - Z,%)
I (W + 1,0~ £0) £ —— 2+ W, + Ll
W ¥n(X) + Ly — X)) = = n e
K2 (1) -2 (k2@-22) 2
S =)< z s U?
K (n-22 7 2 (K2 (1) - Z}%)z 2

inequality

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

We design the actual controller v, the adaptation laws W,,, M,, and the compensation signal v, as
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Il FsgnGn) — asl Fsgntr) — 0y,
U ==V, —ailval sgn(vy) — axlv,| Fsgn(vy) - —————2-1 — W, ¥, (X,
1 1 g 2 g Kiﬂ_l(t) — Zi_] 1
2 1-p/2
sgn(za)lzal ™ sgn(z,)|z,|' c2 (KQH(t)—z%)
—e 2 PRAL S —73 tanh ’
(K2o-2)"  (k0-2) 2
3 n 2 an’l K t n .
- - - > UK = Xu+ Ane, (3.31)
20K2-2) K-z K0
Vo = = Vet = ailval sgn(va) — aslval sgn(va), (3.32)
W, = —Z;Mx")z = 5W. (3.33)
Kb,,(t) — 4y
Y 2Zi orl+ = -
M, = s = 6ei M, ~ Gea M, (334)

(K2 (1) -22)

Substituting (3.28)—(3.34) into (3.27), and using Young’s inequality SW! W, < —3WI'W,+3W;TW;,
together with Lemma 1, one has

n Z2 l+% n Z2 1-
2. 1[191@)—@] 2, Q(Kl%g(r) )

s=1 ¢=1

H
2

(3.35)

S

= Adllell? + Ny = D" WIWe+ Y 6ci MME + 3" Ses MM,
¢=1 ¢=1 ¢=1

where A, = A, — 32, N, = N,y +0.27857, + SW; W, + 1 + &

For the above control design, a schematic diagram of the developed method is shown in Figure 1.

Y y
— >
,| Nonlinear system | ..., ——F— y(x).ts(x,)
FLS
K K 4
Blawes Bn
u(v) Xy,...,X, |Nonlinear
Time-varying >l state

state constraints observer

vi(X), W, (X))

Actuator P :
saturation 150005 n
Filter error Apyeer 2y ) )
1> | predefined-time ,
compensate filter
1 system Adaptive
1 1 laws

v=a, Vises Vi | Qe Oy Ayees Ay | Qs W W

15ees n

M,,..., M,

v v

—| The controller I:

Figure 1. Schematic diagram of the developed control scheme.
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Theorem 2. For the auxiliary compensation system (3.2), under Assumptions 1-3 and
the proposed adaptive control scheme, the compensation signal v; enters the bounded set
Q, = {v =[v,....,v,)T 1V, < 2Taly T‘IA }wzthm the predefined time T .

Proof. Consider the Lyapunov function

V, =

s=1

(3.36)

PN

| =

With the help of (3.2), the expression for the time derivative of V,, is obtained as follows:

n

X - 2n nr
V,= ) vv.< Ve(Aes1e — @) — yETH v2_"). 3.37
Zl o Zl( T 37

Based on Lemma 7, one has

1N\ (4w, [ 7@+ |7
Ve(derr — @) < Tpve < T (—Vz) + I+ ( 7( ,lll) ) , (3.38)
uTy\2 244 \TouTs2

where I',, > 0.
Substituting (3.38) into (3.37), we have

1
v Z 1+“ nr (1 2) -4 N (1 +ppr, ( 72 + p) )‘“
nT p ,UTd T2 % 2+u \L,uT2'-2

1+%
S——V 2——V 2+A,
uTy uTy '

(3.39)

1
n (+le ( Q2+ )“‘
¢=1 2+u l—a_ﬂszl—% '

According to Lemma 3, it can be proved that the filter compensation signal v; converges to the

bounded set €2, within the predefined time 7.

where A, =

Theorem 3. Consider the uncertain nonlinear system (2.1). Under Assumptions 1-3, together with
Theorems 1 and 2, and Lemmas 1-8, the fuzzy observer (2.7), predefined-time filter (2.14), virtual and
actual control laws (3.10), (3.20), and (3.31), adaptation laws (3.12), (3.13), (3.22), (3.23), (3.33),
(3.34), and compensation system (3.2) guarantee that:

i. the prescribed state constraints are not violated for all t > 0;
ii. the tracking error enters a small neighborhood of the origin no later than the predefined time T,;
iii. all signals in the closed-loop system remain bounded.

Proof. According to Lemma 4, for each ¢ = 1,...,n, one has
M ol <1(M*6_M6)<1(2M*6_M6)
S - ) S s) — ) S s)’ (3 40)
o orin < L(ars _ o\ < L oag _ s '
M, Sg(Mg —Mg)§§(2Mg - I1Y).
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According to Lemma 2 in [27], one has

z K; (1)

i < -log —4——.
gI(lfi(t) -z

- —K}fi(t) —Z (3.41)

Substituting (3.40) and (3.41) into (3.35), and choosing the design parameters such that A, >
2Amax (), yields

1-

[N

. : Ki(n |7 & K ()
V,< - ¢ |log ———— - ¢ |log ————
2 [ gKbim—zzJ - ( gKam—zé)

gz i = i (3.42)
- it §TV~V§ —2eTSe— Z 61M§+“ - Z 02]\712_” + N,
¢=1 ¢=1 ¢=1
where N, = 31_| o M 4 i M+ N,
Furthermore, applying Lemma 5 gives
26"Se < —(£"Se)' "t — (7 Se)'*t + C,,
o Lo\ (1 (3.43)
-W_ W, < —(5 gwg) —(EWS.Wg) + Cy,
- N i}
where C; = § (1 - ’5‘) et Cy = ’5‘(1 - g) oy (7‘) , and & and W, are positive constants

satisfying [lel| < &, IW,l| < W,.
Substituting (3.43) into (3.42), and choosing the design parameters such that u7, > max{nn, ijr},
one obtains

1+£
. [ L w1 Kt |
V. < - I £'Se)l*? + Z (5 log 7 + (
| o=1

uTq K (-2 o=l =
M
- T n K2 (t) 1-3 n 1-4 n 1-5 1
M| (T @ 14 1 be lwra 1o y
-—|("Se) 2 + [— log —] + (— g) + (— + N,
,Lle_ ; 2 Kli(t) —Zg oy 2 ¢ o 2 ¢ |
(3.44)
where N = N, + C. + Y, Cyy.
Then, by Lemma 6, it follows that
2 1+4
. " K, (1) Nl o1 ]
PR RIS oS P U SR E VNS SR
uTy = 2 Kzi(t) z2 = 2 ¢ — 2 ¢
7 " K, 2(t R N R
ﬂ|:8TSE+Z§lO zb‘()2+ 3 W+ 3 ?] +N (3:43)
lJTd ¢=1 Kbg(l) - ZS’ ¢=1 ¢=1
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According to (3.45) and Lemma 3, the closed-loop system is practically predefined-time stable.
Specifically, for all ¢+ > T, the trajectory of the closed-loop system is guaranteed to converge to a
small neighborhood of the origin defined by the residual set 3 = {V,,([s, LW, M) :V, < 2"%} This
implies that the observation errors &;, the compensated errors z;, and the adaptive estimation errors W;
and M; remain within a neighborhood of zero for all + > T;. Since W; = Wi — W; and M; = M: - M,
with W and M} being constants, the boundedness of the adaptive laws W; and M, is also ensured.

Furthermore, by Theorems 1 and 2, the filter errors o; and the compensation signals v; are bounded.
Given that s; = z; + v;, it can be concluded that the tracking errors s; also converge to a small
neighborhood of the origin within the predefined time 7;. Consequently, based on the recursive design
of the controller and filter definitions, all remaining closed-loop signals, including «;, 4;, X;, X;, Xu>
and v, are practically predefined-time stable. Therefore, all signals in the closed-loop system remain
bounded and converge to their respective residual sets within the predefined time 7.

Subsequently, a further analysis is conducted to ensure that the state variables do not violate the
prescribed constraint boundaries. From the aforementioned proof, it can be concluded that there exist
positive constants I',,, I';,, and I';, such that |v;| < T, [Ais1.] < Ty, el < Ty, and |oy| < I',,. Based
on (3.1) and (3.3), we have |x;| = |z;| + [y, + [v1|. In light of Assumption 3, the following inequality
holds: [x| < Kj,,(t) + Ry + T,,. Let Kg, () = K, (t) + Ry +I,,, and then we can get |x;| < Kp, (). By
combining (2.8), (3.1), and (3.3), it follows that |x;| = |z2] + [Aoc| + V2| + |&2] < Kp, (1) + Tg, + 1y, + T,
Let Kg,(t) = K, (1) + 'y, + T, + I';,. Then we can get |x;| < Kp,(#). Likewise, it can be proved that
lx;| < Kg,(1),i =1,2,...,n.

Remark 4. Two possible extensions of the present work may be of interest for future research. First,
replacing the proportional-type fuzzy observer with a proportional-integral-type, one may further
improve the estimation performance [31]. Besides, extending the present continuous-time design
to an event-triggered implementation is also worth investigating for reducing communication and
computation burden [32, 33].

4. Simulation results

To verify the effectiveness of the proposed control scheme, simulation studies are carried out on an
RLC circuit system [17]. The corresponding dynamic model is described by:

%) —15 + wi (1)
A (4.1)

: 1 R
I =u() - ¥~ ZSL + wa(D),

where ¢, denotes the capacitor charge, J, denotes the inductor current, and w,(f) and w,(¢) are
unknown bounded disturbances. The system parameters are listed in Table 1.

Table 1. System parameters of the RLC circuit.

Parameters Value
Inductance L=1H
Capacitance C=10F
Resistance R=1Q
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The actuator is subject to asymmetric saturation, and the actual control input is described by

2, u(t) > 2,
u() =qu(@), -1<uv@) <2, 4.2)
1, ) <-—1.

Lety = x; = 9,4, X = J,. Then, the RLC circuit model (4.1) can be rewritten in the form of (2.1) as

1
% = Tht g1(x) + wi (1), 4.3)

J = u(v) + g2(x) + wy (),

where g;(x) = 0, g2(x) = —%xl - %xz, and the disturbances are selected as w () = 0.1sin(x;) +
0.05 sin(r), wy (1) = 0.075 cos(0.51).
To approximate the unknown nonlinear functions, the following Gaussian membership functions

are selected:
(&j+1.5)2 (.ej+1>2 (,gf+0.5)2

/JAll.ze_ : ,ﬂAﬁze_ : ’,UAjze_ s

(1;-05)7 @;-1)?
’:uA§ =e : ’/'tA;’. =e
(.?/-71.5)2

Har =€ 2 ’j:1’2'
j

ol

Haps = €
J

The reference signal is chosen as y, = 0.2 sin (%’) The initial conditions are selected as x;(0) = 0,
x,(0) = 0, M,(0) = 0.15, M,(0) = 0.2, W,;(0) = 0.1, W,(0) = 0.2. The main design parameters are
given in Table 2.

Table 2. Control parameters.

Parameters Value Parameters Value

T 0.001 N 10

T 0.001 I 12

Hi 6 P1 100

M2 25 Td 4

Kp (1) 0.2sint+ 1.5 Kp, (1) 0.5sint + 2

The simulation results under the nominal condition are shown in Figures 2-5. Figure 2 presents the
trajectories of the output y, the reference signal y,, and the observer state X;. It can be seen that the
system output tracks the reference signal well while remaining within the prescribed bound. Figure 3
shows the trajectories of x, and X,, which verifies the effectiveness of the fuzzy observer. The actual
actuator input u(v) and the designed control input v are shown in Figure 4, and the adaptive estimates
are shown in Figure 5. These results confirm that the proposed controller achieves satisfactory tracking
performance while respecting the actuator saturation and state constraints.
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time (seconds)

Figure 2. Trajectories of y, y,, and X; under the prescribed constraint.

time (seconds)

Figure 3. Trajectories of x, and X, under the prescribed constraint.

time (seconds)

Figure 4. Trajectories of the actual actuator input #(v) and the designed control input v.
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time (seconds)

Figure 5. Trajectories of the adaptive estimates.

To further illustrate that the proposed predefined-time control method is insensitive to the initial
conditions, a set of comparative simulations is performed by varying only the initial states, while
keeping all controller parameters unchanged. The following three cases are considered: Case 1:
[x1(0), x2(0)]” = [0, 0]7; Case 2: [x;(0), x2(0)]" = [0.15,0.1]7; Case 3: [x;(0), x(0)]” =[0.2,0.15].

The corresponding results for the tracking error s; and the filtering error oy are shown in Figures 6
and 7, respectively. It can be observed that, under different initial conditions, both the tracking error
and the filtering error converge rapidly before the prescribed predefined time 7,; = 4. This demonstrates
that the proposed control strategy is insensitive to the initial conditions and possesses the desired
predefined-time convergence property.

In addition, to evaluate the effect of the design parameters on the control performance, comparative
simulations are performed under different predefined times 7, and different values of u, while fixing
the initial conditions at x;(0) = 0, x,(0) = 0. The following parameter settings are considered: Case 4:
T,=4;Case5: T; =7; Case 6: T; = 10; Case 7: u = 0.16; Case 8: u = 0.24; Case 9: u = 0.32. For
Cases 4-6, the parameter u = 0.24 is kept unchanged. For Cases 7-9, the predefined time is fixed at
Td = 4

time (seconds)

Figure 6. Evolution of the tracking error s; under different initial conditions.
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-0.5

H . .
o 5 10 15
time (seconds)

Figure 7. Evolution of the filtering error o-; under different initial conditions.

Figures 8 and 9 depict the evolution of the tracking error s; under different values of 7, and
u, respectively. The results show that, for all tested parameter settings, the tracking error enters a
small neighborhood of the origin before the prescribed predefined time. Moreover, when the other
parameters are fixed, smaller values of 7, and u generally lead to faster convergence and smaller
transient fluctuations, which agrees well with the theoretical analysis.

0.2

0.1

0.05

-0.05

L L
0 5 10 15
time (seconds)

Figure 8. Trajectories of the tracking error s; under different predefined times 7.

-0.05

. .
0 5 10 15
time (seconds)

Figure 9. Trajectories of the tracking error s; under different values of p.

Compared with many existing studies that consider only part of the above issues, the present
example is used to validate the proposed method under the simultaneous presence of output-
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feedback estimation, time-varying state constraints, asymmetric actuator saturation, and predefined-
time tracking requirements.

Overall, the simulation results confirm that the proposed method achieves predefined-time tracking
while maintaining the state trajectories within the prescribed constraint bounds.

5. Conclusions

This paper has investigated the adaptive tracking control problem for a class of uncertain
nonlinear systems subject to time-varying state constraints and input saturation. By combining
fuzzy approximation, fuzzy state observation, command-filter-based recursive design, and a time-
varying barrier Lyapunov function, a predefined-time adaptive control scheme has been developed.
An auxiliary compensation mechanism has been introduced to reduce the effect of filtering errors,
and a smooth saturation decomposition together with an auxiliary signal have been incorporated to
handle the mismatch caused by actuator saturation. It has been shown that all closed-loop signals
remain bounded, the prescribed state constraints are not violated, and the tracking error enters a small
neighborhood of the origin within the predefined time. Simulation results based on an RLC circuit
example have verified the effectiveness of the proposed method. The present results may provide
useful guidance for nonlinear engineering systems in which only output information is available,
while state constraints, actuator saturation, and prescribed transient-performance requirements must
be handled simultaneously. Typical application scenarios include circuit systems, robotic systems, and
other actuator-limited nonlinear plants. Future work will further investigate more complex practical
settings and experimental validation.
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